
New probe of magnetic fields in the pre-reionization epoch. II. Detectability

Vera Gluscevic,1,* Tejaswi Venumadhav,1 Xiao Fang,2 Christopher Hirata,2 Antonija Oklopčić,3 and Abhilash Mishra3
1Institute for Advanced Study, Einstein Drive, Princeton, New Jersey 08540, USA

2Center for Cosmology and Astroparticle Physics, The Ohio State University,
191 West Woodruff Lane, Columbus, Ohio 43210, USA

3California Institute of Technology, Mail Code 350-17, Pasadena, California 91125, USA
(Received 2 June 2016; published 21 April 2017)

In the first paper of this series, we proposed a novel method to probe large–scale intergalactic magnetic
fields during the cosmic Dark Ages, using 21–cm tomography. This method relies on the effect of spin
alignment of hydrogen atoms in a cosmological setting, and on the effect of magnetic precession of the
atoms on the statistics of the 21-cm brightness-temperature fluctuations. In this paper, we forecast the
sensitivity of future tomographic surveys to detecting magnetic fields using this method. For this purpose,
we develop a minimum-variance estimator formalism to capture the characteristic anisotropy signal
using the two-point statistics of the brightness-temperature fluctuations. We find that, depending on the
reionization history, and subject to the control of systematics from foreground subtraction, an array of
dipole antennas in a compact-grid configuration with a collecting area slightly exceeding one square
kilometer can achieve a 1σ detection of ∼10−21 Gauss comoving (scaled to present-day value) within three
years of observation. Using this method, tomographic 21–cm surveys could thus probe ten orders of
magnitude below current cosmic microwave background constraints on primordial magnetic fields, and
provide exquisite sensitivity to large-scale magnetic fields in situ at high redshift.
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I. INTRODUCTION

Magnetic fields are ubiquitous in the universe on all
observed scales [1–6]. However, the question of origins of
the magnetic fields in galaxies and on large scales is as of yet
unresolved. Various forms of dynamomechanism have been
proposed tomaintain and amplify them [7], but they typically
require the presence of seed fields [1]. Such seed fields
may be produced during structure formation through the
Biermann battery process or similar mechanisms [8], or
may otherwise be relics from the early universe [1,9,10].
Observations of large-scale low-strength magnetic fields in
the high-redshift intergalactic medium (IGM) could thus
probe the origins of present-day magnetic fields and poten-
tially open up an entirely newwindow into the physics of the
early universe.
Many observational probes have been previously pro-

posed and used to search for large-scale magnetic fields
locally and at high redshifts (e.g. [4,11–19]). Amongst the
most sensitive tracers of cosmological magnetic fields is the
cumulative effect of Faraday rotation in the cosmic micro-
wave background (CMB) polarization maps, which cur-
rently places an upper limit of ∼10−10 Gauss (in comoving
units) using data from the Planck satellite [20]. In Paper I
of this series [21], we proposed a novel method to detect
and measure extremely weak cosmological magnetic fields
during the pre-reionization epoch (the cosmic Dark Ages).

This method relies on data from upcoming and future
21–cm tomography surveys [22,23], many of which have
pathfinder experiments currently running [24–29], with
the next-stage experiments planned for the coming de-
cade [27,29].
In Paper I, we calculated the effect of a magnetic field on

the observed 21-cm brightness–temperature fluctuations,
and in this Paper, we focus on evaluating the sensitivity of
future 21-cm experiments to measuring this effect. As we
pointed out in Paper I, the 21-cm signal from the cosmic
Dark Ages has an intrinsic sensitivity to capturing the effect
of the magnetic fields in the IGM that are more than ten
orders of magnitude smaller than the current upper limits
on primordial magnetic fields from the CMB. In the
following, we demonstrate that a square-kilometer array
of dipole antennas in a compact grid can reach the
sensitivity necessary to detect large-scale magnetic fields
that are on the order of 10−21 Gauss comoving (scaled to
present day, assuming adiabatic evolution of the field due
to Hubble expansion).
The rest of this Paper is organized as follows. In Sec. II,

we summarize the main results of Paper I. In Sec. III, we
define our notation and review the basics of the 21-cm
signal and its measurement. In Sec. IV, we derive
minimum-variance estimators for uniform and stochastic
magnetic fields. In Sec. V, we set up the Fisher formalism
necessary to forecast sensitivity of future surveys. In
Sec. VI, we present our sensitivity forecasts. In Sec. VII
we summarize and discuss the implications of our results.
Supporting materials are presented in the appendices.
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II. SUMMARY OF THE METHOD

Magnetic moments of hydrogen atoms in the excited
(triplet) state of the 21-cm line transition tend to align
with the incident quadrupole of the 21-cm radiation from
the surrounding medium. This effect of “ground-state
alignment” [30,31] arises in a cosmological setting due to
velocity-field gradients. In the presence of an external
magnetic field, the emitted 21-cm quadrupole is mis-
aligned with the incident quadrupole, due to atomic
precession; this is illustrated in Fig. 1. The resulting
emission anisotropy can be used to trace magnetic fields
at high redshifts.

The main result of Paper I was derivation of the 21-cm
brightness-temperature fluctuation.1 T, including the
effects of magnetic precession, as a function of the line-
of-sight direction n̂,

Tðn̂; ~kÞ ¼
�
1 −

Tγ

Ts

�
x1s

�
1þ z
10

�
1=2

×

�
26.4 mKf1þ ð1þ ðk̂ · n̂Þ2Þδð~kÞg

− 0.128 mK

�
Tγ

Ts

�
x1s

�
1þ z
10

�
1=2

×

�
1þ 2ð1þ ðk̂ · n̂Þ2Þδð~kÞ

−
δð~kÞ
15

X
m

4π

5

Y2mðk̂Þ½Y2mðn̂Þ��
1þ xα;ð2Þ þ xc;ð2Þ − imxB

��
;

ð1Þ

where the magnetic field is along the z axis in the rest frame
of the emitting atoms (in which the spin-zero spherical

harmonics Y2m are defined in the usual way); δð~kÞ is a
density-fluctuation Fourier mode corresponding to the

wave vector ~k whose direction is along the unit vector
k̂; xα;ð2Þ, xc;ð2Þ, and xB parametrize the rates of depolari-
zation of the ground state by optical pumping and atomic
collisions, and the rate of magnetic precession (relative to
radiative depolarization), respectively (defined in detail in
Paper I), and are all functions of redshift z; Ts and Tγ are the
spin temperature and the CMB temperature at redshift z,
respectively. Figure 2 illustrates the effect of the magnetic
field on the brightness temperature emission pattern in the
frame of the emitting atoms; shown are the quadrupole
patterns corresponding to the last term of Eq. (1), for
various strengths of the magnetic field. Notice that there is a
saturation limit for the field strength—for a strong field,
the precession is much faster than the decay of the excited
state of the forbidden transition, and the emission pattern
asymptotes to the one shown in the bottom panel of Fig. 2.
Above this limit, the signal cannot be used to reconstruct
the strength of the field. However, in this “saturated
regime”, it is still possible to distinguish the presence of
a strong magnetic field from the case of no magnetic field,
as we discuss in detail in Sec. V.
The effect of quadrupole misalignment arises at second

order in optical depth (it is a result of a two-scattering
process), and is thus a small correction to the total brightness-
temperature fluctuation. However, owing to the long life-
time of the excited state of the forbidden transition (during

FIG. 1. Illustration of the effect of a magnetic field on hydrogen
atoms in the excited state of 21-cm transition in cosmological
setting. In the classical picture, magnetic moments of the atoms
(depicted as red arrows) are aligned with density gradients (see
upper panel; the gradient is depicted with the background
shading), unless they precess about the direction of ambient
magnetic field (pointing out of the page on the lower panel).
When the precessing atoms decay back into the ground state, the
emitted quadrupole (aligned with the direction of the magnetic
moments) is misaligned with the incident quadrupole. This offset
can be observed as a statistical anisotropy in 21-cm brightness-
temperature signal, and used to trace cosmological magnetic
fields.

1Standard notation, used in other literature and in Paper I of
this series, for this quantity is δTb; however, we use T here to
simplify our expressions.
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which even an extremely slow precession can have a large
cumulative effect on the direction of the quadrupole, at
second order), the misalignment is exquisitely sensitive to
magnetic fields in the IGM at redshifts prior to cosmic
reionization. As we showed in Paper I, a minuscule
magnetic field of 10−21 Gauss (in comoving units) produ-
ces order-one changes in the direction of the quadrupole.
This implies that a high-precision measurement of the
21-cm brightness-temperature two-point correlation func-
tion intrinsically has that level of sensitivity to magnetic
fields prior to the epoch of reionization (when most of the
IGM is still neutral). We now proceed to develop a
formalism to search for magnetic fields at high redshifts
using this effect, and to forecast the sensitivity of future
21-cm experiments.

III. BASICS

Before focusing on the estimator formalism (presented
in the following Section), we review the basics of
21-cm brightness-temperature fluctuation measurements.
In Sec. III A, we set up our notation and review definitions
of quantities describing sensitivity of interferometric radio
arrays; in Sec. III B, we focus on the derivation of the noise
power spectrum; and in Sec. III C, we discuss the effects
of the array configuration and its relation to coverage of
modes in the uv plane.

