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Abstract—The multiple-scales method is used to derive a scalar =
differential equation that describes the envelopes of photonic o (k)
crystal waveguide modes. For a photonic crystal heterostructure o, (k)
waveguide and an air core photonic crystal waveguide, the mode 2 \

b 2

frequencies calculated from the envelope approximation and
full numerical simulations agree to 9% in the worst case when

compared to the frequency difference of the band edges. The
single-mode and cutoff width conditions for a photonic crystal

waveguide are predicted and verified.

Index Terms—Approximation methods, electromagnetic
scattering by periodic structures, optical propagation in nonho-
mogenous media, optical waveguide theory, periodic structures.

I. INTRODUCTION

HOTONIC crystal waveguides have been a subject of e y
te“S'Ye eXpenmelntal and t_heoretlcal study in recent yeaﬁrig. 1. Schematic of a photonic crystal heterostructure channel waveguide.
[1]-[6]. Line defects in photonic crystals can act as waveghe cladding and core regions are composed of photonic crystals characterized
uides, where the stopband in the direction perpendicular to tpyedispersion relations, (k) andw,(k), respectively.
propagation direction can provide an additional mechanism for

mode confinement. However, the numerical simulations of theggstructures are juxtapositions of materials with different dis-
structures through finite difference time domain or plane wavgyrsion relations (Fig. 1). In Fig. 1, waves can be guided along
expansion methods are computationally intensive. To lessen {hg heterostructure in thedirection.

computational complexity and to give a physical feel for waveg- \ne npave previously derived envelope functions through
uiding mechanisms in photonic crystals, theoretical work su@joch mode expansions for photonic crystal heterostructure
as that based on the tight-binding approximation [7], [8] angaveguides composed of photonic crystals with a small frac-
coupled-mode analysis [9] has become an active area of figna| index modulation [10]. In the present work, we show
search. In the former theory, the waveguide modes are treafggh the envelope picture may encompass a broader class of
as expansions of a localized Wannier function basis, Wherea%ﬁbtonic crystal waveguides including those consisting of

the latter, the waveguide modes are considered as a superjQ§inogeneous (nonphotonic crystal) dielectric cores and those
tion of plane waves reflected by the photonic crystal claddingypich guide in air.

In this paper, we present a physically intuitive, semi-analyt- |, section I1, we use the multiple-scales method and the pho-
ical method to study photonic crystal waveguides. Our approagic crystalk - p theory described in the Appendix to derive a
is inspired by the envelope function theory commonly used f.5|5r envelope equation that describes the propagating modes
semiconductor heterostructure physics. Our aim is to conngethatonic crystal heterostructure waveguides. In Section I,
the properties of a photonic crystal waveguide to the dispersigp verify the envelope approximation for a slab heterostruc-
relations of the constituent photonic crystals, for while full nug, .« waveguide in a three-dimensional (3-D) photonic crystal by
merical simulations of photonic crystal waveguides are Compismparing its results with full numerical simulations. In Sec-
tationally intensiye, dispersion relations of bulk photonic cryg;o IV, we apply the envelope approximation to a photonic
tals can be readily computed. _ ~ crystal waveguide with an air core and validate our theoretical

Conventional photonic crystal waveguides made of line dgsgyits with numerical simulations. We also derive and verify
fects in photonic crystals can be more broadly classified agyf single-mode and cutoff width conditions for the waveguide.
type of photonic crystal heterostructure. Photonic crystal hgf; section V, we discuss the implications and limitations of our

theory.

Manuscript received August 22, 2003; revised January 22, 2003.

