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Synopsis: This paper describes the non-lin-
ear elements and circuit techniques used with
the California Institute of Technology elec-
tric analog computer. Their application to
nonlinear mechanical vibratory systems and
nonlinear servomotors is discussed in detail.
These techniques have been found to be
generally suitable for representing single
valued nonlinear functions of a dependent
variable. Nonlinear springs, spring loaded
backlash, and nonlinear damping factors
can be readily simulated as well as satura-
tion effects and other single valued non-
linearities in servomotors. Methods of
analysis are illustrated for several typical
problems including a nonlinear rotating
mechanical system and an autopilot em-
ploying a solenoid-operated rate and position
limited hydraulic motor. Numerous servos
of this type have now been studied and
correlation of computer solutions with actual
servo test data have shown in every case
that the mathematical equations presented
here accurately describe this type of motor.

HE California Institute of Technology

electric analog computer has now been
used for the solution and general analysis
of a sufficient number of nonlinear servo-
mechanisms and nonlinear mechanical
vibratory systems to warrant a general
discussion of the electrical techniques and
analogies suitable for such problems.
This paper deals particularly with its
application to problems involving single
valued nonlinear parameters that are a
function of one dependent variable. The
more common types of such nonlinearity
in mechanical vibratory systems are non-
linear springs, backlash, and nonlinear
damping such a coulomb friction. Many
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types of servomechanisms have nonline-
arities of sufficient importance that their
effects should be considered in analyzing

_system performance. Some of these non-

linearities are in the control system itself;
others are in the system to be controlled.
In position type controllers nonlinearities
are commonly in the form of velocity or
position saturation effects or limits, back-
lash, coulomb friction, or servos of the
“‘on-off”’ type. Saturation effects such as
occur in motors and generators of speed
controllers and voltage regulators are
sometimes important. The nonlinearities
existing in the systems to be controlled
may be of many types. In mechanical
systems they may be in the form of non-
linear damping factors or spring constants,
or they may be in the form of limits to
certain motions being controlled. Certain
thermal processes are inherently non-
linear. Some types of autopilot problems
require consideration of the nonlinearities
in the aerodynamic equations.

The California Technology electric ana-
log computer has been described in detail
in previous papers.'™* Suitablemultipliers
and nonlinear function devices now have
been developed to enable its use for the
rapid solution of a large number of prob-
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lems of this type. These are described in
detail in reference 4, and are only dis-
cussed briefly here with reference to their
application to circuit analogies. The
basic elements now being used in this
computer are listed in Figure 1. The
form of symbolization shown is that used
in the California Technical Analysis Lab-
oratory for preparing analogous circuits.

Description of Nonlinear Functions
Devices

The devices for simulating nonlinear
functions of a dependent variable are of
two general types designated here as the
“type I'" and ‘“‘type II" noulinear func-
tions devices. The first of these is essen-
tially a nonlinear resistor in that it pro-
duces voltages that are arbitrary functions
of currents or vice versa. The second type
produces voltages that are arbitrary func-
tions of another voltage.

TyPE I—NONLINEAR FuNcTIONS DEVICE

Diodes which conduct freely in only one
direction can be used as the basic elements
of a nonlinear device. In order to avoid
power supply problems and to minimize
the “forward resistance,” crystal diodes
have been used generally instead of vac-
uum diodes. The “‘back resistance” of the
former elements is sufficiently high to
meet most of the requirements in practical
problems. Although these diodes can be
associated with general impedance ele-
ments, this is usually undesirable because
the forward and back impedances are re-
sistive in nature and are most readily com-
bined with other resistances. Nonlinear
impedances can be achieved with diodes,
however, through the use of amplifiers as
will be described later.

The two basic elements of the diode
nonlinear resistance are the voltage
clipper and the current limiter shown in
Figure 2. For the voltage limiter, bat-
teries are conmected with polarity
opposing the normal direction of current
flow, so that uutil the voltage exceeds the
battery voltage, the effective resistance of
the circuit is very high and is equal to one-
half the back resistance of one diode.
After the voltage exceeds this value, the
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Figure 1. Symbolization of basic computer elements

effective resistance is very low, the for-
ward resistance of one diode plus that of
the battery. For a typical 1V35 crystal,
the ratio of the two slopes of the voltage-
current characteristic is approximately
10,000. The current limiter utilizes two
large resistors, R;, to produce circulating
currents in the two diode loops. Until the
current inserted at the terminal equals
this circulating current, the net resistance
of the network is low and twice the for-
ward resistance of one diode, while for
larger currents it becomes large, essen-
tially equal to the resistance R; in parallel
with the back resistance of one diode.
The ratio of the slopes of the resulting
characteristic is not as great as that for
the voltage limiter because of the addition
of the resistor R;,. However, values of
200-to-1 for this ratio can be readily
achieved.