A. Definitions

The redshifted 21–cm signal can be represented with
specific intensity at a location in physical space Ið~rÞ or in
Fourier space ~Ið~kÞ. In sky coordinates (centered on an
emitting patch of the sky), these functions become

Iðθx; θy; θνÞ and ~Iðu; v; ηÞ, respectively. Here, vector ~k
(in the units of comoving Mpc−1) is a Fourier dual of ~r
(comoving Mpc), and likewise, θx (rad), θy (rad), and θν
(Hz) are duals of the coordinates u (rad−1), v (rad−1), and η
(seconds), respectively. Notice that θx and θy represent the
angular extent of the patch in the sky, while θν represents its
extent in frequency space. The two sets of coordinates are
related through linear transformations in the following way

θx ¼
rx
χðzÞ ; u ¼ kxχðzÞ

2π
;

θy ¼
ry
χðzÞ ; v ¼ kyχðzÞ

2π
;

θν ¼
HðzÞν21
cð1þ zÞ2 rz; η ¼ cð1þ zÞ2

2πHðzÞν21
kz; ð2Þ

where ν21 ¼ 1420.4 MHz is the frequency corresponding
to the 21–cm line in the rest frame of the emitting atoms;
HðzÞ is the Hubble parameter; and χðzÞ is the comoving
distance to redshift z which marks the middle of the

no magnetic field

10 21 Gauss

10 20 Gauss

10 19 Gauss

FIG. 2. Illustration of the quadrupolar pattern of 21-cm emis-
sion from the last (~B–dependent) term of Eq. (1) in the frame of
the emitting atoms, shown in Molleweide projection, where the
intensity increases from blue to red shades. This illustration in all

panels shows the case where ~k matches the direction of the hot
spots in the top panel, and is perpendicular to the direction of
the magnetic field (along the vertical axis in all panels). Every
pixel in the maps corresponds to a unique direction n̂ in Eq. (1).
Lower panels correspond to increasingly stronger magnetic field
(strength denoted on each panel in comoving units, for z ¼ 21),
with the bottom panel corresponding to the saturated case.
Notice how the type of quadrupole in the top panel (weak-field
regime) is distinct from that in the bottom panel (saturated
regime).
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observed data cube where rz and θν intervals are evaluated.
Note that 2πθiu ¼ riki, for i ∈ fx; yg. The convention we
use for the Fourier transform is

Ið~rÞ ¼ 1

ð2πÞ3
Z

~Ið~kÞei~k·~rd~k;

~Ið~kÞ ¼
Z

Ið~rÞe−i~k·~rd~r; ð3Þ

where Fourier-space functions are denoted with tilde.
Similarly,

Iðθx; θy; θνÞ ¼
Z

~Iðu; v; ηÞe2πiðuθxþvθyþηθνÞdudvdη;

~Iðu; v; ηÞ ¼
Z

Iðθx; θy; θνÞe−2πiðuθxþvθyþηθνÞdθxdθydθν:

ð4Þ

From Eqs. (2)–(4), the following relation is satisfied

~Ið~kÞ ¼ cð1þ zÞ2χðzÞ2
HðzÞν21

~Iðu; v; ηÞ; ð5Þ

where the proportionality factor contains the transformation

Jacobian drxdrydrz
dθxdθydθν

. Finally, the relationship between the

specific intensity in the uv–plane and the visibility function
Vðu; v; θνÞ is given by the Fourier transform of the
frequency coordinate,

Vðu; v; θνÞ ¼
Z

~Iðu; v; ηÞe2πiθνηdη;

~Iðu; v; ηÞ ¼
Z

Vðu; v; θνÞe−2πiθνηdθν: ð6Þ

Here, θν;max − θν;min ¼ Δν is the bandwidth of the observed
data cube, centered on z (see also Appendix A).

B. Power spectra and noise

In this section, we derive the noise power spectrum
for the brightness-temperature fluctuation measurement.
We start by defining a brightness-temperature power
spectrum as

h~Ið~kÞ~I�ð~k0Þi≡ ð2πÞ3P~IδDð~k − ~k0Þ; ð7Þ

where δD is Dirac delta function. The observable quantity
of the interferometric arrays is the visibility function—a
complex Gaussian variable with a zero mean and the
following variance (see detailed derivation in Appendix A)

hVðu; v; θνÞVðu0; v0; θ0νÞ�i

¼ 1

Ωbeam

�
2kBTsky

Ae
ffiffiffiffiffiffiffiffiffiffi
Δνt1

p
�

2

δDðu − u0ÞδDðv − v0Þδθνθ0ν ; ð8Þ

where Tsky is the sky temperature (which, in principle,
includes both the foreground signal from the Galaxy, and
the instrument noise, where we assume the latter to be
subdominant in the following); t1 is the total time a single
baseline observes element ðu; vÞ in the uv plane; Ae is
the collecting area of a single dish; kB is the Boltzmann
constant; Δν is the bandwidth of a single observation
centered on z; and the last δ in this expression denotes the
Kronecker delta.
Combining Eqs. (6) and (8), and taking the ensemble

average,

h ~Iðu; v; ηÞ ~I�ðu0; v0; η0Þi

¼ 1

t1Ωbeam

�
2kBTsky

Ae

�
2

δDðu − u0ÞδDðv − v0ÞδDðη − η0Þ;

ð9Þ

where we used the standard definition

Z
e2πiθνðη−η0Þdθν ¼ δDðη − η0Þ: ð10Þ

Taking into account the relation of Eq. (5), using Eq. (7),
and keeping in mind the scaling property of the delta
function, we arrive at

PN
1 ð~kÞ ¼

cð1þ zÞ2χ2ðzÞ
Ωbeamt1HðzÞν21

�
2kBTsky

Ae

�
2

; ð11Þ

for the noise power per ~k mode, per baseline.
In the last step, we wish to get from Eq. (11) to the

expression for the noise power spectrum that corresponds
to observation with all available baselines. To do that, we
need to incorporate information about the array configu-
ration and its coverage of the uv plane. In other words, we
need to divide the expression in Eq. (11) by the number

density of baselines nbaseð~kÞ that observe a given mode ~k at
a given time (for a discussion of the uv coverage, see the
following section). The final result for the noise power

spectrum per mode ~k in intensity units is

PNð~kÞ ¼ cð1þ zÞ2χ2ðzÞ
Ωbeamt1HðzÞν21

ð2kBTskyÞ2
A2
enbaseð~kÞ

; ð12Þ

and in temperature units
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PNð~kÞ ¼ λ4cð1þ zÞ2χ2ðzÞ
Ωbeamt1HðzÞν21

T2
sky

A2
enbaseð~kÞ

; ð13Þ

where λ ¼ c=ν21ð1þ zÞ.

C. The UV coverage

The total number density nbaseð~kÞ of baselines that can
observe mode ~k is related to the (unitless) number density
nðu; vÞ of baselines per dudv element as

nbaseð~kÞ ¼
nðu; vÞ
Ωbeam

; ð14Þ

where 1
Ωbeam

represents an element in the uv plane. The
number density integrates to the total number of baselines
Nbase,

Nbase ¼
1

2
NantðNant þ 1Þ ¼

Z
half

nðu; vÞdudv; ð15Þ

where Nant is the number of antennas in the array, and the
integration is done on one half of the uv plane2 We assume
that the array consists of many antennas, so that time
dependence of nðu; vÞ is negligible; if this is not the case,
time average of this quantity should be computed to
account for Earth’s rotation.
In this work, we focus on a specific array configuration

that is of particular interest to cosmology—a compact grid
of dipole antennas, with a total collecting area of ðΔLÞ2,
and a maximum baseline length3 of ΔL. In this setup, the
beam solid angle is 1 sr, the effective area of a single
dipole is Ae ¼ λ2, and the effective number of antennas is

Nant ¼ ðΔLÞ2
λ2

. For such a configuration, the number density
of baselines entering the calculation of the noise power
spectrum reads

nðu; vÞ ¼
�
ΔL
λ

− u

��
ΔL
λ

− v

�
: ð16Þ

The relation between ~k ¼ ðk; θk;ϕkÞ and ðu; vÞ is

u⊥ ≡ χðzÞ
2π

k sin θk;

u ¼ u⊥ cosϕk;

v ¼ u⊥ sinϕk; ð17Þ

where the subscript ⊥ denotes components perpendicular
to the line-of-sight direction n̂, which, in this case, is along
the z axis. From this, the corresponding number of base-

lines observing a given ~k is

nbaseð~kÞ ¼
�
ΔL
λ

−
χðzÞ
2π

k sin θk cosϕk

�

×

�
ΔL
λ

−
χðzÞ
2π

k sin θk sinϕk

�
: ð18Þ

As a last note, when computing numerical results in
Sec. VI, we substitute the ϕk–averaged version of the above
quantity (averaged between 0 and π=2 only, due to the four-
fold symmetry of the experimental setup of a square of
dipoles) when computing the noise power, in order to
account for the rotation of the baselines with respect to the
modes in the sky. This average number density reads

hnbaseð~kÞiϕk
¼
�
ΔL
λ

�
2

−
4

π

ΔL
λ

χðzÞ
2π

k sin θk

þ 1

π

�
χðzÞ
2π

k sin θk

�
2

; ð19Þ

assuming a given mode k is observable by the array,
such that its value is between 2πLmin=ðλðzÞχðzÞ sin θkÞ
and 2πLmax=ðλðzÞχðzÞ sin θkÞ, where Lmin and Lmax are the
maximum and minimum baseline lengths, respectively. If

this condition is not satisfied, hnbaseð~kÞiϕk
¼ 0.

IV. QUADRATIC ESTIMATOR FORMALISM

We now derive an unbiased minimum-variance quadratic
estimator for a magnetic field ~B present in the IGM prior to
the epoch of reionization. This formalism is applicable
to tomographic data from 21-cm surveys, and is similar to
that used in CMB lensing analyses [32], for example. We
assume that the magnetic field only evolves adiabatically,
due to Hubble expansion,

BðzÞ ¼ B0ð1þ zÞ2; ð20Þ

where B0 is its present-day value (the value of the field in
comoving units). The corresponding estimator is denoted
with a hat sign, B̂0.
We start by noting that the observed brightness-

temperature fluctuations Tð~kÞ contain contributions from

the noise fluctuation TNð~kÞ (from the instrumental noise

plus Galactic foreground emission4) and the signal TSð~kÞ,2This is because the visibility has the following property
Vðu; v; θνÞ ¼ V�ð−u;−v; θνÞ, and only a half of the plane
contains independent samples.

3Note that for a square with area ðΔLÞ2 tiled in dipoles, there is
a very small number of baselines longer than ΔL, but we neglect
this for simplicity.

