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This paper elaborates on the theory and experiment of controlling tethered spacecraft
formation without depending on thrusters. In dealing with such underactuated systems,
much emphasis is placed on complete decentralization of the control and estimation algo-
rithms in order to reduce the dimensionality and complication. The nonlinear equations
of motions of multi-vehicle tethered spacecraft are derived by Lagrange’s equations. De-
centralization is then realized by the diagonalization technique and its stability is proven
by contraction theory. The preliminary analysis predicts unstable dynamics depending on
the direction of the tether motor. The controllability analysis indicates that both array
resizing and spin-up are fully controllable only by the reaction wheels and the tether motor,
thereby eliminating the need for thrusters. Based upon this analysis, gain-scheduling LQR
controllers and nonlinear controllers by feedback linearization have been successfully im-
plemented into the tethered SPHERES testbed, and tested at the NASA MSFCs flat floor
facility using two and three SPHERES configurations. The relative sensing mechanism
employing the ultrasound ranging system and the inertial gyro is also described.

I. Introduction

The quest for finer angular resolution in astronomy inevitably leads to larger apertures since the optical
resolution is proportional to the wavelength over the diameter of a circular aperture. Unfortunately, the

primary mirror diameter for space telescopes is limited by volume and mass constraints of current launch
vehicles (ca. 4 to 5 m) as well as the scaling laws of manufacturing cost.1 In order to overcome this
difficulty, break-through technologies such as a Separated Spacecraft Interferometer (SSI) are being studied
for NASA’s Terrestrial Planet Finder (TPF) mission.2 Other benefits to using such a system include array
reconfigurability and upgradability. Another formation flight concept that has been considered for a SSI
system is the use of tether. To image a target, measurements must be made in all directions orthogonal to the
line-of-sight of the array. The balance between using a Structurally Connected Interferometer (SCI), which
allows for very limited baseline changes, and a SSI system where the usage of propellant can be prohibitively
expensive, seems to be using a tethered system. Such a system is currently being considered for NASA’s Sub-
millimeter Probe of the Evolution of Cosmic Structure (SPECS) mission.3 The SPECS mission attempts to
address fundamental questions about our universe (e.g. How did the first stars form from primordial material,
and the first galaxies from pre-galactic structures? How did the galaxies evolve over time?) by looking at
the sky at sub-millimeter wavelength. One mission concept is to use a Tethered Spacecraft Interferometer
(TSI) system to maneuver the sub-apertures out to separations of a kilometer, thereby achieving very high
resolution. Since power, maneuvering loads and data can be supported by the tether, these typical spacecraft
functions are not required on the maneuvering vehicles. This reduces replication of sub-systems across the
various sub-apertures and eliminates the need for propellant. Furthermore, the mass per unit length of the
tether is much smaller than that of a deployed truss making it much more mass-efficient, particularly for long
baselines. However, all of these benefits are lost if the control needed to achieve the precision required by
the array proves to be too complex. It is expected that vibratory motion, consisting of compound pendulum
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mode of the satellite bus and tether violin modes, will be observed during operations of a TSI. Highly
maneuverable spacecraft are particularly problematic since beam control in the optics system will need
to be maintained to the requisite precision while thrusters fire, tethers vibrate, and reaction wheels change
momentum. These introduce harsh disturbances that necessitate the coupling of attitude and optical control.
This paper describes efforts made to facilitate the development of dynamics and control work required for a
future space tethered system.

A. Research Objective

Figure 1. Artist’s concept of tethered formation flying
SPHERES in ISS cell

The objective of this project is to demonstrate the
feasibility of controlling array formation (array ro-
tation, array spin-up, array re-sizing) without
thrusters for the future space interferometer mis-
sions. Array rotation is a regulation control mode
where the controller maintains the array rotational
rate at a certain level under external disturbances.
Array spin-up mode accelerates the rotational rate
of the array into the target rate while minimizing the
pendulum mode with the tether length fixed. Array
resizing represents a maneuver in which the forma-
tion expands or shrinks its array size by varying the
tether length. It is planned to experimentally val-
idate the control algorithm for the array of up to
5 m radius. In every operational stage, the pendu-
lum mode (see Section III for more detail) should
be minimal.

No propellant thrusters indicate unlimited elec-
tric power available via the solar energy for the ac-
tuators of formation flight (e.g. reaction wheels and
tether motors). It is also beneficial to the science
since there will be no optics contamination from
thruster plumes.

Another goal is to develop sophisticated decentralized control and estimation algorithms for the tethered
system eliminating the need for satellite communications. Decentralized means that each measurement or
estimation process from measurement must not involve exchange of information with adjacent satellites.
Relative means that measured quantity is formulated with respect to a local frame of individual SPHERES.
The decentralized controller along with the decentralized estimator will enable a simple independent control
of each satellite without the need for exchanging individual states information. This will significantly simplify
both control algorithm and hardware implementation with lesser degree of complication as well as eliminating
communication delays. This distributed architecture also avoids a fatal flaw of a centralized control system:
if the chief member malfunctions or stops operation, the whole formation could be lost.4 The decentralized
scheme is realized by the decoupling technique and contraction theory introduced in Section IV.

A relative attitude estimation technique is also employed as opposed to the absolute attitude estimation.
In deep space, absolute attitude might be available via star-trackers but availability of absolute positions
will be very limited. The relative sensing system is especially beneficial for the deep space missions, where
accurate absolute position measurements like GPS are not available.5 Relative sensing mechanism is realized
based upon the dynamics modeling in the previous section. Note that all the degrees of freedom defined in
section III are relative states (e.g. bearing angle, φ).

B. Previous Work

The Synchronized Position Hold Engage and Reorient Experimental Satellites (SPHERES)6 testbed will be
the first satellite testbed fully exploiting the dynamics of tethered satellites under various formation flight
configurations. It is also a fully 3-D operational satellite with sophisticated sensors and actuators as a mode-
representative of real world spacecraft in orbit even though we focus on 2-D flat floor experiments in this
paper. A notable previous work on experiments of two tethered satellites is the Ph.D thesis by Motley.7
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A recent paper also describes the tethered testbed9 with a triangular configuration. The classic reference
for tether dynamics is a book by Beletsky, et al.8 There are a lot of technical papers on the dynamics of
tether in space.10–12 Some recent papers discuss the elasticity and vibration of the tethers.12,13 Compared
to the early literature focused on the two-body dynamics for the tether retrieval and momentum exchange
purposes, more recent work investigates the dynamics of a three-body inline configuration16 and a triangular
configuration.17 This SPHERES project studies both configurations for the SPECS mission. Development
of nonlinear controller was also performed for the SPECS mission by Mischa.14,15

II. Development of SPHERES Hardware

The MIT SPHERES testbed provides a vehicle to demonstrate and validate formation flight and docking
technologies for use in missions such as TPF and Orbital Express. Among the technologies that are actively
under study by SPHERES are space interferometry, cluster reconfiguration, and mission re-supply. Many of
these techniques can only be tested in simulation or with expensive and risky flight projects. Currently, there
are no on-orbit resources suitable for the validation of general simulation results, and most space missions
do not push the limits of performance due to the high risk associated with flying unproven algorithms. The
SPHERES testbed is an inexpensive and risk-tolerant laboratory for the validation of distributed spacecraft
control, estimation, and autonomy algorithms. It fills the gap between the flexibility, risk-tolerance, and
uncertainty of simulation-based research and the inflexibility, expense, and credibility expected from future
space flight missions. The SPHERES testbed was developed as part of the ongoing research initiatives of
the MIT Space Systems Laboratory (MIT-SSL) that utilize the space environment provided by the space
shuttle and International Space Station (ISS) to validate dynamics and control algorithms.