In both limiters, the ratio of slopes can
be reduced to any desired value by insert-
tion of resistors in parallel and in series
with the diode branches. Such a modifica-
tion forms the basis of the general non-
linear device shown in Figure 3. The ad-
justable resistors are made relatively
large compared to the forward impedance
of the crystals so that the variations of the
latter with current do not affect the
overall impedance appreciably. If the
switches are all thrown to the left in
Figure 3, each parallel branch will not
conduct current until the terminal voltage
rises above the battery voltage of that
branch. The resulting current voltage
characteristic is composed of a series of
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straight lines, with the slope of successive
segments decreasing as the voltage rises.
Such a characteristic is shown in curve
‘A’ of Figure 3.

If the switches are thrown to theright, a
different characteristic results. Each
branch produces a circulating current
which passes through R,. The battery
voltage E, is provided to give zero ter-
minal voltage when no external current
enters the terminals. As voltage is
applied, the current which flows is deter-
mined by the effective resistance of all
branches in parallel. As soon as the

terminal voltage rises above the lowest
branch battery voltage, the current in
that branch ceases to flow, and the effec-
tive impedance of the device is raised. As
the voltage exceeds the highest battery
voltage, the impedance becomes equal to
R, alone, the maximum value. The re-
sulting current-voltage characteristic is
one of constantly increasing slope, as
shown in curve “B”. By combination of
branches of each type, a characteristic
may be achieved whose slope is alter-
nately increasing and decreasing, pro-
vided the slope always remains positive.
Curve “C,” Figure 3, is typical.

A nonlinear resistor with 22 parallel
branches, 11 each for positive and nega-
tive voltages is shown in Figure 5. The
simpler voltage and current limiter is
shown in the same figure.

Type II—NoONLINEAR FuncriOoNsS DE-
VICE

Although the first nonlinear device de-
scribed is essentially a resistance element,
another nonlinear device has been con-
structed which produces a voltage that is
an arbitrary (though necessarily single
valued) function of any voltage however
derived. This generator is based upon a
principledevelopedelsewhere.®? Itutilizes
a cathode-ray tube and photo cell for
viewing the cathode-ray tube screen.
The quiescent position of the electron
beam is set to one side of the tube and the
photo cell output is amplified and applied
to the plates with a polarity which will
drive the beam to the other side. If an
opaque template is placed on the surface
of the tube, as shown in Figure 4, the
beam spot will be driven below the edge of
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Figure 2. Schematic circuits of simple voltage and current limiters
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the template until the light reaching the
photo tube is just sufficient to produce a
signal that will deflect the beam to the
edge of the template. Since the beam will
follow closely the template, and since the
voltage required to deflect the beam is a
linear function of the deflection, the out-
put voltage of the device is proportional
to the height of the template at the par-
ticular position of the beam. A generator
of this type is shown in Figure 5. A
typical characteristic is shown as viewed
on an oscilloscope in Figure 4. A more de-
tailed description of both of the nonlinear
functions devices has been given else-
where.*

General Application of Nonlinear
Devices

VoLTAGE CLIPPERS

In some physical systems a variable
exhibits a linear characteristic until it
reaches a limiting value which it cannot
exceed. Such characteristics can be pro-
duced electrically with a voltage limiter if
the voltage at some point in the electrical
circuit can be made the analog of the vari-
able in the physical system. The only im-
portant electrical requirement is that the
voltage clipper be driven by a source with
high impedance so that the forward re-
sistance of the diode is very small com-
pared with the source impedance. In
typical cases the slope of the characteristic
may be changed by a factor as large as
2,000.

As discussed later this principle can
be used directly to simulate position
and velocity stops in servomechanisms,
coulomb friction, and backlash.