4Note that this term adds variance to the visibilities due to
foregrounds, but we assume the bias in the visibilities is removed
via foreground cleaning.
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Tð~kÞ ¼ TNð~kÞ þ TSð~kÞ; ð21Þ

where TSð~kÞ can get contribution from both the magnetic-
field effects and the (null-case) cosmological 21-cm signal,

TS
0ð~kÞ. The signal temperature fluctuation is proportional to

the density fluctuation δ, with transfer functionGðk̂Þ as the
proportionality factor,

Gðk̂Þ≡ ∂T
∂δ ðk̂; δ ¼ 0Þ; ð22Þ

and

TSð~kÞ ¼ Gðk̂ÞδðkÞ;
TS
0ð~kÞ ¼ G0ðk̂ÞδðkÞ; ð23Þ

where k̂ ¼ ðθk;ϕkÞ is a unit vector in the direction of ~k.
Note that we use the subscript “0” to denote when the
transfer function G, the temperature fluctuation T, their
derivatives, or the power spectrum P, are evaluated at
B0 ¼ 0. Furthermore, we omit explicit dependence of G on
redshift and on cosmological parameters, and consider it
implied. Finally, note that G is a function of the direction
vector k̂, while the power spectrum Pδ is a function of the
magnitude k, in an isotropic universe. The expression for
the transfer function is obtained from Eq. (1),

Gðk̂Þ ¼
�
1 −

Tγ

Ts

�
x1s

�
1þ z
10

�
1=2

×

�
26.4 mKð1þ ðk̂ · n̂Þ2Þ − 0.128 mK

�
Tγ

Ts

�

× x1s

�
1þ z
10

�
1=2
�
2ð1þ ðk̂ · n̂Þ2Þ

−
X
m

4π

75

Y2mðk̂Þ½Y2mðn̂Þ��
1þ xα;ð2Þ þ xc;ð2Þ − imxB

��
; ð24Þ

for a reference frame where the magnetic field is along
the z–axis. For simplicity of the expressions, we adopt the
following notation

∂TS
0

∂B0

ð~kÞ≡ δðkÞ ∂G∂B0

ðk̂; B0 ¼ 0Þ;
∂G0

∂B0

ðk̂Þ≡ ∂G
∂B0

ðk̂; B0 ¼ 0Þ; ð25Þ

where ∂G0∂B0
¼ ∂G0∂B ð1þ zÞ2 for adiabatic evolution of the

magnetic field.
The signal power spectrum in the absence of a magnetic

field (null case) is given by

hT0ð~kÞT�
0ð~k0Þi≡ ð2πÞ3δDð~k − ~k0ÞPS

0ð~kÞ
¼ ð2πÞ3δDð~k − ~k0ÞG2

0ðk̂ÞPδðkÞ; ð26Þ

where

hδð~kÞδ�ð~k0Þi≡ ð2πÞ3δDð~k − ~k0ÞPδðkÞ: ð27Þ

The total measured null-case power spectrum is

Pnullð~kÞ≡ PNð~kÞ þ PS
0ð~kÞ: ð28Þ

In Sec. IVA, we first consider the case of a field uniform
in the entire survey volume; this case is described by a
single parameter, B0. In Sec. IV B, we move on to the case
of a stochastic magnetic field, with a given power spectrum
PBð ~KÞ (where ~K is the wavevector of a given mode of the
field); in this case, the relevant parameter is the amplitude
of this power spectrum, A2

0. In both cases, we assume that
there is a valid separation of scales: density-field modes in
consideration must have much smaller wavelengths than
the coherence scale of the magnetic field (or a given mode
wavelength for the case of a stochastic magnetic field), and
both length scales must fit within the size of the survey.

A. Uniform field

We now derive an estimator B̂0 for a comoving uniform
magnetic field. We adopt the linear-theory approach and
start with

TSð~kÞ ¼ TS
0ð~kÞ þ B0

∂TS
0

∂B0

ð~kÞ; ð29Þ

where B0 is a small expansion parameter. The observable
two-point correlation function in Fourier space is then

hTð~kÞT�ð~k0Þi ¼ Pnullð~kÞð2πÞ3δDð~k − ~k0Þ

þ
	
TS
0ð~kÞB0

∂TS;�
0

∂B0

ð~k0Þ



þ
	
TS;�
0 ð~k0ÞB0

∂TS
0

∂B0

ð~kÞ



¼
�
Pnullð~kÞ þ 2B0PδðkÞG0ðk̂Þ

∂G0

∂B0

ðk̂Þ
�

× ð2πÞ3δDð~k − ~k0Þ; ð30Þ

where we use the reality of G0 and ∂G0∂B0
, assume that the

signal and the noise are uncorrelated, and keep only terms
linear in B0. Since we observe only one universe, a proxy
for the ensemble average in Eq. (30) is measurement of the

product Tð~kÞT�ð~kÞ. Thus, an estimate of B0 from a single

temperature mode ~k is
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B̂~k
0 ¼

1
V Tð~kÞT�ð~kÞ − Pnullð~kÞ
2PδðkÞG0ðk̂Þ ∂G0∂B0

ðk̂Þ ; ð31Þ

where we use the following properties of the Dirac delta
function (defined on a finite volume V of the survey)

δDð~k − ~k0Þ ¼ V
ð2πÞ3 ; for ~k ¼ ~k0;

ð2πÞ3δDð~k − ~k0Þ≡
Z

e−i~r·ð~k−~k
0Þd~r; ð32Þ

which is related to the Kronecker delta as

δ~k~k0 ¼
ð2πÞ3
V

δDð~k − ~k0Þ: ð33Þ

The estimator of Eq. (31) is unbiased (with a zero

mean), hB̂~k
0i ¼ 0. The covariance hB̂~k

0B̂
~k0;�
0 i of estimators

derived from all measured temperature modes involves
temperature-field four-point correlation function with three
Wick contractions, whose numerator reads

1

V2
hTð~kÞT�ð~kÞTð~k0ÞT�ð~k0ÞiþPnullð~kÞPnullð~k0Þ

−
1

V
Pnullð~kÞhTð~k0ÞT�ð~k0Þi− 1

V
Pnullð~k0ÞhTð~kÞT�ð~kÞi

¼Pnullð~kÞPnullð~k0Þ
�ð2πÞ6

V2
δDð~k− ~kÞδDð~k0− ~k0Þ

þð2πÞ6
V2

δDð~k− ~k0ÞδDð~k− ~k0Þþð2πÞ6
V2

δDð~kþ ~k0ÞδDð~kþ ~k0Þ

−
ð2πÞ3
V

δDð~k0− ~k0Þ− ð2πÞ3
V

δDð~k− ~kÞ
�

¼Pnullð~kÞPnullð~k0Þðδ~k;~k0 þδ~k;−~k0 Þ; ð34Þ

where every ensemble average yielded one factor of
volume V. Using the final expression in the above equation,
we get

hB̂~k
0B̂

~k0;�
0 i ¼ P2

nullð~kÞðδ~k;~k0 þ δ~k;−~k0 Þ
4PδðkÞ2½G0ðk̂Þ ∂G0∂B0

ðk̂Þ�2 : ð35Þ

Estimators from all ~k–modes can be combined with
inverse-variance weighting as

B̂0 ¼
P

~k
B̂~k
0

hB̂~k
0B̂

~k;�
0
iP

~k
1

hB̂~k
0B̂

~k;�
0
i
: ð36Þ

Expanding the above expression, we get the minimum-
variance quadratic estimator for B0 obtained from all

temperature-fluctuation modes observed at a given
redshift,

B̂0 ¼ σ2B0

X
~k

1
V Tð~kÞT�ð~kÞ − Pnullð~kÞ

P2
nullð~kÞ

× 2PδðkÞG0ðk̂Þ
∂G0

∂B0

ðk̂Þ: ð37Þ

Its variance σ2B0
is given by

σ−2B0
¼ 1

2

X
~k

�
2PδðkÞG0ðk̂Þ ∂G0∂B0

ðk̂Þ
Pnullð~kÞ

�2

; ð38Þ

where the sums are unrestricted. Note that B̂~k
0 ¼ B̂−~k

0 ; this
follows from the reality condition on the temperature field,

Tð~kÞ ¼ T�ð−~kÞ, and from the isotropy of space in the null-
assumption case,G0ðk̂Þ ¼ G0ð−k̂Þ. Thus, in order to avoid
double counting of modes, a factor of 1=2 appears at the
right-hand side of Eq. (38).
Finally, the total sensitivity of a survey covering a range

of redshifts is given by integrating the above equation as

σ−2B0;tot
¼ 1

2

Z
dVðzÞ k

2dkdϕk sin θkdθk
ð2πÞ3

×

�
2Pδðk; zÞG0ðθk;ϕk; zÞ ∂G0∂B0

ðθk;ϕk; zÞ
PNðk; θk; zÞ þ Pδðk; zÞG2

0ðθk;ϕk; zÞ
�2

; ð39Þ

where we transitioned from a sum over ~k modes to an

integral, using
P

~k → V
R
d~k=ð2πÞ3. The integral is per-

formed over the (comoving) volume of the survey of
angular sizeΩsurvey (at a given redshift, given in steradians),
such that the volume element reads

dV ¼ c
HðzÞ χ

2ðzÞΩsurveydz: ð40Þ

B. Stochastic field

We now examine the case where both the magnitude and
the direction of the magnetic field are stochastic random
variables, with spatial variation. Note that in this section we
do not assume a particular model for their power spectra,
but we do assume a separation of scales, in the sense that
we are only concerned with the modes ~K of the magnetic
field that correspond to scales much larger than those
corresponding to the density and temperature modes used

for estimating the field, j ~Kj ≪ j~kj; j~k0j. We use B0 to denote
a component of the magnetic field along one of the three
Cartesian-system axes, and ~r to denote position vector in
physical space, as before, and start with
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Tð~rÞ ¼ TS
0ð~rÞ þ B0ð~rÞ

∂TS
0

∂B0

ð~rÞ; ð41Þ

where the subscripts and superscripts have the same
meaning as before. In Fourier space, we now get

Tð~kÞ ¼ TS
0ð~kÞ þ

Z
d~re−i~k·~rB0ð~rÞ

∂TS
0

∂B0

ð~rÞ

¼ TS
0ð~kÞ þ

1

ð2πÞ3
Z

d~k1B0ð~k1Þ
∂TS

0

∂B0

ð~k − ~k1Þ; ð42Þ

where the last step uses the convolution theorem. The
observable two-point correlation function in Fourier space
then becomes

hTð~kÞT�ð~k0Þi
¼ ð2πÞ3δDð~k − ~k0ÞPnullð~kÞ

þ
	
TS;�
0 ð~k0Þ 1

ð2πÞ3
Z

d~k1B0ð~k1Þ
∂TS

0

∂B0

ð~k − ~k1Þ



þ
	
TS
0ð~kÞ

1

ð2πÞ3
Z

d~k1B�
0ð~k1Þ

�∂TS
0

∂B0

ð~k0 − ~k1Þ
��


;

ð43Þ

to first order in B0. Note that, in this case, there is cross-
mixing of different modes of the temperature field. From
Eqs. (23), (25), and (27), we get

hTð~kÞT�ð~k0Þi ¼ ð2πÞ3δDð~k − ~k0ÞPnullð~kÞ þ B0ð~k − ~k0Þ

×

�
Pδðk0ÞG�

0ðk̂0Þ ∂G0

∂B0

ðk̂0Þ

þ PδðkÞG0ðk̂Þ
∂G�

0

∂B0

ðk̂Þ
�
; ð44Þ

where we used the reality condition B�
0ð− ~KÞ ¼ B0ð ~KÞ. In

analogy to the procedure of Sec. IVA, we estimate B0ð ~KÞ
from ~k~k0 pair of modes that satisfy ~K ¼ ~k − ~k0 as

B̂~k~k0
0 ð ~KÞ ¼ Tð~kÞT�ð~k0Þ

Pδðk0ÞG�
0ðk̂0Þ ∂G0∂B0

ðk̂0Þ þ PδðkÞG0ðk̂Þ ∂G
�
0∂B0
ðk̂Þ

;

ð45Þ

where we only focus on terms ~K ≠ 0 (~k ≠ ~k0). The variance

hB̂~k~k0
0 ð ~KÞðB̂~k~k0

0 ð ~K0ÞÞ�i of this estimator (under the null
assumption) can be evaluated using the above expression.