A. Tethered SPHERES Overview

Figure 2. Tethered SPHERES satellites on the NASA MSFC flat floor

The basic setup of the SPHERES testbed consists of a number of autonomous free-flyers satellites, a
laptop computer that serves as a ground station, and small beacons that form the Position and Attitude
Determination System (PADS). SPHERES has three main operational environments: simulation, flat floor
facility (at MIT and NASA Marshall Space Flight Center), and 3-D environment (inside the ISS and NASA’s
KC-135 flight). The simulation allows the operation of up to three satellite models in any standard PC
running Windows operating system. The configuration at the SSL facility consists of multiple operational
flight-qualified SPHERES satellites, a metrology setup optimized for 2-D operations, and a metrology setup
designed for 3-D operations. The final ISS configuration will consist of three tethered satellites and a 3-D
metrology setup (See figure. 1). Both MIT-SSL and ISS setups use a laptop computer to represent a ground
control station; through the laptop, the user runs tests and collects telemetry data for future analysis. The
laptop computer utilizes a custom communications device to control the satellites and store all the data.
Different interfaces were developed for the ISS and ground operations; the ground interface minimizes the
time between tests, while the ISS operations clearly steps through the operation procedures to ensure correct
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tests are being implemented.

B. SPHERES Satellites

The individual self-contained satellites (figure. 2) have the ability to maneuver in up to six degrees of
freedom, to communicate with each other and with the laptop control station, and to identify their position
with respect to each other and to the experiment reference frame. The diameter of a single SPHERES is
0.25 m, and the mass is 4.0 kg. The satellites are propelled by a cold-gas thruster system which uses carbon
dioxide as propellant. The CO2 propellant is stored in liquid form at 860 psig; a regulator reduces the
pressure to 35 psig. Twelve thrusters are positioned to provide controllability in all six degrees of freedom,
enabling both torque and translation control. Each thruster assembly consists of a solenoid-actuated micro-
valve with machined nozzles. Depending upon the tests of interest, a single tank provides approximately 30
minutes of active operation. After each test session, a tank can be left in the system partially full, for use
at a later time, or be replaced with a new tank. The PADS provides metrology information to the satellites
in real-time. Since no global metrology system like GPS is actually available in deep space missions, the
tethered SPHERES system utilizes a relative metrology system using four ultrasound receivers on the line-
of-sight face and the on-board beacon of the adjacent SPHERES (see figure. 2). The relative metrology
system is a pseudo-GPS ranging system that uses ultrasonic time-of-flight measurements from the target on-
board beacon to the ultrasonic microphones distributed on the surface of each satellite. These time-of-flight
measurements are converted to ranges and are then used to derive position and attitude with respect to
the reference frame using a series of Extended Kalman Filters(EKF). A detailed description on the relative
metrology system will follow in section V. A Texas Instruments C6701 Digital Signal Processor provides the
computational power. The ability of the C6701 to provide up to 1.0 GFLOPS provides significant processing
power to prevent being the limiting factor in the performance of the system. A FLASH memory size of 224
KB allows software re-configuration of the full operating system, ensuring that multiple investigators are
supported while the system is in the ISS. The power system utilized onboard the ISS consists of packs of
AA alkaline batteries while NiMH rechargeable packs are used on the ground facility. The packs provide
each satellite with approximately two hours of operation; once a pack is consumed, it can be easily replaced.
Each SPHERES satellite uses two separate frequency communications channels operating at 57.6 kbps each.
One channel is used for satellite-to-satellite communications; the other channel enables satellite-to-laptop
communications. Both channels are bi-directional; however, the communication hardware is half-duplex,
meaning that only one unit can transmit at a time.

C. Modification for Tethered Formation

The tether package can be divided into three major components: the tether deployment and retraction
mechanism with tether tension sensors; latch plate using velcro; and momentum wheel package. Prior to
implementing the reaction wheels, torque generated by diagonal thrusters is employed in the experiments
presented in this paper. The reel in/out mechanism is used to control the tethers during extension and
contraction. It allows the tether to smoothly and orderly maintain a tension between satellites. The tether
from the deployment mechanism is connected to the latch plate on the other satellite. The momentum
wheel package, which consists of 3 wheels, will be located on the opposite side of the tether mechanism
to counter-balance the weight introduced by the tether mechanism. Note that both the tether deployment
mechanism and momentum wheel assembly are controlled through the satellite’s expansion port and are
designed to be modular where one design fits all three satellites. The relative metrology system provides
measure of the separation distance for feedback control. The completion of this work will result in a flight
rated tether mechanism ready for integration onboard the Shuttle or ISS. With this hardware, dynamics
and control work are then be studied and demonstrated on a 2-D flat floor facility prior to testing in a more
realistic 3-D environment, onboard the ISS.

III. Nonlinear Dynamics Modeling

A. Assumptions

For the sake of simplicity, the dynamics relevant only to the 2-D flat floor test is formulated here before the
full 3-D equations of motions accounting for out-of-plane motions are investigated. Figure 3 shows a single
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SPHERES revolving about the center of the fixed inertial axes X-Y. The rotating axes, x-y are chosen such
that the y direction always coincides with the direction of increasing θ while the x direction is aligned with
the tether. The SPHERES is also exhibiting a compound pendulum rotation with respect to A. The force
and torque exerted on the Center of Mass (CM) are drawn in black. T is the tension force of the tether, Fx

and Fy are the x-y directional forces due to thruster firing, and u is the torque exerted on the CM (point
B), e.g torque by RWA.

Figure 3. Free-body diagram of a revolving
tether problem

The following assumptions are made regarding the tether
wire. The tether is massless and inextensible, however it is
planned to account for the effect of the elasticity of the tether
in the near future. Additionally, the array is assumed to al-
ways rotate at a certain angular rate so the tether is taut and
straight at all times. A non-zero angular rotation is a realis-
tic assumption since tethered interferometers will attempt to
fill a full u-v coverage by rotation. However, it was observed
from the experiments that the assumption of tautness is no
longer valid when the satellites bounce off the tether by high-
impedance actuation. We plan to mitigate this effect by adding
some flexibility to the tether (e.g. spring). We also assume a
constant reel-in or reel-out speed l̇. The speed of the tether
motor can be easily pre-defined in the control code and does
not constitute the system states. The gravity term is omitted
on the assumption that a tethered formation array will operate
in the very weak gravity field such as the Lagrangian point L2.
Control-wise, any additional un-modeled gravity is regarded as
a low-frequency disturbance to the system.

B. Derivation of Nonlinear Equations

In order to reduce the complexity of trigonometric functions (sine and cosine), the velocity and acceleration
will be expressed in the small x-y rotating frame and the corresponding unit directional vectors are ex and
ey.

The velocity of B is characterized as

vB = [l̇ − r sinφ(θ̇ + φ̇)]ex + [r cos φ(θ̇ + φ̇) + lθ̇]ey (1)

The relationship between the absolute and relative acceleration is obtained by differentiating the relative
velocity equation to get

aB = aA + θ̈ez × rB/A + θ̇ez × (θ̇ez × rB/A) + 2θ̇ez × vB/A + aB/A (2)

Since the SPHERES is rotating in the x-y frame that is revolving around the center of the fixed inertial
X-Y frame, we are observing the coriolis term (2θ̇ez×vB/A) as well as the centrifugal force (θ̇ez×(θ̇ez×rB/A)).

