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5 SPHERE BUNDLES WITH 1/4-PINCHED FIBERWISE METRICS

THOMAS FARRELL, ZHOU GANG, DAN KNOPF, AND PEDRO ONTANEDA

Abstract. We prove that all smooth sphere bundles that admit fiberwise1/4-pinched met-
rics are induced bundles of vector bundles, so their structure groups reduce from DIFF(Sn)
to O(n + 1). This result implies the existence of many smoothSn-bundles overSk that do
not support strictly 1/4-pinched positively curved Riemannian metrics on their fibers.
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Introduction and statement of results

Let M be a smooth manifold. By asmooth M-bundle over a space X, we mean a locally
trivial bundle overX whose structural group is DIFF(M). Here DIFF(M) is the group of
self-diffeomorphisms ofM, with the smooth topology.

In this paper, we consider smooth sphere bundles that can be equipped with a fiberwise
1/4-pinched metric, that is, a smoothly varying Riemannian metric on each fiber with
sectional curvatures in the interval (1/4, 1]. The purpose of this work is to call attention to
the fact that such bundles are precisely O(n)-bundles; hence they are the induced bundles
of vector bundles.

Main Theorem. For n ≥ 3, let E→ X be a smooth n-sphere bundle over the locally com-
pact space X. If E can be equipped with a1/4-pinched fiberwise metric, then E equivalent
to anO(n+ 1) n-sphere bundle over X.

TF and PO thank NSF for support in DMS-1206622. ZG thanks NSF for support in DMS-1308985 and
DMS-1443225. DK thanks NSF for support in DMS-1205270.
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Hence if the fibers ofE admit 1/4-pinched metrics, then the structural group ofE can
be reduced from DIFF(Sn) to O(n+ 1).

Remark1. Due to work of others, the assumptionn ≥ 3 can be dropped from the Main
Theorem, because O(n+ 1) is a deformation retract of DIFF(Sn) whenn = 0, 1, 2, 3. This
is due to Smale [10] for n = 2, and to Hatcher [8] for n = 3.

The proof of the theorem consists of two steps. First we evolve the metrics on the fibers
by normalized Ricci flow (nrf) to obtain fiberwise round metrics. Note that we cannot use
standard results here, because we need uniform control on how far each metric moves in
the orbit of the diffeomorphism group. Instead, we adapt methods developed in [6, 7] for
controlling coordinate parameterizations of mean curvature flow solutions. Then we use
a fiberwise version of the fact that each round metric is isometric to the canonical round
metric on the sphere. We explain these steps below in more detail, starting with the second.

Remark2. Supposen is an odd integer,k is divisible by 4, andn≫ k (it suffices thatn ≥
3k+4). Then it is known [4] thatπk−1(DIFF(Sn)) = Z⊕Z⊕{ finite }, andπk−1O(n+1) = Z.
Consequently, the Main Theorem implies the existence of many smoothSn-bundles over
S

k that do not support strictly 1/4-pinched positively curved Riemannian metrics on their
fibers. Further examples result from Theorem 3′′′ (p. 59) of [5]. Namely, for every pair of
positive integersk andn, with n ≡ (3− k) mod 4 andn ≥ n1(k), wheren1(k) is an integer
depending onk, there exists such a smooth bundle.

Part 1. Topology

1. Notations and definitions

Let E1 → X andE2→ X be two smoothM-bundles over the spaceX. Let f : E1→ E2

be afiberwise map, meaning thatf sends the fiber inE1 over eachx ∈ X diffeomorphically
onto the fiber inE2 over x. The expression off in trivializing charts over an open set
U ⊂ X has the form (x, p) 7→ (x, f (x, p)) for all (x, p) ∈ U × M. This determines a map
U → DIFF(M).

We say that the bundlesE1, E2 aresmoothly equivalent(or simplyequivalent) if there
is a fiberwise mapf : E1→ E2 such that all induced mapsU → DIFF(M) are continuous.
The mapf is a(smooth) bundle equivalence.

The space of Riemannian metrics on the smooth manifoldM, with the smooth topology,
will be denoted by MET(M). Let E → X be a smoothM-bundle over the spaceX. We
writeπ : E→ X for the bundle projection. A(smooth) fiberwise metric on Eis a collection
{gx}x∈X of Riemannian metrics on the fibers ofE that varies smoothly onX. By this we
mean thatgx is a Riemannian metric on the fiberEx = π

−1({x}), and ifα : π−1(U)→ U×M
is a trivializing chart, then the mapsU → MET(M), x 7→ α∗gx are continuous.

We denote by MET1/4<sec≤1(Sn) the space of Riemannian metrics on then-sphereSn

with sectional curvatures in the interval (1/4, 1], considered with the smooth topology.
Similarly, we denote by METround(Sn) the space of metrics onSn with all sectional cur-
vatures equal to 1, i.e., the space of round metrics, again with the smooth topology. The
canonical round metric onSn, that is, the one induced by the inclusionSn ⊂ Rn+1, is
denoted byσn, or simplyσ.

2. Ricci flow and families of round metrics

The following is a “family version” of the fact that for everyg ∈ METround(Sn), there is
an isometryφg : (Sn, g)→ (Sn, σ).
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Lemma 1. There is a continuous map

Φ : METround(Sn) −→ DIFF(Sn)

such thatΦ(g) : (Sn, g)→ (Sn, σ) is an isometry.

Proof. Fix x ∈ Sn and letBσ be aσ-orthonormal basis forTxS
n. For anyg ∈ METround(Sn),

the Gram–Schmidt process produces ag-orthonormal basisBg of TxS
n. Moreover the map

g 7→ Bg is continuous. Now using the frameBg and the exponential maps expσ and expg

in the usual way, we get an isometryφ : (Sn, g) → (Sn, σ). We putφ = Φ(g). It is
straightforward to check that the mapΦ is continuous. �

Henceforth we writeφg = Φ(g).

Let g0 be a 1/4-pinched metric onSn. Brendle and Schoen [2] prove that if g(t) is
normalized Ricci flow (nrf) with initial datag(0) = g0, theng(t) converges in the smooth
topology ast → ∞ to a round metricg•.