CURRENT LIMITERS

A current limiter may be used in those
cases where the current is analogous to a
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Figure 4. Schematic diagram of dependent variable device—type I

physical variable which is limited in its
maximum value. Its application is dis-
cussed later with reference to rate limited
hydraulic servos.

NONLINEAR GAIN CHARACTERISTICS

The simulation of such nonlinear am-
plification characteristics as saturation
effects in electronic amplifiers or rotating
machines can be accomplished readily
with either type of nonlinear functions de-
vice. The type II device need merely be
inserted in cascade with linear amplifiers
of the computer. The type I device also
could be used in the same manner as illus-
trated later for simulating nonlinear
springs.

However, it has usually been found
more suitable to use it as a nonlinear
feed-back resistor as shown in Figure 6.
This type of circuit also is used where the
resistance range provided by the type 1
device alone is too high.
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Figure 3. Schematic diagram of dependent variable device—type |
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NONLINEAR IMPEDANCES

The nonlinear terms arising in many
physical or mathematical problems may
be interpreted in the analog as nonlinear
self or mutual impedances. It will be
sufficient to describe methods of achieving
nonlinear self impedances. The type I de-
vice must be used in conjunction with re-
sistors to avoid unpredictable phase shift
characteristics. In order to use this ele-
ment, therefore, the voltage from a small
impedance of the type specified must be
applied to the nonlinear resistor by means
of an amplifier, and the resulting nonlinear
voltage reinserted in the circuit by means
of another amplifier. Such a circuit and
the resulting characteristic is shown in
Figure 7. The use of the type II non-
linear device is shown in the same fig-
ure and requires no additional explana-
tion.

As an example, suppose the charge
flowing in a circuit is equal to a variable x,
and a term f(x) appears in the differential
equation to be solved, then the impedance
Zy would become a large capacitor and
either nonlinear device would be adjusted
to give an output voltage equal to f(x). A
correction would be applied if the voltage
across the capacitor were appreciable in
the circuit.

The accuracy obtained with the
foregoing circuit techniques depends
primarily upon how accurately it is
attempted to simulate a given function.
The type I device will simulate many
functions with an error ranging from one
to five per cent of the maximum value of
the function. The type II device will
simulate most functions to a somewhat
greater accuracy, and is applicable to a
wider variety of functions.
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Figure 5. Nonlinear functions devices and
other computer elements
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Nonlinearities in Mechanical
Vibratory Systems

The preceding discussion makes it
readily apparent that the nonlinear func-
tions devices can be used to simulate most
types of single valued nonlinearities
occurring in mechanical systems. These
are generally either nonlinear springs or
damping factors. With the use of the
force-voltage analogy, in which current is
analogous to velocity and charge to
position, it is evident that the nonlinear
resistance devices can be used directly to
simulate nonlinear mechanical damping.
Their application to the analysis of
problems involving coulomb friction has
been discussed previously.®

NONLINEAR SPRINGS AND BACKLASH

The application of the nonlinear im-
pedance circuits to mechanical systems
with nonlinear springs and spring-loaded
backlash is illustrated by the system of
Figure 8. This is the rotating mechanical
system of a radial aircraft engine that was
studied quite extensively with the com-
puter.

In this system all three shafts are
geared and have appreciable spring-
loaded backlash. In addition, shaft
number 3 is nonlinear as is shown in
Figure 9.
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The following equations specify the
system

0 =IP201 +K,; (01—92)

0="1,p%0,~+ K,(6:—6,) + K2(0.—63)
T=13?293+K2(03—02) +K3(03_04)
0=1p%0:+ K3(6,—65)

1

hy =—
where p &
If the spring characteristics were per-
fectly linear the analogous electric circuit
would be that given in Figure 8(B) with
simple capacitors representing the spring
constants. The electric circuit equations
would be the following
2 1 )
0=Lip"*qi+— (@1 —¢>)
G
0=Lapgrt = (@=g) + = (@)
2P “Q2 G 2= q Cs g2—¢qs
W1 1
Ey=Lsp"gs+— (¢s—g2) +—~ (¢5—q4) @)
Gy G
1
0=Lip"?qu+— (qa—gs)
G

P'=£
at’

By establishing values for an impedance
base factor (a) a time base change factor

t d d ;
<n=2’ or 5 =n Et) and a forcing func-

; . T
tions ratio r = Eo the following electrical
0

parameters can be determined
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In the analysis of nonlinear problems of
this sort, the proper representation of
initial conditions is more difficult than
for linear systems. This can be best illus-
trated by considering a specific type of dis-
turbance, namely the torques produced by
a cylinder misfire under a given load con-
dition.