Each term in Eq. (2) is calculated:

aA = (−lθ̇2 + l̈)ex + (lθ̈ + 2l̇θ̇)ey

θ̈ez × rB/A = −r sinφθ̈ex + r cos φθ̈ey

θ̇ez × (θ̇ez × rB/A) = −r cos φθ̇2ex − r sinφθ̇2ey

2θ̇ez × vB/A = −2r cos φθ̇φ̇ex − 2r sinφθ̇φ̇ey

aB/A = (−rφ̈ sinφ− rφ̇2 cos φ)ex + (rφ̈ cos φ− rφ̇2 sinφ)ey

(3)

Let’s assume for now the tether length is fixed. This means that aA = (−lθ̇2 + l̈)ex + (lθ̈ + 2l̇θ̇)ey is
reduced to aA = (−lθ̇2)ex + (lθ̈)ey Then, Eq.(2) becomes

aB = ex[−lθ̇2 − r sinφθ̈ − r cos φθ̇2 − 2r cos φθ̇φ̇− rφ̈ sinφ− rφ̇2 cos φ] +
ey[(l + r cos φ)θ̈ − r sinφθ̇2 − 2r sinφθ̇φ̇ + rφ̈ cos φ− rφ̇2 sinφ]

(4)
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The equations of the tethered system is derived using Eq. (4):

∑
Fex = −Fx − T = −F sinφ− T = max∑

Fey
= Fy = F cos φ = may∑

MG = −Tr sinφ + u = IG(θ̈ + φ̈) (5)

where MG is the moment around CM and IG denotes the moment of inertia around CM. ax and ay are the
x,y acceleration components of Eq. (4) respectively.

T can be eliminated and the following differential equation is obtained,

[M(φ)]

(
θ̈

φ̈

)
+
[
C(φ, θ̇, φ̇)

]
=

(
F cos φ

Fr + u

)
(6)

where [M(φ)] =

[
ml + mr cos φ mr cos φ

IG + mr2 + mrl cos φ IG + mr2

]
and

[
C(φ, θ̇, φ̇)

]
=

[
−2mr sinφθ̇φ̇−mr sinφθ̇2 −mr sinφφ̇2

mrl sinφθ̇2

]
=

[
−mr sinφ(θ̇ + φ̇)2

mrl sinφθ̇2

]
When the tether motor reels in or out at a constant speed (l̇ =constant), the force term in Eq. (6) is

characterized as: (
F

u

)
⇒

(
F − 2ml̇θ̇

u

)
(7)

The equations of the motion can be also derived by exploiting the technology developed for multi-link
robot kinematics or Lagrange’s equation. Those equations are simplified assuming the mass of the first link
is zero (therefore, the inertia of moment is zero as well). Then, the governing equation of motion becomes

[M(φ)]

(
θ̈

φ̈

)
+
[
C(φ, θ̇, φ̇)

]
=

(
τ1

τ2

)
(8)

where [M(φ)] =

[
IG + mr2 + ml2 + 2mrl cos φ IG + mr2 + mrl cos φ

IG + mr2 + mrl cos φ IG + mr2

]
and

[
C(φ, θ̇, φ̇)

]
=

[
−2mrl sinφθ̇φ̇−mrl sinφφ̇2

mrl sinφθ̇2

]
Compared to Eq.(6), Eq.(8) has more simpler form of C(φ, θ̇, φ̇) function and the inertia matrix, M is

now symmetric. The torque τ1 and τ1 are now applied to the joints O (origin of X-Y) and A (origin of x-y).
It is shown Eq.(6) and Eq.(8) are essentially the same equations since 1st row times l plus 2nd row of

Eq. (6) results in the first equation of Eq. (8).
So the external force(or torque) terms can be matched like the following:(

τ1

τ2

)
=

[
r + l cos φ 1

r 1

](
F

u

)
(9)

C. Linearization and Pendulum Mode Frequency

We linearize Eq. (8) about θ̇ = ω, and φ̇, φ = 0.
Each term can be linearized as the following: mrl sinφθ̇2 ≈ mrlω2φ,mrl sinφφ̇2 ≈ 0,mrl sinφθ̇φ̇ ≈

0, cos φ ≈ 1
The linearized equation of the motion is presented:[

IG + m(r + l)2 IG + mr(r + l)
IG + mr(r + l) IG + mr2

](
θ̈

φ̈

)
+

[
0 0
0 mrlω2

](
θ

φ

)
=

(
τ1

τ2

)
(10)
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Similarly, we can linearize Eq. (6) and transformation between the two system equations is easily per-
formed using Eq. (9).

It is observed that nonzero rotational rate, ω added a potential term to the dynamics even though there
is no gravitational force in the model. This nonzero artificial potential energy induced by the centrifugal
force of array rotation plays a crucial role in making the system controllable and stable. This is especially
true for underactuated systems with (F = 0).

A nice property about this linearized equation (10) is that we can decouple the equation of φ from that
of θ. The first equation is merely the dynamics of a rigid body mode of θ (rotation about the center of X-Y).

Since the inertia matrix is invertible, we multiply both sides of Eq. (10) by the inverse of M matrix and
use the linearized relationship of Eq. (9):(

θ̈

φ̈

)
+

 0 − rω2
(
IG+mr(r+l)

)
lIG

0
rω2
(
IG+m(r+l)2

)
lIG

( θ

φ

)
=

[
1

ml − r
IGl

− 1
ml

r+l
IGl

](
F

u

)
(11)

The second-order nonlinear equation of motion of φ from the second line of (11) becomes:

φ̈ + ωφ
2φ = − 1

ml
Fy +

r + l

IGl
u (12)

where ωφ is the frequency of the pendular libration mode:

ωφ =

√
r(IG + m(r + l)2)

lIG
ω[rad/s] (13)

The actual raw gyro data from a single tethered SPHERES exhibit a high frequency oscillation (the
pendulum mode) and the DC component (a rigid body mode of a certain rotational rate). The frequency
obtained by Eq. (13) correctly predicted the actual frequency obtained from the gyro data with a less than
5 percent error.

D. Controllability of LTI System

The Linear Time Invariant (LTI) system is presented from Eq. (11) as the following.

d

dt


θ

φ

θ̇

φ̇

 =


0 0 1 0
0 0 0 1

0
rω2
(
IG+mr(r+l)

)
lIG

0 0

0 − rω2
(
IG+m(r+l)2

)
lIG

0 0




θ

φ

θ̇

φ̇

+


0 0
0 0
1

ml − r
IGl

− 1
ml

r+l
IGl


(

F

u

)
(14)

where the first matrix of the righthand side is the 4× 4 system matrix A and the second is the 4× 2 input
matrix B. Note that θ is easily eliminated by removing the first column and the first of row of A matrix,
thereby reducing the dimension to three.

Let’s check if the system is really controllable around nominal points by calculating controllability matrix.

[
B AB A2B A3B

]
=


0 0 1

ml − r
IGl

0 0 − 1
ml

r+l
IGl

1
ml − r

IGl 0 0
− 1

ml
r+l
IGl 0 0

 (15)

Where the calculation of A2B and A3B is omitted since the first two matrices result in the full rank
(n = 4) and the rest of them are redundant (dependent). So the system is fully controllable with u (Control
torque on CM by RWA or coupled thruster firing) and F (linear thruster firing).