Furthermore, the full estimator for B0ð ~KÞ from all available
temperature modes is obtained by combining individual

B̂~k~k0
0 ð ~KÞ estimates with inverse-variance weights, and with

appropriate normalization, in complete analogy to the

uniform-field case. For the purpose of forecasting sensi-
tivities, we are interested in the variance of the minimum-
variance estimator, or equivalently, the noise power

spectrum PN
B0
ð ~KÞ, given by

ð2πÞ3δDð ~K− ~K0ÞPN
B0
ð ~KÞ

≡hB̂0ð ~KÞB̂0ð ~K0Þ�i

¼
 X

~k

ðPδðk0ÞG�
0ðk̂0Þ∂G0∂B0

ðk̂0ÞþPδðkÞG0ðk̂Þ∂G
�
0∂B0
ðk̂ÞÞ2

2V2Pnullð~kÞPnullð~k0Þ

!−1
;

ð46Þ

with the restriction ~K ¼ ~k − ~k0. The factor of 2 in the
denominator corrects for double counting mode pairs, since

B̂~k~k0
0 ð ~KÞ ¼ ðB̂−~k−~k0

0 ð ~KÞÞ�, and the sum is unconstrained. If

we only consider diagonal terms ~K ¼ ~K0, then the left-hand
side of the above equation becomes equal to VPN

B0
ð ~KÞ. The

explicit expression for the noise power spectrum is then

PN
B0
ð ~KÞ

¼
 X

~k

ðPδðk0ÞG�
0ðk̂0Þ∂G0∂B0

ðk̂0ÞþPδðkÞG0ðk̂Þ∂G
�
0∂B0
ðk̂ÞÞ2

2VPnullð~kÞPnullð~k0Þ

!−1
:

ð47Þ

Finally, transitioning from a sum to the integral (like
in Sec. VA), we get the following expression for the
noise power spectrum of one of the components B0;i of the
magnetic field in the plane of the sky,

ðPN
B0;i

ð ~KÞÞ−1

¼
Z

k2dk sin θkdθkdϕk

×
ðPδðk0ÞG�

0ðk̂0Þ ∂G0∂Bi
ðk̂0Þ þ PδðkÞG0ðk̂Þ ∂G

�
0∂Bi
ðk̂ÞÞ2

2ð2πÞ3Pnullð~kÞPnullð~k0Þ
;

ð48Þ

where ~k0 ¼ ~K − ~k and the above expression is evaluated at
a particular redshift. Only the components of the magnetic
field in the plane of the sky affect the observed brightness-
temperature fluctuations, and so Eq. (48) can be used to
evaluate the noise power spectrum for either one of the two
(uncorrelated) components. The noise in the direction along
the line of sight can be considered infinite. Finally, note that
we can construct a similar estimator for the direction of the
magnetic field in a given patch of the sky. However, in this
work we focus on the magnitude of the field and ignore
considerations with regard to its direction.
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V. FISHER ANALYSIS

We now use the key results of Sec. IV to evaluate
sensitivity of future tomographic 21-cm surveys to
detecting presence of magnetic fields in high-redshift
IGM. In Sec. VA, we derive the expression for sensitivity
to a field uniform in the entire survey volume. We start with
the unsaturated case where (in the classical picture) hydro-
gen atoms complete less than a radian of magnetic
precession during their lifetime in the triplet state, for all
redshifts of interest (weak-field limit), and then move on
to considering the saturated case (the fast-precession and
strong-field limit). In Sec. V B, we derive the expression
for sensitivity to detecting a stochastic magnetic field
described by a scale-invariant power spectrum.

A. Uniform field

Equation (39) provides an expression for evaluating 1σ
sensitivity to reconstructing a uniform magnetic field from
measurements of the 21-cm signal at range of redshifts.
For our numerical calculations, we take the following
integration limits: ϕk ∈ ½0; 2π�; θk ∈ ½0; π�; and k ∈
½2πumin=ðχðzÞsinθkÞ;2πumax=ðχðzÞsinθkÞ�, where umin;max¼
Lmin;max

λ correspond to the maximum and minimum baseline
lengths, Lmin and Lmax, respectively. If the survey area is big
enough that the flat-sky approximation breaks down, σ−2B0;tot

can be evaluated on a small (approximately flat) patch of
size Ωpatch centered on the line of sight, and then corrected
to account for the total survey volume5 as

σ−2B0;corr
¼ σ−2B0;tot

Ωpatch

Z
θsurvey

0

Z
2π

0

cos2θdθdϕ

¼ πσ−2B0;tot

Ωpatch
ðθsurvey þ cos θsurvey sin θsurveyÞ: ð49Þ

So far, we have only focused on the regime of a weak
magnetic field. Let us now consider the case where the field
is strong enough that the precession period is comparable to
(or shorter than) the lifetime of the excited state of the
forbidden transition—the saturated regime. In this case, the
brightness-temperature signal still captures the presence of
the field (as illustrated in Fig. 2), but it loses information
about the magnitude of the field, and can only be used to
determine the lower limit of the field strength. The ability to
distinguish the saturated case from zero magnetic field
becomes a relevant measure of survey sensitivity in this
scenario.
To quantify the distinguishability of the two regimes, we

write the signal power spectrum as the sum of contributions
from both B0 ¼ 0 and B0 → ∞,

PSð~kÞ ¼ ð1 − ξÞPSð~k; B ¼ 0Þ þ ξPSð~k; B → ∞Þ: ð50Þ

We then perform the standard Fisher analysis to evaluate
sensitivity to recovering parameter ξ,

σ−2ξ ¼
Z

dVðzÞ d~k
ð2πÞ3

� ∂PS

∂ξ ð~kÞ
PNð~kÞ þ PS

0ð~k; ξ ¼ 0Þ

�2

; ð51Þ

where

∂PS

∂ξ ð~kÞ ¼ PSð~k; B → ∞Þ − PSð~k; B ¼ 0Þ; ð52Þ

and evaluating PSð~k; B → ∞Þ requires the following limit
of the transfer function [derived from Eq. (24)]

Gðk̂; B → ∞Þ

¼
�
1 −

Tγ

Ts

�
x1s

�
1þ z
10

�
1=2

×

�
26.4 mKð1þ ðk̂ · n̂Þ2Þ − 0.128 mK

�
Tγ

Ts

�

× x1s

�
1þ z
10

�
1=2

×

�
2þ 2ðk̂ · n̂Þ2 − 1

60

1 − 3cos2θk
1þ xα;ð2Þ þ xc;ð2Þ

��
: ð53Þ

Note that the above equation is valid in the reference frame
where the magnetic field is along the z axis, and the line-of-
sight direction is perpendicular to it. When evaluating
Eq. (51) in Sec. VI, we will only be interested in this
configuration, since we aim to evaluate the sensitivity to the

plane-of-the-sky component of ~B. We interpret σ−1ξ as 1σ
sensitivity to detecting the presence of a strong magnetic
field.

B. Stochastic field

To compute signal-to-noise ratio (SNR) for measuring
the amplitude of a stochastic-field power spectrum, at a
given redshift, we start with the general expression

SNR2 ¼ 1

2
TrðN−1SN−1SÞ; ð54Þ

where Tr denotes a trace of a matrix, and S and N stand for
the signal and noise matrices, respectively. In the case of
interest, these are 3Nvoxels × 3Nvoxels matrices (there are 3
components of the magnetic field and Nvoxels voxels in the
survey). In the null case, voxels are independent and the
noise matrix is diagonal. Voxel-noise variance for meas-

uring a single mode is given by PN
B0;i

ð ~K; zÞ=VvoxelðzÞ, where
Vvoxel is voxel volume. Summing over all voxels and

5This accounts for the change in the angle that a uniform
magnetic field makes with a line of sight, as the line of sight
“scans” through the survey area.
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components of the magnetic field with inverse-variance
weights gives

SNR2ðzÞ ¼ 1

2

X
iα;jβ

S2iα;jβ

PN
B0;i

ð ~K; zÞPN
B0;j

ð ~K; zÞ
V2
voxel

¼ 1

2

X
ij

Z
d~rα

Z
d~rβ

hB0;ið~rαÞB0;jð~rβÞi2
PN
B0;i

ð ~K; zÞPN
B0;j

ð ~K; zÞ
;

ð55Þ

at a given redshift, where the Greek indices label individual
voxels and, as before, Roman indices denote field compo-
nents; ~rα=β represents spatial position of a given voxel.
To simplify further calculations, we now focus on a

particular class of magnetic-field models where most of the
power is on largest scales (small ~K). In this (squeezed)

limit, ~K ≪ ~k and thus ~k ≈ ~k0, such that Eq. (48) reduces to
white noise (independent of ~K). A model for the power
spectrum is defined through

ð2πÞ3δDð ~K − ~K0ÞPB0;iB0;j
ð ~KÞ≡ hB�

0;ið ~KÞB0;jð ~K0Þi; ð56Þ

which relates to the variance in the transverse component
PB⊥ð ~KÞ as

PB0;iB0;j
ð ~KÞ ¼ ðδij − K̂iK̂jÞPB⊥ð ~KÞ; ð57Þ

where K̂i=j is a unit vector along the direction of the i=j
component of the wavevector. In the rest of this discussion,
for concreteness, we consider a scale-invariant (SI) power
spectrum,