The key fact that we need to prove the Main Theorem is as follows.

Theorem 1. Let X be compact, and let F: X → MET1/4<sec≤1(Sn) continuous. Then the
map F• : X→ METsec=1(Sn) induced bynrf is also continuous, where F•(g) = (F(g))•.

We prove Theorem1 in Part2 below.

3. Proof of theMain Theorem

Using Theorem1, we prove our Main Theorem as follows.

Proof of Main Theorem.Let E → X be a smoothSn-bundle. We writeπ : E → X for the
bundle projection, and setEx = π

−1(x). We assume that there is a fiberwise 1/4-pinched
metric{gx}x∈X on E.

Let {(Ui , αi)}i∈I be an atlas of trivializing bundle charts ofE. SinceX is locally compact,
we can assume that all̄Ui are compact. For the change of charts, we writeαi j : Ui j × S

n→

Ui j × S
n, αi j = α j ◦ α

−1
i . HereUi j = Ui ∩U j . We writeαi j (x, p) = (x, αi j (x)(p)). Note that

(1) αi j (x) :
(

S
n , (αi)∗gx

)

−→
(

S
n , (α j)∗gx

)

is an isometry.
Now we evolve each metricgx on Ex by Ricci flow to obtain a fiberwise metric{g•x}x∈X

on E such that eachg•x is a round metric. Note that the family{g•x}x∈X is smooth: on
eachUi , Theorem1 ensures that the mapUi → METsec=1(Sn) given by x 7→ (αi)∗g•x
is continuous. Furthermore, since Ricci flow preserves isometries, we find that all the
mapsUi → METsec=1(Sn) patch to give the round fiberwise metric{g•x}x∈X on E. Define
Gi : Ui → METsec=1(Sn) by Gi(x) = (αi)∗g•x. As in (1), we similarly obtain that

(2) αi j (x) :
(

S
n , (αi)∗g

•
x
)

−→
(

S
n , (α j)∗g

•
x
)

is an isometry.
Next we apply the mapΦ from Lemma 1 to eachGi to obtainΦ ◦Gi : Ui → DIFF(Sn),

with

x 7→ φ
(αi )∗g

•
x
.

Let fi : Ui × S
n → Ui × S

n be given by

(3) fi(x, v) =
(

x , φ
(αi )∗g

•
x
(v)
)

.
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Finally for eachi, j, defineβi, j = f j ◦ αi j ◦ f −1
i . Then, by definition, the following diagram

commutes:

(4)
Ui j × S

n fi
−−−−−−→ Ui j × S

n

αi j ↓ ↓ βi j

Ui j × S
n

f j
−−−−−−→ Ui j × S

n

Therefore thefi patch to give a smooth bundle equivalencef : E → E′, whereE′ is the
smoothSn-bundle constructed using the{βi j }i, j . Write βi j (x, p) = (x, βi j (x)(p)). Then, by
definition of theβi j (see diagram (4)) and the definition of thefi given in (3), we have

(5) βi j (x) = φ
(α j )∗g

•
x
◦ αi j ◦ φ−1

(αi )∗g
•
x
.

But by Lemma1, both mapsφ in (5) are isometries, and the mapαi j appearing in the
middle of (5) is the same map from equation (2), so is also an isometry. Hence

βi j (x) : (Sn, σ) −→ (Sn, σ)

is an isometry. Soβi j (x) ∈ O(n+1). This proves that the bundleE′ is an O(n+1) bundle. �

Part 2. Analysis

4. Outline of the argument

Let S2 denote the space of smooth sections of the bundle of symmetric (2, 0)-tensor
fields overSn, and letS+2 denote the open convex cone of positive-definite tensor fields
(i.e. Riemannian metrics). ThenS2 with the C∞ topology is a Frechét space. There is
a natural right action of the groupD := DIFF(Sn) of smooth diffeomorphisms ofSn on
S+2 given by (g, ψ) 7→ ψ∗g. So it is often convenient to regardS+2 as a union of infinite-
dimensional orbitsOg.

Ebin’s slice theorem [3] reveals thatS+2 almost has the structure of an infinite-dimensional
manifold with an exponential map. More precisely, the theorem states that for any metricg,
(i) there exists a mapχ : U→ D of a neighborhoodU of g in Og such that

(

χ(ψ∗g)
)∗g = ψ∗g

for all ψ∗g ∈ U; and (ii) there exists a submanifoldH of S+2 containingg such that the map
U ×H→ S+2 given by

(ψ∗g, h) 7→
(

χ(ψ∗g)
)∗h

is a diffeomorphism onto a neighborhood ofg in S2. Infinitesimally, there is an orthogonal
decompositionTgS2 = Vg ⊕ Hg, whereVg is the image of the Lie derivative map (i.e.,
infinitesimal diffeomorphisms) andHg is the kernel of the divergence map.

4.1. The first step. Let Ξ be a compact set of strictly14-pinched metrics onSn, (n ≥ 3),
and letωn = 2π(n+1)/2/Γ((n + 1)/2) denote the volume of the canonical round metricσ

induced by the embeddingSn ⊂ Rn+1. Noting that the map

ν : g 7→
ωn

∫

Sn dµ[g]
g

depends continuously ong, we consider the compact setΞ∗ := ν(Ξ) of volume-normalized
metrics. We evolve each metricg0 ∈ Ξ∗ by normalized Ricci flow (nrf),

∂

∂t
g = −2 Rc+

2
n

R̄ g,(6a)

g(0) = g0,(6b)
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where

R̄(t) :=
?
Sn

Rdµ :=

∫

Sn Rdµ
∫

Sn dµ

denotes the average scalar curvature of the evolving metric.
Let Oσ := D(σ) denote the orbit of the standard metric. Work of Brendle andSchoen

[2] implies that every solution ofnrf originating inΞ∗ converges in theC∞ topology to
an element ofOσ. Given constantsα0, . . . , αℓ > 0, we define a neighborhood ofOσ in the
space of metrics onSn by

Σα0,...,αℓ :=
{

ψ∗g : ψ ∈ D and‖∇ j(Rm[g] − Rm[σ]
)

‖g ≤ β j for all 0 ≤ j ≤ ℓ
}

.