In fact, all the states (θ,φ,θ̇,φ̇) are controllable only by the torque generating actuator u (e.g. RWA).
The controllability matrix using the second column of B matrix in Eq. (14) becomes:
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[
B2 AB2 A2B2 A3B2

]
=


0 − r

IGl 0
r(r+l)ω2

(
IG+mr(r+l)

)
l2IG

2

0 r+l
IGl 0 − r(r+l)ω2

(
IG+m(r+l)2

)
l2IG

2

− r
IGl 0

r(r+l)ω2
(
IG+mr(r+l)

)
l2IG

2 0

r+l
IGl 0 − r(r+l)ω2

(
IG+m(r+l)2

)
l2IG

2 0


(16)

This is a full rank (n = 4) matrix for any nonzero ω and tether length, l. Its implication to the future
tethered systems is enormous: the tethered satellite systems will be able to spin up and re-size the array on
the plane of the array without the use of propellant consumable when operating at nominal points (slowly
varying rotational rate with small pendulum mode). This linear controller implemented in this paper takes
advantage of this observation. The restricting condition is that the system is only controllable around the
nominal states.

Figure 4. poles of φ with -0.5m/s < l̇ < 0.5m/s, l=1m, ω = 0.3rad/s

E. Effect of Varying Tether Length

In the previous sections, the length of the tether is assumed to be invariant (l̇ = 0). The dynamics of varying
tether length with a constant motor reel-in/out speed (l̇ =constant), is investigated in this section.

Using Eq. (7), we modify the linearized equation (11) as the following:

(
θ̈

φ̈

)
+

[
2 l̇

l 0
−2 l̇

l 0

](
θ̇

φ̇

)
+

 0 − rω2
(
IG+mr(r+l)

)
lIG

0
rω2
(
IG+m(r+l)2

)
lIG

( θ

φ

)
=

[
1

ml − r
IGl

− 1
ml

r+l
IGl

](
F

u

)
(17)

Similarly, the LTI equation (14) is modified into:

d

dt


θ

φ

θ̇

φ̇

 =


0 0 1 0
0 0 0 1

0
rω2
(
IG+mr(r+l)

)
lIG

−2 l̇
l 0

0 − rω2
(
IG+m(r+l)2

)
lIG

2 l̇
l 0




θ

φ

θ̇

φ̇

+


0 0
0 0
1

ml − r
IGl

− 1
ml

r+l
IGl


(

F

u

)
(18)

The nonlinear equations can be easily modified in the same fashion.
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Instead of showing an analytic solutions of the eigenvalues of Eq. (18), a real-imaginary axes plot is
presented as shown in figure 4. It is noted that the system is stable when the motor reels out. In other
words, a positive reel-out speed resulted in damping of both θ̇ and pendulum motion of φ. However, we will
see UNSTABLE motion of states for a negative reel-in speed. In a nutshell, we need a stabilizing controller
for the system with decreasing tether length.

IV. Multiple Vehicle Dynamics and Decentralization

A. Contraction Theory

1. Brief Review of Contraction Theory

Contraction theory developed by Slotine20–22 is a simple but unified method to analyze the nonlinear stability
of distributed computation and control. Motivated by the biological central nervous system, contraction
theory provides a systematic method to build arbitrarily complex systems (tethered formation array) out
of simpler elements (a single tethered spacecraft). Combination methods like parallel combination and
synchronizing coupling based upon partial contraction theory are explored to simplify the nonlinear dynamics
of multiple tethered spacecraft. A brief review of the results from Ref20–22 is presented in this section.

A nonlinear system, possibly a time varying non-autonomous system is formulated as:

ẋ = f(x,u(x, t), t) (19)

Theorem 1 For the system in Eq. (19), if there exists a uniformly positive definite metric

M(x, t) = Θ(x, t)T Θ(x, t) (20)

where Θ is some smooth coordinate transformation of the virtual displacement, δz = Θδx
such that the associated generalized Jacobian,

F =
(

Θ̇ + Θ
∂f
∂x

)
Θ−1 (21)

is uniformly negative definite, all system trajectories then converge exponentially to a single trajectory
regardless of the initial conditions, with convergence rate of the largest eigenvalues of the symmetric part of F.
Then, the system is said to be contracting. Note that for time invariant systems of the form, ẋ = f(x, u(x)),
the trajectory converges to an equilibrium point exponentially. This indicates that stability of nonlinear
systems can be analyzed more simply by checking the negative definiteness of a proper matrix, rather than
finding some implicit motion integral as in Lyapunov theory. Note that contraction theory is a generalization
of the classical Kravsovskii theorem.19

2. Contraction of Synchronized System

The following theorems are used to derive stability of the coupled dynamical systems.

Theorem 2: Parallel Combination21,22 Consider two systems of the same dimension, contraction in
the same metric,

ẋ = fi(x,u(x, t), t) i = 1,2 (22)

Assume further that the metric depends only on the state x and not explicitly on time. Then, any
uniformly positive superposition (where ∃α > 0, ∀t ≥ 0, ∃i, αi(t) ≥ α)

ẋ = α1(t)f1(x,u(x, t), t) + α2(t)f2(x,u(x, t), t) (23)

is contracting in the same metric. By recursion, this property of parallel combination can be extended
to any number of systems.

Theorem 3: Synchronization22 Consider two coupled systems. If the dynamics equations verify

ẋ1 − f(x1, t) = ẋ2 − f(x2, t) (24)
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where the function f(x, t) is contracting, then x1 and x2 will converge to each other exponentially,
regardless of the initial conditions.

The theorem is derived by Partial Contraction theory. The proof is given in Ref.22

B. Two Spacecraft Dynamics

Figure 5. Free-body diagram of tethered two SPHERES. Synchronized φ (Left), Anti-Synchronized (Right)

The dynamics of two tethered satellites shown in figure 5 is derived using Lagrangian equations. As
shown in the figure, the absolute position of the origin of the X-Y axes might freely translate on the 2-D
plane but we will focus on the relative dynamics. Note that the positive direction of both φ angles is always
clockwise. The assumption of all identical spacecraft in size, mass and inertia property with torque controls
only, allows us to develop the following equation of the motion:

[M2(φ1, φ2)]

 θ̈

φ̈1

φ̈2

+
[
C2(φ1, φ2, θ̇, φ̇1, φ̇2)

]
=

 u1 + u2

u1

u2

 (25)

where [M2] =

 2IG + 2mr2 + 2ml2 + 2mrl cos φ1 + 2mrl cos φ2 IG + mr2 + mrl cos φ1 IG + mr2 + mrl cos φ2

IG + mr2 + mrl cos φ1 IG + mr2 0
IG + mr2 + mrl cos φ2 0 IG + mr2


and[
C2(φ1, φ2, θ̇, φ̇1, φ̇2)

]
=

 −2mrlθ̇(sinφ1φ̇1 + sinφ2φ̇2)−mrl sinφ1φ̇1
2
−mrl sinφ2φ̇2

2

mrl sinφ1θ̇
2

mrl sinφ2θ̇
2


The tether length is now 2l. The array angular rate θ̇ is assumed to be the same for both satellites. This

is especially true when the tether is in tension. Furthermore, the mass and inertia properties are assumed
to be roughly the same. It can be inferred by inspecting Eq. (25) that the first line of the equation is the
only coupled equation, which is the sum of two independent single tethered system of the form in Eq. (8):

[M1(φ1)]

(
θ̈

φ̈1

)
+
[
C1(φ1, θ̇, φ̇1)

]
=

(
u1

u1

)
(26)

[M1(φ2)]

(
θ̈

φ̈2

)
+
[
C1(φ2, θ̇, φ̇2)

]
=

(
u2

u2

)
(27)
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where [M1(φ)] =

[
IG + mr2 + ml2 + 2mrl cos φ IG + mr2 + mrl cos φ

IG + mr2 + mrl cos φ IG + mr2

]
and

[
C1(φ, θ̇, φ̇)

]
=

[
−2mrl sinφθ̇φ̇−mrl sinφφ̇2

mrl sinφθ̇2

]
It is easily verified that Eq. (25) gets reduced to Eqs. (26-27) if φ1 and φ2 can somehow be synchronized.

