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1 A Numerical Approach for Verifying Assumptions 1, 2, and 3
(main paper)

We begin by considering Assumption 1 in (15)(main paper). Let

f1 = 2max{\/p, vV2ku, V2kzy, \/3}, f2 = max{y/2ky, 2k} and

wi max{wy,wy, }. Let Z = (Z1, Za, Z3, Zs) € H' with ®.(Z1, Z, Z3, Z,) = 1. It is straightforward
to check that:

O [Py FIPFPy (21, Zo, Z3, Z4)] > f1 ' Omin (P FIT* F Py )
1
— max {1, f}(\/gw + w4+ V3t 2Ty
gl
Notice that the quantity o, (P FT* FPg+) (and henceforth the quantity 77) is computable given
the population model. Thus a trivial lower bound for « is given by:

inf H, &) >a>T,
H’EUl(wy,wyx)X( FY) - =1

We now consider Assumption 2 in (16) (main paper). Let Z = (Z1,Z;) € H[2,3]" with
I'y(Z1, Z2) = 1. Using triangle inequality, it is straightforward to check the following bound:

1
0y [P,y G TGPy sy (Z1, Z2)] > min {1, ;}(\/gfz)_l
min (Prpz,3+ G 1* G P2 3+)
— max {1, i}(\/?:w + w4 V3w?) fop? £ T2

Notice that the quantity T» is computable giving the population model. Then,

inf  E(H,T.,)>T2
H' €U (wy ,wyz) ( 7) o
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Now we consider Assumption 3 in (17) (main paper). Using triangle inequality, it is straightforward
to check that:

1
1 [PH[z,g]/lgTH*gPH[z,:q/ (Z1,25)] < V3fymax {1, ;}
O'max(,PH[Q,?’]*J_gTH*g,PH[Q?g)]*)
+ max {1, }y}(\/&d +w+ V3w fy? £ T3

Similarly, the quantity 75 can be computed given the population model. Then, an upper bound
for o(H',T'y) is given by:

2 T3 2
sup e, T,) <1—-—— < == < 73
H' €U (wyz wyz) /8 T2 — 7o

2 Proof of Proposition 1 (main paper)
Proof. We note that:

1Az < IADyll2 + [[ALylla + [|A8yzl2 + |AOz[l2 < (3 +7) 24 (A)
Furthermore, recall that

Rs-(F(A)) = £ 1[§: Ay,
k=2

Using this observation and some algebra, we have that:

A

H[AT?
@, [Aly

(3 +7)?
1—- B+~

< 2mypCRa, (A

~—

O, [F Re: (F(A)] < my[ S @lAl)] < me?
k=2

3 Proof of Proposition 2 (main paper)

Proof. The proof of this result uses Brouwer’s fixed-point theorem, and is inspired by the proof of
a similar result in [5, 2]. The optimality conditions of (20) (main paper) suggest that there exist
Lagrange multipliers Qp, € W, Qr, € Tf‘, and Qr,, € TémJ‘ such that

[Xn — éil]y + QDy =0; [Zn— éil]y + QTy € )‘naHiy”*
[Zn - @_l]ym + QTyx S _)‘n'YaH@y:vH*; [En - @_1]:10 = 0

Letting the SVD of L and ©,, be given by L, = UDV’ and 6,, = UDV’ respectively, and
Z 20, MUV, =X\UV’, 0), we can restrict the optimality conditions of (15) (main paper)
to the space H' to obtain, Py F T(En — C:)_l) = Z. Further, by appealing to the matrix inversion
lemma, this condition can be restated as Py, F'(E, — Ry+(FA) + I*F(A)) = Z. Based on the



Fisher information assumption 1 in (15) (main paper), the optimum of (20) (main paper) is unique

(this is because the Hessian of the negative log-likelihood term is positive definite restricted to the

tangent space constramts) Moreover, using standard Lagrangian duality, one can show that the

set of variables (O, Dy, L,) that satisfy the restricted optimality conditions are unique. Consider

the followmg function S(Q) restricted to 0 € W x T, x Ty, x S? with p(T(Ly),T,) < wy and
P(T(05,), Tyy) < wya:

S(0) = 8 = (PwF I FPy) ! (PuFI(Bn — RsrF(@+Cr)
+I*"F(6 + Cr)] — Z>

The function S(§) is well-defined since the operator Py F'I* FPy is bijective due to Fisher infor-
mation assumption 1 in (15) (main paper). As a result, ¢ is a fixed point of S(§) if and only if
Py F By — Rs+ (F(3+Cr)) +T*F(8+C7)] = Z. Since the pair (6, D,, L,) are the unique solution
0 (20) (main paper), the only fixed point of S is Pyr[A]. Next we show that this unique optimum
lives inside the ball B’r’f,'ﬂz‘ = {é ‘ maX{H(SQHQ, %”(53“2} S r;‘li,max{Hleg, H(54H2} S T‘g é S HI}. In
particular, we show that under the map 5, the image of B ;u lies in B,u .« and appeal to Brouwer’s
fixed point theorem to conclude that Py [A] € L For (5 € By pu, the first component of S(9),

denoted by S(J)1, can be bounded as follows:

1S@)ills = H [(PH/.FT]I*J-"PHr)‘l (PH/]-"T [E, — R (F(6+ Cr)

+ TFCH + Z>]1H2 < %[(I%[fT(En +T"F(Cr))]

2 v 2
+ 0, [FlRs-(8+ Cp)) < %2 + =0, [F' Ry (8 + Or)

The first inequality holds because of Fisher Information Assumption 1 in (15) (main paper), and the
properties that ®.[Pu,,(.)] < 2®,(.) (since projecting into the tangent space of a low-rank matrix
variety increases the spectral norm by a factor of at most two) and ®,(Z) = A,. Moreover, since

r{ < %, we have (6 + Cr) < ©,(6) + ¢ (Cr) < 21} < ﬁ Moreover, 7 < r§ max{1+ §, ¢
We can now appeal to Proposition 1 (main paper) to obtain:

2 4
SOF R @+ Cr)] < omyCP(@, (3 + Cp)]?

16
< Eml/}C&(rg)z max{1 + g, %}2
< 2
- 2

Thus, we conclude that ||S(0);]l2 < r4. Similarly, we check that:
l15@ellls = ||[(Par 1 FPa) (P FI B — R (F(6+ Cn))
2
* < Z T *
+ TFCr +2)| | < 2|0 [F (B + FFC)] 4+ A
2 + rt 2 t u
+ 2a Rt o) < Tt 2 FlRe 5+ Or) <

Using a similar approach, we can conclude that %HS (0)3]l2 < r} and ||S(d)s]l2 < r%. Therefore,
Brouwer’s fixed point theorem suggests that Pgs(A) € By pu. Hence, |[Aq]l2 < rh, [[Ayll2 < 75,
[Asle < [[Prrigj(A2)ll2 + [|Parpg e (A2)l[2 < 2rf, and
SNAsll2 < 21Pary(As) 2 + 5| Pargg e (A2) 2 < 27 O
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4 Proof of Proposition 3 (main paper)

Below, we outline our proof strategy:

1. We proceed by analyzing (19) (main paper) with additional constraints that the variables
L,, and O, belong to the algebraic varieties low-rank matrices (specified by rank of Ly, and
©;,) , and that the tangent spaces T'(Ly), T(©y;) are close to the nominal tangent spaces
T(Ly), and T(©},) respectively. We prove that under suitable conditions on the minimum
nonzero singular value of Ly, and minimum nonzero singular value of O},
pair of variables (©, Dy, L,) of this non-convex program are smooth points of the underlying
varieties; that is rank(Ly) = rank(L}) and rank(©yy) = rank(©3,). Further, we show that L,
has the same inertia as L; so that L, = 0.

any optimum

2. Conclusions of the previous step imply the the variety constraints can be “linearized” at the
optimum of the non-convex program to obtain tangent-space constraints. Under the specified
conditions on the regularization parameter \,, we prove that with high probability, the unique
optimum of this “linearized” program coincides with the global optimum of the non-convex
program.

3. Finally, we show that the tangent-space constraints of the linearized program are inactive
at the optimum. Therefore the optimal solution of (19) (main paper) has the property that
with high probability: rank(L,) = rank(L}) and rank(©,,) = rank(©},). Since L, = 0, we

conclude that the variables (0, Dy, L,) are the unique optimum of (4) (main paper).

