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ABSTRACT: We analyze the classical and quantum vacua of 2d A/ = (8, 8) supersymmetric
Yang-Mills theory with SU(N) and U(V) gauge group, describing the worldvolume inter-
actions of N parallel D1-branes with flat transverse directions R®. We claim that the IR
limit of the SU(NNV) theory in the superselection sector labeled M (mod N) — identified
with the internal dynamics of (M, N)-string bound states of the Type IIB string theory
— is described by the symmetric orbifold A = (8,8) sigma model into (R®)P~!/Sp when
D = gced(M, N) > 1, and by a single massive vacuum when D = 1, generalizing the conjec-
tures of E. Witten and others. The full worldvolume theory of the D1-branes is the U(N)
theory with an additional U(1) 2-form gauge field B coming from the string theory Kalb-
Ramond field. This U(N) 4+ B theory has generalized field configurations, labeled by the
Z-valued generalized electric flux and an independent Zj-valued 't Hooft flux. We argue
that in the quantum mechanical theory, the (M, N)-string sector with M units of electric
flux has a Zy-valued discrete 6 angle specified by M (mod N) dual to the 't Hooft flux.
Adding the brane center-of-mass degrees of freedom to the SU(N) theory, we claim that
the IR limit of the U(N) + B theory in the sector with M bound F-strings is described by
the N/ = (8,8) sigma model into Sym?(R®). We provide strong evidence for these claims
by computing an N = (8,8) analog of the elliptic genus of the UV gauge theories and
of their conjectured IR limit sigma models, and showing they agree. Agreement is estab-
lished by noting that the elliptic genera are modular-invariant Abelian (multi-periodic and
meromorphic) functions, which turns out to be very restrictive.
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1 Introduction and summary

Supersymmetric Yang-Mills theories (SYM) have been of central interest in string theory,
especially since the advent of D-branes. In Type II string theories, the worldvolume in-
teractions of BPS Dp-branes at low energies are described by maximally supersymmetric
Yang-Mills theories in (p + 1)-dimensions (MSYM,11). These theories have 16 supersym-
metries, inherited from the target-space supersymmetries left unbroken by the half-BPS
D-branes. For a stack of N D-branes, the gauge group of the MSYM is U(N). The gauge
field arises from the open strings that stretch between pairs of branes, which carry U(N)
Chan-Paton factors when the branes are coincident. The gauge theory is enhanced by the



higher-form gauge fields and fluxes present in the string theory target place, which gener-
alize the topological sectors of the theory. Properties of these gauge theories are intimately
related to the interactions of D-branes. For example, topological sectors of the gauge
theory are interpreted as the bound states of the branes with other objects in the string
theory, including other D-branes of various dimensions and the fundamental string [1]. In
fact, an entire non-perturbative formulation of M-theory was conjectured to arise from the
N — oo limit of the A/ = 16 quantum mechanics MSYM; describing the interactions of
DO-branes [2].

In this article, we will focus on the two-dimensional (2d) MSYM theories with gauge
group U(N) or SU(N). In two dimensions, the weakly coupled gauge theory defined by
the SYM Lagrangian is inherently the ultraviolet (UV) description, and such theories are
asymptotically free. In the infrared (IR), the theory becomes strongly coupled. It is a
difficult and interesting question to understand the infrared dynamics of MSYM,. Both
of the closely related theories with U(N) and SU(N) gauge group have been extensively
analyzed, and much has been conjectured about their infrared description and quantum
vacua [1, 3-6]. For example, in [3, 4], U(N) MSYMy theory was developed into matrix
string theory, describing matrix theory compactified on a circle. It was proposed that the
N — oo limit of this theory should provide a non-perturbative formulation of Type ITA
string theory. Using M-theory and string duality considerations, the authors of [3] related
the IR limit of MSYMy with gauge group U(N) to the supersymmetric sigma model into
the symmetric orbifold Sym” R®, identified as the sector of second quantized free Type ITA
strings with light-cone momentum p; = N. However, exact computations or quantitative
evidence have been elusive — a situation we seek to remedy.

The Lagrangian of MSYM; can be obtained by dimensional reduction from 10d N =1
SYM, and for U(N) or SU(N) gauge group it is given by [3, 6]

Lo 1 N2 o ;T g9 i 312 T i
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The bosons X*, the left-moving fermions X%: and the right moving fermions x% are in the
8., 8., and 8, representations, respectively, of the Spin(8) R-symmetry. The fields are also
in the adjoint representation of the gauge group, so they are valued in u(N) (su(N)) and can
be realized as N x N (traceless) Hermitian matrices for gauge group U(N) (SU(N)). The
theory has N = (8,8) supersymmetry generated by the transformations with 16 fermionic
parameters (€%,€%). We take the worldsheet directions to be u = 0,9. The dimensional
reduction of the Lagrangian and the supersymmetry transformations are reproduced in
appendix A.1.

The MSYM, theory was observed to have classical vacua determined by the zeroes of
the bosonic potential V(X) = %[X ¢ X7)2, which are commuting matrices X*, modulo the
Weyl group Sy permuting the eigenvalues [1, 3]. For the U(N) theory on the worldsheet
R; x S, all the zero-energy configurations of the gauge field correspond to flat connections
on the trivial U(NN)-principal bundle, so in the quantum U(N) theory, the gauge field
contributes a single trivial zero-energy state to the vacuum wavefunction, as elaborated
in [7]. Therefore, it seems natural to conjecture that in the infrared limit, as ¢ — oo, the



theory flows to the supersymmetric sigma model into Sym® (R®), parametrized by the N
eigenvalues of the X* and fermionic partners [3]. Similar arguments could be made for the
SU(N) theory, by removing the contributions for the free diagonal U(1) factor of the U(N)
theory, leading to the supersymmetric sigma model into (R®)V~1/Sy as the conjectural
IR limit.

However, this is not all of the vacua and therefore not the end of the story. In his
analysis of bound states of fundamental strings and D-branes in Type II string theories,
Witten [1] argued that the existence of (M, N)-string bound states in Type IIB string
theory requires the existence of various supersymmetric vacua for the SU(N) MSYMs. For
the worldvolume theory of N D1-branes, the sector with M bound fundamental strings
corresponds to a “charge at infinity” in the form of a Wilson loop in the Mth tensor power
of the fundamental representation of SU(N) [1]. Therefore, the (M, N)-string is naturally a
superselection sector in the 2d quantum theory, and the vacuum in that sector is identified
as the discrete § vacuum [8] (of the related SU(N)/Zy theory) with 6 angle specified by
M (mod N) as

e =N, (1.2)

Specifically, Witten argued that the case when M and N are relatively prime should cor-
respond to a single supersymmetric vacuum of the SU(N) theory with a mass gap. This
is because the center-of-mass motion of the branes decouples from the U(N) worldvolume
theory as a free N' = (8,8) U(1) vector multiplet, corresponding to the determinant U(1)
in U(N) (which decomposes as U(N) = (U(1) x SU(N))/Zy). In the case with M and
N relatively prime, the center-of-mass dynamics encoded in the decoupled U(1) multiplet
correspond to all of the massless physical degrees of freedom of the bound state in the
string theory target space.

In the more general case when M and N are not relatively prime, Witten reasoned
that there is no argument to indicate the corresponding vacuum should be massive. In
fact, the (M, N)-string should be able to split up into D many (M /D, N/D)-string bound
states without an energy barrier, where D = ged(M, N), as the eigenvalues of the scalars
corresponding to the relative positions of these (M /D, N/D)-strings can take arbitrary
expectation values at no cost in energy. It is then natural to expect that the vacuum corre-
sponding to the (M, N)-string with D > 1 should have massless excitations corresponding
to the massless degrees of freedom of the relative motion of the (M /D, N/D)-strings. The
relative positions of these bound states is just the configuration space of D indistinguish-
able strings in the transverse space R®, with the center-of-mass moduli excluded, which is
described by the 2d symmetric orbifold sigma model into (R®)P~1/Sp.

We would like to analyze the classical and the quantum theory, and determine to what
extent these predictions hold. The main feature of the MSYMsy theory which gives rise
to some important subtleties is that all the local fields are in the adjoint representation
of the gauge group G. In particular, if G has a nontrivial center Z(G), then there are no
fields charged under it, so the Z(G) charge cannot be screened, giving rise to superselection
sectors labeled by the Z(G) charge. For example, for G = SU(N), Z(G) = Zy, and there
are N superselection sectors. Given a state in some sector, the emanation of a Wilson loop



in some representation R of SU(V) with charge Nr under Zy will yield a state in another
superselection sector, differing by Ngr units modulo N. Since there are no fields charged
under the center, we can also define the G/Z(G) = SU(NN)/Zy theory that has the same
Lagrangian. The SU(N)/Zy theory has the 6 angle parameter as additional discrete data,
and for each of the N choices of 6, the spectrum is a restriction of the SU(NN) spectrum
to one of the IV superselection sectors. Likewise, one can define the SU(N)/Zg theory for
K|N, which will have N/K superselection sectors with the same Zyx C Zy charge for each
of the K choices of the 6 angle.

Interestingly, when we consider the classical vacua of the SU(N)/Zy theory, we recover
a spectrum consistent with the spectrum of relative positions of the (M/D, N/D)-strings.
This requires analyzing the topological sectors of the theory. Let’s recall that the discrete
0 vacua exist for the SU(N)/Zy theory because this gauge group has non-trivial funda-
mental group m1(SU(NN)/Zy) = Zn. Consequently, there are “instanton sectors” of the 2d
theory corresponding to the topologically distinct SU(NV)/Z n-principal bundles, labeled by
elements in 71 (SU(N)/Zy) [8, 9]. We denote the Z/NZ-valued instanton number by k. As
usual, the effect of the 6 angle in the path integral is to weigh the k-instanton sector by e%%
in the sum over the instanton sectors. Naturally, the 6 angle takes values in the Pontryagin
dual of the m of the gauge group, which is Zy once again for 71 (SU(N)/Zy) = Zy. The
theory at a given 6 angle could be explicitly defined by including a surface operator con-
structed from the integral of a 2-form gauge field, as in [10]. When one puts the SU(N)/Zx
theory on the two-torus 72, the SU(N)/Zy-principal bundle Py j over T? with instanton
number £ admits flat connections, with moduli space My, so there are classical zero-
energy configurations of the gauge field in each instanton sector. As all of the fields are in
one N = (8,8) vector multiplet, the modes supersymmetric to the zero-energy modes of
the gauge field are also classically zero-energy field configurations. The moduli space of flat
connections My j turns out to have complex dimension d — 1, where d = ged(k, N). Thus,
one expects on general supersymmetry grounds to have a 8(d — 1) real dimensional moduli
space of vacua for the scalar fields, specifically (d — 1) real moduli for the eigenvalues of
each of the scalars X*. Indeed, when d =1, M N,k is a point, and there is a single classical
zero-energy field configuration with all the scalars set to zero. When d > 1, the zero-energy
scalar fields take the form

7}
X' =1Iny® , with Tr X' =0, (1.3)
Ty
in the strong coupling limit ¢ — oo, and the eigenvalues parametrize (R®)?1/S;. When
d = N, we are in the trivial instanton sector with k = 0, with the classical vacua described
by (R®)N=1/Sy, in agreement with [1, 3].