In other words, we can decouple the dynamics of the first SPHERES from the other resulting in the same
equation as Eq. (8) when the controller u1 and u2 make φ1 and φ2 converge towards each other exponentially
fast. This important finding leads to the following theorem.

Theorem 4: Decentralized Control Law suppose that for two tethered spacecraft, some control function
u is decentralized in a sense that it does not require state information from the other satellite. It may be
written as:

u1 = u(φ1, θ̇, φ̇1) and u2 = u(φ2, θ̇, φ̇2) where u is the same control function (28)

If u1 and u2, strictly stabilizing two single tethered systems in Eq. (26) and (27) respectively, also make the
combined system in Eq. (25) strictly stable, then a decentralized control law, ui = u(φi, θ̇, φ̇i), i=1,2 can
be designed from a single tethered system in Eqs. (26-27) in lieu of the two body dynamics in Eq. (25). In
addition, this control law u makes φ1 and φ2 converge to each other.

This will significantly simplify both control algorithm and satellite hardware with less complication in terms
of dimensionality and no communication burden. Basically, the fixed center of the rotation for a single
tethered system will be replaced with the center of the tether of the two SPHERES (see figure 5). The
subsequent sections will prove the existence of such controller as in Theorem 4 in two ways: by normalizing
transformation (Section C) and by contraction theory (Section D).

C. Stability of Decentralized Control Law

Two spacecraft equation (25) can also be linearized about θ̇ = ω, and φ̇, φ = 0:

 2IG + 2m(r + l)2 IG + mr(r + l) IG + mr(r + l)
IG + mr2 + mrl IG + mr2 0
IG + mr2 + mrl 0 IG + mr2


 θ̈

φ̈1

φ̈2

+

 0 0 0
0 mrlω2 0
0 0 mrlω2


 θ

φ1

φ2

 =

 u1 + u2

u1

u2


(29)

The natural frequencies of this LTI system are computed as ωθ

ωφ

ωo

 =


0√

r(IG+m(r+l)2)
lIG

ω√
mrl

IG+mr2 ω

 (30)

where ωφ is the same pendulum mode frequency from the single spacecraft case as Eq. (13), and ωθ = 0
is the same rigid body mode of θ and θ̇ whereas ωo is the natural frequency of anti-synchronization mode
depicted in figure 5. It can be shown that ωo is always smaller than ωφ.

We can diagonalize the system in Eq. (29) using normalized eigenvectors. Then, with a linear controller
of the form:

ui = K1φi + K2θ̇ + K3φ̇i i=1,2 (31)

Eq. (29) becomes
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[V ]T [M ] [V ]

 z̈1

z̈2

z̈3

+[V ]T [K] [V ] = [V ]T

 0 K1 K1

0 K1 0
0 0 K1

 [V ]

 z1

z2

z3

+[V ]T

 2K2 K3 K3

K2 K3 0
K2 0 K3

 [V ]

 ż1

ż2

ż3


(32)

where constant matrices [M ] and [K] are from Eq. (29), and
[V ] denotes a matrix of normalized eigenvectors sorted in the same order as Eq. (30):

[V ] =


1√

2IG+2m(r+l)2
− IG+m(r+l)
√

2IGl2m
√

IG+m(r+l)2
0

0
√

IG+m(r+l)2√
2IGl2m

− 1√
2IG+2mr2

0
√

IG+m(r+l)2√
2IGl2m

1√
2IG+2mr2

 (33)

Since [V ]T [M ] [V ] = I3×3 and [V ]T [K] [V ] = diag(0, ωφ
2, ωo

2), Eq. (32) becomes:

z̈1 = q1ż1 + q2ż2 + p1z2

z̈2 + ωφ
2z2 = q3ż1 + q4ż2 + p2z2

z̈3 − K3
IG+mr2 ż3 + (ωo

2 − K1
IG+mr2 )z3 = 0

(34)

where q1 = K2
IG+m(r+l)2 , q2 = IG(−K2+K3)+m(r+l)(−rK2+K3(r+l))√

IGl2m(IG+m(r+l)2)
, q3 = ml(r+l)√

IGl2m
q1, q4 = (r + l)

√
m
IG

q2,

p1 = K1√
IGl2m

, and p2 = K1(r+l)
IGl

By inspecting the eigenvectors in Eq. (33), it is clear that z1 represents θ and z2 is the dynamics of the
synchronized pendulum mode (φ1 +φ2) in figure 5 with the same natural frequency ωφ as the single tethered
case. The additional mode is the pendulum mode of anti-synchrony, which is z3 ∝ φ1 − φ2.

Likewise, if we diagonalize the linearized single spacecraft system in Eq.(10), the same normalized equa-
tions of motions for z1 and z2 in Eq. (34) are produced. Thus, the stabilizing controller ui will stabilize θ
and the synchronized pendulum mode z2. Now proving Theorem 4 comes down to finding the conditions
in which anti-synchronized mode z3 is stabilized.

Using contraction theory in section A, we can find the stability condition of K1 and K3 using the following
transformation for x = z3: (

ẋ

ẏ

)
=

[
a ωo

−ωo b

](
x

y

)
(35)

where a + b = K3
IG+mr2 and ab = − K1

IG+mr2

The generalized Jacobian from Eq. (21), F =

[
a ωo

−ωo b

]
is negative definite if and only if a < 0,

b < 0, which in turn corresponds to K3 < 0 and K1 < 0.
Similarly, we can find the stability condition of z1 and z2 , which is characterized like the following,

Theorem 5 The following conditions should be satisfied to stabilize a single tethered system with a decen-
tralized linear control law in Eq. (31),

rK2 > (r + l)K3, K1 < 0, K2 < 0 (36)

It is straightforward to show that any controller satisfying Theorem 5 will stabilize the mode z3, thereby
stabilizing the coupled two-body system in Eq. (29). This proves Theorem 4.

This result is graphically illustrated in figure 6. Since (r + l)/r = (0.125m + 1m)/0.125m = 9, the
system is strictly stable until K2 reaches 9K3 = 1.8 as shown in the left figure. And it is shown that the
anti-synchronizing mode (z3) is independent of K2. Moreover, the poles of the controlled single tethered
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Figure 6. Poles of two tethered spacecraft and single spacecraft with linear control

system are the poles of z1 and z2 in Eq. (34) as shown in the figure.

Theorem 6 When the tether motors reel in or out, l̇ is a nonzero term. It can be shown that l̇ does
not affect the anti-synchronizing mode z3, therefore the controller stabilizing a single tethered system with
the tether length varying at a constant speed (section III-E) can be used. i.e. Theorem 4 also holds for
nonzero tether speed, l̇ as long as l̇ is the same for both satellites.

D. Stability by Contraction Theory

Stability of anti-synchronizing pendulum mode z3 in Eq. (34) can be verified more easily using contraction
theory, specifically Theorem 2 and 3 . From 2nd and 3rd row of Eq. (29),

(IG + mr2 + mrl)θ̈ + (IG + mr2)φ̈1 + mrlω2φ1 = K1φ1 + K3φ̇1 + K2θ̇

(IG + mr2 + mrl)θ̈ + (IG + mr2)φ̈2 + mrlω2φ2 = K1φ2 + K3φ̇2 + K2θ̇
(37)

Subtracting the 1st line from the 2nd in Eq. (37) results in:

(IG + mr2)φ̈1 + mrlω2φ1 −K1φ1 −K3φ̇1 = (IG + mr2)φ̈2 + mrlω2φ2 −K1φ2 −K3φ̇2 (38)

From Theorem 3, if the z3 dynamics in Eq. (34) is exponentially stable, then φ1 converges to φ2

exponentially fast. Then, the stability of the original systems depends on the stability of the single tethered
system. Futhermore, (IG + mr2 + mrl)θ̈ can be regarded as an auxiliary input of the partially contracting
dynamics of z3. Therefore, a stable closed-loop single tethered dynamics stabilizes z3 dynamics.