The norms above are inL∞ measured with respect tog. It follows from [2], using standard
facts about continuous dependence of solutions of parabolic equations on their initial data,
that there exists a timeT∗ depending only onΞ∗ andα0, . . . , αℓ such that every solution
g(t) of nrf originating inΞ∗ belongs toΣα0,...,αℓ for all timest ≥ T∗.

We now derive a uniform bound on how far solutions originating in Ξ∗ can move in
the direction of theD-action up to the finite timeT∗. Indeed, because [2] implies that
solutionsg(t) originating inΞ∗ exist for all positive time, it follows from standard short-
time existence results for Ricci flow, again using continuous dependence on initial data,
that there existsC∗ such that‖Rm(·, t)‖g(t) ≤ C∗ for all solutionsg(t) originating inΞ∗ and
all times 0≤ t ≤ T∗. This gives a uniform bound for therhs of (6a). It follows, again using
the slice theorem, that all metricsg(T∗) belong to the set

Σ
C
α0,...,αℓ ,

:=
{

ψ∗g : ψ ∈ D, ‖∇ j(Rm[g] − Rm[σ]
)

‖g ≤ β j , ‖ψ − id‖L∞ ≤ C
}

,

and thatg(T∗) depends continuously ong(0) = g0 ∈ Ξ∗.

4.2. The second step.To control how far solutions originating inΞ∗ can move in the
direction of theD-action for all time, we craft a modified linearization argument. Note
that whileΣα0,...,αk is a neighborhood of the setOσ of stationary solutions ofnrf, that set is
infinite-dimensional, and standard stability theorems do not function in the presence of an
infinite-dimensional center manifold.

The fact that Ricci flow is not strictly parabolic, again due to its invariance under theD-
action, in another obstacle to using standard linearization techniques. One obtains parabol-
icity by fixing a gauge, using the well-known DeTurck trick. While this remedies one
problem, it creates another: the gauge-fixed flow introducesinstabilities in the (formerly
invisible) direction of theD-action. We describe below how we remedy this.

If ĝ is a chosen element ofOσ with Levi-Civita connection̂Γ, one defines a 1-parameter
family of vector fieldsŴ on (Sn, g) by

Ŵk
= gi j Âk

i j ,

whereÂ is the tensor fieldΓ − Γ̂. The decorations indicate thatŴ and Â depend on our
choice of gauge ˆg ∈ Oσ The normalized Ricci–DeTurck flow (nrdf) is the strictly parabolic
system

(7)
∂

∂t
g = −2 Rc+LŴ(g) +

2
n

R̄g,

whereL denotes the Lie derivative.
We henceforth considernrdf with initial datag(T∗) ∈ ΣC

α, β0,...,βk
. By a slight abuse of

notation, we continue to denote the evolving metrics byg(t).
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Standard variational formulas imply that the linearization of (7) at ĝ is the autonomous,
self-adjoint, strictly parabolic system

(8)
∂

∂t
h = ∆ℓh+ 2(n− 1)

{

h−
1
n

H̄g

}

,

whereH = gi j hi j is the trace of the perturbationh, andH̄ =
>
Sn H dµ is its average over

the manifold. The operator∆ℓ denotes the Lichnerowicz Laplacian acting on symmetric
(2, 0)-tensor fields. In coordinates,

∆ℓhi j = ∆2hi j + 2R̂ipq jh
pq− R̂k

i hk j − R̂k
jhik,

where∆2 is the rough Laplacian acting on (2, 0)-tensors,∆2hi j = gpq∇p∇qhi j .
Let h◦ denote the trace-free part ofh, defined by

h◦ = h−
1
n

Hg.

Then, using the structure of the curvature operatorR̂m, one can rewrite (8) as

(9)
∂

∂t
h = Lh := ∆2h− 2h◦ + 2

n− 1
n

(H − H̄)g.

To proceed, we decompose the operatorL defined in (9) as

Lh =
1
n

L0H + L2h◦,

where

L0H = ∆0H + 2(n− 1)(H − H̄),

L2h◦ = ∆2h◦ − 2h◦.

Here∆0 is the Laplace–Beltrami operator acting on scalar functions.
It is evident thatL2 is strictly stable. Using theL2 inner product shows that

(L0H,H) = −‖∇H‖2 + 2(n− 1)
(

‖H‖2 − ωnH̄2).

So the spectrum ofL0 is bounded from above by that of∆0 + 2(n − 1). Recall that the
spectrum of−∆0 is { j(n + j − 1)} j≥0. The eigenspaceΦ j consists of the restriction to
S

n ⊂ Rn+1 of j-homogeneous polynomials in the coordinate functions (x1, . . . , xn+1). Hence
Φ0 consists of constant functions. And ifH belongs toΦ1, then one has̄H = 0 and hence

(L0H,H) = {−n+ 2(n− 1)}‖H‖2 = (n− 2)‖H‖2.

Because‖h‖2 = 1
n‖H‖

2
+ ‖h◦‖2, we have proved the following. (Compare [9].)

Lemma 2. For all n ≥ 3, the operator−L defined in(9) is unstable.
It has a single unstable eigenvalue2−n with (n+1)-dimensional eigenspace consisting

of infinitesimal conformal diffeomorphismsϕĝ.
Its 1-dimensional null eigenspace is{cĝ : c ∈ R}.
Its remaining eigenspaces are strictly stable, with eigenvalues≥ 4.

For timest ≥ T0 = T∗, we decompose solutionsg(t) of nrdf as

g(t) =















a(t) +
n+1
∑

i=1

bi(t)ϕi















ĝ+ ǧ,(10)

whereϕi are the infinitesimal conformal diffeomorphisms, and ˇg belongs to the strictly
stable spectrum of−L. Note thata(t) is a redundant parameter: the fact thatg(t) has volume



SPHERE BUNDLES WITH 1/4-PINCHED FIBERWISE METRICS 7

ωn means it can be computed from the other elements of the decomposition. Indeed, as we
now show, the parametera is determined by ˇg andbk (k = 1, 2, . . . , n+ 1).