To simplify the initial conditions
and the representation of the nonlinear
springs for such a case a change can be
made in the co-ordinate specifying the
system such that the steady-state values
of all functions are eliminated. Thus

Ty'=To— Toss; IY=T—Ty,;
01'=01—01“; ....... (4)

This changes the stress-strain curves
representing the nonlinear springs in the
manner illustrated by Figure 9(B). As
shown in Figure 8(B) voltage clippers
were used in the circuits of K, and K, to
simulate the backlash. For shaft number
3 both the backlash and change of spring
constant were simulated with the circuit
of the type I functions device. However,
in Figure 8(C) only those elements re-
quired are illustrated to clarify a detailed
description of the analogy.

Referring to Figure 9(C) the charge
flowing through the spring analogy circuit
represents the strain and the voltage
across it represents the stress. The
analogous circuits of Figure 8 are actually
positive self-impedance circuits that alter
the effective capacities of the condensers
C, and so forth, by a variable gain which
is a function of (gs—¢s) and is adjusted to
properly fit the desired stress-strain curve.
When the voltage E; exceeds the clipper
voltage E. and the voltage E; is less than
clipper voltage E,, Figure 8(C), the am-
plifier circuit has its maximum gain and
the analogous spring factor for K3 is a
maximum given by the equation

1 14+kA4:4.

K max = W 5
@i Cmm C3 ( )
where

R,
k =
Ro+Ry

Referring again to Figure 8(C), the
backlash characteristic is simulated with
the diode voltage clipper (Es). When-
ever the voltage A.E, plus E; is less than
E, the clipper acts like an open circuit and
amplifier 4, puts out no voltage. Under
these conditions the spring constant is
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1

\?ery low and equal to the following

K, 1
Qigmin =
3 C_-,

(6)

It will have this characteristic over a
range of g given by the following equation

2F,
D 4,=2E,; AE="21

C3 A 1 (7

~—

This slope can be made negligible by using
a large value for 4,4, and C;.

The stress-strain curve is shifted to the
proper zero position by adjusting E; to
satisfy the relation

T,
A(Ey—Eq) ="; (8)

and then the actual circuit voltage is set
to zero by adjusting E; until

Ey=—Ay(E,—Ea) )

Additional changes in the spring con-
stants are accomplished by additional
voltage clippers such as E,. The spring
constant above this level is given by the
equation

R
1+fA1Az

aK = G

(10

656

e
1

ez (%)

o 1
NI

where

_ Rle
" Ri+R,

Smooth variations in the spring factor can
be accomplished by replacing the second
voltage clipper with the arbitrary func-
tions device type II.

The resistance R, could be inserted to
add enough negative resistance to the
circuit to cancel the effect of the re-
sistance at the output terminals of ampli-
fier A, should it be appreciable. However,
the positive gain amplifiers used in the
computer have an impedance of only one
ohm so that such compensation is rarely
necessary. The voltages E; and E, are
obtained by adjustment of the d-c ampli-
fier zero-control. Figure 10 presents
typical solutions for the transient torque
pulse resulting from a single cylinder mis-
firing. As mentioned before, this was
simulated as an applied voltage pulse
having no steady-state value.

Another mnonlinear spring problem
studied with the computer is illustrated in
Figure 11. This represents a one degree
of freedom mechanical system (having a
nonlinear spring) that is controlled with a

I

Iz I3 ls
K Kg 3
A={=0=)
PROP FLY SUPERCHARGER
1;o AND ACC.

servo using rate and position feedback.
Figure 11 shows typical solutions for both
the controlled and uncontrolled system
under the influence of a suddenly applied
constant disturbance torque. Linear
feedback only is shown. However, this
system was studied with nonlinear
position feedback. It is readily apparent
that if the servo time delays are not too
great, the system can be linearized by the
use of a nonlinear position feed-back
characteristic that just counteracts the
nonlinearity of the spring.