J. Poon is with the California Institute of Technology, Pasadena, CA 91125
USA. Il. THE ENVELOPE EQUATION

E. Istrate, M. Allard, and E. Sargent are with the Department of Electrical and Wi h ltipl | hod 11 deri |
Computer Engineering, University of Toronto, Toronto, ON M5S 3G4, Canada. YWe Use the multiple-scales method [11] to derive a genera

Digital Object Identifier 10.1109/JQE.2003.810769 equation for a channel waveguide in a three-dimensional pho-

0018-9197/03$17.00 © 2003 IEEE

Authorized licensed use limited to: IEEE Xplore. Downloaded on April 23, 2009 at 09:03 from IEEE Xplore. Restrictions apply.


https://core.ac.uk/display/216264574?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

POONet al. MULTIPLE-SCALES ANALYSIS OF PHOTONIC CRYSTAL WAVEGUIDES 779

tonic crystal. The resultant envelope equation is analogous to thieections. Analogous to the analysis by de Sterke and Sipe [12],
time-independent Schrodinger equation in an effective mediuour ansatz for the higher order terms is

A. Multiple-Scales Derivation e =Y Bu(X, Z) i

In the multiple-scales method, we separate the photonic n .
crystal heterostructure into two spatial length scales: 1) the ey = Z Crnk (X, Z) P (7)
fast-varying scale due to the lattice periodicity of the bulk m#n

photonic crystal and 2) the slowly varying scale due to ﬂ]/ghere the rest of the higher order expansion terms are anal-

defect introduced by the waveguide core. We begin with ﬂa)%ously defined. Each order is represented by a sum over
wave equation

the other electric-field Bloch modes at the wavevector cor-
responding tap,x;, with each Bloch mode modulated by an
arbitrary envelope function, which for th@(x) and O(u?)
where the speed of ligltis normalized to 1, and the subscriplterms areBi (X, 2) andek.(X, ), respectlvely. i
n labels the eigenfrequencies of the waveguide mades We now proceed to substitute (4) into the wave equation and
Our envelope approximation allows different photoni@quate each order of the equation to zero. In the multiple-scales
crystals in the core and cladding by solving the multiple-scal@2€thod, we treat the slow and fast variables independently. For
problem in the core and cladding separately. We adopt th&amMple, when differentiating, we would write

V?E - V(V -E) = —w?n*(r)E (1)

coordinates shown in Fig. 1. We defipeas the perturbation 9A OA(X, Z)
parameter and sé&f andZ as the slow variables such that o Na—X- (8)
X =pz, Z=pz (2) Therefore, toO(1), we simply have the unperturbed equation.

Projecting the equation obtainedn 1) to 1/V (u,x;| and in-
Furthermore, we assume that the corrections to the eigenfveking relation (32) yields
uencies of the cladding and co andw,», respectively,
gre J o ’ P Y % awgi + % 8“)7211' + Q(l)A =0 9)
07 ) \ k. 0X ) \ Ok e
w? = w2+ p) + 208 120 1 i=12. (3)

Since the slopes of the bands and the frequency corrections are
real-valued and the envelope is not constant in botand Z

for a channel waveguide mode, for solutions that do not only
exponentially decay or grow, we require

Throughout the paper, the subscripwill associate a quantity
to the bulk cladding# = 1) or core { = 2) materials.
The waveguide eigenmode is assumed to be

ol = 1
E; = eg; + pey; + pleg; + - (4) Y 0 9 (10)
Owr;  Own, 0 (11)
wheree; represents the different orders of the expansion. Okzi  Okyi

_We assume the _mult|ple-scales equa_t|ons can be solved 'ﬁcﬁjation (11) stipulates that we must expand our solution about
piecewise manner in the core and cladding. Furthermore, we iso

: o L . band extremum in the directions perpendicular to the propa-
sume interband mixing is negligible so that the solution takes t &tion direction
form of a Bloch mode modulated by an envelope function. If th Projecting theD(12) equation tal /V (uu:| and grouping the
waveguide core is sufficiently wide compared to the period ‘ﬂ[(e terms result in an equation fd
the photonic crystals and can be considered as a weak index per- tk
unki>

turbation in the bulk cladding photonic crystal, we may assume . % <ulkz’ {;‘V‘m Wzi
(12)

0A

) Upk: ) + 5% <u i

that the envelope modulates the Bloch modes of the constituen, — — "k22> 322 -
photonic crystals near the center of and far away from the core. 4 Wi — Wni