Lemma 3. If ‖ǧ‖, |a− 1|, and
∑

k |bk| are sufficiently small, then a is uniquely determined,
and1

(11) |a− 1| .
∑

k

|bk|
2
+ ‖ǧ‖2∞.

Proof. Recall that we normalized Vol(g) = Vol(σ) = ωn, and that in (10), we decomposed
g as

(12) g =
(

a+ bi x
i)ĝ+ ǧ,

whereǧ is a chosen element ofOσ, andǧ ⊥ {ĝ, x1ĝ, . . . , xn+1ĝ}. Using the standard fact
that d

dε

{

log det(ĝ+ εh)
}

= ĝi j hi j , we rewrite
√

detg, obtaining

(13)
√

detg = a
n
2

√

detĝ
{

1+
1
2

ĝ−1h+ O(‖h‖2∞)
}

,

where

h :=
1
a
{

bi(t)xi ĝ+ ǧ
}

.

Consequently, writing dµ ≡ dµ[σ], one has
∫

√

detgdµ = a
n
2

{

∫

√

detĝdµ +
1
2

∫

ĝ−1hdµ +
∫

O(‖h‖2∞) dµ
}

.

Using the orthogonality condition ˇg ⊥ ĝ and volume normalization, this becomes

ωn = a
n
2ωn
{

1+ ‖h‖2∞
}

,

which implies estimate (11).
To see thata is unique, we regarda in (12) as an independent parameter, and prove

that
∣

∣

∣∂a

∫ √

detgdµ
∣

∣

∣ ≥ c for a constantc > 0 provided that|a− 1| is small. Specifically,
computing as above, we find that

∂

∂a

∫

√

detgdµ = ωn + O















∑

i

|bi | + |a− 1| + |(ĝ)−1ǧ|















.

So
∫
√

detgdµ depends almost linearly ona, provided that
∑

i |bi | + |a − 1| + |(ĝ)−1ǧ| is

small. This and the normalization
∫
√

detgdµ = ωn imply thata is unique. �

Our modified linearization argument follows ideas introduced in [6] and [7]. At a se-
quence of timesTγ ր ∞, with T0 = T∗, we construct DeTurck background metrics ˆgγ such
that allbi(Tγ) = 0, and allbi(t) remain small forTγ ≤ t ≤ Tγ+1. We obtain estimates that
prove that (i) the sequence ˆgγ converges, and (ii) each solutiong(t) of nrf-nrdf converges
to an element ofOσ that depends continuously ong0 ∈ Ξ∗. The details follow.

1We write |F| . |G| if there exists a uniform constantC such that|F| ≤ C|G|.
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5. Ricci–DeTurck flow for a sequence of background metrics

In the remainder of this paper, the norms‖ · ‖2, ‖ · ‖∞, the inner product〈·, ·〉, and the
definition of orthogonality⊥ should be understood with respect to the metricσ induced on
the unit sphere inRn+1.

In this section, we studynrdf defined in (7),

∂

∂t
g = −2 Rc+LŴ(g) +

2
n

R̄g.

As is well known, this equation is related to normalized Ricci flow,

∂

∂t
g̃ = −2 Rc[g̃] +

2
n

R̄[g̃]g̃

by the relationφ∗t g(t) = g̃(t), whereφt is the one-parameter family of diffeomorphisms
φt : Sn→ Sn defined by

∂

∂t
φt(p) = − Ŵ(φt(p), t),(14)

φ0 =Id.(15)

It is well known that Rc[g] is diffeomorphism invariant. Taking advantage of this fact,
we will study solutions of the system

∂

∂t
g = − 2 Rc+LŴ(g) +

2
n

R̄g,(16a)

g(T0) =φ∗g0,(16b)

noting its evolution is identical to (7). Hereφ is a diffeomorphism to be chosen. That
choice will be the central topic in what follows.

We chooseφ from an admissible class of diffeomorphisms. Intuitively, a diffeomor-
phism is admissable if it is “almost affine.” More precisely, for any vector~ǫ = (ǫ1, . . . , ǫn+1) ∈
R

n+1, with ‖~ǫ‖ sufficiently small, we say a diffeomorphismφ(~ǫ) : Sn→ Sn is admissibleif

(17) φ∗(~ǫ)g =
(

1+
n+1
∑

k=1

ǫkxk
)

g+ O
(

‖ǫ‖2
)

.

Existence of admissible diffeomorphisms follows easily from the implicit function theo-
rem.

Now we are ready to state the main theorem of this section. Recall that

g0 =















a(0)+
∑

k

bk(0)xk















ĝ+ ǧ(0),(18)

with ǧ(0)⊥ ĝ, xkĝ for k = 1, . . . , n+ 1. Define a constantδ0 by

(19) δ0 := |1− a(0)| +
n+1
∑

k=1

|bk(0)| +
2n
∑

|α|=0

‖∇αǧ(0)‖2.

We shall prove:

Theorem 2. There exist an elementĝ ∈ Oσ and an admissible diffeomorphismφ∞ = φ(~ǫ∞),
both depending continuously on g0, with ~ǫ∞ ∈ Rn+1 and‖~ǫ∞‖ ≪ 1, such the the solution
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g∞(t) of the system

∂

∂t
g∞(t) = − 2 Rc[g∞(t)] + LŴ[g∞(t)] +

2
n

R̄[g∞(t)] g∞(t),(20a)

g∞(0) =φ∗∞g(T0),(20b)

satisfies the estimate

(21) ‖g∞(t) − ĝ‖∞ ≤ Cδ0e−
3
2 t

for some C< ∞, and thus has the property that

(22) ĝ = lim
t→∞

g∞(t) in L∞.