In the quantum theory, the wavefunction of a vacuum state spreads over all classical
vacuum configurations, including the disconnected components. Although one expects that
the quantum vacua should parallel the classical vacua in theories with high supersymmetry,
one might be hesitant to reach this conclusion in our setting as it is a priori unclear how
the sum over classical disconnected configurations reproduces the vacua wavefunctions.



Nonetheless, the 6 angle isolates superselection sectors corresponding to (M, N)-strings,
which have string theoretic descriptions strikingly in parallel with the classical vacua, sup-
porting this conclusion. Here, a few relevant studies are crucial in guiding one’s intuition.
First of all, the SO(8) R-symmetry anomalies vanish for MSYMs, [1], so there are no anomaly
arguments that rule out the existence of the various massive and massless vacua, unlike
in theories with less supersymmetry. Also, in [5], it was argued that the IR description
of MSYMj; could not be a non-trivial superconformal field theory with N' = (8, 8) super-
symmetry, as there is no extension of this /' = (8,8) supersymmetry algebra to a linear
superconformal algebra [11].! This suggests that any scale invariant theories with mass-
less excitations describing the IR fixed points should be free theories, or orbifolds thereof.
Lastly, in [6], MSYM; was analyzed using discrete light-cone quantization (DLCQ). There,
numerical results were obtained in finite resolution of light-cone momentum indicating the
absence of normalizable massless states and supporting the existence of a vacuum with
mass gap for the SU(N) theory. By these considerations, the only possible choices for
the IR limit of MSYMs are massive vacua or orbifolds of free N' = (8,8) sigma models.
Given the favorable evidence, we conjecture that the quantum vacuum of the SU(N)/Zy
theory with § = 27 M /N corresponding to the (M, N)-string should be described by the
sigma model into (R®)P~1/Sp, and furthermore that the infrared fixed point of the theory
with the given 6 angle is this sigma model. We note that this description is invariant
under the SL(2,Z) S-duality of the Type IIB string theory, which acts on the doublet
(M, N) but leaves D invariant. Also, the vacua of the related SU(NN) theory in one of its
N superselection sectors is the vacuum of the SU(N)/Zy theory with the corresponding
0 parameter.

We provide strong evidence in favor of our claim by computing the A/ = (8,8) analog
of the elliptic genus — or, index for short — of MSYMy for SU(N) and SU(N)/Zy gauge
group, for the latter also including the surface operator specifying the #-angle parameter.
This index is a supersymmetric partition function on the Euclidean flat torus 72 (with
conformal class 7), which counts states that are BPS with respect to a conjugate pair of
right-moving supercharges. The choice of any such supercharge commutes with a Spin(6)
subgroup of the Spin(8) R-symmetry, and we can refine the index with equivariant param-
eters aj 23 = exp 2mi; 2,3 coupling to the Spin(6) subgroup. This refinement keeps track
of more information about the spectrum, as well as regulating the otherwise divergent
sum over the infinitely many states contributed by the non-compact bosonic zero-modes.
This index also agrees with the equivariant elliptic genus of the theory when viewed as
a N = (0,2) supersymmetric theory — from which perspective the Spin(6) symmetry is
just a flavor symmetry. Concretely, the index of an SU(N)/Zg theory is defined as the
following trace in the Ramond-Ramond (RR) Hilbert space H of the theory, which is a
direct sum of K RR Hilbert spaces on the circle, Hy, quantized in the given instanton
background k:

7°(rl€) = Zewkﬁ ~1)falqMrgn, (1.4)

!Non-linear N/ = 8 superconformal algebras have been constructed, however they are quite exceptional
and do not seem to be relevant to MSYM;. See [12] and the references therein for details.
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Here, ¢ = ™7 and Hy and Hpg are the left- and right-moving Hamiltonians. We show
that the index of the SU(NN)/Zy theory with the §(M) = 27 M /N vacuum is

7
Ig%\)/)/zN(T\f) = I*?(ﬂf): (1.5)

where D = ged(M, N), and Zp is the index of the supersymmetric sigma model into
Sym?” (R®). Of course, when D = 1, IgU(N)/ZN = 1, which is the index of a single mas-
sive supersymmetric vacaum. When D > 1, Zp/Z; is the index of the sigma model
into (R®)P~1/Sp, since by factoring the diagonal copy of R®, we have Sym”(R®) =
R8 x (R¥)P=1/Sp. The expressions for Z§ SUN)/Z (7€) and ID 2 (7]¢) are obtained through
different methods, and it is non-trivial to show that they agree Thankfully, both sets of
functions enjoy multi-periodicity and SL(2,7Z) modular invariance, and using these very
restrictive properties we are able to establish (1.5) for NV < 7. Since the index is an invari-
ant of the theory under renormalization group (RG) flow, which is furthermore a “strong”
invariant in the sense that it contains data about the spectrum of the theory, matching the
index computed in the UV with the index of our candidate IR fixed point is a powerful
indication that the two theories are indeed related by RG flow.

From the SU(N)/Zy index, we infer the index of the SU(N)/Zg theory for any K|N,

0 (M)

7 cd(m,N)
T8 = >0 R, (1.6)
m=M (mod K)

where the sum is over the N/K values of positive integers m between 1 and N equivalent
to M modulo K. The terms being summed over are interpreted as the indices of the
corresponding superselection sectors of the theory, and they are consistent with our earlier
analysis of the superselection sectors.

Having understood the vacua SU(N) MSYMs, we would like to analyze the U(N)
theory as well. Including the center of mass modes into our considerations of the SU(N)
theory, one can readily conjecture that the U(N) theory also has vacua described by sigma
models into Sym” (R®) corresponding to the (M, N)-strings, as expected from string theory.
However, the correct analysis of the full N D1-brane worldvolume theory is somewhat more
complicated, and requires some discussion. For a standard 2d U(V) gauge theory with only
adjoint fields, the U(1) degrees of freedom decouple, and the index of the standard U(NV)
MSYMj; can be readily inferred from the SU(V) index as

Zun)(T18) = Ty Zsuw) (TI§) = Z scd(m,N) (T]€)- (1.7)

But, this theory is not accurately taking into account the full structure of the (M, N)-string
bound states. The true gauge theory describing the full worldvolume theory of the N D1-
branes is not a standard U(/N) gauge theory, but also has the Kalb-Ramond 2-form gauge
field B coming from the Neveu-Schwarz (NS) sector of the string theory. The B-field has
an Abelian gauge symmetry generated by a 1-form gauge transformation, under which the
trace mode of the U(V)-connection A is also charged. Due to this additional 1-form gauge



symmetry, the theory has generalized field content roughly described by U(1) x SU(N)/Zy
gauge bundles, and the structures of the classical and quantum vacua are different. Indeed,
we find that the U(N) MSYM;y with the 2-form B-field has sectors corresponding to the
(M, N)-strings as sought. The Mth sector has a net U(1) generalized electric flux of M
units, which is interpreted as the flux of the M F-strings, as well as a 0 angle 2nM /N
in the SU(N)/Zy sector. When M = 0, the net flux is zero, with correspondingly zero
Yang-Mills energy, so the index is readily interpreted as

II% Ms(Tle) = IU(l)ISU(N Jzn (T18) = In(7(€). (1.8)

What about the other sectors with M # 07 Although the bundles with non-zero
field strength have non-zero Yang-Mills action, these (M, N)-string configurations are still
half-BPS in the string theory target space, and must still preserve 16 supersymmetries!
Explicitly, the D1-brane worldvolume theory has non-linearly realized supersymmetries
acting on the U(1) center of mass modes, which are the goldstinos of the spontaneously
broken translation symmetry in the presence of the D-branes [13-15]. The action or energy
of this flux should be considered as part of the binding energy of the (M, N)-string, or as the
difference in the central charge of the two BPS sectors of the target-space supersymmetry
algebra. The binding energy should be attributed to the DBI action [16] in the same sense
as the tension of the N D1-branes is, and should be excluded from the vacuum describing
the fluctuations of the bound state. In particular, we can modify the definition of the
elliptic genus to count states that are BPS with respect to the supercharges preserved
by the bound state, essentially by shifting the Hamiltonian by the central charge of the
superalgebra. The corresponding BPS states are exactly the configurations with fixed
electric flux M and minimal energy. Since the U(1) factor is free, the fields that contribute
to the index are unaffected by this modification. Thus, we obtain the index of the U(N)
theory for given sector with M units of electric flux,

Iiinyy 5(T1€) = Ip(7[€). (1.9)

This strongly suggests that the vacuum describing the massless fluctuations of the (M, N)-
string is given by the sigma model into Sym®” R8. Moreover, we also construct the index
of the U(NN) 4+ B theory that sums over each (M, N)-string BPS sector, which is naturally
refined by the U(1) holonomies of the B-field on the spacetime torus e/M¢ = M Jr2 B with
representations labeled by the F1l-string winding number M,

Toysn(7l€) = D MOLn  p(71€) = D MOIp(rle). (1.10)
MeZ MEZ

We note that this D1-brane index is invariant under the S-duality of the Type IIB string,
which is generated by exchanging M and N and shifting M by a multiple of IV, all the
while leaving D invariant. By an S-duality followed by a T-duality on the circle wrapped
by the D-string, the (M, N)-string is mapped to N F-strings bound to M DO-branes [3].
Thus, the index (1.10) is also an index of the N Type IIA F-strings bound to DO-branes.
Our result suggests that the world sheet theory of N F-strings bound to M DO-branes in



the free string limit gs = 0 is given by the supersymmetric sigma model into Sym” R8, and
in particular, N/D F-strings bound to M /D DO0-branes behave like free strings.

The paper is organized as follows. In section 2, we analyze the structure of topological
sectors of MSYMy for SU(N) and U(N) gauge group, as well as the related SU(N)/Zk and
U(N) + B theories, and determine the moduli space of flat connections and the classical
vacua when the spacetime is 72. In section 3 we discuss how the elliptic genus generalizes
for SU(N)/Zn gauge theories to include integration over the various components of the
moduli space of flat connections. In section 4, we compute the elliptic genus of SU(N)/Zk
MSYMg, and infer the elliptic genus for the U(N) theory with and without the B field.
Finally, in section 5, we compute the elliptic genus of the Sym?” (R®) sigma model, and
establish some of its properties which allow us to match it to the gauge theory elliptic
genus. We also include appendix A, which spells out some details about the action and
supersymmetry transformations of MSYMs.