More rigorously, Theorem 4 can be proven by parallel combination of contracting systems (Theorem
2).

Multiplying Eq. (29) with the inverse matrix of M2 results in: θ̈

φ̈1

φ̈2

 =

 c c

−k1 −k2

−k2 −k1

( φ1

φ2

)
+

 −b −b

b1 b2

b2 b1

( u1

u2

)
(39)
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where

c =
r(IG + mr(l + r))ω2

2IGl
(40)

k1 =
r
(
I2
G + 2m

(
l2 + rl + r2

)
IG + m2r2(l + r)2

)
ω2

2IGl (mr2 + IG)
(41)

k2 =
r(IG + mr(l + r))2ω2

2IGl (mr2 + IG)
(42)

b =
r

2IGl
, b1 =

1
2

(
l + r

IGl
+

1
mr2 + IG

)
, and b2 =

r(IG + mr(l + r))
2IGl (mr2 + IG)

(43)

It can be easily verified that k1 + k2 = ωφ
2 and k1 − k2 = ωo

2.
The LTI equation of a single tethered system in Eq. (14) can be written as(

θ̈

φ̈i

)
=

[
2c

−ωφ
2

]
φi +

[
−2b
r+l
IGl

]
ui =

(
fθ,i

fφ,i

)
, i = 1, 2 (44)

Using the equation above, Eq. (39) can be re-written as: θ̈

φ̈1

φ̈2

 =


1
2 (fθ,1 + fθ,2)[

k1 k2

k2 k1

](
fφ,1/ωφ

2

fφ,2/ωφ
2

)  (45)

Since k1 − k2 > 0 and k1 + k2 > 0 for nonzero array angular speed ω, the matrix

[
k1 k2

k2 k1

]
is always

positive definite. In conclusion, this is truly uniformly positive superposition of two contracting systems as
in Theorem 2. Accordingly, a tethered two spacecraft system is contracting as long as it is composed of
two single tethered system with contracting fθ,i and fφ,i, i = 1, 2. This is another proof of Theorem 4,
which is a lot simpler than the proof in the previous section.

E. Three Spacecraft Dynamics

Two configurations for three tethered spacecraft are being considered for the SPECS mission as shown in
figure 7. The performance of two configurations are yet to be compared in the near future. Motivated by
successful decoupling for the two spacecraft case, three imaginary pseudo-tethers connecting each satellite to
the Center of Mass (CM) of the array are assumed to be present replacing the three actual tether lines (see
the dashed lines in figure 7). When the tethers are taut and straight in a rotating array, a small φ (angle
of pendulum mode) is approximated as a perturbed angle that the SPHERES makes with respect to the
corresponding pseudo-tether. Then, the formulation of the dynamics of each SPHERES results in the single
tether case Eq. (6) and (8). The length of the pseudo-tether is the actual tether length divided by

√
3. This

pseudo-tether technique is yet to be compared with the actual dynamics obtained by Lagrange’s equation.
However, the controller based on this technique performed well in the experiments at the MSFC floor in
December 2004. Similarly, the dynamics of the inline configuration can be decoupled into two independent
dynamics of a slightly modified version of the single tethered system and rotational dynamics of the center
bus. Nonlinear decentralized controller using tether tension measurements are currently under development
for three inline configuration.

V. Sensor Suite and Estimation

A. Current Measurement System

Any control algorithms require that all the states in the dynamics of the previous sections, are strictly
available for feedback. The role of the relative estimator is to provide autonomous state estimates (tether
length, and all the states including the bearing angle φ) independently of adjacent satellites. It is desirable
to maintain the independency to avoid any possible communication delays between satellites. Estimation of
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Figure 7. Two possible configurations for three tethered satellites for SPECS

relative attitude is realized by the dynamics in section III, and state estimation of multiple vehicles can be
simplified into that of the single tethered spacecraft case as proved in IV. In this section, a description on
the relative metrology sensor suite and estimator design to estimate the system states (φ,θ̇,φ̇) is elaborated.

Figure 8. Pendulum angle determination using relative metrology system

Each SPHERES satellite is equipped with a beacon located on its docking face. An additional on-board
beacon is also mounted on the expansion port face where the tether mechanism package is attached (See
figure 2). The ultrasound system measures x,y,z, coordinate values of the beacon attached to the second
SPHERES with respect to the local frame of the first SPHERES. Then, the bearing angle φ and the range
l are easily derived from the x,y,z values using the geometry.

This U/S ranging system estimates the x, y, z coordinates of the incoming beacon in the body frame of the
SPHERES as depicted in figure 9. The measurement process is similar to using the time gap between seeing
the lightening and hearing the thunder clap to calculate how far you are away from a thunderstorm. The
method by which the on-board beacons are used to compute relative position and attitude is as following.
When the leader SPHERES requests a next state update, it emits an infrared ping which is received by all
the surrounding SPHERES and the external on-board beacons. This is a time-synchronization process. All
the SPHERES then start to listen for an U/S ping through their 24 U/S receivers located all around them.
The beacons emit an US ping one after the other (20 milliseconds apart) to avoid the interference. The pings
are then received by each SPHERES and an array of time-of-flight data is sent to the computer. Since the
range measurement is nonlinear, an extended Kalman filter is employed to estimate the range in terms of
x,y,z, coordinate values.

Once the pseudo-GPS system estimates x,y,z coordinates of the target beacon, the tether length l and
the bearing pendulum mode angle φ are computed from the geometry shown in figure 9:

l =
√

(x− r)2 + y2 + z2 (46)

φ = arcsin (y/l) (47)

The tether length is used in realtime for the tether-motor control whereas the direct φ measurement is
used as complementary filtering with the high-frequency gyro measurement (see figure 8).
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Figure 9. Pendulum angle determination using relative metrology system

The complementary extended Kalman filtering makes use of the nonlinear equation developed in section
III in order to estimate φ, θ̇, and φ̇. It can be formulated as follows:

Propagation

d

dt

 φ̂
ˆ̇
θ
ˆ̇
φ

 =

− 1

l(IG + mr2(sin φ̂)2)


−l(IG + mr2(sin φ̂)2) ˆ̇

φ

−r sin φ̂[(IG + mr2)(ˆ̇θ + ˆ̇
φ)2 + mrl

ˆ̇
θ
2

cos φ̂]

r sin φ̂[(IG + mr2)(ˆ̇θ + ˆ̇
φ)2 + mrl

ˆ̇
θ
2

cos φ̂ + ml2
˙̂
θ
2

+ mrl( ˙̂
θ + ˙̂

φ)2 cos φ̂]


+

1

l(IG + mr2(sin φ̂)2)

 0
−r cos φ̂

l + r cos φ̂

u

(48)

Ṗ = A(x̂)P + PA(x̂)′ + Q (49)

where A is a linearized matrix from Eq. (14):


0 0 1

r
ˆ̇
θ
2(

IG+mr(r+l)
)

lIG
0 0

− r
ˆ̇
θ
2(

IG+m(r+l)2
)

lIG
0 0

.

P is the error covariance matrix and Q is the covariance matrix of the process noise.