The zeroth-order term then takes the form —~ ~
whereW,,; andW ., are defined in (27)—(29).

eoi = A(X, Z)nii (5) We the_n proceed to gather all tia(,?) terms and project
the equation td /V (u,.x;|. When we substitutés;,, from (12)

whereA(X, Z) is the envelope function anl; is an electric- and simplify our relations for the band curvatures with (35), we
field eigenmode finally arrive at our envelope equation

1 0?4 1 0%4
2mm 8X2 + Zmzi 8Z2
where the subsprlptk andn label the wavevector_and ba”‘_jvvhere, in analogy to the effective mass in semiconductor
number respectively. We have also adopted the Dirac nOta“‘]?J’Plysics, we have defined
treating the electric-field Bloch mode,x;(r) as a state func-
tion |u,x;). Since the system is perturbed only in thand = 1 9w, 1 9w,
directions, the envelope should only be a function of these two me;  O0k2, " m.;  OkZ

Pnii = exp(ik - T)[Wnii) (6)

+0Pa=0 (13)

(14)
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By terminating the multiple-scales expansion in the second Bard Surfaces
order, we have made a parabolic band approximation in the — B
transverse directions of the waveguide. As our comparisons with e - AR R
numerical simulations will illustrate, a parabolic approximation : j A Wladding Band
is sufficiently accurate in describing the photonic crystal band ' \ S p/ _
structure. =

Equation (13) is completely analogous to the envelope equa-
tion for semiconductor heterostructures. The only unknowns in

the equation aréz?), Qg), and the envelope functiod, for e \ ‘JR :

which we may solve by enforcing boundary conditions at the O —
interfaces. '

Applying (13) to the waves in an infinitely periodic photonic
crystal results in the following relation between frequency and K, K,
propagation vector perturbations:

Fig. 2. Schematic of core and cladding bandseQt. > €c.a. The guided
P 5 K2 K2 frequencies lie between the two bands.

—w? = 15
I L T (15)

. . that a guided wave propagates straight down the core with a
wherek!, andk. are the corrections to the propagation vector§requency allowed in the core but not in the cladding.

This is the well-known parabolic band expansion, which follows
naturally from our analysis since we terminated it at the seconqII
order. The envelope equation provides an approximation to the
dispersion relation of photonic crystal structures, including the To test the validity of the envelope approximation, we begin

PHOTONIC CRYSTAL HETEROSTRUCTURBNAVEGUIDES

infinitely periodic crystal. by comparing our theoretical results with those of full numer-
- - ical simulations of a slab photonic crystal heterostructure wave-
B. Waveguiding Conditions guide in a three-dimensional photonic crystal. While the mul-

To illustrate the waveguiding mechanism, we consider a sifiBle-scales method is generally applicable to channel waveg-
Waveguide for which ana|ytica| solutions can be read”y Oblldes as illustrated in Flg 1, due to the intensive nature of full
tained. For a slab waveguide, the heterostructure profile is alopry? humerical simulations and the complexity associated with

z only. Thus, we drop the terms that dependiin (13). the fabrication of such structures, we concentrate instead on slab
For a guide of width 2 alongZ, the solutions of the envelopeWaveguides. The envelope approximation is expected to hold
equation are best when the Bloch modes of the core are similar to those of
the cladding; hence, we start by presenting results from a het-
Beos(KZ) + Csin(KZ), |Z| <L erostructure whose core is a mildly perturbed version of the
A(Z) = { De™7, Z>L (16)  cladding material.
FeZ, 7 < —L