Nonlinear Servomotors

During the past year and a half the
California Technology computer has been
used extensively for the design analysis of
guided missile control systems. This
work has all been of a restricted nature
and the studies cannot be described in de-
tail. However, the analog techniques
themselves are of sufficient interest to
merit discussion. In most of these studies
the aerodynamical equations have been
linearized but some have included the
effects of angle of attack and interaction
between the three degrees of freedom of
the missile. The latter type have in-
cluded studies of “stabilized” platforms.

RATE AND PositioN LiMITED HYDRAULIC
SERVO SYSTEMS

Several types of servomotors have been
analyzed. One of the most important of
the nonlinear motors studied extensively
is the “rate limited" hydraulic motor. In
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Figure 8. Analogy for radial aircraft engine with nonlinear spring constants and backlash
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(c) ELECTRICAL ANALOGY

this a hydraulic valve is actuated, usually
by an electromagnetic solenoid circuit.
The valve controls the flow of the hy-
draulic line which will drive the missile
control surfaces in either direction at a
velocity proportional to the valve open-

ing.

However, the maximum control

surface velocity is limited to a value
corresponding to the full open position of

Figure 10. Typical solutions for system of Figure 8

Figure 12 (right). Computer solutions for steady-state sinusoidal
response and impulse response characteristics of rate and position
limited hydraulic servomotor
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(b) STRESS-STRAIN CURVE
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Figure 9.  Stress-
strain curve and its
analogy for shaft
number 3 of system

in Figure 8
Figure 11.
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SERVO EQUATION:

be used. The nonlinearities in motors of
this type can usually be accurately

$= Q(VS K38) OR 8= s . . . . .
z 2.2, K (0-'%_37" 03 +%u oy 973”” specified by assigning a deﬁmte. maxi-
Lo SHeReNT VoLTAGE mum value to the rudder velocity and
v b, - . N _ LMITER  d assuming the system to be linear below
) ‘ e~p3 I these limits. Rudder position stops can
o Vs-Agal T, A i~ x‘\ R A, . ‘. ~3 be treated in the same way.
I | °T ? . Referring to the Appendix and Figure
a ] _»\ c 13, these limits are accomplished with
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Bl NEGATIVE GAIN AMPLIFIERS

ANALOGY EQUATION

voltage and current limiters. It was
found that the velocity limitations for
some motors (although sharply defined)
had a saturation characteristic which was
not perfectly flat. This type of charac-
teristic was studied by using an arbitrary
functions device instead of the simple

poy = AiAgRC (Vs - Azed . Vs voltage clipper. The results of the study
T, To (LCPZHRCpH) A3 (Lu_n_ﬁ + DTz, TiTo D) showed that sufficiently accurate results
Figure 13. Electrical analog for rate and A3 Aiz3” © Aiz3Re

position limited hydraulic servomotors

the valve. Such a motor can generally be
quite accurately specified by the mathe-
matical equations of Figure 13. These
equations are derived in the Appendix
together with the electrical analogy.
There both the electrical and mechanical

elements of the solenoid are represented
by one lumped transfer function. This
usually provides a sufficiently accurate
analogy. However, if desired the com-
plete analogy for both the electrical and
mechanical elements of the solenoid can

could always be obtained with the simple
voltage clipper.

Typical impulse and steady-state sinu-
soidal response characteristics of a servo-
motor are shown in the computer solu-
tions of Figure 12. Amnalog computer
analyses have been made for systems
using this type of motor in which the

numerical parameters were obtained in
several ways. In some cases the servo
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parameters given in Figure 12 were ob-
tained directly by test and used directly
for specifying the proper analog param-
eters.

In other cases it was required to de-
termine certain of the parameters by
fitting frequency response curves as
shown in Figure 14. Such curves can be
run off very rapidly with a computer of
this type so that it only requires a few
hours to determine by trial and error the
parameters that best simulate test data.

Figures 15 and 16 are typical examples
of an autopilot employing a rate and
position limited servomotor. This system
was used for roll stabilization and the
simplified form for the aerodynamic
equations is shown. In the analogy, Fig-
ure 16, is shown a modified version of the
motor analogy which can be used if the
motor transfer function, Figure 13, can be
expressed as a quadratic instead of a
cubic equation. This analogy can be
derived readily. In it the current g,
Figure 16 is analogous to rudder velocity
so that a current limiter is used for
velocity limitation.