2 The structure of vacua

Bound states of D1-branes with the F-strings in Type IIB string theory suggest that the
MSYMgz with SU(N) gauge group should have N superselection sectors, and that the full
worldvolume theory of the N D1-branes (with U(V) gauge group) should have topological
sectors labeled by Z [1]. A complete description of the vacua of the MSYMj should account
for the vacua in these additional sectors as well. Therefore, we will now task ourselves with
hunting for them. We will discover that a rich story underlies the various vacua.

2.1 Topological sectors

Let’s start by focusing on the SU(NV) theory. It was shown in [1] that on a worldsheet
with boundary, such as Rb! for concreteness, the sector with M F-strings attached to the
stack of N D1-branes manifests itself as a Wilson loop “at infinity” in the Mth tensor
power of the fundamental representation of the gauge group. The vacua of superselection
sectors of 2d non-abelian theories have been analyzed a long time ago by Witten [8]. Since
MSYMs contains only adjoint fields, the center of the gauge group acts trivially on all
fields. In particular, the net charge under the center cannot be screened by local fields.
For G = SU(N), the center is Z(G) = Zy. Therefore, we see that the N superselection
sectors in the SU(N) theory are labeled by the background Zy charge. More precisely, the
theory has a Z(G) 1-form global symmetry, for which the charged objects are the Wilson
loops in SU(N) representations [10], and the corresponding conserved Zy charge labels
the superselection sectors. The creation of a Wilson loop in representation R will act as a
domain wall between two superselection sectors of Zy charge differing by the charge under
the center (or N-ality) Ng of the representation.

We would like to be able to identify and isolate the vacua. This is best done if one
declares the gauge group to be Guqj = SU(N)/Zy, which we can do since all the fields
are uncharged under the Zy center. Indeed, the MSYMy Lagrangian (1.1) with the fields
taken to be valued in su(/N') does not uniquely define a quantum field theory, since one can
declare the gauge group to be any Lie group with Lie algebra su(/N). This choice does not



affect the local physics, but determines which non-local operators and instanton sectors
are present in the theory. For example, the theory with SU(NV) gauge group has Wilson
loops in all SU(N) representations, whereas the SU(NN)/Zy theory only has Wilson loops
in representations for which Nr = 0, but also has surface operators which have boundary
Wilson loops in arbitrary SU(N) representations (we will revisit these surface operators
shortly). Moreover, because 71(SU(N)/Zy) = Z(SU(N)) = Zy, the SU(N)/Zy theory
has a total of N instanton sectors. When the worldsheet is R'!, the instanton sectors were
described in [8]. More generally, if one considers the SU(N)/Zy gauge theory on a closed
Riemann surface ¥, the instanton sectors are the N SU(NV)/Zy-principal bundles on ¥,
labeled by discrete non-abelian 't Hooft electric flux [9] — or, mathematically, the second
Stiefel-Whitney class of the bundle [17]

wa(P) € H*(2,71(Gag)) = H* (2, Zy). (2.1)

The G4; theory has additional data in the form of the discrete  angle, which takes values
in the Pontryagin dual Zy of 71(Ggq;). For each of the IV choices of the 6 angle, the theory
isolates a corresponding superselection sector of the SU(NN) theory, and the Hilbert space is
a restriction of the SU(V) Hilbert space to that sector. This structure mirrors the structure
of vacua in the closely related pure Yang-Mills theories with SU(N) and SU(N)/Zy gauge
group [18].

The SU(N)/Zy and SU(N) theories are of course closely related. One can obtain
the SU(N)/Zy theory from the SU(N) theory by gauging the 1-form symmetry generated
by the center Zy = Z(SU(N)) [10]. The procedure is illuminating, as it allows one to
explicitly construct the surface operator that detects wy. One can first enhance the SU(N)
gauge field to a U(N) gauge field by adding in the trace component /l, and then impose
the U(1) 1-form gauge symmetry generated by

A— A—N) (2.2)

which removes the field strength for A and also enhances the allowed gauge bundles to
SU(N)/Zy bundles. In the resulting SU(N)/Zy theory, there are no Wilson loops in
representations of SU(N) that transform nontrivially under the center Zy, unless they are
the boundary of a surface operator constructed from dA, which is now a 2-form gauge field.

The closed surface operator A
oM [ dA/N (2.3)

evaluates to e2™Mk/N for a bundle with ’t Hooft flux fz wq = k around the two-cycle repre-
sented by X. The integral here is schematic, as dA is not a globally-defined 2-form, instead
one should integrate it as a Deligne-Belinson cocycle (see [10] and references therein).?
This operator can be inserted into the path integral to obtain the SU(N)/Zy theory with
the discrete 0 angle equal to 2rM/N. The parameter M is quantized in integer units, as

required by invariance under large gauge transformations.

*Heuristically, given a cover U; of the base, the transition functions \;; on double overlaps and the cocycle
conditions on triple overlaps of dA encode the same information as the 't Hooft flux of the SU(N)/Zn-
bundle [10]. The integral extracts that data.



Even as classical theories, the G theory and the Gq4; theory are different. In particular,
the Gyq4; theory has additional classical field configurations corresponding to connections
on Gggj-bundles, even for those which are not G-bundles. Each of these bundles admit
flat connections, so the moduli space of classical vacua of Yang-Mills theory on Riemann
surfaces is enlarged to include flat connections of G4j-bundles on the Riemann surface. For
theories with supersymmetry, one expects zero energy field configurations supersymmetric
to flat connections for the non-trivial G4;-bundles. We will describe these configurations
in section 2.2.2, and find a pleasant parallel to the string theory predictions for the vacua.

It is perhaps good practice to say a few words about the definition of a gauge theory
with gauge group G and solidify our footing. In accordance with the literature [19], we
take a general G-gauge theory to satisfy the following properties:

1. All local fields are in representations of G.
2. Wilson lines in all representations of G are present.

3. The path integral sums over all G-bundles. There could be additional data that
determines weights for the sum over G-bundles.

With these properties, the difference between a G and G/H theory where H C Z(G)
is made explicit. We can go ahead and generalize our above analysis by also defining
the SU(N)/Zxg MSYMy theory with K|N accordingly. The 2d SU(N)/Zg theory has K
instanton sectors, weighted by a Z g valued discrete 6 angle. Since the theory contains only
adjoint fields, the charge under the center Zy/x = Zn/Zx will not be screened, and for
each choice of the # angle the theory will have N/K superselection sectors corresponding
to those superselection sectors of the SU(N) theory with Zy charge congruent modulo K
to a given value determined by the choice of 6.

Let’s return to the U(N) MSYM;. The “standard” U(N) MSYMg has superselection
sectors analogous to the SU(N) MSYMy The pure U(N) Yang-Mills theory in 2d has
N superselection sectors [18]. Similarly, a 2d U(N) gauge theory without fields charged
under the center of the gauge group also has N superselection sectors, thus so does U(N)
MSYMa. The U(N) theory has instanton sectors labeled by the integers corresponding to
the quantized electric flux (or vortex number) ¢; € H%(X, Z). Although one might hope to
identify these sectors with the (M, N)-string sectors, this turns out to be not quite right.
The true theory describing the interactions of N D1-branes is not just the U(N) MSYM,
that we described above by the action (1.1), but also has a 2-form gauge field B coming
from the restriction of the Kalb-Ramond field present in the NS-NS sector of the string
theory target space to the brane worldvolume. The B-field plays a subtle and important
role, primarily by enhancing the classical field configurations of the theory. The B-field,
being a 2-form gauge field, has Abelian 1-form gauge transformations under which the
U(N) gauge field A also transforms [1],

B — B+d), (2.4)
A— Ay,
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where A is the 1-form gauge transformation parameter and 1, is the N x N identity matrix
generating the center of the u(V) algebra. The correct gauge-invariant Lagrangian has the
following kinetic term for the gauge field,

1
=5 T (B + B, 1n)?, (2.6)
and F = F + Bly is the appropriately modified field strength. Writing the U(N) gauge
field as

A= %AlN + A, (2.7)
with A the U(1) gauge field corresponding to the trace and A’ the leftover SU(N)/Zy gauge
field, we note that the 1-form gauge transformation above acts only on the U(1) gauge field
A. Since all of the scalar and fermion fields are in the adjoint, A only appears in the gauge
field kinetic term in the Lagrangian, and therefore none of the rest of the Lagrangian is
modified with the inclusion of the B-field, as they are already gauge invariant under the
1-form gauge symmetry. The N = (8,8) supersymmetry remains intact once one modifies
the supersymmetry transformations accordingly by replacing F' with F.

Now, let’s consider what gauge bundles the theory has. As can be seem from the
equation of motion for A, Tr F is constant, and has periods quantized in integer units when
we impose the parameter \ generates the gauge group U(1) instead of R [1]. So the theory
considered on a Riemann surface 3 has a topological quantum number labeled by ¢; =
[Tr F/27] € H?(%,Z) corresponding to the generalized U(1) electric flux. For an honest
U(N) theory — without the B-field — the single Chern class ¢; = [Tr F/27] € H*(X,7Z)
would classify all U(N)-principal bundles. A U(N)-bundle can be thought of as the data
of a U(1)-bundle and an SU(N)/Zy-bundle, such that the Stiefel-Whitney class of the
SU(N)/Zyn-bundle wy € H?(X, Zy) is related to the U(1) characteristic class as [we = [ ¢
(mod N) [20]. This can be seen at the level of the transition functions for the gauge
field. However, in the theory with the B-field, the additional 1-form symmetry enhances
the transition functions and generalizes the allowed bundles and connections, as detailed
in [10, 21]. The resulting generalized U(NN)-connection admits an independent 't Hooft flux
ws in addition to the electric flux ¢;. This type of gauge bundle would be more accurately
described in the language of gerbes or 2-bundles, but we will not need to go into such
territory here. Due to the particularly simple 2-group structure, practically speaking we
can think of the allowed gauge bundles as U(1) x SU(N)/Zy-bundles, with independently
chosen characteristic classes (&1, ws) € H?(X,Z) x H*(X, Zy). The classical configurations
of the scalar and fermion fields in the theory mimic the configurations in a U(1) xSU(N)/Zy
theory. It is important to emphasize that the theory is not a U(1) x SU(N)/Zy gauge
theory; for example the operator content — such as Wilson lines and surface operators —
is different.