4.1 Variety Constrained Program

We begin by considering a variety-constrained optimization program. Letting (M, N, P,Q) C SP x
SP x RPX? x §% we denote Ppp3(M,N,P,Q) = (N,P) C SP x RP*9. The variety-constrained
optimization program is given by:

O, Dyt Ly = argmin —£(0; D;f) + An[l|Lyll« +7]1Oya 4]

0cS7tP, 90
Dy,Ly€SP

st. ©y,=D,—L,,(0,Dy,L,) € M. (1)
Here, the set M = M1 N Moy, where the sets M7 and My are given by:

M, A {(@, D, L,) € S0 x SP x Sp‘Dy is diagonal, rank(L,) < rank(L)

A

rank (Oy;) < rank(@%); ||73T(L;)L(Ly — L;)HQ < 2—152

A
1Pro.)- (O = O})ll2 < 5 75}
My = {(&DyaLy) € ST x 8P x Sp‘
8 4 1
ITF(A) 2 < 6muAn(— + ~ + ),
ak o K
The optimization program (1) is non-convex due to the rank constraints rank(L,) < rank(Lj) and
rank(©,,) < rank(©j,) in the set M. These constraints ensure that the matrices L,, and O,
belong to appropriate varieties. The constraints in M along T’ (L;)l and T (@Z’jg‘,)L ensure that the

tangent spaces T'(Ly) and T(0y;) are “close” to T'(Ly) and T(©},) respectively. Finally, the last
conditions roughly controls the error. We begin by proving the following useful proposition:



Proposition 4.1. Let (©, Dy, Ly) be a set of feasible variables of (1). Let A = (Dy — Dy, Ly —

L%, 0y~ 07, 0,—0%) and recall that C} = 2mm (6¢2+ 2 460 ”+,<;)+ﬁ Then, ®,[A] < C/\,

Proof. Let H* =W x T(Ly) x T(©},) x S?. Then,

O, [FI*FPu-(A)] < &, [FIIF(A)] + &, [FT* FPy. . (A)]
< Gﬁlm@/}g/\n(i-i-é—Fl)
(6% K
2 n w x>\n
+ omy <2¢2 gzp? )
< mmAn " (6y? 2 w +48¢2 +r)

Since B[Py (-)] < 20,(-), we have that @, [Py F1T* FPg: (A)] < 27min (6¢2 22y 80T /-@)
Consequently, we apply Fisher Information Assumption 1 in (15) (main paper) to conclude that
. [Pu+(A)] < % (6¢2 + Hy? 4+ 48¢ £+ n) Moreover:

2
0, [A] < O, [Py (A)] + &4 [P (A)] < 2”:“ (61/12+ 2y 4815 <4 r)
+ =i,

O]

Proposition 4.1 leads to powerful implications. In particular, under additional conditions on
the minimum nonzero singular values of Ly and ©},, any feasible set of variables (©, Dy, L) of (1)
has two key properties: (a) The variables (0, L,) are smooth points of the underlying varieties,
(b) The constraints in M along T(L;)L and T(G)Zm)L are locally inactive at ©,, and L,. These
properties, among others, are proved in the following corollary.

Corollary 4.2. Consider any feasible variables (©, Dy, L,) of (1). Let o, be the smallest nonzero
singular value of L, and oy, be the smallest nonzero singular value of ©,. Let H =W xT(Ly) X

T(0y:) xS and Crr = P2 (0, Ly, ©5,.,0). Furthermore, recall that C] = 2mm (61#24—%1#24-%4-

/ﬁ)—i—#, Ch=2(1+2), Cp, = CPY? max{2r+1, C’¢2+1} and C,, = = CPy? max{2x+%, C,wg—i— £l
Suppose that the followmg inequalities are met: oy > ng)\n,
Oyz > w'y C(’,yz)\n. Then,

1. Ly and Oy, are smooth points of their underlying varieties, i.e. rank(Ly) = rank(Ly),

rank(Oyx) = rank(05,); Moreover Ly has the same inertia as L;.

2. |\ Prpgys (Ly — Ly)l2 < W and |[Pres )1 (Oye — O, )2 < 48%#

8. p(T(Ly), T(Ly)) < wy; p(T(Oy), T(0},)) < wya; that is, the tangent spaces at Ly and Oy,
s “close” to the tangent space Ly and ©},.

4. @4[Cpr] < min{’:‘#,cp\n}



Proof. We note the following relations before proving each step: C] > ﬁ > m+p2’ Wy, wyz € (0,1),
and k > 6. We also appeal to the results of regarding perturbation analysis of the low-rank matrix
variety [1].