Measurement Update

ˆxk(+) = ˆxk(−) + Lk(yk − Cxk(−)) (50)

Lk = Pk(−)C ′[CPk(−)C ′ + Rk]−1; (51)

Pk(+) = (I − LkC)Pk(−)(I − LkC)′ + LRkL′ (52)

where the measurement vector yk =

[
gyro measurement
φ from U/S beacon

]
and C =

[
0 1 1
1 0 0

]
. Lk denotes the

optimal Kalman gain and Rk is the discrete covariance matrix of the sensor noise.
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It is noted that the Joseph form of the covariance measurement update is used to maintain the symmetric
property.

B. New Bearing Angle Measurement Mechanism

The current U/S φ angle measurement system theoretically has a three millimeter resolution in range. A
real-world test gives a one centimeter resolution. This will results in mere a few degree resolution in bearing
angle for 20 cm tether length. In addition, undesirable high-spikes are sometimes present affecting the
performance of the system. Those high-spikes are suspected to be generated from the environmental noise
and the reflectivity of the surface.

The usage of ultrasound wave also gives rise to fatal limitations as applied to the tethered system: It
does not work well in close proximity due to the cone angle (+/- 30 degrees) of U/S beacon. It turned out
from the experiment that measurements within 15 cm are very poor. And this minimum working distance
dramatically decreases with large bearing angles. Moreover, it does not correctly measure large angles
(e.g. more than 90 degrees) since the U/S system always needs to maintain clear line-of-sight between the
receiver face and the beacon face. This is very problematic since we are trying to control the formation with
reaction wheels only (no thrusters). This is inherently underactuated system actuating the whole system
only using the reaction wheels (see Eq. 16), and may involve large pendulum mode angle (φ) at transient
stages. Moreover, this problem is more pronounced for large initial angles with triangular configurations (see
figure 2). The face of U/S receives make 60 degrees with the beacon face even with zero φ angles , thereby
reducing the reliability of the system.

It also has a limitation in the bandwidth. To avoid confusion, each SPHERES needs to identify each
beacon number separated by some time gap (20 ms). For three SPHERES, we need three relative beacons.
We can run this U/S metrology system up to 10 Hz. This is also limited by the computation load imposed
on the DSP by complex extended Kalman filter algorithms. Also note neither tether tension nor slackness
can be measured by the current system.

New bearing angle measurement system using force-torque (F/T) sensor outputs is under development
and proven to resolve all the issues identified in this section. A brief summary of the current design is
presented in this paper.

Figure 10. Schematic of tether mechanism with F/T sensor (left) and CAD drawing (right)

As shown in Figure 10, the tether coming from the motor spool will make 90 degrees with the tether end
that goes towards the other SPHERES. Forces are exerted on the F/T sensor through a frictionless roller or
ring which can pass the incidence forces to the load cell appropriately.

From the force free diagram of this setup (Figure 11), we can determine the tension and bearing angle
using the following equations:
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Figure 11. Force free diagram

Σx : T − Fy = T cos φz sinφ (x forces) (53)
Σy : Fx = T cos φz cos φ (y forces) (54)

Σz : Fz = T sinφz (z forces) (55)
(56)
(57)

Then using the trigonometric relationship sinφ2 + cos φ2 = 1 and the previous equations, we can solve
for T , φ (planar pendulum mode angle) and φz (vertical angle) as the following:

T =
Fx

2 + Fy
2 + Fz

2

2Fy
(58)

φ = tan−1 Fx
2 + Fz

2 − Fy
2

2FxFy
(59)

φz = sin−1 2FyFz

Fx
2 + Fz

2 − Fy
2 (60)

(61)

where T is tension of the tether which remains the same throughout the length for inextensible, massless
tether. Fx,Fy and Fz denote force measurements of load cell in the x,y directions respectively.

Raw force-torque outputs from the load cell are transferred thru a serious of filters and signal conditioners
to the DSP of the SPHERES. In essence, the analog low pass filter avoids the anti-aliasing of high frequency
noise while the digital low pass filter rejects the high-frequency noises or vibrations beyond the frequency
region of interest. The sensitivity matrix converts the raw voltage 6 channel outputs to the proper load units
(in N and Nm). The off-axis components in the sensitivity matrix indicate the coupling of the strain-gauges.

VI. Linear Control and Experimental Results

Section VI and VII include experiment results obtained at the NASA Marshall Space Flight Center,
December 2004. The measurement system for these experiments is the ultrasound metrology with gyro as
illustrated in section V-A. More experiments will be conducted in 2005 with new hardware. Now we can
easily construct a linear controller with the single tethered LTI system given by Eq. (14) using torque input
u only. We intentionally eliminate the state θ from Eq. (14) since it is merely a rigid body mode. So all the
states are available by the estimator in the previous section. We can design a Linear Quadratic Regulator
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Figure 12. LQR gains for three states scheduled over various θ̇

(LQR) controller, which minimizes the following cost function,

J =
∫ ∞

0

[
xT Qx + uT Ru

]
dt (62)

The LQR controller specifically addresses the issue of achieving a balance between good system response
and the control effort required. Since the A matrix is a function of θ̇ and the tether length l, the optimal
LQR gains are calculated over various angular rate and tether length. Since we are going to increase the
tether length after achieving a certain angular rate, a gain-scheduled LQR gain is a continuous function of θ̇
over discrete tether length as depicted in figure 12. Some of the curve-fitted functions resulted in a nonlinear
quadratic function of θ̇.

Figure 13. Gain-scheduled LQR controller in a singled-tethered system

This gain-scheduled LQR controller has been successfully implemented in the SPHERES testbed. Fig-
ure 13 shows the states background telemetry information directly recorded via the communication link from
one of the satellites. The green line indicates the array angular rate(θ̇);blue is φ;red is φ̇;light blue is gyro
data. The second row of the figure represents the actuator output (the torque has a saturation limit at
0.012 Nm). The LQR controller tried to spin up two tethered satellites into 0.3 rad/s from some arbitrary
maneuvers. This control utilized only torque actuators to regulate the spin-up rate and to minimize the
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compound pendulum mode with the fixed tether length. The satellite encountered a sticky spot on the
flat floor around 60-70 second interval, but shows a robust response back to the target angular rate. The
constant torque actuation at the steady state indicates an existence of the surface friction which was not
considered for linear modeling.

VII. Nonlinear Control and Experimental Results

Even though the gain-scheduled LQR controller performed well for a regulation problem, The linear
control performance can be problematic for a tracking purpose. In addition, the transient response until
the states reach the steady-state is unsatisfactory - quite a large φ angle is observed in figure 13. More
smooth transient responses are desired. Furthermore, we can explore the effects of un-modeled dynamics
like friction more easily in a nonlinear setup. Therefore, a nonlinear controller fully accounting for the
nonlinear dynamics has been developed and implemented in the SPHERES testbed.

A. Feedback Linearization For Fully Actuated Systems

A nonlinear control approach based on Input-State Feedback Linearization19 can be employed when the
system is fully actuated (i.e both thruster force F and torque u are available as control input)

A slightly modified form of the nonlinear equation (8) is presented:

[M(q)] (q̈) + [C(q, q̇)] (q̇) + [K] (q̇) = [F ] (63)

where [M ] =

[
IG + mr2 + ml2 + 2mrl cos φ IG + mr2 + mrl cos φ

IG + mr2 + mrl cos φ IG + mr2

]
,

[C(q, q̇)] =

[
−mrl sinφφ̇ −mrl sinφ(θ̇ + φ̇)
+mrl sinφθ̇ 0

]
,

[K] =

[
k1 0
0 k2

]
is the friction coefficient. and

(q) =

(
θ

φ

)
F = [M(q)] v + [C(q, q̇)] q̇ + [K] (q̇) (64)

where v is the new control input.

v = q̈d − 2λ ˙̃q − λ2q̃ (65)

where q̃ = q − qd. and λ > 0.
If a target angular rate is ω and the objective of the control is to spin up the interferometric array to

ω while minimizing the pendulum mode, a desired trajectory is defined as follows: θ̇d = ω(1 − e−τt) + θ̇0,
θ̈d = ωτe−τt, φ̈d = 0, φ̇d = 0, φd = 0.