Configurations with [y, Tr 7/2r = M correspond to the binding of M F-strings [1].
The M units of flux is interpreted as the NS-NS charge carried by the F-string, and Tr F
serves as a source for the B-field in the string target space. The generalized Yang-Mills
action (or energy) of the flux is the binding energy of the (M, N)-string, measured as the
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difference from the mass of the N D-strings. If one considers the theory on the cylinder
C = R; x S', the presence of M units of Tr F flux implies that there is a Wilson loop

M foc AIN (2.8)

at the boundary. However, this Wilson loop must also be complemented by the B-field
to be gauge invariant. This can be seen by noting that the standard U(N) Wilson loops
are not gauge invariant in this theory, instead one has the following surface operators
considered in [10],

<TrRPexpjl{ A> eNr o B — (TrRPexp% A’> ¢iNR [ K48, (2.9)
ox’ 1)%4

Note that the inside and outside of this operator differ by Ng units of U(1) electric flux
Tr F. So, the sector with M units of electric flux has the operator

M $oc %eiM Je B — ¢iM [ dﬁAeiM JoB (2.10)

turned on. As with the SU(N)/Zy theory, the integral of the 2-form gauge fields dA and
B are not of global 2-forms. Upon quantizing the theory on the cylinder, these states with
M units of electric field Tr F are the (M, N)-string states. They fall into N superselection
sectors determined by M (mod N).

We are interested in the low-energy fluctuations of the (M, N)-string bound states. The
path integral of the worldvolume U(NN) + B theory on the Euclidean torus 7?2 is naturally
a trace of the theory quantized on the cylinder C. The trace sums over the (M, N)-string
sectors by summing over the flux & € H?(T?,Z). Crucially, the U(N) + B theory has

the operator R
otM [p2 dA/N jiM [2 B (2.11)

turned on in the sector with M units of electric flux. On a closed surface such as T2,
the first factor measures the ’t Hooft flux in the SU(N)/Zy sector, since [, dA = [} wo
exactly as for the SU(N)/Zy theory discussed above. Once again, the presence of this term
provides a discrete 6 angle 2rM /N for the sum over the SU(N)/Zy-bundles. The second
factor is simply the Wilson surface operator for the U(1) 1-form gauge symmetry. The
“charge” M is nothing but the F-string winding number once again. This closed Wilson
surface operator measures the U(1)-valued holonomy of the background B-field.

We note that for the U(IV) theory with or without the B field, one can also add a
continuous 6-angle term to the action proportional to [TrF or [TrF, or in general a
supersymmetric FI parameter. For the theory with the B field, this # angle is related to
the axion of the Type IIB string theory [1]. However we will not consider including this
term, as it does not affect the qualitative features of our discussion (or the elliptic genus).

2.2 Classical vacua on T2

Motivated to perform a quantitative check of our conjectures regarding the structure and
description of the vacua, we would like to compute the elliptic genera of the MSYMs
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theory with the various gauge groups discussed above. The elliptic genus is a certain
supersymmetric partition function on the 2-torus 7 [22], which counts (with a sign (—1)F)
states in the cohomology of a conjugate pair of right-moving supercharges Qﬁ.?’ States in
the cohomology correspond to right-moving vacua tensored with left-moving BPS states.
Elliptic genera have been extensively used to study N = (2, 2) and more recently ' = (0, 2)
theories; for a very restricted set of examples see [23-26]. It is often useful to refine the
elliptic genus by other conserved charges in the theory that commute with Qﬁ, which allows
more information about the spectrum of the theory to be captured. For a theory with at

least N = (0, 2) supersymmetry, the elliptic genus can be schematically defined as

7="Tr(-1)F HyJL foqHLqHR, (2.12)
Jr f

where J, stands for the generators of left-moving R-symmetry, and f stands for the gener-
ators of bosonic flavor symmetries, all commuting with the Qﬁ. With this philosophy, the
definition of the elliptic genus can be extended to theories with higher supersymmetry, as
we will do so for theories with /' = (8,8) supersymmetry in sections 4 and 5. The trace
can be taken in the Ramond or Neveu-Schwartz left- and right-moving Hilbert spaces of
the theory on the spatial circle. We will specialize to the Ramond-Ramond sector. The
elliptic genus is invariant under deformations of a theory preserving the right-moving su-
percharges, and therefore is a topological index of theories. In particular, it is invariant
under RG flow, which allows it to be computed in the free UV limit of a theory. For
example, for Landau-Ginzburg theories it is sufficient to know the contributions from the
field content of the theory in the free limit and impose the restrictions on R- and flavor
symmetries coming from the superpotential [23].

For gauge theories the elliptic genus can be computed in the free limit of the theory by
introducing fugacities for the gauge charges, which amounts to doing the path integral in
the presence of a fixed but arbitrary background flat gauge connection, and then imposing
Gauss’ Law to project onto physical states by integrating over the moduli space of flat
connections [24, 25, 27]. As discussed, for gauge theories with only adjoint fields such as
MSYMs, one has freedom in choosing the global form of the gauge group. For example,
the theory with SU(NV) gauge group differs from the theory with SU(N)/Zk gauge group
for any K|N, despite having the same Lagrangian. Since m1(SU(N)/Zk) = Zk, the
SU(N)/Zy theory has additional classical field configurations on T2, therefore both the
moduli spaces of flat connections and the moduli space of classical vacua are enhanced to
include various disconnected components. These additional components are crucial for the
computation of the elliptic genus for such theories, as the path integral sums over them
as well. We note that to compute the elliptic genus of the SU(N) theory and the U(V)
theory without the B field, we only to integrate over the trivial moduli space of the SU(N)
bundle. However, to compute the elliptic genus of the U(N) theory with the B field, we
need to integrate over the full SU(N)/Zx moduli space. Also, once we have a description

3Elliptic genera can be defined for theories with A" = (0,1) supersymmetry as well, with a single self-
conjugate right moving supercharge Qr. However, one expects less control over the spectrum, as generically
R~ and flavor symmetries can be discrete.
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of the SU(N)/Zx moduli space, we can infer the SU(N)/Zg moduli space, and compute
the elliptic genera for the SU(N)/Zg theories for free. To prime ourselves for computing
the elliptic genera, we now turn to a description of the moduli space of flat SU(N)/Zy-
connections on T2. As an added bonus, we will be able to understand the classical field
configurations on T2 for the various theories discussed, and discover the classical vacua.

2.2.1 Flat connections on SU(N)/Zpn-bundles over T2

A treatment of the moduli spaces of flat connections for SU(N)/Zy bundles was given
in [28], where in particular it was shown that the moduli spaces for the topologically non-
trivial bundles with structure group G are isomorphic to moduli spaces of trivial bundles
for a different structure group G“. Here, we will give a self-contained, very explicit, and
somewhat pedestrian account of the moduli spaces of flat connections on T2, specializing
to the structure group Guq; = SU(N)/Zn.

Flat connections can be solved for by their holonomies, and the moduli space is given by

Mﬂat = HOHl(TFl (T2)7 Gadj)/Gadj- (213)

Denoting elements of SU(NN)/Zy as conjugacy classes [A] of elements A € SU(N), such
homomorphisms for Goq; = SU(N)/Zy is the set of solutions to the equation

[A[BJ[A] '[B! =1 (2.14)

modulo conjugation by SU(N)/Zy (or, equivalently, by SU(V) as the center acts trivially).
For SU(N), the analogous equation ABA™!B~! = 1 implies A and B lie in the same
maximal torus. While such commuting holonomies describe flat SU(N)/Zy connections,
they are not the only solutions to (2.14). To find the rest of the solutions, we can lift (2.14)
to SU(N), and find solutions there. In SU(N), we have N equations,

ABAT'B! = Wk, (2.15)

labeled by k € Z/NZ, that project to the equation (2.14) in SU(N)/Zy. In (2.15), A and
B are now in SU(V) and wy is a primitive Nth root of unity. We can use part of the gauge
freedom to diagonalize B, leaving only the Weyl group, which reorders the eigenvalues.

The equation now reads
SDST = wk D, (2.16)

which is an eigenvalue equation for conjugacy action of SU(N) on a diagonal matrix. For

each N and k, there is always a solution, constructed from the clock and shift matrices*

1 01

WN 01
Dy = . , and Sy = ) (2.17)

N—1
Wiy 1

4We note that as defined, Dy and Sy do not always have determinant equal to 1, and therefore are not
always in SU(N). This can easily be fixed by dividing by the Nth root of the determinant in the definition.
Since this overall phase decouples from the conjugation action, and so does not affect our calculations, we
will drop it to avoid clutter.

— 14 —



which satisfy
Sk Dn(SE)T = Wk Dy. (2.18)

Correspondingly, the pair of holonomies ([SX],[Dy]) describes a flat SU(N)/Zy connec-
tion. Therefore, each k contributes a new component, My j, to the moduli space of flat
SU(N)/Zy connections, M. These components are disjoint, and labeled by discrete data

k, so we can write
N-1

My = | | M. (2.19)
k=0
The principal SU(N)/Zy bundle Pyyj on T?, with 't Hooft non-abelian flux k =
J2 w2(Pn k), has the moduli space of flat connection precisely My .

Let’s proceed to describe My for given N and k. It will be useful to define d =
ged(N, k), as My, will turn out to have complex dimension d — 1. In fact, for given N
and any two ky and ks such that d = ged(N, k1) = ged(IV, k2), we will have the isomorphism
Mn iy = Mp k,. This is not a surprise, since the bundles Py, and Py, are related by an
automorphism of 71 (SU(N)/Zy) = Zy exchanging ki and ko. Motivated by this, we define
My g = Mp . Let’s start with the case when N and £ are relatively prime, so d = 1.

Moduli space of bundles with d = 1. We first note that for any pair of elements
(A, B) in SU(N) satisfying some commutation relation, such as (2.15), there are a total
of N? points (w?VA,w?VB), where a,b = 1,2,..., N, that do so. (This is necessary for
SU(N) solutions (A, B) to descend to SU(N)/Zy solutions ([4],[B]).) So, we can work
with representatives (A, B) of the conjugacy class ([4], [B]).

To solve (2.15), we can diagonalize either A or B, and obtain the solutions (D7}, S%) or
(SW, D}), for some mn = k. We note that Sy generates the Zy subgroup of the Weyl group
S, and therefore has the same eigenvalues as Dy (up to an irrelevant determinant factor).
So, Sy and Dy are conjugate and the solutions (S3}, D) and (D73}, S¥;) are identified by
gauge transformations. Also, since we necessarily have ged(m, N) = ged(n, N) = 1, the
solutions for various m,n only reorder the eigenvalues of Dy and Sy up to an overall
cyclic ordering, and are related by the action of the Weyl group. We can partially fix the
gauge by choosing m = k and n = 1, and we are left with N? solutions in SU(N) given
by (w?VS]"{,,w?VDN). But, precisely because SNDNS;r\, = wy Dy, these N? points are also
identified by gauge transformations generated by the simultaneous conjugation by Dy and
by Sn,

Sn (W& S%, Wl Dn)SL = (Wi SnS& Sk, Wi Sy DnSL) = (W& Sk, W5 D) (2.20)
Dy (wS%, i Dn)DY, = (W4 DnS% DY, W& DDy DY) = (Wi 8%, Wi D) (2.21)

so there is a single solution in SU(N) up to conjugacy. Projecting to SU(N)/Zy, we still

have a single point, ([S%], [Dn]), of SU(N)/Zy holonomies, but this point is fixed at order
N? by the Z3; generated by simultaneous conjugation by [Dx] and by [Sn],

[SNI([SK], [DND[SN]T = ([S¥], [Dw]) (2.22)

[DN]([SK], [IDNDIDN]T = ([SK], [DN]) (2.23)
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So, we finally have

Mk = {([SK], [DN])}/Z5;. (2.24)

We see that
M =1 = {([Sx], [DN])}/Z4, (2.25)

and the isomorphism My 4—1 = My is given by replacing the primitive Nth root of
unity wy by its kth power.