PB⊥ð ~KÞ ¼ A2
0=K

3: ð58Þ
Here, the amplitude A0 is a free parameter of the model (in
units of Gauss).
If homogeneity and isotropy are satisfied, the integrand in

Eq. (55) only depends on the separation vector ~s≡ ~rβ − ~rα.
Using this and the squeezed limit assumption gives6

SNR2ðzÞ ¼ 1

2

X
ij

dVpatch

ðPN
B0;i

ðzÞÞ2
Z

d~shB0;ið~rβ − ~sÞB0;jð~rβÞi2

¼ 1

2ð2πÞ3
X
ij

dVpatch

ðPN
B0;i

ðzÞÞ2
Z

d ~KðPB0;iB0;j
ð ~KÞÞ2;

ð59Þ
where dVpatch is the volume of a redshift-slice patch defined in
Eq. (40). After substituting Eq. (58) and integrating over
redshifts the total SNR is given by

SNR2 ¼ A4
0

2ð2πÞ3
Z

zmax

zmin

dVpatch

ðPN
B0;i

ðzÞÞ2
Z

π

0

sin θdθ

×
Z

2π

0

dϕ
Z

Kmaxðz;θ;ϕÞ

Kminðz;θ;ϕÞ

dK
K4

×
X

ij∈fxx;xy;yx;yyg
ðδij − K̂iK̂jÞ2; ð60Þ

where x and y denote components in the plane of the sky, and

K̂x ¼ sin θ sinϕ; K̂y ¼ sin θ cosϕ: ð61Þ
The sum in the above expression reduces toX

ij∈fxx;xy;yx;yyg
ðδij − K̂iK̂jÞ2 ¼ 2 cos2 θ þ sin4 θ: ð62Þ

Substituting Eq. (62) into Eq. (60) and integrating overK; θ;ϕ
gives

SNR2 ¼ A4
0

10π2

Z
zmax

zmin

dVpatch

ðPN
B0;i

ðzÞÞ2
�

1

K3
min

−
1

K3
max

�
: ð63Þ

Finally, from the above expression,1σ sensitivity tomeasuring
A2
0 is given by

σ−2A2
0

¼ 1

10π2

Z
zmax

zmin

dVpatch

ðPN
B0;i

ðzÞÞ2
�

1

K3
min

−
1

K3
max

�
: ð64Þ

Note at the end that, for our choice of the SI power spectrum,
the choice ofKmax does not matter (contribution to sensitivity
rapidly decreases at small scales), while we take Kmin ¼
2π=ðχðzÞ sin θkÞ to match the survey size at a given redshift,
for the compact-array configuration considered throughout
this work.

VI. RESULTS

We now proceed to numerically evaluate the detection
threshold of 21-cm tomography for magnetic fields in the
pre-reionization epoch, using the formalism from the
previous two sections. For this purpose, we only focus
on one type of experimental setup—an array of dipole
antennas arranged in a compact grid. The motivation for
this choice is that such a configuration maximizes sensi-
tivity to recovering the power spectrum of the cosmological
21-cm signal [29,33]. We consider an array with a
collecting area of ðΔLkmÞ2, where ΔL is taken to be
the maximal baseline separation. In this case, the obser-
vation time t1 entering the expression for the noise of
Eq. (13) is the same as the total survey duration,7 t1 ¼ tobs.
We do not explicitly account for the fact that any given

6In the last step, we used
R
d~sjfð~sÞj2 ¼ R d ~K

ð2πÞ3 j ~fð ~KÞj2, which
holds for an arbitrary function f and its Fourier transform ~f.

7Calculation of the observation time t1, given total survey
duration tobs, depends on the type of the experiment. For a radio
dish with a beam of solid angle Ωbeam ¼ λ2=Ae (smaller than the
survey size Ωsurvey), where the telescope scans the sky one
beamwidth at a time, t1 is the total time spent observing one
ðu; vÞ element, and thus t1 ¼ tobsΩsurvey=Ωbeam.
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portion of the sky is above the horizon of a given location
only for a part of a day. Therefore, tobs we substitute in
the noise calculation is shorter than the corresponding
wall-clock duration of the survey (by a factor equal to the
fraction of the day that a given survey region is above the
horizon). To derive numerical results, we assume Ωsurvey ¼
1 sr and tobs ¼ 1 year (corresponding to the wall-clock
observing time on the order of three years). To compute sky
temperature, we assume a simple model for Galactic
synchrotron emission from Ref. [34],

Tsky ¼ 60

�
21

100
ð1þ zÞ

�
2.55

½K�: ð65Þ

We take the observed redshift range to be z ∈ ½15; 25�.
Other inputs to the sensitivity calculation are shown in

Fig. 3: the mean Lyman–α flux as a function of redshift (top
panel); the spin and kinetic temperatures of the IGM, along
with the CMB temperature, also as functions of redshift
(middle panel); and the quantities that parametrize the rate
of depolarization of the ground state by optical pumping
and atomic collisions, and the rate of magnetic precession,
for a representative value of the magnetic field (bottom
panel). We obtain the quantities from the top two panels
from the 21CMFAST code [35], and the matter power spectra
from the CAMB code [36]. As inputs to 21CMFAST and
CAMB, we use standard cosmological parameters
(H0 ¼ 67 km s−1Mpc−1, Ωm ¼ 0.32, ΩK ¼ 0, ns ¼ 0.96,
σ8 ¼ 0.83, w ¼ −1) consistent with Planck measurements
[37]. For the 21CMFAST runs, we set the sources responsible
for early heating to Population III stars by setting Pop ¼ 3,
and keep all other input parameters at their default
values, with the exception of the star formation efficiency,
F STAR. For our fiducial calculation (denoted with solid
curves in Fig. 3), we choose F STAR ¼ 0.0075, but we also
explore two other reionization models, as discussed below.
The fiducial model is chosen to match the models from
Ref. [38] at z ¼ 15 (which were computed by extrapolation
of the flux measurements from observations at much lower
redshifts). We tested that this fiducial model is physically
reasonable, in the sense that it produces a sufficient number
of ionizing photons to reionize the universe; we detail these
tests in Appendix C.
Since the evolution of the Lyman–α flux prior to

reionization is unconstrained by observations, we vary
our input flux model (and, correspondingly, the models
for the temperatures and depolarization rates) in order to
capture the effect of this uncertainty on the key results of
our sensitivity calculation. Specifically, we consider two
“extreme” models for the Lyman–α flux, shown in the
top panel of Fig. 3 as the extrema of the gray band of
uncertainty around the fiducial JLyαðzÞ curve. They are
obtained from 21CMFAST runs with F STAR ¼ 0.01875 (for
the top edge of the gray band), and F STAR ¼ 0.0025
(bottom edge). Note that the rest of the panels in this figure
only show the fiducial model in order to avoid clutter, but

the corresponding variation in all quantities is consistently
included in the calculations.
Figures 4 and 5 show our key results: the projected 1σ

detection thresholds for tomographic surveys, as a function

FIG. 3. Inputs used for the sensitivity calculation, computed
for standard cosmology using the 21CMFAST code. Top panel:
Lyman–α flux model; fiducial choice used for sensitivity calcu-
lations is shown with a solid line, while the extrema of the gray
band are used to test the effects of the uncertainty in the Lyman–α
flux at high redshift (as discussed in the text). Middle panel:
fiducial models for spin, kinetic, and CMB temperatures. Bottom
panel: fiducial models for quantities that parametrize the rate of
depolarization of the ground state by optical pumping and atomic
collisions, and the rate of magnetic precession for a representative
value of the magnetic field (10−22 Gauss comoving).
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of the maximum baselineΔL (where different values ofΔL
may correspond to different stages of a single experiment).
Figure 4 shows the 1σ threshold to measuring the parameter
ξ of Eq. (50) which quantifies the inferred preference for
zero magnetic field versus the case where the field is strong
and the signal is in the saturated regime. The value of this
parameter is, by definition, bounded between 0 and 1
(representing the case of no magnetic field and the saturated
case, respectively). In this figure, the solid line corresponds
to our fiducial calculation, while the light-colored band
around it corresponds to the level of variation in the input
Lyman–α flux shown as a grey band in Fig. 3. The fiducial
result implies that an array of dipoles with one square
kilometer of collecting area can achieve enough sensitivity
to detect a magnetic field in the saturation regime. Such
detection of a nonvanishing value of ξ can then be
interpreted as a lower bound on a uniform magnetic field,
at a 1σ confidence level (assuming the field is uniform in
the entire survey volume). The value of the lower bound as
a function of redshift corresponds, in this case, to the
saturation “ceiling” at that redshift, which can be roughly
evaluated by requiring that the depolarization rates through
standard channels equal the rate of magnetic precession,
xB ¼ 1þ xα;ð2Þ þ xc;ð2Þ. The ceiling is depicted with a

dashed line in Fig. 6, and it corresponds to j~Bj ≈
10−21 Gauss (comoving) at z ¼ 21, for example. On the
other hand, if a survey were to report a null result, it would
rule out such a magnetic field, at the same confidence level.

In this case, the result would imply an upper bound on the
strength of the magnetic field components in the plane of
the sky, as discussed in the following.
We obtain results in Fig. 5 by evaluating Eqs. (39) and

(63). This figure shows a projected 1σ upper bound that can
be placed on the value of the magnetic field, in case of no
detection with an array of a given size. The result is shown
for both the uniform field (lower solid red line), and for the
amplitude of a stochastic field with a scale-independent
power spectrum (upper gray line). It implies that an array
with one square kilometer collecting area may reach a 1σ
detection threshold of 10−21 Gauss comoving, after three
years of observing 1 sr of the sky.
While the numerical calculation behind this result

assumes that the brightness-temperature signal is a linear
function of the field strength, this assumption is not
guaranteed to hold—it breaks down in the limit of a strong
field, as discussed above and in Sec. II. So, the results of
Fig. 5 are only valid if the value of the ξ parameter is
measured to be small at high confidence. In order to
demonstrate how these projected constraints compare to
the saturation ceiling, Fig. 6 shows the saturation ceiling
and the values of the integrand of Eq. (39) (as a function of
redshift, plotted for several array sizes). We see that the
sensitivity of arrays with collecting areas slightly above one
square kilometer is sufficient to reach below the saturation
ceiling for redshifts contributing most of the signal-to-
noise, z ∼ 21 (the minima of these curves). This gives us
confidence that the results for the uniform field in Fig. 5 are
indeed valid, and the linear theory holds in a given regime
(the transfer function is a linear function of the field

FIG. 4. Projected 1σ threshold of an array of dipoles in a
compact-grid configuration for detecting a cosmological mag-
netic field in the saturated regime, as a function of the maximum
array baseline. We assume a survey size of 1 sr, a total
observation time of three years, and a collecting area of
(ΔLÞ2. The parameter on the y axis quantifies distinguishability
of the case of no magnetic field (ξ ¼ 0) from a strong magnetic
field (ξ ¼ 1). Smaller thresholds (for larger maximum-baseline
values shown on the x axis) correspond to a higher sensitivity for
recovering ξ, and thus to a better prospect for distinguishing
between the two regimes. The light-colored band around the
solid line corresponds to the Lyman–α model flux variation
represented with a gray band in Fig. 3.