A. Numerical Results
wherey and K are
We use MIT Photonic Bands (MPB) software [19] to simu-

v = /_szlgg)? K — 1/2mz2Q§2). (17) late the heterostructure waveguides and to obtain the band cur-
vatures. Fig. 3 illustrates the simulated structure. For simplicity,
We solve for the coefficients in (16) with appropriatehe photonic crystal considered is a cubic lattice of spheres with
boundary conditions. Although the boundary conditions at tkeradius of 0.5, whereq is the lattice parameter. The simula-
interfaces between semiconductor crystals with dissimilar lafon space is 20 cells wide in total, where the waveguide core
tices remain a subject of contention [13]-{16], we shall assures cells wide and the cladding is 15 cells wide. The core con-
that the envelope and its derivative are continuous across #ists of spheres with dielectric constant 10 in ajt{( =10,
boundaries. We solve the envelope equation by finding thg while the cladding consists of spheres with dielectric con-
appropriateQ@ and (252) that match these boundary condistant 11 in air {.;.a =11, 1). Although MPB applies periodic
tions. In general, heterostructure and dielectric boundaries ldoundary conditions, we find the cladding region is sufficiently
not coincide in space; hence, we do not apply the boundamte to minimize coupling among adjacent waveguides. We ex-
conditions for fields in dielectric media. amine the first band, and for a negative , we usek, = 7/a.
From (16), we can determine the condition for waveguiding-he propagation vectdr, is varied, whilek.. is fixed at 0.
The conditions on the curvatures of the envelope of a guidedDue to the symmetry of the bulk photonic crystal, the first
mode in the core and in the cladding necessitatemﬁ%?t and two bands are degenerate, corresponding to the quasi-transverse
m; are of the same sign, implying that.; andm_, must also electric (TE) polarization, where the electric field is strongly
be of the same sign. As illustrated in Fig. 2, these requiremepislarized along:, and the quasi-transverse magnetic (TM) po-
on the band curvatures dictate that in the vicinity of the bardrization, where the electric field is strongly polarized algng
extremum, the frequency allowed in the core is not allowed andz. We have not accounted for degeneracies in our multiple-
the cladding. This condition on band curvatures, along with tlsgales derivation and shall assume that the degenerate Bloch
condition on the slopes of the bands as given in (11), ensureaedes share the same envelope. This approximation is valid
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Fig. 3. Slab heterostructure waveguide simulated. The photonic crystal consists of a cubic lattice of spheres tvith, whereq is the lattice constant. The
dielectric constants of the core and claddingatg. =10, 1 ande.1.a =11, 1 respectively. The waveguide core is 5 cells wide. The supercell is 20 cells wide.
The structure is periodic alongandy.

1 ; ; : : . 15

- Relative Dielectric Constant
Simulation Result
Envelope Approximation

Electric Field Amplitude (a.u.)
Relative Dielectric Constant

Fig. 4. Photonic crystal heterostructure waveguide mode,a, = #/a. Thex component of the electric field is shown. The simulation parameters are
illustrated in Fig. 3.

for weak perturbations which do not cause significant coupliragf the photonic crystal in the direction perpendicular to the
between the degenerate eigenstates, even if such couplingl@e of periodicity as in a photonic crystal slab, it can solve
present. two-dimensional photonic crystal waveguides.

We compare the envelope to the main components of the elecFor a homogeneous material, our condition that
tric field. The envelope approximation agrees well with the sinbw?2,/0k,» = 0 and 0w?,/0k.» = 0 necessitates
ulated results. Fig. 4 shows a representative mode shape, tad we expand about,, = 0 and k., = 0. More-

Fig. 5 shows the dispersion relation. For this simulation, waver, the band curvature is constant and positive, with
generally do not observe quasi-TM modes which are presentifw?, /0k2,, 9*w2,/0k?, = 2/n%. Therefore, in our envelope
the simulation of a heterostructure waveguide with a high indepproximation, we can only solve for guided modes with refer-
core. In the worst case, when compared to the frequency differce to a photonic crystal band which is at a higher frequency
ence between the core and cladding bands, our predicted mtiden the core band.

frequencies agree with the simulated result to 9%. Generally,The mode frequency is still expressed as a perturbation rel-
the frequencies agree to about 5%. ative to the pertinent band extrema in the homogeneous core
and the photonic crystal cladding. Thus, we may expect that the
core dispersion relation should not deviate much from that of the
cladding. Although the constraint may seem to limit the versa-

Since physical realizations of and experiments on photorility of the envelope approximation, we shall see from numer-
crystal heterostructure waveguides described in the previdgal results thatthe envelope approximation is sufficiently robust
section remain to be demonstrated, we apply the enveldb@t it can accurately solve a waveguide which represents a sig-
approximation to conventional photonic crystal waveguide8ificant perturbation in the photonic crystal.