We will divide the proof into several steps that appear below. We note that Theorem1
follows easily from Theorem2 and the estimates obtained in its proof.

The general strategy is to approximate~ǫ∞ by finding an “optimal” admissible diffeo-
morphism, associated with~ǫTγ , for each timeTγ, and proving that at least a subsequence
of {~ǫTγ } is Cauchy. Then we define~ǫ∞ as the limit of that subsequence.

For simplicity of notation and where no confusion will result, we henceforth ignore the
indexγ, making the identifications 0= Tγ, T = Tγ+1, and writingg(t,T) = gT(t) = gTγ (t).
Thus we consider the system

∂

∂t
g(t,T) = − 2 Rc[g(t,T)] + LŴ[g(t,T)] +

2
n

R̄[g(t,T)] g(t,T),(23a)

g(0,T) =φ∗Tg0,(23b)

in a time intervalt ∈ [0,T]. In Section6, we prove the following result.

Lemma 4. There exists a (possibly small) constant M∈ (0,∞] such that for any T∈ [0,M]
(or [0,∞) if M = ∞), there exists a unique admissible diffeomorphismφT = φ(~ǫT) : Sn →

S
n such that for any time t∈ [0,T], the solution of(23a) with initial condition (23b)

decomposes as

(24) g(t,T) =
{

a(t,T) +
∑

k

bk(t,T)xk
}

ĝ+ ǧ(t,T),

with
bk(T,T) = 0 for all k = 1, . . . , n+ 1,

and for all t ∈ [0, T],

ǧ(t,T) ⊥ ĝ, xkĝ.(25)

Henceforth, we call the admissible diffeomorphismφT = φ(~ǫT) constructed in Lemma4
theoptimal admissible diffeomorphismat timeT. In what follows, we use bootstrap argu-
ments to derive estimates for the solutiong(t,T) for t ∈ [0,M], whereM is the constant
introduced in Lemma4.

By the construction of the diffeomorphismφ0 = φ(~ǫ0) at timeT = 0, we have

φ∗0g0 = a(0, 0)ĝ+ ǧ(0, 0)

By (17), this implies that

~ǫ0 =
(

b1(0), b2(0), . . . , bn+1(0)
)

+ O
(∑n+1

k=1 b2
k(0)
)

.

Furthermore, because ˇg(0, 0) ∈ ΣC
α0,...,αℓ ,

, we may assume its Sobolev norms satisfy

(26)
2n
∑

|α|=0

‖∇αǧ(0, 0)‖2 ≤ 2δ0,
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whereδ0 is the constant defined in (19).
Next we make certain observations about the optimal diffeomorphismsφT = φ(~ǫT)

whose existence is proved in Lemma4, at least forT sufficiently small. By construction
of φ0 and continuity of the solution, we know that there exists a timeM1 > 0 such that for
any timeT ∈ [0,M1], the vector~ǫT satisfies

(27) ‖~ǫT‖ ≤ δ
3
4
0 ,

whereδ0 is the constant in (19). This gives some control on the initial condition,

φ∗Tg0 =
{

a(0,T) +
n+1
∑

k=1

bk(0,T)xk
}

ĝ+ ǧ(0,T),

whereǧ(0,T) ⊥ ĝ, xkĝ, and the Sobolev norms of ˇg(0,T) satisfy

(28)
2n
∑

|α|=0

‖∇αǧ(0,T)‖2 ≤ 2δ0.

For the evolving solution

g(t,T) =
{

a(t,T) +
n+1
∑

k=1

bk(t,T)xk
}

ĝ+ ǧ(t,T),

we have the following estimates.

Lemma 5. In the time interval t∈ [0,T], with T ≤ M1, if we have

(29)
∑

|α|≤2n

‖∇αǧ(t,T)‖2 ≤ δ
2
3

0 e−
2
3 t,

then there exists a constant c1, independent of t and T, such that

|bk(t,T)| ≤ c1e−tδ2
0, (k = 1, . . . , n+ 1);(30a)

∑

|α|≤2n

‖∇αǧ(t,T)‖2 ≤ c1e−tδ0;(30b)

‖~ǫT‖ ≤ δ
9
10

0 .(30c)

Note that (26) implies that (29) holds att = 0. The lemma is proved in Section7.
For our bootstrap argument to work, it is vital that estimate(30b) improves estimates (27)

and (29). Hence by iterating the argument above, we can conclude that Lemma5 holds for
the maximal time interval in which an optimal admissible diffeomorphism exists, which is
[0,M], whereM appears in Lemma4.

Recall that at a sequence of timesT ≤ M, we choose optimal diffeomorphismsφT and
study the Ricci–DeTurck flow (23a) with initial condition (23b). Now we compare various
φ∗Tg0 for T ≤ M. Our conclusion is that ifM = ∞, then a subsequence of{φ∗Tγg0}

∞
γ=0 is

Cauchy.

Lemma 6. For any T1,T2 ≥ 0 with T2 ≥ T1, one has

‖ǧ(t,T2) − ǧ(t,T1)‖∞ + ‖φ
∗
T2

g0 − φ
∗
T1

g0‖∞ . δ
2
0e−T1.

The lemma is proved in Section8.

Next we show that the results above, specifically Lemmas4–6, hold fort ∈ [0,∞). This
follows from our next result, which implies that the maximalvalue ofM is∞.
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Lemma 7. If there exists a constant M> 0, such that for any T∈ [0,M], there exists an
optimal admissible diffeomorphismφT = φ(~ǫT) : Sn → Sn, then there exists a constant
δ = δ(M) > 0 such that for each T1 ∈ [M, M + δ], there exists a unique~ǫT1 ∈ R

n+1 such
thatφ(~ǫT1) is an optimal admissible diffeomorphism, anďg(t,T1) satisfies estimate(29).

The lemma is proved in Section9.

Now we are ready to prove the main result of this section.