1. Based on the assumptions regarding the minimum nonzero singular values of Ly and ©j,,

one can check that:

0/2)\ C,A
oy = ;"mzﬁ(ﬁﬂ)z L (2 4 1) 2 8|11 — Ll
y Y
CAn 6
yx

Combining these results and Proposition 4.1, we conclude that L, and ©,, are smooth points of
their respective varieties, i.e. rank(L,) = rank(L;), and rank(©,,) = rank(©;,). Furthermore, L,
has the same inertia as Lj.

2. Since oy > 8||L, — L*Hg, and 0y, > 8|0y, — O}, |2, we can appeal to Proposition 2.2 of [2]
to conclude that the constraints in M along Pp L)+ and PT(@zz)i are strictly feasible:

1L, L3l _

[Prws)s (Ly — Ly)lla < - < Bmi?
. 10y — 65,13 An

3. Appealing to Proposition 2.1 of [2], we prove that the tangent spaces T'(L,) and T'(0©,,) are
close to T'(L;) and T(©},) respectively:

ALy~ Lyl _ 20w
T(L,), T(L* =< Foe T S
p(T(Ly),T(Ly)) - = CPam2(2k + 1) = Y
2 @ x T @*x QC/ An d
p(T(@yx)aT(@;x)) < | . . L < CP2A —ros = Wy
Oyz wyzn,y 1/,2( +2/¢)

4. Letting a and a be the minimum nonzero singular value of L, and ©,, respectively, one
can check that:

> oy — |1Ly — Lylla > 8C1 A > 8[| Ly — Ly |2
O = Oyz — ||Oya — O3, ll2 > 8CT Ay > 8[|0,, — 65,2
Once again appealing to Proposition 2.2 of [2] and simple algebra, we have:

2, (Cr) < ml[Pr,(Ly = Lyl2 + m|Pre,,): (Oyz — OF,)l2
1Ly = LylI5 104 —05.l15 . [\
< m o +m = <m1n{ ¢2,C2A }

Y yx




4.2 Variety Constrained Program to Tangent Space Constrained Program

Consider any optimal solution (@M,Dﬁ/‘,Lﬁ’l) of (1). In Corollary 4.2, we concluded that the
variables (@ﬁg, Lﬁ”‘) are smooth points of their respective varieties. As a result, the rank constraints
rank(Ly) < rank(L}) and rank(©yy) < rank(©j) can be “linearized” to Ly € T(L{,\/‘) and O, €
T (@é‘g) respectively. Since all the remaining constraints are convex, the optimum of this linearized
program is also the optimum of (1). Moreover, we once more appeal to Corollary 4.2 to conclude
that the constraints in M along Py L)+ and PT(@%)L are strictly feasible at (@M, Dl//\’l, Lé\/l) As
a result, these constraints are locally inactive and can be removed without changing the optimum.
Therefore the constraint (™, Dé\/‘, L{/V‘) € M is inactive and can be removed. We now argue that
the constraint (M, D;"l, Léw) € My in (1) can also removed in this “linearized” convex program.
In particular, letting Hag £ W x T(Lﬁ’t) X T(@ﬁ;‘) x S, consider the following convex optimization
program:

(©,Dy,L,) = argmin —U(©; DF) + An[ll Lyllx + V[1Oyzl]
0cS?tP, 80
Dy,L, €SP
s.t. Gy = Dy — Ly, (Dy,Ly, @ym, @m) € H g (2)

We prove that under conditions imposed on the regularization parameter \,, the pair of variables
(oM, Dé\/‘, Lﬁ/‘) is the unique optimum of (2). That is, we show that

1. [IFF(A)]: < 6m1/;2)\n(% +44 %>

Appealing to Corollary 4.2 and Proposition 4 (main paper), we have that &, [F/I*FCr,,] <
An . [Cr,,] < C4A, and (with high probability) ®,[FTE,] < 2. Consequently, based on the

P
bound on )\, in assumption of Theorem 1 (main paper), it is straightforward to show that r} <

1 o
407 32 max{1+5,§ }2mypCr2

have that [|Aq]|2, [[A4llz < 7 < ri, ||Az]lz < 2rf and [|Alls < 2yr}. Therefore:

min } so that ®,[A] < %C' Hence by Proposition 2 (main paper), we
ITFA)l2 < *(|A1ll2 + 1822 + |A3]12 + | Aall2)