To date, fabricated photonic crystal waveguides often consist .

of a homogeneous dielectric or air core surrounded by Numerical Results

photonic crystal cladding [3], [4], [17], [18]. Although the We compare the predicted results from the envelope approxi-
envelope approximation has not accounted for the finitenasstion with full numerical simulations. We use MPB to sim-

IV. WAVEGUIDES WITH HOMOGENEOUSCORES
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Fig. 5. Dispersion relation of the photonic crystal heterostructure waveguide. The simulation parameters are illustrated in Fig. 3. The eatielogéveg the
same dispersion relation for quasi-TE and quasi-TM modes.

o000 0 o000 0 B. Single-Mode and Cutoff Width Conditions
0006066 e¢6600 - y As a useful measure of the accuracy of the envelope approx-
0006060 00000 imation, we derive the single-mode and cutoff conditions for a
r=0.2a 5a slab air core waveguide and compare our predictions with the re-

z . . . . .
sults from numerical simulations. For a slab waveguide of width

Fig. 6. Sgabdphm%nic nyStaldwavegmde Srimmated-hTTe photonic crys@all, we solve (16) with the appropriate boundary conditions and
consists of rods witk = 12 andr = 0.2a, wherea is the lattice constant. . s

Five missing rows of rods form the waveguide core. The supercell is 20 ce“gd the waveguide is single mode for
wide. The structure is periodic along

o1 [ (Wi - w?)

tan v <1\/2ma (w? — w3)L
- : . ma (w? - w3)
ulate the TE modes of a slab waveguide with an air core in a
two-dimensional (2-D) photonic crystal consisting of a square <™ 4 tan-? my(w? — w?)
lattice of rods. Fig. 6 illustrates the simulated structure. The 2 ma(w? — wj)
rods have a dielectric constant of 12 and a radius aof.0/%e (18)

examine the TE modes, since a transverse stopband exists for
this polarization for the photonic crystal geometry and dieleg¢herew is the frequency of interest, and andw, are the un-
tric contrast. The structure simulated consists of a 5—cells-wigerturbed frequencies of the cladding and core bands respec-
core and 15—cells-wide cladding. tively. All of these values are taken &, = 0, which marks

For this waveguide, we find excellent agreement betwede onset of the waveguide modes.
the envelope approximation and simulated results. Fig. 7Solving (18) for the photonic crystal described in this sec-
shows some representative mode profiles, and Fig. 8 shdies and light of frequency.35¢/a, we find an air core wave-
the dispersion relation. Solutions of the envelope equatignide remains single mode faf, < 1.95a. Numerical simula-
whose frequencies are lower than the lower photonic crystains using MPB show that the waveguide begins to support two
band edge are considered extraneous and ruled out. The highedes when 2 is between 2 and 2.125. We also find that at
propagation frequencies tend to show better agreementthis frequency, light cannot propagate wiEn< 0.52a, while
the offset from the bulk photonic crystal band can be motbe numerical simulations show the cutoff waveguide width to
appropriately described as a perturbed quantity. When cohe between 0band 0.625. The envelope approximation gives
pared to the frequency difference between the photonic cryseaktellent agreement with the results from numerical simula-
band edges, the propagation frequencies from the enveldigas, since there may also be inherent numerical errors due to
approximation agree with simulated results to 9% in the wortfte simulation software.
case. On average, the frequencies agree to about 3%.