Proof of Theorem2. The fact that the maximal value ofM is∞ enables us to use Lemma6
to see that the sequences{φ∗Tγg0}

∞
γ=0 and{g(t,Tγ)}∞γ=0, for any fixedt, are Cauchy. We denote

their limits byg(0,∞) andg(t,∞), respectively. By the results stated above, it is not hard
to see that

‖g(t,∞) − ĝ‖∞ ≤ ‖g(t,∞) − g(t,T)‖∞ + ‖g(t,T) − ĝ‖ . δ0e−T .(31)

By well-posedness ofnrdf, g(t,∞) is the solution of

∂

∂t
g(t,∞) = −2 Rc[g(t,∞)] + LŴ[g(t,∞)] +

2
n

R̄[g(t,∞)] g(t,∞).

Finally, we prove that there exists~ǫ∞ ∈ Rn+1 such thatg(0,∞) = φ∗(~ǫ∞)g0. We proved
that the vectors{~ǫTγ }

∞
γ=0, associated withφTγ , are uniformly bounded. Hence there ex-

ists a Cauchy subsequence, again denoted by{~ǫTγ }
∞
γ=1, such that limγ→∞ Tγ = ∞ and

limγ→∞ ~ǫTγ = ~ǫ∞. This together with the fact that{φ∗Tγg0}
∞
T=0 is Cauchy implies the de-

sired result, which is
φ∗∞(~ǫ∞)g0 = lim

γ→∞
φ∗Tγg0 = g(0,∞).

�

6. Existence and uniqueness of admissible diffeomorphisms

Proof of Lemma4. We first show there is a unique admissible diffeomorphism at the initial
time. That is, we seek a uniqueφ0 such that

φ∗0g0 = a(0, 0)ĝ+ ǧ(0, 0),

with ǧ(0, 0)⊥
{

ĝ, xkĝ
}

for k = 1, . . . , n+ 1.
For this purpose, we recall thatg0 is of the form

g0 =
{

a(0)+
n+1
∑

k=1

bk(0)xk}ĝ+ ǧ(0),(32)

with |1−a(0)|+
∑

k |bk(0)| ≪ 1 andǧ(0)⊥ ĝ, xkĝ. As observed in Section5, for any vector
~ǫ ∈ Rn+1 sufficiently small, there is an admissible diffeomorphism satisfying

φ∗(~ǫ)g0 = a(0)ĝ+
n+1
∑

k=1

{

a(0)ǫk + bk
}

xkĝ+ φ∗ǧ(0)+ O
(

‖~ǫ‖2 + ‖~ǫ‖
∑

k

|bk|
)

.

So we may apply the implicit function theorem to choose a unique~ǫ ∈ Rn+1 that makes
φ∗(~ǫ)g0 ⊥ xkĝ for k = 1, . . . , n+ 1, which yields condition (24).

Now we show that there is a unique admissible diffeomorphismφT for each sufficiently
small timeT. To do so, we rewrite (23a)–(23b) in the form

∂

∂t
g(t,T) = −2 Rc[g(t,T)] + LŴ[g(t,T)] +

2
n

R̄[g(t,T)] g(t,T),

g(0,T) = φ∗(~ǫ)g0 = φ
∗
0g0 +

{

φ∗(~ǫ)g0 − φ
∗
0g0
}

.



12 THOMAS FARRELL, ZHOU GANG, DAN KNOPF, AND PEDRO ONTANEDA

By local well-posedness, we have that, in the intervalt ∈ [0,T],

g(t,T) = g(t, 0)+
[

φ∗(~ǫ)g0 − φ
∗
0g0
]

+ ρ(t)

whereg(t, 0) is the solution of the Cauchy problem

∂

∂t
g(t, 0) = −2 Rc[g(t, 0)] + LŴ[g(t, 0)] +

2
n

R̄[g(t, 0)] g(t, 0),

g(0, 0) = φ∗0g0,

and where the remainder termρ(t) satisfies the estimate
∑

|α|=0,1

‖∇αρ(t)‖∞ . Ct
∑

|α|=0,1,2,3

‖∇α[φ∗(~ǫ)g0 − φ
∗
0g0]‖∞.

Hence to makeg(T,T) be of the desired form,

g(T,T) = a(T)ĝ+ ǧ(T,T),

with ǧ ⊥ ĝ, xkĝ, we again apply the implicit function theorem. �

7. Estimates for the diffeomorphisms

Proof of Lemma5. To derive estimates for the componentsbk, k = 1, . . . , n+ 1, andǧ, we
begin by linearizing the equation forg(t,T) aroundĝ. Defineh(t,T) by

g(t,T) = ĝ+ h(t,T).

By the evolution equation (23a) satisfied byg(t,T), one sees that

∂

∂t
h(t,T) = L[h(t,T)] + NL[h(t,T)],

whereL is the linearized operator defined in (9) and analyzed in Lemma2, andNL[h(t,T)]
is at least second-order inh. We note that the quadratic terms inNL[h(t,T)] are contractions
of the formh ∗ h, h ∗ ∇h, ∇h ∗ ∇h, andh ∗ ∇∇h. (For explicit formulas, see Lemma 29 of
[1].)

We decomposeh(t,T) according to the spectrum ofL, writing

(33) h(t,T) :=















[a(t,T) − 1] +
n+1
∑

k=1

bk(t,T)xk















ĝ+ ǧ(t,T).

Below, we control the various components ofh(t,T) in (33).
It is easy to handle the componenta(t,T)− 1 of h(t,T) in (33). Indeed, in Lemma3, we

observed that it can be controlled by estimate (11), namely

|a(t,T) − 1| = O
(

|bk(t,T)|2 + ‖ǧ‖2∞
)

.

So the desired estimate for|a(t,T)− 1| follows from those derived below for the remaining
components.

Now we turn to the termsbk(t,T), which are given by2

bk(t,T) =
〈xkĝ, h(t,T)〉
〈xkĝ, xkĝ〉

.