FIG. 5. Projected 1σ threshold of an array of dipoles in a
compact-grid configuration for detecting cosmological magnetic
fields. We assume a survey size of 1 sr, a total observing time of
three years, and a collecting area of ðΔLÞ2. Thresholds for a
uniform (lower red line) and a stochastic (upper gray line)
magnetic field are shown as a function of maximum array
baseline ΔL. For the stochastic field, a scale-invariant (SI) power
spectrum is assumed; we plot the 1σ error for measuring the
root-mean-square variation of the field magnitude per logK, or
A0=π (with A0 defined in the text).
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strength). For the stochastic case, however, it is likely that
collecting areas larger by a factor of ∼10 will be needed to
achieve detection thresholds below saturation at relevant
redshifts. It is important to note two things here. First, the
saturation ceiling presented in this figure is quite conserva-
tively calculated, and the linear approximation may hold for
field strengths a few times above this level (for illustration,
see also Fig. 2). Second, a downwards variation of the
Lyman–α flux by a factor of a few from our fiducial model
at redshift of ∼21 can easily change relative values of the
ceiling and detection thresholds of a one-square-kilometer
array, placing the result into the unsaturated regime and
enabling detection of a uniform field on the order of
10−21 Gauss comoving with such an array; however, the
converse is also true.

VII. SUMMARY AND DISCUSSION

The origin of cosmic magnetism on galactic and extra-
galactic scales is not fully understood. The competing
hypotheses predict a wide range of field strengths, between
10−30–10−15 Gauss comoving for primordial (inflationary
and postinflationary) mechanisms [1,10], and on the order
of 10−24 Gauss comoving on Mpc scales for Biermann
battery [8] and pre-recombination [39] mechanisms. On the
other hand, dynamo mechanism believed to sustain and
amplify present-day fields in galaxies typically requires
field strengths on the order of 10−30–10−20 Gauss at 10 kpc
scales to operate [39–41]. In this series of papers, we

proposed and developed a new method to trace extremely
weak cosmic magnetic fields using 21-cm tomography.
This method has intrinsic sensitivity to field strengths below
∼10−21 Gauss comoving at Mpc scales in the IGM prior to
cosmic reionization, and could thus start tapping the relevant
range of field strengths at high redshift, potentially enabling
observational discrimination between various field-origin
scenarios with future 21-cm measurements.
In this paper, we forecast the sensitivity of this method

for future 21-cm tomography surveys. For this purpose, we
developed a minimum-variance estimator for the magnetic
field, which can be applied to measurements of the 21-cm
brightness-temperature fluctuations prior to the epoch of
reionization. Themain numerical results are shown in Figs. 4
and 5. They imply that a radio array in a compact-grid
configuration with a collecting area slightly larger than one
square kilometer can achieve 1σ sensitivity to a uniform
magnetic field of strength ∼10−21 Gauss comoving, after
three years of observation. The case of a stochastic field is
more challenging and requires ∼10 times larger collecting
area to detect a field with a scale-invariant power spectrum.
Some primordial mechanisms produce fields with power

on large scales (see, e.g. [40]), while other mechanisms, in
contrast, produce seed fields with blue power spectra (see,
e.g. [8,39]). The latter scenario was not directly addressed
in this work, but we briefly discuss it now. Namely, in the
extreme case where the field has rapid spatial variation
and its variance on scales smaller than the wavelength of
density fluctuations at hand exceeds the saturation limit, the
resulting fast precession of atoms isotropises the incident
quadrupole of 21-cm radiation, causing a net reduction of
the null-case rescattered emission quadrupole (rather than
transition to another type of quadrupolar emission in the
case of a strong field with large coherence length, the case
depicted in the bottom panel of Fig. 2). Thus, the presence
of such fields with small coherence lengths and large
amplitudes can also be traced through their effect on the
two-point correlation function of the observed brightness
temperature, but the calculation of detection sensitivity
presented in this work is not applicable to this case, and is
left for future work. On the other hand, if the field has an
increasingly larger power on small scales (a blue spectrum),
but does not exceed saturation, an estimator analogous to
that presented in Sec. IV for the red-spectrum case can be
derived to measure the spectral shape and amplitude. In this
case, only modes of the field on large scales would be
measurable, while those on small scales would not affect
the signal. We also leave a more detailed consideration of
this case for future work.
We have only considered an array of dipole antennas in

a compact-grid configuration, such as the proposed Fast
Fourier Transform Telescope (FFTT) [33]. Our calculations
are, however, also applicable to compact arrays of dishes,
with the caveat that they have a smaller instantaneous field
of view than FFTT and hence have to observe for longer in

FIG. 6. Saturation regime is shown as a shaded gray area
above the dashed curve (saturation ceiling). Integrand of Eq. (39)
(inverse square root of it) is shown as a function of redshift, for
several maximum-baseline lengths. When the integrand values
are below the saturation ceiling, the analysis assuming the
unsaturated regime is valid. For the baseline lengths considered
here, this is indeed the case for integrand values around their
minima (corresponding to redshifts of maximal signal-to-noise
for magnetic-field detection; note that the saturation ceiling is
conservatively calculated for the purposes of this illustration), for
arrays with collecting areas slightly above a square kilometer.
This implies that the projections for the uniform-field case of
Fig. 5 are valid.
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order to reach the same sensitivity threshold (for a fixed
collecting area). Such a design will soon be implemented in
the Hydrogen Epoch of Reionization Array (HERA) [29],
and our forecasts can be easily rescaled for the next
generation of this experiment.
The prospect for measuring cosmological magnetic

fields using this method depends on the rate of depolari-
zation of the ground state of hydrogen through Lyman–α
pumping, which is proportional to the mean Lyman–α flux
prior to reionization. As shown in Fig. 6, most of the
sensitivity to magnetic fields (for the setup considered in
this work) comes from z ∼ 21, where the Lyman–α flux
sufficiently decreases, while the kinetic temperature of the
IGM is still low enough. However, the value of the mean
Lyman–α flux at these redshifts is completely uncon-
strained by observation. While the fiducial model we used
in our calculations represents one that satisfies modeling
constraints and can be extrapolated to match low-redshift
observations, it does not capture the full range of possibil-
ities. It is thus important to keep in mind that the projected
sensitivity can vary depending on this quantity. We quali-
tatively capture the variation in projected sensitivity by
exploring Lyman–α flux models that vary within a factor of
a few from the fiducial model, as shown in Fig. 3.
In our analysis, we took into account the noise compo-

nent arising from Galactic synchrotron emission, but we
ignored more subtle effects (such as the frequency depend-
ence of the beams, control of systematic errors from
foreground-cleaning residuals, etc.) which may further
complicate reconstruction of the magnetic-field signal
and should be taken into account when obtaining detailed
figures of merit for future experiments. Finally, we note
that the effect of cosmic shear on the 21-cm signal (from
weak lensing of the signal by the intervening large scale
structure) can produce a noise bias for the magnetic-field
measurements. In Appendix B, we examine the level of
lensing contamination and show that it is small even for
futuristic array sizes of a hundred square kilometers of
collecting area.
It is worth emphasizing again that the main limitation of

this method is that it relies on effects that require two-
scattering processes. As soon as the quality of cosmological
21-cm statistics reaches the level necessary to probe
second-order processes, the effect of magnetic precession
we discussed here will lend unprecedented precision to a
new in situ probe of minuscule, possibly primordial,
magnetic fields at high redshifts.
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Illustrations in Fig. 2 made use of HEALPix [42] software
package.8 The complete code implementing all the calcu-
lations presented in this work, along with the 21CMFAST
reionization histories used as input, is available at https://
github.com/veragluscevic/pmfs.

APPENDIX A: VISIBILITY VARIANCE

Here we derive the variance of the visibility for an
interferometric array of two antennas separated by a
baseline ~b ¼ ðbx; byÞ, each with an effective collecting
area Ae, observing a single element in the uv plane for time
duration t1, with total bandwidth Δν ¼ νmax − νmin. We
choose notation that is consistent with the rest of this
paper, and adapted to the purpose of discussing measure-
ment of a cosmological signal (as opposed to the traditional
context of radio imaging). However, similar derivation
can be found in the radio astronomy literature (see, e.g.,
Refs. [43,44]), and in the literature discussing forecasts for
21-cm experiments (see, e.g., Refs. [34,45–48]).
A schematic of the experimental setup considered here

is shown in Fig. 7. Modes with frequencies that differ by
less than 1=t1 cannot be distinguished, and modes with
frequencies in each interval 1=t1 are collapsed into a
discrete mode with frequency νn ¼ n=t1, where n ∈ Z.
Thus, the number of measured (discrete) frequencies is
Nν ¼ t1Δν. Electric field induced in a single antenna is

EðtÞ ¼
XNν

n

~EðνnÞe2πiνnt; ðA1Þ

while the quantity an interferometer measures is the
correlation coefficient between the electric field Ei in
one and the electric field Ej in the other antenna, as a
function of frequency,

ρijðνÞ≡ h ~E�
i ðνÞ ~EjðνÞiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hj ~EiðνÞj2ihj ~EjðνÞj2i
q : ðA2Þ

Let us now assume that

h ~E�
i ðνnÞ ~EjðνmÞi ¼ σðνÞ2δmn: ðA3Þ

In the following, for clarity, we omit the dependence on ν.
The real (or imaginary) part of ρ has the following variance

8http://healpix.sf.net; https://github.com/healpy/healpy.