V. DISCUSSION

1In our coordinates, where the rods are parallet td'E waveguide modes Th | . . . b | b licabl
are characterized b§,., H,,, andH . and are equivalent to the TM polarization e envelope approximation Is robust. It may be applicable

in MPB. to the study and design of a wide range of complex photonic
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since the dispersion relations will be perturbed at

- pendently,

(b)

0.47/a. (a) The mode corresponding to Even Mode 2 in Fig. 8. (b) The mode corresponding

z/a
to Odd Mode 1. The: component of the electric field is shown. The simulation parameters are illustrated in Fig. 6.
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While only a single core band and a single cladding band
are sufficient for the analyses of the waveguides presented herdJsing the method of multiple scales, we have derived a scalar

larization dependence, the envelope approximation transcetit accounts for inter-band mixing, as well as complexities
these “microscopic” field properties by describing the moduwarising from the periodicity in the direction of propagation.

more generally, multiple core and cladding bands may needaquation that describes photonic crystal waveguide modes. The
be considered, depending on the frequency range and sizéafid curvatures in the directions perpendicular to the wave-
photonic band gap as well as the geometry and the dispersiomgoide, as abstracted from the dispersion relations of the con-
the core. Moreover, since we consider a photonic crystal wawituent photonic crystals, act as homogenized dispersion rela-
guide as in Fig. 6 rather than a photonic crystal holey fiber [2Q]pns which account for the local interactions of light with the
there exists a periodicity in the propagation direction. Therphotonic crystal. Comparisons between envelope solutions and
fore, in a multiband treatment, the dispersion relations canrfatl numerical simulations show the mode shapes and the dis-
be solved with reference to each core or cladding band ingeersion relations are in excellent agreement. We illustrate a de-

lating functions that encapsulate the general properties of the

netic fields of the waveguide modes are vectorial and exhibit piadly developed envelope theory will be a multiband approach
waveguide modes.

sumptions exactly. Moreover, while the actual electric and mafyjequencies where they cross, forming mini-stopbands [21]. A

crystal structures which may not satisfy tnpriori envelope as

Fig. 7. Two of the photonic crystal waveguide modes at,,
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Fig. 8. Dispersion relation of the TE modes for the photonic crystal waveguide. The simulation parameters are illustrated in Fig. 6.

sign application of the envelope approximation by finding thethere we have adopted the Dirac notation, &nid the volume

guiding conditions, and the single-mode and cutoff widths faf the cell which fixes the normalization of the Bloch modes.

slab photonic crystal waveguides. In the derivation that follows, we will use the Dirac notation,
The envelope approximation is an efficient design tool fdreatingu,x(r) as a state functiopu,y).

photonic crystal waveguides, reducing the computational com-Now we consider a perturbation in the wavevector to a partic-

plexities associated with full numerical simulations. The worllar electric-field mode, so the new electric field takes the form

presented here can also be used to study other devices such as

directional couplers, resonators, and filters. E'ue = exp (ik' 1) | tnir) (22)

where
APPENDIX

Completing the multiple-scales expansion requires some re- k' = ko + piii. (23)

sults from af; - p theory for photonic crystal§. Although moreu is the small perturbation parameter aiés the perturbation
complete and rigourous research on photonic crystatheory avevector
has been undertaken to study nonlinearity in photonic cryst:\;{Y :

[22], [23], such work cannot be directly applied to our envelopeSFO”OWIng perturbation analysis, we assume the new Bloch

approximation. We shall derive an alternate formulation of tthOde will take the form

photonic crystak - p theory that will not only serve our mul- W) = i) + 4

tiple-scales expansion but also show the regimes where our en-

velope approximation will be most applicable. where the superscripts denote the orders of the Bloch mode cor-
We begin with the vector wave equation rection. We also assume the eigenvalue correction is represented

by

115111{)>+/L2‘1151212>+"' (24)