At s ∈ [t,T], we apply the inner product〈xkĝ, ·〉 to the evolution equation (23a), obtaining

ḃk(s,T)〈xkĝ, xkĝ〉 = (n− 2)bk(s,T)〈xkĝ, xkĝ〉 + 〈xkĝ, NL[h(s,T)]〉

2Recall that theL2 inner product〈·, ·〉 is computed with respect to the standard metricσ induced on the unit
sphereSn ⊂ Rn+1.
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where the term〈xkĝ,NL[h(s,T)]〉 satisfies the estimate

(34) |〈xkĝ,NL[h(s,T)]〉| .
∑

k

|bk(s,T)|2 +
∑

|α|=0,1

‖∇αǧ(s,T)‖22.

Observe that the right-hand side of (34) does not depend on∇αǧ for |α| = 2, even though
NL[h] does. This is because when computing the inner product, we integrate by parts to
move one derivative off h. Using (34) together with the fact thatbk(T,T) = 0, we see that
for any timet ∈ [0,T], we have

bk(t,T) = −
∫ T

t
e−(n−2)(s−t) 〈x

kĝ,NL[h(s,T)]〉
〈xkĝ, xkĝ〉

ds.

Consequently, we have

|bk(t,T)| .
∫ T

t
e−(n−2)(s−t)



















n+1
∑

k=1

|bk(s,T)|2 +
∑

|α|=0,1

‖∇αǧ(s,T)‖22 ‖ǧ(s,T)‖∞



















ds.(35)

Next we use assumption (29) in Lemma5, which is
∑

|α|≤2n ‖∇
αǧ‖2 ≤ δ

2
3

0 e−
2
3 t, and Sobolev

embedding,‖ǧ‖∞ .
∑

|α|≤n ‖∇
αǧ‖2, to obtain

|bk(t,T)| .
∫ T

t
e−(n−2)(s−t)















n+1
∑

k=1

|bk(s,T)|2 + δ2
0e−2s















ds.

Recall thatn− 2 ≥ 1. By a standard fixed point argument we find there isc > 0 such that

|bk(t,T)| ≤ ce−tδ2
0.,(36)

which gives estimate (30a).
To prove estimate (30b), we analyze the component ˇg of h(t,T) in (33). By Lemma2

and (36) above, one has
d
dt
〈ǧ, ǧ〉 = 2〈ǧ, Lǧ〉 + 2〈ǧ,NL[h]〉

≤ −8〈ǧ, ǧ〉 + O

















n+1
∑

k=1

|bk|
2
+

∑

|α|=0,1

‖∇αǧ‖32

















≤ −8〈ǧ, ǧ〉 + O

















δ4
0e
−2t
+

∑

|α|=0,1

‖∇αǧ‖32

















Therefore,

d
dt
〈ǧ, ǧ〉 ≤ e−8t〈ǧ(0), ǧ(0)〉 +

∫ t

0
e−8(t−s)

O

















δ4
0e
−2s
+

∑

|α|=0,1

‖∇αǧ‖32

















ds.

In similar fashion, one computes that, for anyj ≤ n,

d
dt
〈L j ǧ, L j ǧ〉 = 2〈L j ǧ, L j+1ǧ〉 + 2〈L j ǧ, L j NL(h)〉.(37)

For the first term on the right-hand side, we claim that for aκ > 0 to be chosen below, one
has

(38) 2〈L j ǧ, L j+1ǧ〉 ≤ −κ
∑

|l|≤2 j+1

‖∇l ǧ‖22 − 3〈L j ǧ, L j ǧ〉.

To see this, we decompose 2〈L j ǧ, L j+1ǧ〉 into two terms,

2〈L j ǧ, L j+1ǧ〉 = 2κ〈L j ǧ, L j+1ǧ〉 + 2(1− κ)〈L j ǧ, L j+1ǧ〉.
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For the first term, we use the derivatives inL j to getC1, C2 > 0 such that

2κ〈L j ǧ, L j+1ǧ〉 ≤ −C1κ
∑

|α|≤2 j+1

‖∇αǧ‖22 +C2κ‖ǧ‖
2
2.

This, together with the estimate for the second term

〈L j ǧ, L j+1ǧ〉 ≤ −4〈L j ǧ, L j ǧ〉

implies the claimed estimate (38).
For the last term on the right-hand side of (37), we have to be careful about the number

of derivatives on ˇg. Integrating by parts and using estimate (36), we obtain

|〈L j ǧ, L j NL(h)〉| .
n+1
∑

k=1

|bk|
2
+

∑

|α|≤2 j+1

‖∇αǧ‖22



















∑

|β|≤ j

‖∇βǧ‖∞ +
n+1
∑

k=1

|bk|



















. δ4
0e−2t

+

∑

|α|≤2 j+1

‖∇αǧ‖22



















∑

|β|≤ j

‖∇βǧ‖∞ + δ
2
0e−t



















.(39)

To control
∑

|β|≤ j ‖∇
βǧ‖∞ for j ≤ n, we use Sobolev embedding along with assumption (29)

in Lemma5 to obtain
∑

|β|≤n

‖∇βǧ‖∞ .
∑

|β|≤2n

‖∇βǧ‖2 ≤ δ
2
3

0 ≪ 1.(40)

Combining this with (38), and choosingκ ≫ δ
2
3

0 , one gets

d
dt

n
∑

j=1

〈L j ǧ, L j ǧ〉 ≤ −6
n
∑

j=1

〈L j ǧ, L j ǧ〉 + O
(

δ4
0e−2t
)

.

This estimate immediately implies that

(41)
n
∑

j=1

〈L j ǧ(t,T), L j ǧ(t,T)〉 ≤ e−6t
n
∑

j=1

〈L j ǧ(0,T), L j ǧ(0,T)〉

+

∫ t

0
e−6(t−s)

O

(

δ4
0e−2s
)

ds.

By estimate (28) for ǧ(0,T), we find there existsc > 0 such that

∑

|α|≤2n

‖∇αǧ(t,T)‖2 .
n
∑

j=1

〈L j ǧ(t,T), L j ǧ(t,T)〉 ≤ cδ2
0e−2t,

which yields estimate (30b).
Finally, we prove the last estimate in Lemma5. By the construction ofbk(0,T) and our

estimates above forbk(0,T) andbk(0, 0), we observe that

~ǫT = O















∑

k

|bk(0,T) + bk(0, 0)|















= O(δ0),

which yields (30c). �
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8. Existence of a convergent subsequence

Proof of Lemma6. The basic idea is to compare solutionsg(t,T2) andg(t,T1) of the DeTurck-
Ricci flow (23a) in the time interval [0, T1].