Computer solutions for the transient
response characteristic of this type of
servo system are given in Figure 17.
These illustrate a condition found in

1949, VoLUME 68

Figure 17. Re-
sponse character-
istics of autopilot
system of Figure
15 instability in-
duced by an ap-
plied torque ex-
ceeding the lin-
ear range of the
control system,
and corrected by
an increase in K;

Ta=0.06 sec-

ond; T5=0;
Ky=50

i

2

i
e
B

:

|
1

several cases with the parameters of an
actual proposed missile at certain points
in its flight program. If optimum servo
parameters were chosen from a perfectly
linear analysis, well damped solutions
such as given at the top of the figure re-
sult.

These solutions would correspond
to those resulting from small disturbance
torques in the actual systems. However,
if the disturbance torque is sufficiently
large the two nonlinearities can produce
complete instability as illustrated by the
second set of solutions. For this par-
ticular type of system the instability can
be eliminated by increasing the rudder
feed-back parameter K, as shown in the
two bottom pairs of computer solutions,
Figure 17.

With a computer of the type described
here solutions can be obtained so rapidly
that it is a relatively quick and simple
matter to study the performance of a
guided missile or autopilot over its com-
plete range of flight conditions. Optimum
servo parameters can thus be quickly
determined.

In some cases a single set of servo pa-
rameters may be suitable. In others
a schedule for varying the parameters
may be desirable.
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Appendix |. Derivation of the

Equations and Analogy for Rate

and Position Limited Hydraulic
Servomotors

Let

Vs = control signal voltage

é =rudder position angle

Ks=feed-back constant from rudder posi-
tion

ey =voltage applied to motor solenoid

e=Vs—Ksb

M =mass of solenoid valve system

K =its spring constant

G =its damping factor

m=constant relating solenoid force to
applied voltage e,

k=constant relating rudder velocity to
valve opening

ds " mk  (Vs—K9%)

@ P=x M 2+g +'1 (11)
w Pgh

6 and pé are limited to either a specified
maximum value or to a sharply defined
saturation characteristic. Equation 11 can
be rewritten as follows

_sVi-K )
P = 2 (12)
1= p+1
w w
where

_mk K G
%N Tovkm

Solving for 6 gives the following equation

o=- L
T 2r 1 13)
3 24—
K <gKaw2P +gK5wp +gK5 P+1)

Electrical Analogy. Referring to Figure 12,
it can be seen that if V' is the analogous
control signal voltage the input voltage ¢, is:

€= Vq,—Azez (14)

where e, is analogous to 6. The voltage e;
is analogous to pé and given by the equation

—'A]RC( Vs'—Aaez)

T Ty(LCP*+RCp+1) IR

€

where T is time constant of first integrating
circuit.

As the relation between ¢; and e; we have the
equation

—Agel

= 16
2] Top (16)
where 7, is the RC time constant of the
second integrating circuit. Combining
equations 14, 15, and 16

AlAzRC( V;’—Aaeg)
€2 = . 17
T\ To(LCp*+RCp+1)
and solving for e,
V'
ey =
TITOL TlTo TlTo )
A 34— p24 +1
“(AmR Pt 4w P T dmre?
(18)
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giving the transfer function analogous to
that for the actual servo, equation 13. In
this analogy the current in the RLC cir-
cuit is truly analogous to the solenoid posi-
tion x which is proportional to (p8). Thus
by limiting this current with a current
limiter the proper nonlinear conditions are
imposed.

L\, .
n=-, Jisused where ¢’ is com-

tl
puter time base and ¢ actual time base the
following relationships must be satisfied by
the analogy

If a time base

Ay =K; %T_o, .23

wooE (19)
LTl 1 nT, 1
AR ‘nsgw’ ApRC _ng

The following relationships establish the
clipping current and voltages necessary to
simulate the maximum permissible values

for rudder velocity and position.

Lete,=7r8 then €max = dmax ' (20)

when e¢; and & are expressed in volts and
radians respectively

Deamax =17 Pémax
or from equation 6

Tonr
A,

DPOmax (21)

€imaximaxR =

It should be noted that the rudder position
and velocity limitations can be made dif-
ferent for the two directions. Equations
20 and 21 can be combined to give the
following required relation between the two
clipping voltages

o _Tun (phows)

[ A 2 (5mnx) (22)
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