VERA GLUSCEVIC et al. PHYSICAL REVIEW D 95, 083011 (2017)

083011-14

https://doi.org/https://github.com/veragluscevic/pmfs
https://doi.org/https://github.com/veragluscevic/pmfs
https://doi.org/https://github.com/veragluscevic/pmfs
http://healpix.sf.net
http://healpix.sf.net
http://healpix.sf.net
https://doi.org/https://github.com/healpy/healpy


varðRe½ρij�Þ
1

2Nν
¼ 1

2t1Δν
: ðA4Þ

Before continuing, let us take a brief digression to show
that the above formula implicitly assumes that the electric
fields in the two antennas have a very weak correlation,
ρ ≪ 1. Consider two random Gaussian variables, x and y,
both with zero mean values, where varðxÞ≡ hðx− hxiÞ2i¼
hx2i− hxi2¼hx2i, and similarly for y. Their correlation
coefficient is ρ≡ hxyiffiffiffiffiffiffiffiffiffiffiffiffi

hx2ihy2i
p . In this case, the following is true

varðxyÞ ¼ hx2y2i − hxyi2 ¼ hx2ihy2i þ hxyi2
¼ hx2ihy2i þ ρ2hx2ihy2i
¼ varðxÞvarðyÞð1þ ρ2Þ; ðA5Þ

so that when ρ is small, varðxyÞ ¼ varðxÞvarðyÞ, which was
assumed in the first equality of Eq. (A4).
Resuming the derivation, if different frequencies are

uncorrelated, the result of Eq. (A4) implies

hjρijðνÞj2i ¼
1

t1Δν
: ðA6Þ

The final step requires a relation between intensity on the
sky Iðθx; θy; νÞ [within the beam solid angle Ωbeam,
centered on the direction n̂ ¼ ðθx; θyÞ] and the electric
fields measured in the two antennas,

h ~E�
i ðνÞ ~EjðνÞi ∝

Z
Ωbeam

dθxdθyIðθx; θy; θνÞ

× ei
2πν
c ðbxθxþbyθyÞRðθx; θyÞ; ðA7Þ

where Rðθx; θyÞ is the antenna response function (the shape
of the beam in the sky), which we will assume to be unity.
Furthermore, 2πν

c ðbxθx þ byθyÞ≡ 2πðuθx þ vθyÞ is the
phase delay between the two antennas (position in the
uv plane measures the phase lag between the two dishes
in wavelengths). The coefficient of proportionality in the
above equation is set by various instrumental parameters

and is not relevant for our purposes. From Eq. (A2), it
follows that

ρijðνÞ ¼
R
Ωbeam

dθxdθyIðθx; θy; θνÞe2πiðuθxþvθyÞR
Ωbeam

dθxdθyIðθx; θy; θνÞ
; ðA8Þ

where the denominator in the above formula approximately
integrates to (for a small beam)Z

Ωbeam

dθxdθyIðθx; θy; θνÞ ≈ ΩbeamIðθx; θy; θνÞ: ðA9Þ

We can now use the approximate expression for the
resolution of a single dish,

Ωbeam ¼ λ2

Ae
; ðA10Þ

the Rayleigh–Jeans law (or the definition of the brightness
temperature),

Iðθx; θy; θνÞ ¼
2kBTsky

λ2
; ðA11Þ

and note that the numerator in Eq. (A8) matches the
definition of visibility from Eq. (6), to get

ρijðνÞ ¼
Ae

2kBTsky
Vðu; v; θνÞ: ðA12Þ

Combining Eq. (A12) and Eq. (A6), we get the final
result of this derivation,

hjVðu; v; θνÞj2i ¼
1

Ωbeam

�
2kBTsky

Ae
ffiffiffiffiffiffiffiffiffiffi
t1Δν

p
�

2

× δDðu − u0ÞδDðv − v0Þδθνθν0 ; ðA13Þ

where the visibility V is a complex Gaussian variable,
centered at zero, and uncorrelated for different values of its
arguments, and the factor of Ωbeam came from converting
from Kronecker delta to a Dirac delta function. Note finally
that we considered the contribution to the visibility from
the noise only (the system temperatureþ the foreground
sky temperature, in the absence of a signal); in the presence
of a signal, Tsky should be the sum of the signal and the
noise temperatures.

APPENDIX B: LENSING NOISE BIAS

We now consider weak gravitational lensing of the
21-cm signal by the large scale structure, as a source of
noise in searches for magnetic fields using the method
proposed in this work. We first compute the transverse
shear power spectrum and then evaluate the noise bias it
produces for the magnetic-field estimator. We demonstrate

FIG. 7. Schematic of a two-antenna interferometer.
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that this bias is very small, even for arrays with futuristic
collecting areas of one hundred square kilometers.
To follow standard lensing notation, we no longer label

cartesian coordinate axes with x, y, and z, but rather with
numbers, using the convention where directions 1 and 2 lie
in the plane of the sky, while 3 lies along the line of
sight. Specifically, we use angular coordinates ðθ1; θ2Þ to
denote direction in the sky n̂, and θ3 to denote a comoving
interval rz=χðzÞ along the line of sight, located at redshift z,
and corresponding to Δz interval. As before, we denote

variables in Fourier space with tilde. We use ~l≡ ðl1;l2Þ
for a conjugate variable of n̂.
We start by generalizing the formalism for two-

dimensional weak lensing [49] to the three-dimensional
case. In the presence of lensing, a source coordinate θSi ,
where i ∈ f1; 2; 3g, maps onto the observed coordinate θi
as follows

θSk ¼θkþ
∂ψ
∂θk ; k¼1;2; θS3 ¼θ3; ðB1Þ

where ψ is the lensing potential. The full Jacobian of this
coordinate transformation is

J ij ≡ ∂θSi
∂θj ¼

0
B@

1þ ψ ;11 ψ ;12 ψ ;13

ψ ;21 1þ ψ ;22 ψ ;23

0 0 1

1
CA

¼

0
B@

1þ κ þ γ11 γ12 γ13

γ12 1þ κ − γ11 γ23

0 0 1

1
CA; ðB2Þ

where i; j ∈ f1; 2; 3g, and the commas stand for partial
derivatives with respect to the corresponding coordinates,
as usual. In the above equation, κ and γ components
represent the magnification and shear, respectively.
Fourier transform of the lensing potential is

~ψð~l; zÞ≡
Z

ψðn̂; zÞe−i~l·n̂dθ1dθ2; ðB3Þ

where the relation between ψðn̂; zÞ and the Newtonian
potential Φ in a flat universe reads

ψðn̂; zÞ ¼ −2
Z

χðzÞ

0

dχ1

�
1

χ1
−
1

χ

�
Φðn̂; χ1Þ: ðB4Þ

Combining Eqs. (B3) and (B4), we get

∂ ~ψð~l; zÞ
∂θ3 ¼ −

2

χðzÞ
Z

χðzÞ

0

dχ1 ~Φð~l; χ1Þ: ðB5Þ

From Eqs. (B5) and (B2), it follows

h~γ�13ð~l; zÞ~γ13ð~l0; z0Þi ¼
	
l1l0

1

~ψ�ð~l; zÞ
∂θ3

~ψð~l0; z0Þ
∂θ3




¼ 4l1l0
1

χðzÞχðz0Þ
Z

χðzÞ

0

dχ1

×
Z

χðz0Þ

0

dχ01h ~Φ�ð~l; χ1Þ ~Φð~l0; χ01Þi:

ðB6Þ

We now define the three-dimensional Fourier transform
~~Φ of the Newtonian potential,

~Φð~l; χÞ≡
Z

~~Φð~l;l3Þeil3χ
dl3

2π
: ðB7Þ

Using this definition, we get

h ~Φ�ð~l; χÞ ~Φð~l0; χ0Þi ¼
ZZ

dl3

2π

dl0
3

2π
h ~~Φ�ð~l;l3Þ ~~Φð~l0;l0

3Þi

× eiðl03χ0−l3χÞ: ðB8Þ

Assuming different modes are uncorrelated, we arrive at

h ~~Φ�ð~l;l3Þ ~~Φð~l0;l0
3Þi

¼ ð2πÞ3δðl3 − l0
3Þδ2ð~l − ~l0ÞPΦ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
3 þ l2

q �
; ðB9Þ

where

PΦðlÞ ¼
PΦðk ¼ l=χðzÞÞ

χðzÞ2

¼
�
3

2
ΩmH2

0ð1þ zÞ
�
2 Pδðk; zÞ
k4χðzÞ2 : ðB10Þ

Substituting Eq. (B9) into (B8) and applying Limber
approximation l3 ≪ l, we obtain

h ~Φ�ð~l; χÞ ~Φð~l0; χ0Þi
¼ ð2πÞ2δð~l − ~l0ÞPΦðlÞδðχ0 − χÞ: ðB11Þ

Thus, for z ≤ z0,

h~γ�13ð~l; zÞ~γ13ð~l0; z0Þi

¼ 4

χðzÞχðz0Þl1l0
1ð2πÞ2δ2ð~l − ~l0Þ

Z
χðzÞ

0

dχ1PΦðlÞ:

ðB12Þ

We are interested in calculating the power spectrum

P13ð~l; z; z0Þ of γ13 components, defined as
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h~γ�13ð~l; zÞ~γ13ð~l0; z0Þi
≡ ð2πÞ2P13ð~l; z; z0Þδð~l − ~l0Þ: ðB13Þ

From Eq. (B12), we can express

P13ð~l; z; z0Þ ¼
4l2

1

χðzÞχðz0Þ
Z

χðzÞ

0

dχ1PΦðlÞ: ðB14Þ

A similar result holds for the power spectrum P23 of γ23
component. The transverse power spectrum Pt reads