Recall that at timet = T1, gT2 andgT1 are of the form

g(T1,T2) =(a(T1,T2) +
n+1
∑

k=1

b(T1,T2)xk)ĝ+ ǧ(T1,T2),(42)

g(T1,T1) =a(T1,T1)ĝ+ ǧ(T1,T1),(43)

whereǧ(T1,T1) andǧ(T1,T2) satisfy appropriate orthogonality conditions.
We begin by deriving an evolution equation for

Ψ(t) := g(t,T2) − g(t,T1)

from those forg(t,T2) andg(t,T1) given in (23a), obtaining

∂

∂t
Ψ = LΨ + RL(Ψ),(44a)

Ψ(0) = g(0,T2) − g(0,T1) = φ∗T2
g0 − φ

∗
T1

g0,(44b)

whereL is the linear operator in (8),

LΨ = ∆ℓΨ + 2(n− 1)
{

Ψ −
1
n

H̄Ψĝ
}

,

andRL denotes the nonlinear “remainder term.” In the time interval [0, T1], the remainder
term satisfies

(45) ‖RL(Ψ)‖∞ .
∑

|α|=0,1

‖∇αΨ‖∞

∗



















∑

|β|=0,1,2

‖∇β(g(t,T1) − ĝ)‖∞ +
∑

|β|=0,1,2

‖∇β(g(t,T2) − ĝ)‖∞



















.

Wishing to exploit the spectrum ofL using Lemma2, we decomposeΨ as

(46) Ψ(t) =
{

δ(t) +
n+1
∑

k=1

βk(t)xk
}

ĝ+ η(t),

with
η ⊥ ĝ, xkĝ for k = 1, . . . , n+ 1.

To control the various components ofΨ in (46), the key steps are to prove that the compo-
nents corresponding toβk(t) dominate, and that their evolutions are almost linear. In what
follows, we outline the proof, omitting some details that are easily established by standard
methods.

To begin, we recall thatφTm = φ(~ǫTm) for some~ǫTm ∈ R
n+1 (m= 1, 2). Then we observe

that

Ψ(0) = φ∗T2
g0 − φ

∗
T1

g0

= a0
{

φ∗T2
ĝ− φ∗T1

ĝ
}

+

n+1
∑

k=1

bk(0)
{

φ∗T2
xkĝ− φ∗T1

xkĝ
}

+ φ∗T2
ǧ− φ∗T1

ǧ

=

{

ω +

n+1
∑

k=1

[

ǫk(T1) − ǫk(T2) + µk
]

}

xkĝ+ Φ.
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Hereω, µk ∈ R, andΦ satisfy the estimates

|ω| +

n+1
∑

k=1

|µk| + ‖Φ‖2 . ‖~ǫ(T1) − ~ǫ(T2)‖2 δ0,

whereδ0 ∈ R
+ is defined in (19) as

δ0 := |1− a(0)| +
n+1
∑

k=1

|bk(0)| +
2n
∑

|α|=0

‖∇αǧ(0)‖2.

We recall too thatg0 decomposes as

g0 =
{

a(0)+
n+1
∑

k=1

bk(0)xk}ĝ+ ǧ(0).

These observations show that the initial valueΨ(0) is dominated by its components in the
directionsxkĝ. That is,

Ψ(0) ≈
n+1
∑

k=1

{

ǫk(T1) − ǫk(T2)
}

xkĝ.

Comparing this to the decomposition ofΨ(t) in (46), one sees that

(β1(0), . . . , βn+1(0)) ≈ ~ǫk(T1) − ~ǫk(T2).

For any later timet ∈ [0,T1], we claim that the terms
∑n+1

k=1 βkxkĝ continue to dom-
inateΨ(t). The claim follows easily from two facts. (i) The smallness ofRL(Ψ) in es-
timte (45) means that equation (44a) is dominated by its linear term. And (ii) the spectral
decomposition ofL in Lemma2 shows that the fastest growing eigenspace is spanned by
βk, k = 1, 2, . . . , n+ 1, with eigenvaluen− 2 ≥ 1. All other eigenvalues are non-positive.
By standard arguments, these facts imply that in the time intervalt ∈ [0, T1], one has

(β1(t), β2(t), . . . , βn+1(t)) ≈ e(n−2)t(β1(0), β2(0), . . . , βn+1(0)).

Combining this with the estimates forbk(t,T1) andbk(t,T2) proved in Lemma5 gives the
estimate in the statement of Lemma6. �

9. Long-time existence

Proof of Lemma7. To extend the existence of optimal admissible diffeomorphisms after
M < ∞, we use our estimates for the solutiong(t,M) of nrdf with initial condition
φ∗(~ǫM)g0 to find an~ǫM+δ ∈ R

n+1 determining an optimal admissible diffeomorphism at
time M + δ, for someδ > 0 sufficiently small.

As in equation (24), we decompose the solutiong(t,M) as

g(t,M) =
{

a(t,M) +
∑

k

bk(t,M)xk
}

ĝ+ ǧ(t,M),

with
ǧ(t,M) ⊥ ĝ, xkĝ.

The estimates in Lemma5 for g(M,M) show thatg(t,M) can be continued pastM, at least
for a short time. So by the consequence of Lemma4 that allbk(M,M) = 0, and local well-
posedness ofnrdf, we can chooseδ > 0 sufficiently small such that in the time interval
[M, M + δ], the quantities

∑

k |bk(t,M)| (k = 1, . . . , n + 1) and‖∇α
[

ĝ(t,M) − ĝ(M,M)
]

‖2

(|α| ≤ 2n) are as small as one likes. Because of this, the constructionproceeds exactly as
in the proof of Lemma4. Hence we omit the details. �
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