8 4 1
< Gmyp?ry < omuth, (— + =+ )
R (6% K

4.3 From Tangent Space Constraints to the Original Problem

The optimality conditions of (2) suggest that there exist Lagrange multipliers Qp, € W, Qr, €
T(L)Y*, and Qr,, € T(@%)L such that
£ =07, +Qp, =0; [, -0, +Qr, € NI|Ly|.
[Zn — é_l]y:ﬁ +Qr1,, € *)\nVaHéyacH*; [En — é_l]x = 0
Letting the SVD of L, and ©,, be given by L, = UOV’ and ©,, = UOV’ respectively, and
Z 2 (0, \UV/, —)\@’}/UV/, 0), we can restrict the optimality conditions to the space Hpq to

obtain, PHM}"T(En — ©71) = Z. We proceed by proving that the variables (O, Dy, Ey) satisfy the
optimality conditions of the original convex program (4) (main paper). That is:

1. Py, Fi(2, -0 =2

2. maX{”PTél(En - éil)yH% %HPTﬁ(En - éil)ym’b} < An

7



It is clear that the first condition is satisfied since the pair ((:),S’y,f/yl is optimum for (2). To
prove that the second condition, we must prove that I, [PHj\_/l [2’3}@(2” —© 1] < \. In particular,

denoting A = (D, — Dy, L,— Ly, Oy — 05, 0, — ©%) we show that:
PPt 50 T 0Paos(A)] < Au— [Py FIE) (3)
— ©,[Pyy F'Rs:(F(A))]
— [Py FIT"FCr,]
— TPy, T F(A1,0,0,A4)]
Using the fact that I [PHM[Z:;]LQT(N)] <o, [PHj\_A]:T (N)] for any matrix N € SPT4, this would
in turn imply that:
T [Pa 232 G T GPr 2,3(A)] < An = T5[Py 030 G Enl (4)
— T3[Puy 232G Rer (F(A))]
— T4[Pyps G T FCry]
— Ty[Pay 232 G T F(A1,0,0,A4)]
Indeed (4) implies that the second optimality condition is satisfied. So we focus on showing that
(4) is satisfied. Since ®,[A] < 557, we can appeal to Proposition 1 (main paper) and the bound
on A, to conclude @, [FfRs«(F(A))] < 2mypC2®,[A]? < 2mypC2CP2N2 < 2=, Using the first

optimality condition, the fact that projecting into tangent spaces with respect to rank variety
increase the spectral norm by at most a factor of two (i.e. ®4[Pu,,(-)] < 2®,(-)), the fact that

[,[GT())] < ®,[F1(-)], and that x = B(6 + 1642 =), we have that:

Ly [P, [2,3}9”1*977}11,\4 2,3 (A)]

An + 2T [GT Ry (A)] + 21, [GTT* FCr,, ]
20, [GTE,] 4+ T, [GTT* F(A1,0,0, Ay)]

An 4 20, [F' Ry« (A)] + 20, [FIT* FCr,,]
20, [FIE,] + @, [FIT*F(A1,0,0,Ay)]
An

B

Applying Fisher Information Assumption 2 in (16) (main paper), we obtain:

IN -+ IN + A

Ay +

. + DA, 2 An
L P 0P (@) < CED (1o 2oy 5 2
An
< -3
< A — (I’“/[]:TRE( (A)] - ’Y[FTH*‘FCTM]
— O, [FIE,] - T,[G'T*F(A1,0,0,Ay)]
<

A — @4 [ Py F'Rex (F(A))]

— [Py FITFCr,]

- CI)W[PHjA}-TEn]

— Ty[Pay 232 G T F(A1,0,0,A4)]

Here, we used the fact that [|[Pri(.)]|2 < ||.||2 for a tangent space T' of the low-rank matrix variety.



5 Proof of Proposition 4 (main paper)

We must study the rate of convergence of the sample covariance matrix to the population covariance
matrix. The following result from [3] plays a key role in obtaining this result.

Proposition 5.1. Given natural numbers n,p with p < n, Let I' be a p X n matriz with i.i.d
Gaussian entries that have zero-mean and variance % Then the largest and smallest singular

values 01(I') and o,(I") of I' are such that:
n

max {Prob[al (M) <1+ \/g—l— t], Problo,(I') <1 — L t]}

We now proceed with proving Proposition 4 (main paper). First, note that ®.[F TE,] <m|%,—
Y¥*||2. Using Proposition 5.1 and the fact that % < &Y and n > W\L#W, the following bound

holds: Prlm||X,—¥*[ls > 22] < 2exp{—128:27m”2¢2}. Thus, &, [F1E,] < 2= with probability greater
than 1-— 2€Xp{ — %}