Ptðl; z; z0Þ≡ P13 þ P23

¼ 4l2

χðzÞχðz0Þ
Z

χðzÞ

0

dχ1PΦðlÞ: ðB15Þ

If z ¼ z0, the above expression simplifies to

Ptðl; zÞ ¼
4l2

χðzÞ2
Z

χðzÞ

0

dχ1PΦðlÞ: ðB16Þ

Now that we have computed the transverse power
spectrum, we move on to evaluating the contamination
it produces for the measurement of the magnetic field.
Denoting a vector transpose with “T”, let us set
k̂ ¼ ðsin θ cosϕ; sin θ sinϕ; cos θÞT, and consider the line
of sight along the direction 3, n̂ ¼ ð0; 0; 1ÞT, in the three-
dimensional Cartesian reference frame where x, y, and z
axes correspond to 1, 2, and 3, respectively; θ is the angle

between the direction 3 and k̂. Lensing distorts ~k into

~k0 ¼ ½J −1�T · ~k ¼
�
1 −

2κ

3

�
~kþ σ · ~kþΩ × ~k; ðB17Þ

where J is given by Eq. (B2) and

σ ≡
0
B@

−κ=3 − γ11 −γ12 −γ13=2
−γ12 −κ=3þ γ11 −γ23=2

−γ23=2 −γ23=2 2κ=3

1
CA;

Ω≡ ð−γ23=2; γ13=2; 0ÞT; ðB18Þ

where σ is a tensor quantity. The first term in Eq. (B17)

only changes the magnitude of ~k, the third term only
changes its direction, and the second term contributes to
both changes. To leading order, the fractional magnitude
change is ðk0 − kÞ=k ¼ −2κ=3þ k̂ · σ · k̂. We now define

C≡ 26.4 mK

�
1 −

Tγ

Ts

�
x1s

�
1þ z
10

�
1=2

; ðB19Þ

and use Eqs. (B17) and (1) to arrive at the expression for
the brightness-temperature fluctuation in the presence of
lensing (keeping only the leading-order terms and assum-
ing no magnetic fields),

TðlensÞðn̂; ~kÞ ¼
1

detðJ ÞTðn̂;
~k0Þ

¼ Tðn̂; ~kÞð1− 2κÞ þCfδð~kÞ2ðk̂ · n̂Þ
× ½n̂ · σ · k̂− ðk̂ · n̂Þðk̂ · σ · k̂Þ þ ðΩ× k̂Þ · n̂�

þ
�
−
2κ

3
~kþ σ · ~kþΩ× ~k

�

·∇~kδð~kÞ½1þ ðk̂ · n̂Þ2�
�
; ðB20Þ

where detðJ Þ corresponds to the determinant of J . The
lensed signal power spectrum is then given by

PS
ðlensÞð~kÞ ¼ C2PδðkÞð1þ ðk̂ · n̂Þ2Þ

×

�
ð1þ ðk̂ · n̂Þ2Þ

�
1 − 2κ

�
1þ 1

3

∂ lnPδðkÞ
∂ ln k

�

þ ∂ lnPδðkÞ
∂ ln k ðk̂ · σ · k̂Þ

�
þ 4ðk̂ · n̂Þ

× ð½n̂ − ðk̂ · n̂Þk̂� · σ · k̂þ ðΩ × k̂Þ · n̂Þ
�
;

ðB21Þ

where we use ∂ lnPδðkÞ=∂ ln k ∼ −2.15 (the slope of the
density-fluctuation power spectrum, evaluated at redshift
and k values that contribute most to the SNR for magnetic-
field measurement). On the other hand, from Eq. (1), a
magnetic field contributes to the signal as

PS
Bð~kÞ ¼ C2PδðkÞð1þ ðk̂ · n̂Þ2Þ

×
�
ð1þ ðk̂ · n̂Þ2Þ þ 1.353 × 1016

�
1þ z
10

�
−1=2

×
Tγ

Ts

x1s
ð1þ xα;ð2Þ þ xc;ð2ÞÞ2

½~B · ðk̂ × n̂Þ�ðk̂ · n̂Þ
�
;

ðB22Þ

where ~B is given in units of Gauss (physical, rather than
comoving). Let us now consider a magnetic field in the
(1,2) plane, such that ~B ¼ ðBx; By; 0Þ; the results will be
valid for any field orientation. If we explicitly expand both
Eq. (B21) and Eq. (B22) in terms of spherical harmonics,
and consider only Y2�1 terms (which dominate the terms
that are asymmetric around the line-of-sight direction;
contribution from the higher-order harmonics is subdomi-
nant), we can match the coefficient of Eq. (B21) that
corresponds to the multiplier to the magnetic-field strength
of Eq. (B22). With this procedure, we arrive at the
expression for the comoving value of the lensing-induced
spurious magnetic field given by
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~BðlensÞ ¼ 1.577 × 10−18 ½Gauss� × 1

x1s

�
Ts

Tγ

��
1þ z
10

�
−3=2

× ð1þ xα;ð2Þ þ xc;ð2ÞÞ2
�
1þ 11

16

∂ lnPδðkÞ
∂ ln k

�
× ð−γ23; γ13; 0ÞT ≡ αð−γ23; γ13; 0ÞT; ðB23Þ

in units of comoving Gauss. The lensing noise bias for
magnetic-field reconstruction reads

Pnoise
ðlensÞðlÞ ¼ Pnoice;Bx

ðlensÞ þ P
noice;By

ðlensÞ ¼ α2PtðlÞ; ðB24Þ
where α is given by Eq. (B23) and PtðlÞ is given by
Eq. (B16). Finally, the root-mean-square of the contami-
nation is given by

ΔðlensÞðlÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

2π
Pnoise
ðlensÞðlÞ

r
: ðB25Þ

A survey of size 1 sr, considered in this work, corre-
sponds to l ∼ 6, which relates to the lensing-potential
fluctuations on comoving scale l=DðzÞ ∼ 5 × 10−4 Mpc−1

at z ∼ 20. We evaluate the contamination of Eq. (B25) at
this multipole, which has a dominant contribution to the
noise bias,9 and show the results in Fig. 8. Comparing
this to Fig. 6, we see that the contamination due to lensing
shear remains below the projected sensitivities even for the
case of futuristic array sizes. It may further be possible to
distinguish lensing contribution from that of a magnetic
field using difference in shapes of the inferred signal power

spectra, but such detailed considerations are beyond the
scope of this work.

APPENDIX C: ESTIMATING THE ESCAPE
FRACTION OF IONIZING PHOTONS

This Appendix describes our method for estimating the
escape fraction of ionizing photons in seminumerical
simulations of the high-redshift 21-cm signal. We use this
estimate to perform a sanity check of the fiducial model of
the Lyman–α flux evolution (shown in Fig. 3) used for the
sensitivity calculations shown in Sec. VI. We computed this
model using 21CMFAST. In order to match the calculations
of Ref. [38] at the lower end of the relevant redshift range
(z ∼ 15), we changed two of the default input parameters,
setting the star-formation efficiency to 0.0075, and the
population of ionizing sources to Population III stars. We
then checked that these parameters satisfy the constraint
that the escape fraction of ionizing photons is bound to be
less than one, at all redshifts of interest.

21CMFAST sidesteps the computationally expensive tasks
of tracking individual radiation sources and performing the
radiative transfer of ionizing photons (needed to simulate
HII regions in the early universe). It uses an approximate
relation between the statistics of HII regions and those of
collapsed structures, the latter of which can be efficiently
computed in pure large-scale-structure simulations [50].
Thus, the escape fraction of ionizing photons is not a direct
input to these simulations, but can be estimated using the
procedure we describe below.
The number of ionizing photons emitted in a given

ionized region, integrated up to a fixed redshift, should
equal the number of absorbed ionized photons. These read,
respectively,

Nem ¼ hfescif�Nγ=bfcollNb

Nabs ¼ fHð1þ hnreciÞNb; ðC1Þ
where fH ¼ 0.924 is the hydrogen number fraction; f� is
the star-formation efficiency (the fraction of galactic
baryonic mass in stars; this is an input parameter to
21CMFAST); Nγ=b is the number of ionizing photons pro-
duced by stars per nucleus; Nb is the total number of nuclei
within a given ionized region; hfesci is the average escape
fraction associated with a given region; hnreci is the average
number of recombinations per hydrogen atom inside that
region; and fcoll is the collapse fraction therein. We assume
that once regions are ionized, they stay ionized.
Integrating the number of absorbed photons of Eq. (C1)

over the set RðzÞ of all ionized regions at a given redshift,
we get the total number of absorbed ionizing photons,

Nabs;totðzÞ ¼ fH

Z
RðzÞ

nbdV

þ f2H

Z
∞

z
dz0




 dtdz0






Z
Rðz0Þ

Cn2bαBdV; ðC2Þ

FIG. 8. The lensing-shear noise bias for the measurement of the
magnetic field is shown before (solid red line) and after the
delensing procedure is applied (dashed blue line). The saturation
ceiling is denoted by the shaded region above the thin dashed
line. Comparison with Fig. 6 reveals that lensing noise is below
the projected sensitivity even for futuristic array sizes.

9Note that the derivations shown in this Appendix hold only
if the scale of matter fluctuations that contribute most to the
lensing contamination are much larger than those that contribute
the most SNR for magnetic-field measurements, which is indeed
the case here.
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where nb is the baryon number density; the Jacobian
jdt=dzj maps between redshift and proper time; C≡
hn2bi=hnbi2 is the clumping factor; and αB is the case–B
recombination coefficient (varies from ionized region to
ionized region). On the other hand, using the 21CMFAST

ansatz that fcoll ¼ 1=ζ, where ζ is an efficiency factor (also
given as an input to the code), the total number of emitted
ionizing photons reads

Nem;totðzÞ ¼
fescðzÞf�Nγ=b

ζ

Z
RðzÞ

nbdV; ðC3Þ

where fescðzÞ is the overall averaged escape fraction up to
redshift z—the quantity we aim to estimate. Combining
Eqs. (C2) and (C3), we get

fescðzÞ ¼
fHζ

f�Nγ=b

×

�
1þ fH

R
∞
z dz0j dt

dz0 j
R
Rðz0Þ Cn

2
bαBdVR

RðzÞ nbdV

�
: ðC4Þ

Rewriting the above integrals in terms of comoving
coordinates ~r and the overdensity δð~r; zÞ, we finally get

fescðzÞ ¼
fHζ

f�Nγ=b

×

�
1þ fHnb;todayR

RðzÞ d~r½1þ δð~r; zÞ�
Z

∞

z
dz0




 dtdz0






× ð1þ z0Þ3

Z
Rðz0Þ

d~rC½1þ δð~r; z0Þ�2αB
�
: ðC5Þ

where nb;today is the number density of baryons today. An
additional subtlety is that 21CMFAST follows the kinetic
temperature in the IGM outside the ionized regions, while
the recombination coefficient αB depends on the temper-
ature inside these regions. In general, the latter differs from
the former due to the energy deposited by the free-electrons
released during photoionization. We simplify our calcu-
lation by setting the temperature inside the bubbles to
104 K (corresponding to the mean kinetic energy of the
particles of a few eV).
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