V2E - V(V - E) = —w2n?(r)E (19)
wf - wz + /L)\(l) 4 MQ)\(Q) 4. (25)

where we have normalized= 1, n(r) is the refractive index

of the photonic crystal, and the subscriplabels the eigenfre- W

guencies of the photonic crystal,,. In a periodic medium, the

solutions to the wave equation are

here\(") gives thenth-order correction to the eigenvalue.
We substitute our perturbed Bloch mode into the wave equa-
tion, and we find
2xA7/ 22 ,
E,x(r) = uux(r) exp(ik - r) (20) (o pW o+ jrW! ) funie) = —wiin” i) (26)
] whereH, acts as the unperturbed field operator analogous to a
where the subscripisandk label the band and wavevector corfree Hamiltonian in quantum mechanics, whé andW’ are
responding to a Bloch mode of the electric figidi(r). The  the normalized perturbation operators. By expanding the wave
electric-field Bloch modes will satisfy the orthonormality rela‘equation in Cartesian coordinates, we can define three compo-

tion nents §, ¢, z) to each vector operator. The action of each com-
1 ) ponent of these operators on each component of a Bloch mode
v (Ui’ [0 [ Wk ) = 6O (21)  (uy, uy, u.) follows explicitly.
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If we define the three vector componentsWf, W, W, If we project the all of the second-order terms in (26) to
andW,, we can alternatively define operatd€.., W, and 1/V (unx|, we obtain
W, such that

1 X [X
/\(2) =— H?E (<unk|unk> - (unk|unk>)

W, =k, ai (Wy + Wy + W) 27) , . ,
O 2 (e fttaae) (07 [07)) + A2 (et
W, :“ya_ny (Wx+ Wy +W,) (28) — (Ul [uiy) ) +haky (W) |uly) +c.c.)
~ d + gk ((Ungluyy) + c.c.) + faks (Ui ugy) + c.c.)
W. :I{za—ﬁz (Wx + W, +W,) (29) | (e[ W) [2
B Z W2 — W2 (34)
where we have just separated the perturbation dependences of m#£n meon

the operators. A key property &V is that it is an adjoint op- )

erator. In other wordsvi [W/|uk) = (uix|W |vy)*. This prop- where|uX, ), [u?, ), and|uZ, ) are _the three vectorial compo-

erty is a consequence of the periodic nature of Bloch modes€nts of the Bloch mode. In arriving at (34), we made an im-
Analogous td:-p theory in solid-state physics, we shall adopp0'tant assumption thati,,.x) is orthogonal tduyx). This ap-

the same approach as time-independent perturbation theorfiXimation holds true for the lower bands and is verified nu-

quantum mechanics to solve our perturbed system. We shall Gigfically. The inner product between a Bloch mode from the

tain equations for each order of the perturbation expansion tfi5tt few bands and modes of higher bands is about 19 orders of

will relate certain properties of the bandstructure to the BlodR@gnitude smaller than its own magnitude.
modes. Following a similar procedure to that used in théu) anal-

The first-order correction to the eigenfrequency is a familidiSiS: We can separate the terms based on the perturbation param-
result in quantum mechanics eters to arrive at expressions for the band curvatures

1 820.1721 2 x x
AW = — = (W W) (30) gz v | (k) = (Wil ne)
A Taylor expansion about the eigenvalue corresponding to _ Z (| W [tac) [ (35)
lu,.i) leads to an expression faf) il w2, — w2
w2 x
aw2 0w2 aw2 =1 |:(<u%k|unk> + C.C.)
" ok ok, T Ok, (31)

_QZ

2

n

Re [ (10 W) (1,00 W [0 |
Therefore, simplifying (30) and separating the, x,, ands. }
dependences give our the set of relations between the slope at a m#n
particular point on the bandstructure and the Bloch mode

2 _
Wi, w

(36)

andd?w? Jok2, 0?w?2 |Ok?, 9*w? | Ok, k., andd*w? [ Ok, k. are

Ow? 1 % Ou, .Ouy, cyclic permutations of (35) and (36). We have used our lower
=— = uy | kous —t—— + kyuy —i—— . ; . iy
Ok, V' Jeenl 0z dy band approximation as in (34) in arriving at the curvature rela-
) ) tions. Our analysis is now complete; we can relate band curva-
+u, (22—(% = 2kzuy + kyu, — o ) tures to the corresponding Bloch modes.
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