Moduli space of bundles with d > 1. The essential observation for the d # 1 cases
is that
S% = Sna® Ly, and D% = Dyyq @ DY, (2.26)

Since the d-dimensional factors commute, one can turn on arbitrary eigenvalues in the
corresponding d-dimensional subgroup of the Cartan torus. Explicitly, the solutions are
generalized to

(eibN,d(gs)S]k\:[’ eihN,d(Gz)DN) _ (SN/d ® eihd(es)’ DN/d ® eihd(et)DEiv)’ (2.27)

where
627ri91

e?ﬂ'i@z

eihna(0) . InNg® eiha(0) . Ing® N , (2.28)

627ri0d
as one can easily check that

(eihN,d(es)S]k\})(eihN,d(et)DN)(eibN,d(Qs)SJk{f)T
— Szkv//szN/d(SfV//Z)T ® 4(05) (0a(00) DU o =iba(6s)
(2.29)
(‘gt)Dd/N
d

The unitarity condition fixes (6s); and (6;); to be real, and the determinant condition fixes
their sums to zero. Assigning the two holonomies to the spatial (along 1) and temporal
(along 7) directions of the base torus, the moduli space inherits a natural complex structure,
and is parametrized by complex coordinates u; = (0;); — 7(6s); which are periodic: u; ~
u;+1~u; +71.

In choosing this presentation of the holonomies, we have used part of the gauge sym-
metry to write them as products of factors of size N/d and d. We are left with a Z?V /% Sy
subgroup of the gauge group. To see this, note that as far as the N/d by N/d factor is
concerned, the situation is analogous to the d = 1 case, wherein we have used part of the
gauge symmetry to order the eigenvalues of Sy/q and Dy/q up to a cyclic ordering, and
there is a remaining Z?V I generated by simultaneous conjugation by Sy/q ® Iz and by
Dyyq ® 14, corresponding to the cyclic reordering of the eigenvalues, which acts on the
solutions by identifying u; ~ u; + NL/d ~ u; + NL/d The d x d block also has its eigenvalues
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permuted by the Weyl group Sy of the d-dimensional Cartan subgroup. So, in SU(N), the
moduli space is QjTNk/ Sq where

My o 1= {(s]’;//il ® e0N/D @ e"hdwt'N/d))} ~ (T2/2%,)" . (2.30)

Here, T? is a copy of the base torus, with the same complex structure.

Once we project to SU(N)/Zp, the coordinates undergo the further identifications,
w; ~ U + % ~ u; + 3, so the solutions are fixed by the Z?V /d action above. The moduli
space is then

My = {([S%Z ® ealNos)], [Dn/qg ® €ihd(N9t)])}/Z?V/d X Sq. (2.31)

Once again, dependence on k is only through d, via the choice of an N/dth root of unity,
and we can define

Mg = (My.a/Sa) /L5 45 (2.32)

where
mN,d = {(SN/d ® eihcl(NGs)7 DN/d ® eif)d(NGt))} o~ (T2/Z?V)dfl, (233)
and analogously for its lift to SU(N) via i)LNRN,d & iﬁIN’k. Note that My g = Mpy/q1x Maa.

2.2.2 Classical vacua in instanton sectors

The classical zero energy configurations in the SU(N)/Zy theory are gauge invariant so-
lutions to the BPS equations,

F, =0,
(X7, X7] =0, (2.34)
D,X"=0,

as can be seen from the fermionic supersymmetry variations, or directly from the action. In
the IR limit as ¢ — oo, we can think of a particular solution as the data of a flat connection
A, and commuting constant bosons X satisfying [4,, X'] = 0. In the sector with trivial
instanton number k = 0, the two components of A commute, so the X? are all in the same
Cartan subalgebra b, with the Weyl group W permuting the eigenvalues, so the eigenvalues
parametrize (h)8/W = (R®)V~1/Sy [3]. However, in the presence of flat connections for
non-trivial bundles, zero-energy configurations of the bosons are restricted further. To see
directly from the above descriptions of the flat connections which X? are zero energy, we
can exponentiate the relation [4,, X'] = 0 to the holonomies of 4, as e AXiemif A = X1
for each of the two 1-cycles, the solutions to which are of the form (1.3), parametrizing
(R®)4=1/S, for the instanton sector with d = ged(k, N).

For the U(N) theory with the B field, classical field configurations are determined by
picking (&1, ws), which specifies a gauge 2-bundle. Given (¢1,ws), there will be minimal
action configurations with constant field strength Fgg = 277% 1 and action proportional to
M?, where M = f ¢1, with the scalars parametrizing Sym? RS. (In the Lorentzian theory,
such configurations have M units of constant electric flux and energy g2M?/N.) The naive
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“zero-energy” vacua have ¢; = 0, but, like the SU(IN)/Zy theory, there are N disconnected
components labeled by ws.

What about the other choices for ¢;7 In the brane picture, the U(N)+ B MSYM theory
is the leading approximation to the brane effective action. One can identify the energy of
the flux Tr F as the binding energy of F-strings to the D-strings [1, 3, 16]. These configu-
rations are half-BPS in the target space, so the corresponding state in the MSYM theory
should also preserve 16 supercharges. This is indeed the case, as the U(N) + B MSYMs
theory has nonlinearly realized supersymmetries, which are the goldstinos of the break-
ing of translation symmetry in the presence of D-branes [13-15], so the supersymmetry
variation (A.10) of the fermions is corrected to

00 = FMN]:MNEl + 1n€9. (2.35)

Here, © = (x,0)7 is the 10d Majorana spinor and 1y is the generator of the center of the
u(NV) algebra. In particular, the BPS equations are generalized to

Fog = Aly,
(X, X7] =0, (2.36)
D,X"=0,
by choosing e; = —2AT'%¢;. So, there are BPS sectors with constant Fpg = 277%1 ~ such

that the minimal action configurations discussed above — with constant, commuting X"
parametrizing Symd(Rg), which are the solutions to the BPS equations for given bundle
with we — preserve 16 appropriately chosen supersymmetries. Therefore, these config-
urations are “supersymmetric vacua”, but in a sector with a different central charge of
the superalgebra.

We comment that it would be interesting to pursue the relation between the existence
of the nonlinear supersymmetry to the presence of the B field.

3 Elliptic genera of SU(NN)/Zx gauge theories

We now delve into the task set upon in 2.2 of generalizing the elliptic genus when there
are additional bundles to consider, such as for SU(N)/Zy theories, or for the U(N) theory
with the B-field. Once again, as explored in [24, 25, 27], the elliptic genera of 2d gauge
theories is a certain path integral on the torus, which due to localization can be calculated
by integrating over the moduli space of flat connections. Let G be a simply-connected
semi-simple Lie group with a discrete center Z (G) As discussed in the previous section,
when one has a Lagrangian with gauge symmetry G and with all fields invariant under
some subgroup H' of Z(@), one has several distinct choices of theories corresponding to a
choice of the global form of the gauge group G = G /H, for each H C H'. These theories
will generically have different choices of gauge bundles on the spacetime, and thus the
choice of the gauge group will determine which bundles are being summed over by the
path integral [19]. For such 2d theories, the elliptic genus is naturally also a sum over

the path integrals for the sectors with different gauge bundles, each of which localizes to
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an integral over the moduli space of flat connections for that bundle. Furthermore, since
7m1(G) = H, each 2d G-gauge theory carries additional discrete data in the form of a 6 angle
dual to the relevant characteristic class w(P) of the bundle P, which specifies a weight for
the sum over components. So, the elliptic genus can be written schematically as

10 =3 e Plzp, (3.1)
P

where Zp is the result of the path integral for the sector of the gauge theory with gauge
bundle P.

Concretely, for 2d SU(N)/Zy theories, there are N SU(N)/Zy-bundles Py j, and the
relevant characteristic class is wo(P) € H*(T?,Zn), with k = [, wa(Py), so we write

N-1
IgU(N)/ZN = Z ewkZN,k, (3.2)
k=0
where 0 takes values in 1 5 N1
0:(),27r—,2ﬂﬁ,...,27r N (3.3)

For U(N) MSYMa, there is an analogous but slightly more nuanced story. For a
standard U(V) theory without the B-field, the gauge bundles are U(N)-bundles, which
are classified by a single integer characteristic class ¢; € H?(X,Z). Only the trivial bundle
with ¢; = 0 admits flat connections. Since the U(1) degrees of freedom are free and
therefore decouple, the elliptic genus is computed as

Zuny = ZuyZsu(ny- (3.4)

For the U(N) theory with the 2-form gauge field B, recall that there are additional
field configurations corresponding to connections on gauge bundles with G.q; = U(1) x
SU(N)/Zy structure group. On a Riemann surface, these bundles are characterized by
two independent classes, (¢1,w2), however, only certain bundles will contribute to the
elliptic genus. For the theory taken at face value, flat connections are only present when
Tr F = 0, but there are still the SU(N)/Zy-bundles with flat connections to sum over, so
we have the index

151@0) B = IU(l)Igg(ON) o (3.5)

Let’s consider the other sectors, which require adding to the path integral the operator
¢iM Jo KB, (3.6)

As we discussed in section 2, this operator turns on a U(1) electric flux of M units, so
we are in the sector with ¢ = M. For the SU(N)/Zy sector, ws is unfixed, and is
summed over with the discrete theta angle § = 2w M /N specified by the operator M fx 5
The definition of the elliptic genus for the sector with M strings needs to be modified to
take into account the non-linear supersymmetries, which shifts the central charge in the
superalgebra. The corresponding elliptic genus localizes to states that saturate the BPS
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bound in this sector, F = 277% 1w with w the volume form, which specifies the bundle with
¢1 = M. The scalar and fermionic fields in the U(1) multiplet, as well as the SU(N)/Zy
sector of the theory are unaffected by this modification. Isolating the holonomy of the
B-field i = ¢t s B we see that the elliptic genus of this sector is

eMOTY = MO LT, (3.7)

where 7, is the contribution of the free center of mass modes. As a check, note that for
the U(1) theory, the sector with M strings attached, which is the (M, 1)-string, has index
Z;. The S-dual (1, M) string indeed has the same index, if IgU( Ny = Lfor 6 =2 /N which
we will show to be the case. We can also construct the elliptic genus that sums over each
BPS sector (labeled by the M units of flux),

Tues = Y €MLnyne (3.8)
Mez.