Then, Eq. (65) is re-formulated as:

v =

(
ωte−τt − λ(θ̇ − ω(1− e−τt)− θ̇0)

−2λφ̇− λ2φ

)
(66)

Note that an elimination of the rigid body mode θ resulted in a first-order differential equation as opposed
to the second order for φ.

This will lead to the exponentially stable closed-loop dynamics like the following:

¨̃q + 2λ ˙̃q + λ2 ˙̃q = 0 (67)

Figure 14 shows the experimental data with this nonlinear controller collected from the first SPHERES
of a two-body formation whereas figure 15 shows the second SPHERES tethered with the first one (The
communication link for the second SPHERES somehow failed at 91 second). The third row of the figures
represents the tether length measured directly using the ultrasound pseudo-GPS metrology system. It is
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Figure 14. nonlinear controller with varying tether length in two tethered satellites, Sat1
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Figure 15. nonlinear controller with varying tether length in two tethered satellites, Sat2
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observed that the pendulum mode (φ, φ̇) gets excited when the tether reels in as predicted in III-E. Note
that the effect of varying the tether length, or the speed, l̇ was not considered in the nonlinear model.
So better performance is achievable by taking into account the motor speed l̇. In addition, compared to
the linear controller, a more smooth transient response is accomplished. The steady state error appears
somewhat larger than that of the linear control results in the previous section. This is because 1 Hz of
control sampling rate was selected for the control while 10 Hz was used for the linear controller. It is a
call for the designer to make to balance between reduction of steady state errors by increasing the control
bandwidth, and smoothing of the high frequency disturbances by lowering the bandwidth. The experiments
suggest that a lower control bandwidth like 1 Hz or 2 Hz perform well at the expense of the modest increase
in steady state errors.

B. Friction Modeling

As mentioned in the previous sections, the surface friction between the flat floor surface and the air-carriage
pucks is playing a significant role (see constant F actuation at the steady state in figure 13). Since the
nonlinear controller is based upon a precise model, investigation on the friction is indispensable to achieve
satisfactory performance of the control.

Instead of the Coulomb surface friction model, a friction term proportional to the velocity is used as
shown in Eq. (63). This is a reasonable assumption because there is gas flowing between the air-bearing
pucks and the flat surface. The friction model was proven by comparing the Matlab-Simulink model using
the nonlinear dynamics derived previously with the actual experiment data.

During the test sessions at the NASA MSFC, December 2004, lack of friction model was identified as the
main problem of the initial poor performance of the nonlinear controller. After adding this friction model,
the performance became satisfactory.

C. Partial Feedback Linearization for Underactuated Systems

The previous experiment results are based upon Full State Feedback Linearization when F is available. In
contrast with LTI systems in which underactuated controller can be implemented easily, it is difficult to
meet the goal of designing a nonlinear controller for nonlinear underactuated systems. This is because an
underactuated nonlinear system like single tethered spacecraft with torque actuators only (F = 0, u 6= 0)
is NOT Full State Feedback Linearizable. Underactuated mechanical systems are characterized by fewer
actuators than degree of freedom. Common 2 DOF examples include pendubot and acrobot where input is
available only to one variable. From Eq. (8), this single tethered system is underactuated via input coupling.
The preliminary result of developing nonlinear underactuated controllers is presented.

Partial feedback linearization23,24 technique is applied to Eq. (6),

m11θ̈ + m12φ̈ + h1 = 0 (68)
m21θ̈ + m22φ̈ + h2 = u (69)

where m11 = ml + mr cos φ, m12 = mr cos φ, m21 = IG + mr2 + mrl cos φ, m22 = IG + mr2,
h1 = −mr sinφ(θ̇ + φ̇)2, and h2 = mrl sinφθ̇2

Note the first equation of the system is a second order nonholonomic constraint. This system is feedback
linearized partially for φ like the following procedures,

θ̈ = −m11
−1m12φ̈−m11

−1h1

φ̈ = v

u = α(φ)v + β(φ, θ̇, φ̇)
α(φ) = m22 −m21m11

−1m12

β(φ, θ̇, φ̇) = h2 −m21m11
−1h1

(70)

where v is now a new control input to φ dynamics.
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Then, we can design a controller v to asymptotically stabilize φ dynamics. To investigate the trajectory
of θ under this control input, θ dynamics in Eq. (70) is expanded to:

θ̈ = −m11
−1m12φ̈−m11

−1h1

= −m11
−1(m12v + h1)

= −m11
−1
(
(mr cos φ)v −mr sinφ(θ̇ + φ̇)2

)
= −m11

−1mr cos φ
(
v − tanφ(θ̇ + φ̇)2

) (71)

Since m11 is a function of φ only, the righthand side of Eq. (71) is bounded as long as:

l > r, |φ| < π/2, and φ, φ̇ → 0
v = tan φ(θ̇ + φ̇)2 + vnew

(72)

The following nonlinear controller is proposed for single tethered underactuated systems.

v = tan φ(θ̇ + φ̇)2 −Kφφ−Dφφ̇ + Dθ(θ̇ref − θ̇)
u = α(φ)v + β(φ, θ̇, φ̇)

(73)

where K, D and Dθ are real positive numbers.
The performance of such controller for a single tethered SPHERES rotating initially at 0.3 rad/s with 1

m tether length is simulated (see figure 16). This controller is superior to a linear underactuated controller
in section VI in terms of smoothness of transient response while fully accounting for nonlinear dynamics of
the system. This sort of controllers using partial linearization technique have yet to be implemented in the
SPHERES testbed in the near future.

Figure 16. Performance of underactuated controller l=1m, θ̇0=0.3 and target θ̇=0.35 rad/s
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VIII. Conclusion

The objective of the tethered SPHERES project is to demonstrate the feasibility of controlling array
formation without thrusters for the future space interferometer missions. Another goal is to develop so-
phisticated decentralized control and estimation algorithms for the tethered system eliminating the need for
satellite communications. The decentralized scheme is realized by the decoupling technique and contraction
theory. It is proven that a decentralized control law can be designed from the single tethered system in lieu
of the two spacecraft dynamics reducing the computation and communication burdens. The controllability
analysis indicates that both array resizing and spin-up are fully controllable only by the reaction wheels
and the tether motor, thereby eliminating the need for thrusters. Linear and nonlinear decentralized control
techniques have been implemented into the tethered SPHERES testbed, and tested at the NASA MSFC’s
flat floor facility using two and three SPHERES configurations. The performance of the LQR controller
gain-scheduled over the operating angular rate using only reaction wheels was sometimes unsatisfactory
resulting in a large pendulum mode angle. The nonlinear control using feedback linearization technique
performed successfully in both two SPHERES in-line configuration and three triangular configuration while
varying the tether length. The relative sensing system, using the ultrasound ranging system and the inertial
sensors as well as the decentralized nonlinear estimator, is developed to provide necessary state informa-
tion. We are currently updating the testbed with RWA and more sophisticated bearing angle measurement
system with force-torque sensor. The video clips of the experiments in this paper can be downloaded at
http://ssl.mit.edu/spheres/videos.html.
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