6 Consistency of the Convex Program (18) (main paper)

In this section, we prove the consistency of convex program (18) (main paper) ~for estimating a
factor model. We first introduce some notation. We define the linear operator: F : SP x SF — SV
and its adjoint FT : SP — SP x SP as follows:

FMK)2M-K,  FI(Q) % (Q.Q). (5)

We consider a population composite factor model (3) (main paper) y = A*z + B}(, + € un-
derlying a pair of random vectors (y,z) € RP x R?, with rank(A*) = k,, B € RP*k«  and
column-space(A*) N column-space(B}) = {0}. As the convex relaxation (18) (main paper) is
solved in the precision matrix parametrization, the conditions for our theorems are more natu-
rally stated in terms of the joint precision matrix ©* € SPT4 ©* = 0 of (y,z). The algebraic
aspects of the parameters underlying the factor model translate to algebraic properties of sub-
matrices of ©*. In particular, the submatrix ©j, has rank equal to k;, and the submatrix ©}
is decomposable as Dy — L7 with D being diagonal and Ly = 0 having rank equal to k,. Fi-
nally, the transversality of column-space(.A*) and column-space(B})) translates to the fact that
column-space(©},) N column-space(L;) = {0} have a transverse intersection. We consider the fac-
tor model underlying the random vector y € RP that is induced upon marginalization of x. In
particular, the precision matrix of y is giv?n bAy (:)’y* = Dy —[L}+65,(05)'0%,]. To learn an accu-
rate factor model, we seck an estimate (D,, L,) from the convex program (18) (main paper) such

that rank(iy) = rank(L;+@;x®§:_1@’;y), and the errors || D, =Dyl L, — Ly +05,.(05) 105,12
are small.

Following the same reasoning as the Fisher information conditions for consistency of the convex
program (4) (main paper), A natural set of conditions on the population Fisher information at ©}



— (O & (O] : :
defined as I} = (©;) 7" @ (©}) " are given by:

Assumption 4 inf Y(H,®)>a, forsomed>0 (6)
H' €U (@)
Assumption 5 : inf Z(H') >0 (7)
H €U (@)
. o P .
Assumption 6 : sup p(H') <1-— = for some 8 > 2, (8)
H el (@) B+1

where,

XH, [ ly) = gllﬁ |PaZ' [, IPu(Z)|x
1Z]|r=1

2(H) £ I*
(H) Zfél]}lﬂnz] | P21 L P2y (2) ]2
1Z]2=

P(H) £ ngﬁé] [P 2113 Prago) (Pragoy Iy Prrjy) ™~ Y2l
1Zll2=
U@) 2 {WXT' | T T(L; + ©4,(65)7165,)) < &y }

®(D, L)

lI>

max {|| Dz, [| L[|} -

Assumption 4 controls the gain of the Fisher information I restricted to appropriate subspaces and
Assumption 5 and 6 are in the spirit of irrepresentability conditions. As the variety of low-rank
matrices is locally curved around T'(Lj + @ZI(GQ)*IGQy), we control the Fisher information I} at
nearby tangent spaces T’ where p(T", T(L} + ©5,(03)7'05},)) < ©y,. We also note that measuring
the gains of Fisher information I§ with the norm ® and || - |2 is natural as these are closely tied
with dual norm of the regularizer trace(L,) in (18) (main paper).

We present a theorem of consistency of the convex relaxation (18) (main paper) under Assump-
tions 4, 5 and 6. We let o denote the minimum nonzero singular value of Ly + G;I(@’;)*l(%gy. The
proof strategy is similar in spirit to the strategy for proving the consistency of the convex relaxation
(4) (main paper).

Theorem 6.1. Suppose that there exists & > 0, B> 2, @y € (0,1) so that the population Fisher
information I satisfies Assumptions 4, 5 and 6 in (6), (7), and (8). Suppose that the following
conditions hold:

1.0z | %]

3 B
B ~
3. 0 A>dey)\n

Then with probability greater than 1 — Qexp{ — C%nS\?L}, the optimal solution (@, ﬁy, [ny) of
(18) (main paper) with i.i.d. observations D, = {y(i)}?zl satisfies the following properties:

1. mnk:(iy) = rank(L} + ©5,(03)7'65,)
2. |Dy — Dyl < 2, 1Ly — Ly — ©5,(02) 7105, 2 < 33

r\/a2
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