To obtain each of the various indices, the crucial object we need to compute is
ISU( NY/Zn* The computation requires some discussion, which we will now elaborate.

3.1 Integration over components of the moduli space of flat SU(N)/Zn-
connections

To compute IgU(N)/ZN’ we need to calculate the path integrals Zy j for the SU(N)/Zy
bundles, so let’s analyze them. In general, Zp is the path integral over all connections for

P, so we can write
1

P = Yol(G(P)) /Aem(Tz,adp) DA Z(4). (3.9)

Here, Z(A) is the result of the path integral over all other fields in the presence of a P
connection A, and G(P) is the group of gauge transformations (automorphisms) of the
bundle P. The path integral for the elliptic genus localizes to a finite dimensional integral
over the flat connections for the bundle P, but there are some global factors we need to
worry about.

Let’s consider the case when the moduli space of flat connections Mp for a given
bundle P is a point. After localization, there are no moduli to integrate over, so the path
integral just becomes an evaluation of the torus partition function, Z;_joep(u), of the fields
in the theory in the background of the unique flat connection u € My, (for a similar
example, see the Abelian example in [24, section 4.5]). If the point u is fixed by some finite
group of gauge transformations, as is the case for u € My =My 1/ Z?V, we should divide
by the order of this group. The bundles Py with & L N (so d = 1) are exactly of this
type, and contribute Zy = Zn 1 each, with

1
ZN,l = Zl_lOOP(u”ueMN,l = W Zl_loop(u)|u€9ﬁN’1 . (310)

Next, let’s consider the integral over the trivial SU(N)/Zy-bundle, Py —o. Since the
bundle Py g lifts to the (necessarily trivial) SU(N)-bundle Py, we can lift the path integral
over the SU(N)/Zy-connection to a path integral le over an SU(N)-connection, A. As
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analyzed in [29, section 4.1], the two path integrals are related by a factor of the ratio
of the volume of gauge transformations of the bundles, which can be computed using the
N : 1 covering map A — A to be

Vol(G(Py))
VOl(g(PNQ))

on a Riemann surface of genus g. Now, the SU(V) path integral is precisely what was shown

= |m1(SU(N)/Zn)|' 7% (3.11)

in [25] to localize to a contour integral over the moduli space of flat SU(N)-connections,
My = My /Sn. Therefore,

1 1 1

— 75 =

N N N |SN| My

The contour integral is determined by the Jeffrey-Kirwan residue operation JK-Res. The

ZNp = Z1 - 1o00p- (3.12)

integrand is once again Zj_joop(u), which is naturally a meromorphic function on the
SU(N)/Zn moduli space My o for a theory with no fields charged under the center. Since
the SU(N) moduli space My is an N2 : 1 cover of the moduli space Mpyo=Mno/Sn of
Py o, Z1-100p extends to a periodic function on SfTEN. The contours specified by the JK-Res
operation only depend on the charges of the fields giving rise to the poles, so the contours
on the SU(NN) moduli space are also periodic on the SU(N)/Zy moduli space for a theory
with no fields charged under the center. In particular, the contour integral over My is just
N? times the contour integral on My . So, (3.12) can be simplified as

1

ZNo =N
ISn[ Jony

Z1—100p~ (313)

Finally, let’s consider the case with general & ¥ N, so d > 1. The moduli space
in this case is My =& Mpya = Mpyjg1 X Mag, so flat connections are of the form
Ap = (Anja ® Ag)y, with Ayjg the unique gauge-invariant flat connection on the bundle
Py/q s, and Ag a flat connection on the bundle Py which needs to be integrated over.
Combining our arguments above leading to the formulas (3.10) and (3.13), the path integral
for such Py, localizes to Zn j, = Zn g with

Ina= a7 (3.14)
N/ Sal Sy,

where My g as given in (2.33). Once again, the contour is determined by the JK-Res
operation.

Collecting our results in equations (3.10) and (3.14), the elliptic genus (3.2) is computed
by the formula

N-1

; 1
Lo (v /2y = "% ged(N, k) e Z1-100p (1) (3.15)
(N)/2x kZ:O Wl o, 20
; 1
— el9kgcd(N,k)|W ’ Z JIu(;fu{es(Q(u*),n)Zl_loop(u)
kLN Nk ey, T
) 1
0k
+ e Z11loop (U 3.16
u N,1
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with Wy, = Z?V ke S4. We will elaborate on the residue prescription JK-Res in section 4.3
as part of the computation of the elliptic genus for MSYM,.

3.2 Adjoint fields in the presence of background flat connections

To evaluate the contribution to the index from each of the components of the moduli space,
we need to analyze how fields behave in the presence of background flat connections, and
determine what Z_jo0p(u) is for each component. In line with our end goal, here we will
determine Zj_joop(u) for a theory with all fields in the adjoint representation.

First off, as is well known, background flat connections on 72 can be interchanged with
boundary conditions around the two 1-cycles for fields charged under them. As a simple
example, one could keep in mind that the choice of periodic or antiperiodic boundary
conditions for fermions is equivalent to the choice of a background flat Zs-connection.
Correspondingly, the boundary conditions determine the mode expansions of the fields
into oscillators. Since the elliptic genus can be computed in the free field limit, the moding
in the presence of arbitrary background flat connections can be easily determined by the
charges of the fields.

Let’s start by considering adjoint fields in the presence of a flat connection for the
bundle Py ; over T2, described by a pair of SU(N)/Zy holonomies ([Sx], [Dn]). Although
the two matrices Sy and Dy do not commute, their actions by conjugation on N x N
matrices commute, since

SNZ)NA(S’Nl)]\[)Jr = LUNDNSNA((A)NDNSN)T = l)]\[S]\]z4(l)NSN)Jr (317)

Therefore, the matrices Sy and Dy acting on the Lie algebra su(N) by conjugation furnish
an (N2—1)-dimensional representation of Zy x Zy, with eigenvalues (w%, w4;), where a,b =
0,1,...,N—1, and a and b both not 0 (as the mode with a = b = 0 corresponds to the iden-
tity matrix, which is not in su(N)). Explicitly, the eigenspace of the eigenvalue (w%,w%)
is the 1-dimensional vector space of scalar multiples of the matrix S;,bDle. For such a flat

. . . . . . —1)e (=1)%
connection, adjoint fields will have gauge fugacities exp 2#@% = wXq N , where

the charges a,b are taken from the set

N—1 N—1 N—1
— = === +41,..., 5= for N odd
Cy = {{ 2 2 ’ 2 } ' ’ (3.18)

T U A R} for N even,

but with the eigenvalue a = b = 0 excluded. We had to be careful in picking the sign of the
exponent of g, since we would like our expression to be charge conjugation invariant. This
will be necessary later for evaluating the elliptic genus, which is a trace in the Ramond
sector. These choices are also invariant under the modular S transformation of the base
torus, which amounts to exchanging a and b. To summarize, if the contribution to the
path integral of modes with gauge fugacity z = €2™* is Z(u), the evaluation in (3.10) of
Z1-1oop(u) at u € My is

1
Zl—loop(u)|u€MN,l - m H
a,beCy

(a,0)#(0,0)

(1]

(7‘”(;;)““) . (3.19)
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The result is identical for all bundles Py with & L N; although the holonomies change to
([S%],[Dn]), the action on the Lie algebra is isomorphic — as expected, since they have
isomorphic moduli spaces.

Next, we should consider the bundles with moduli spaces of positive dimension. We
can study the holonomies ([Sy/q ® eh0s)], [Dn/q ® eMO)]) € My 4, and the result will be
the same for all k£ with ged(k, N) = d. Similar to our above discussion, conjugation by Sy /q
and Dy/q furnish d* copies of a (N/d)*-dimensional representation of Z?V/ 4 Each of the
d? copies has the usual gauge charges for the adjoint representation of SU(d). Explicitly,
the matrices

Sx/aD%/a ® (Ea))ij (3.20)

diagonalize the conjugation action, with eigenvalue

(w?v 1q @O0 e e2m<(9t)i—(et>j>) , (3.21)

where (E(q))i,; is the d x d matrix with a 1 in the (4, j)th entry and zeroes everywhere else.

So, for a flat connection on the torus with these holonomies, the adjoint fields have gauge
—1)% _ .

fugacities wj'(,/d q N/ j—;, where a,b € Cy/q, and 2z; = exp(2miu;) with u; = (60¢); — 7(65):-

One of the d modes with a = b = 0 and 7 = j corresponds to the identity matrix, and should

be excluded, as above for the d = 1 case. Putting everything together, the contribution

from a component of the moduli space isomorphic to My 4 is schematically

B 1 1 1 a = (at(=1)%r
[ 2o, () 5 I T2 om0

abeCy g inj=1
(3.22)

where the 1/=(0) term serves to remove from the product the mode corresponding to the

identity element in the Lie algebra. As a check, we see that this formula reproduces our
earlier expression (3.19) for d = 1, and reproduces 1/N times the expression for the integral
over the SU(N) moduli space obtained by [24, 25, 27] for the integral over the moduli space
of the trivial bundle with d = N, as can be seen by lifting M, to SU(N).

4 Elliptic genus of MSYM,

4.1 Setup

We are now sufficiently equipped to turn to the computation of the elliptic genus of MSYM,.
To compute the elliptic genus of a N/ = (8,8) supersymmetric theory, it is convenient to
pick an NV = (0,2) subalgebra of the N' = (8,8) supersymmetry algebra and express the
fields and the Lagrangian in representations of this N/ = (0, 2) superalgebra. As elaborated
in appendix A, a choice of an N' = (0, 2) subalgebra is given by picking two right moving
supercharges Qﬁ that generate right-moving supersymmetry transformations ali% C €%
such that Eﬁ (and thus Qﬁ) are eigenstates of a weight of the 8, representation. To

paraphrase the appendix for convenience, this choice decomposes the R-symmetry group
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as Spin(8) — Spin(2) x Spin(6) = U(1)r x SU(4), such that
8 =11 ®6pD1_1
8.4 184, (4.1)
8, 4,104

[NIE

Let {:I:ei}izly,,.A C b* be the weights of the 8, representation of Spin(8), and let
{Kj;}j=1,..4 C b denote the Cartan generators with ei(Kj) = 6; A concrete choice of
Eﬁ is given by the 8, weights 7 where r = 1(e1 + ez + e3 + e4), for which U(1)p is
generated by the Cartan generator Jg = %(Kl + Ko+ K3+ Ky).

Under such a split, the SU(4) factor commutes with the supercharges Qﬁ; therefore
it is a flavor symmetry from the perspective of the N’ = (0,2) superalgebra. This allows
us to define the index in the Ramond-Ramond sector via the N' = (0,2) flavored elliptic
genus [24, 25, 27]

Try(—1)F g e gm T oy (4.2)
A

where f4 are the Cartan generators of Spin(6) = SU(4). Generalizing the index to include
the 6 angle, we obtain

Try 12 (—)Pq e g"n [ alt = 3 Try, ™ (-1)F g T alp. (43)
A k A
Under the decomposition (4.1), the fields decompose into SU(4) representations as
(X'} = {o%, 64}
{x2} = {A=, A, 9P} (4.4)
{X(I)%} — {¢—?7¢+A}7
which can be reorganized into N = (0, 2) superfields {®4, 4, A, A, T4 W44} as
4 = ¢+ 0Tyt + 010" D¢
1 . o+
A=X_+0"—(D+iFo)+ 6070 DA 4.5
\/ﬁ( 09) + (4.5)
pAL — ¢f4 +otGgAt ¢ §+EA4((I,) + 9+§+D+¢ﬁ4.

The Fermi multiplet A is the NV = (0,2) vector multiplet, and carries the gauge field
strength Fyg (or Fog for the U(N) + B theory). The E-type interaction term is E44(®) =
—i/2g[®4, ®4]. There is also a .J-term superpotential

ig Tr / AR e Y C))

+hoe =ig AP Ty [ gty o8, 30 +he  (4.6)
ot =0 3! 6" =0

Perhaps the easiest way to derive these interactions is from the Lagrangian of 4d N/ = 4
SYM written in A/ = 1 supermultiplets. When dimensionally reduced to 2d, we get 2d
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N = (8,8) SYM, expressed in N = (2,2) vector and chiral superfields, denoted ¥ and ®13,
respectively, with the N' = 1 superpotential descending to the N = (2,2) superpotential

igTr/d92<i>1[<i>2,<i>3] +h.c.. (4.7)

Now, we can decompose the N' = (2,2) multiplets and the ' = (2,2) superpotential into
their N' = (0,2) counterparts as described in [30]. The vector multiplet ¥ decomposes
into a chiral multiplet ®* and the Fermi vector multiplet A. The chiral multiplet &4
of N' = (2,2) decomposes into a N' = (0,2) chiral multiplet ®* and Fermi multiplet
U4 where the Fermi multiplet has FE-term D, ¥4 = iy/2g[®* &4]. The N = (2,2)
superpotential W (®) descends to J4(P) = %, which reproduces our expression above.

For the free U(1) theory, the index as defined vanishes due to the zero mode of A_ and
its conjugate, as usual. This is because A_ and its conjugate are in the same eigenstate of
bosonic symmetries as the N = (0,2) supercharges, including the R-symmetry, and have
opposite fermion number, so their contributions cancel. But, following [31, 32], we can
remove the contribution from the problematic zero modes by inserting a factor of Jr into
the definition of the trace, as we will discuss in detail in section 5. Then the index is simply
the product of the one loop partition functions for each of the superfields

31_[?4:1 01(7|€a + &4)
1% 01(71€a)

where £4 are holonomies for flat background gauge fields for the SU(4) “flavor” symme-

Tuay = Za [ [ Zoa Zyas = n(r) (4.8)
A

try, coupling to fields via p(&) = pA€4, where p is a weight of the fundamental SU(4)
representation. The holonomies £4 satisfy

> ea=0, (4.9)
A

which is the determinant constraint of SU(4), or equivalently the superpotential constraint.
The Dedekind eta function is defined as

n(r) =q¢'* ﬁ(l —q"), (4.10)
n=1
and the Jacobi theta function is defined as
01 (rlu) = —ig"/821/? ﬁ(l —q") (1= zg")(1 -2 "¢" ), (4.11)
n=1
with ¢ = €*™ and z = ™,

Let’s recall that in order to compute the index for the interacting gauge theory, one
also needs to introduce gauge fugacities, and then impose Gauss’ Law, which takes the form
of a contour integral. Since the theory is free in the UV, and the index is scale invariant,
we can do the computation in the free UV limit, so we only need the contribution from
each free field. The integrand of the contour integral for the gauge theory index is then

Zytoop (7113 §) = [ [ E(rla(u); ©), (4.12)

«
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where Z(7|a(u);€) is the factor from the modes with charge a in the presence of a back-
ground flat gauge connection specified by u, with a(u) as discussed in section 3.2 for the
various components of the moduli space of flat connections. For MSYM,, the free field
index is

01 (7lu) [Ty 01(7]€a + &4 + ) _

E(r|us ) = (4.13)
Hi:1 O01(7|6a + )
Note that we can recover the U(1) index as
9 -
Tuy(Tl€) = 3 E(7]u; §). (4.14)

u=0

The function Z(7|u; §) inherits the following periodicity properties from the theta func-
tion 60 (7|u),

2(rlu+ a+ br; €) = e 2P (7|y; €),

(4.15)
E(rlus &1 + a+ b7, &2, &3) = T EIE(T|us €),
as well as the following modular transformation properties,
E(r + u; &) = =2(7]u; &),
(4.16)

- 1
B T

These properties imply that the integrand Zi_joop(7|u;€), and therefore the index is a

= 5) = o7 M (r]u; ).

T T

modular invariant symmetric Abelian (multi-periodic) function of the variables &; 23 with
modular parameter 7. We will explore such functions in section 5, and their uniqueness
properties will help us match the gauge theory index to the symmetric orbifold index in
section 4.3.

4.2 Contribution from isolated flat connections

We are now ready to compute the various contributions to the SU(N)/Zy gauge theory
index from the components of Myg,;. Let’s start with the pointlike components, corre-
sponding to isolated flat connections of the bundles Py with k¥ L N. Applying our earlier
result (3.19), we have

1 — a *br
Drtoon| iy, = 72 [T =152 e (4.17)
a,beCy
(a,)#(0,0)

In fact, this expression simplifies quite a bit, due to the identity
[T =+ 55 60) = E(r|Nu; Nea). (4.18)
a,beCn
We can now rewrite the contribution to the index as

1 . E(7|Nu;Nés) 1 Ly (TINEa)
Z1- = -3 =— . 4.19
1 loop|MN,1 N2 uli% E(T|u; gA) N IU(l)(T‘gA) ( )
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4.3 Integral over flat connections on the trivial bundle

Let’s move on to the contributions from components of Mg, of positive dimension. We
will start with the component corresponding to the trivial SU(NN)/Zy-bundle Py o, which
will be the bulk of our computation. As discussed in section 3.1, we can lift the integral
on the moduli space of flat connections My n of Py to an integral on the moduli space
of flat SU(V)-connections M/Sy. This allows us to use the formula obtained by [25] (see
also [24, 27]) and write the integral in (3.12) as

1 1
%MN’NZ1IOOP(U):|7T1(SU(N)/ZN)]|SN] Z JK-Res(Q(us), 1) Z1-100p (1), (4.20)

* sing*

where

3 N

N— 01(7|u; — u; _101(7]€a + &4+ uj — uy

Zl,]oop _ (IU(]_)) 1 I | 1( | .74) Hg 1 1( | 4 ]) /\ dul (421)
i#£j HA:I (7164 + ui — ’LL]‘) i=2

The authors of [25] give a detailed prescription for evaluating the JK-Res operation.
Here, we will briefly recall parts of the prescription, and compute the residue. Let r denote
the rank of the gauge group, so = N—1 here for SU(V). The integrand Z; _jo0p is naturally
a meromorphic (r,0)-form on 90, which is the torus hc/(QY +7QV) = (C/Z+7Z)", where
h is the Cartan subalgebra of SU(N), and QV is the coroot lattice. We pick ug,...,uy as
coordinates on 9 and solve for u; using the trace constraint >, u; = 0. We observe that

Z1-1o0p is singular along the hyperplanes

Hj} ={ui—u;+&4=0 mod Z+7Z} C M. (4.22)
Let Qf} € h* denote the weight of the multiplet responsible for the hyperplane H i‘;‘, which
are the non-zero roots f]‘(u) = u; — u;. Let Q(uy) = {Qf} | us € HZ’;‘} denote the set
of charges of the singular hyperplanes meeting at us. The collection of points u, where
at least r singular hyperplanes intersect is denoted by Qﬁsing*. When the charges Q(u.)
of all singular hyperplanes meeting at a point are contained in a half-space of h*, the
arrangement of hyperplanes is termed “projective”. When there are exactly r singular
hyperplanes intersecting at a point, labeled say Hj,,..., H;_, the arrangement is termed
“non-degenerate”. To evaluate the residue, we need to pick a covector n € h*, which
for theories with only adjoint fields specifies a Weyl chamber. For a projective and non-

degenerate arrangement, the residue is determined by the operation

JK-Res(Q(us), 1) duy A - Adu, _ m if n € Cone(Qy, - .. Qj,),
U=, QR (u—us) - Q. (u — uy) 0 otherwise.

(4.23)
Here, Cone(Qj, ...Qj,) stands for the positive cone generated by the charge rays
Qj,s-.-,Qj.. When the arrangement is degenerate, so there are more than r singular
hyperplanes intersecting, the JK-Res operation is more complicated, as one needs to spec-
ify the precise cycle to integrate on. However, for the case of interest for us, whenever the
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arrangement is degenerate, one can exploit the linearity of the JK-Res operation to deter-
mine the cycle relatively easily, as was pointed out in some examples in [25]. In any case,
the JK-Res operation corresponds to a particular linear combination of iterated residues,
and in our case we will be able express JK-Res explicitly as a somewhat simple prescription
of iterated residues.

Let’s analyze which poles give non-zero contributions to the sum in (4.20). It simplifies
the classification of poles to note that non-zero residues are from points u, where s singular
hyperplanes and s’ zero hyperplanes intersect, such that s — s’ = r. We see that Zj_jo0p
has zeroes along the hyperplanes defined by

Nij ={uj—u; =0 mod Z + 72},

o (4.24)
Ni;* ={ui—uj+&+& =0 mod Z+ 7Z},

for i # j and B = 1,2,3. So, for example, at the N? points where the hyperplanes
HA

i+l
or zero hyperplanes intersecting (for generic £4). These points therefore give non-zero

with ¢ = 1,...,N — 1 and some fixed A intersect, there are no other singular

contributions as long as n € Cone({QﬁM}i:l,‘_” ~N—1). However, whenever say HzAj and
H{f{ j intersect, we have u; = uy, at which point there is a double zero in the integrand,
and such points don’t contribute for generic £4.

We note that sets of hyperplanes that contribute a non-zero residue always intersect
at N? points, and each of these points will contribute identical residues. This is coming
from the fact that we have lifted the integral on the trivial SU(N)/Zy-bundle’s moduli
space to the SU(/V) moduli space SfTI, which as we discussed in section 3.1 is an N? — 1
covering. For concreteness, we will continue the integral on M to make direct contact with
the literature, and observe that we will obtain N? times the integral over the SU(N)/Zy
moduli space.

Let’s return to the classification of poles. There are some points where a degenerate
intersection occurs with the required number of zero hyperplanes for the residue to be
non-zero. When this is the case, first of all, we need to determine what order of iterated
residues JK-Res corresponds to. A second point that needs attention is as follows. We
note that due to the constraint > &4 = 0, the second set of zero hyperplanes Ng‘l can be
written as

NGB ={ui—uj+€éa+E&3=0 mod Z + 77} (4.25)

with A, B =1,2,3,4, but A # B — essentially, as an rank 2 antisymmetric tensor of SU(4).
Although the zeroes are totally symmetric in the £4 (as expected, since the integrand is to-
tally symmetric in the £4), the signs of the factor in the integrand giving these hyperplanes
differ for the pairs (A, B) € {(1,4),(2,4), (3,4)} versus (4, B) € {(1,2),(1,3),(2,3)}. This
introduces a subtle sign in the computation of the residue, which we have to keep track of.

For concreteness, let’s look closely at an example, as it will illuminate some of the
subtleties in the computation. For N = 4, there are N? = 16 points where four singular
hyperplanes Hfé, HlBg, HE and Hgﬁ meet the zero hyperplane {e(A, B)(u; —ug)+&a+Ep =
0}. Here, €(A, B) is the sign that determines the correct zero hyperplane, N{i? or NBA4; it
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is 1 if either of A or B is 4, and —1 otherwise. The intersection occurs at the points

1 a+ br
(u2,u3,uq) = §(§A —&,—a+&B,6a+&B) + (1,1,1) (4.26)
for a,b=1,...,4. A more suitable choice of coordinates is given by v; = Q;1(u) = u; — u;
for ¢ = 2,3,4. The intersection points in these coordinates are at
(1)2, V3, 1)4) = (fA, fB, fA + fB) + (a + bT)(l, 1, 1). (4.27)

First of all, let’s note that the integrand is doubly periodic in each of the variables v; under
translations by Z + 7Z, so each of the poles contributes the same residue. Shifting the
coordinates so that the intersection happens at v; = 0, we need to evaluate

G(A, B)’U4 dvg N dvg A duy
vou3(vg — v2) (Vg — V3) 4 '

The set of charges Q. is {Q12, @13, Q24, @34}, which are

JK-Res(Q., ) (4.28)

QIQ == (_17070)7 Q13 - (07 _170)7 Q24 = (1707 _1)7 Q34 = (07 17 _1) (429)

in coordinates dual to v;. We pick the convenient choice of n = (—1,—1,—1) in these
coordinates. Now, we need to determine which cycle of integration JK-Res corresponds
to for this 7. As discussed in (4.20), there could be various such cycles, depending on
which sub-chamber 7 sits in; however, the results are equivalent. By linearity of the
JK-Res operation, if we find some cycle of integration such that when applied to the 3-
form defined by

a b c d

w234 = + + +
(vzvs(m—vz) vov3(va—v3)  v2(va—v2)(va—v3) w3(va—v2)(vs—03)

) (4.30)

gives the correct residue for each of the linear pieces, as according to (4.23), then it is the
right prescription for the degenerate case. Noting that for the four subsets of charges, only
Cone(Q12, Q13, Q24) and Cone(Q12, Q13,Qs4) contain 7, the correct cycles are determined

as Res Res Res and Res Res Res, as both evaluate to a+b when applied to we34. Therefore,
v4=0v3=0v2=0 v4=0v9=0v3=0

applying either of the iterated residues to (4.28), we see that it evaluates to €(A, B)/4. Such
poles generalize to N > 4 as Young tableaux along pairs (A, B) as one expects.

Another subtlety comes from poles containing “cubes”, which starts occurring for
N > 8. Concretely, for N = 8, we have a pole at the point

(vi)i=2,..8 = (£1,62,&3,61 + &2, &1 + &3, & + &3, 61 + &2 + &3). (4.31)

There are 13 singular hyperplanes
H1127 H123a H%4’ H2157 H§5’ H§6’ Hiﬁv H§7, HZ% Hng H628’ H718’ Héll (4'32)

and 6 zero hyperplanes Ng’f, Ng{l, N%{l, Nglél, N82§}, Ng’f meeting at this point. However, the
charge vector (g1 coming from H, gll points outside of any half-space containing all the other
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charge vectors, so the arrangement is not projective. As was pointed out in [25], we can
deal with this situation by relaxing the constraint on the R-symmetry fugacities (which
resolves the intersection into a bunch of projective ones), computing the residues, and then
taking the limit ¢ — 0. Relaxing the constraint on £4 to & + & + &3 4+ &4 = ¢, the singular
point is resolved to two points, at vg = & + & + &3 and at vg = =&, = —& — & — &3+ €
with v, ..., v7 as before. For n = (—1,...,—1), the second point does not contribute, and
to obtain the contribution from the first point, we need to calculate

(vs + €)(ve + €)(v7 + €)
UQU3U4(U5 — 1}2)(1}5 — ’1)3)(1)6 — UQ)(U(; — ’1)4)(’[)7 — Ug)(U7 — '1}4)
(vg — vo + €)(vs — v3 + €)(vg — Vg + €) /\f:2 dv;
(vs — v5)(vs — vg)(vs — v7)(—€ — vs) 8

JK-Res(Qu; 1)
B (4.33)

We can determine possible choices of a cycle of integration for this degenerate arrangement
as above, and once again the residue is independent of this choice. One choice is given by

vg=0v7=0 ’U2:0,

8
JK—%eS(Q*, n) /\ dv; = Res Res ... Res (4.34)
v i=2

so (4.33) evaluates to —1/8. Note that this sign comes from the singular hyperplane Hig
with the problematic charge covector which made the arrangement non-projective in the
first place, and is separate from the sign coming from zero-hyperplanes discussed above.
So, in general we need to keep track of both sources of sign for the residue.

Finally, we note that starting NV > 16, there are poles containing “hypercubes”, with
vig = &1 + & + &3 + £4. Due to the constraint on €4, vig = 0 and there is a double zero
from Nig,1 and N 16, so such poles have vanishing residue.

We are now ready to compute the contour integral for general N. The contributing
poles in any Weyl chamber are classified by certain 4d Young tableaux of size N.° A
4d Young tableau is a collection of N “nodes” Y = (y1,...,yn) € Zéo, subject to the
“stacking” condition: if the node x = (x',2%, 23, 2%) € Y, then so do all the nodes y =
(y', 9%, 93, y*) with 0 <y < 24 for all A =1,2,3,4 [33]. We also require that each node
y; have at most 3 non-zero coordinates ylA. We will denote the collection of such 4d Young
tableaux of size N by Vy. Each such 4d Young tableau Y of size N describes N!- N? poles
of the integrand, at coordinates given by solutions to u; — u; = yf(i)f A, for some choice
of j and the (N — 1)! orderings o (i) of the remaining u; with i # j.° The choice of j is
related to the choice of a Weyl chamber; for any choice of 1 only (N —1)!- N2 poles survive
the JK-Res operation, corresponding to some fixed j. For concreteness, we fix j = 1 with
the convenient choice of n = (—1,—1,...,—1) in coordinates (uga,us,...,uy). Since the
integrand is symmetric in the u;, the (IN—1)! orderings o (i) contribute identically, cancelling
part of the factor coming from the order of the Weyl group. We define v; = Q;1(u) = u;—ug
for i = 2,..., N, noting the relation ) u; = 0. Contributing poles are at points v(Y") given

®4d Young tableaux of size N also classify solid (3d) partitions of N, Z”k
nonzero n;j, there are n;j, corresponding nodes (i — 1,5 — 1,k — 1,1), with 0 < I < ny;,. In [33], such

nijk = N, where for each

partitions are denoted 4d partitions of N.
5We have picked yf\ = 0 which we are free to do for any Y.
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by coordinates v; = y;-A§A +a+br, for a,b=1,..., N. Due to the periodicity structure of
the integrand, the sum over a, b is trivial and produces a factor of N2.
We introduce the following partial ordering < on the nodes of 4d Young tableaux,

yi 2y; if yd < yj‘ for all A, (4.35)

which keeps track of the stacking of the nodes. The operation JK-Res for a pole Y =
(y1,-..,yn), partially ordered such that y; < y; if i < j, is given explicitly by the iterated
residue 1

JK-Res(Qx, 1) /\dul =5 Res --- Res Res . (4.36)

U=Us uN=yHEéa 3=y €4 va=ys'éa

The integral over the moduli space is then

7{ Z1 Joop = N > N?JK- Res(Quy 1) Z1-100p (1) (4.37)
MnN,N YGJJ Vi=Y; Ala

N Z 5_>0 _T|15£) H (leiAéA - yffA +9;¢), (4.38)
,J

YGyN

where we have introduced an auxiliary variable § to simplify the expressions of the residues.
The coefficient ¢(Y') is a sign due to degenerate and non-projective intersections, and is
determined as follows. Let ¢3(Y) be the number of nodes in Y with at least 2 nonzero
entries in the first 3 coordinates, and let ¢4(Y) be the number of nodes in Y with exactly
3 nonzero coordinates, or

c3(Y) =#{y; € Y | yP? = 0 for at most one B, with B € {1,2,3}.}

) (4.39)
c(Y)=4#{yi € Y | y;" = 0 for exactly one A, with A € {1,2,3,4}.}

Then, the sign €(Y) is given by
e(Y) = (—1)esV)Fea), (4.40)
We conjecture that the sum over the residues greatly simplifies to the expression

1 IU()( 71£¢)
~ Z %E}%mﬂ E(rlyitea — yiéa+6;€) = NZ Tow (6 (4.41)

\Y\ N 1, s|N

This is a highly nontrivial simplification to check analytically, as the summands on the left-
hand side grow in number and complexity very quickly in N. Fortunately, the functions on
both sides of this equation are very special, and they enjoy some very restrictive properties,
which allows us to make some exact statements. Specifically, they are modular invariant
symmetric Abelian (multi-periodic) functions of the variables ;23 with the modulus 7
and period as in (5.14), of the kind explored in detail in section 5. This follows from
the periodicity and modular transformation properties of Z(7|u;§) and Zy(1)(7€); as the
integrand (4.21) is such a function, so is the integral. We will explore some key properties
of such functions in section 5, leading up to Lemma 5.1 which states that such functions are
completely determined by the rational function in variables a1 23 = exp 27i{; 2,3 obtained
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by setting 7 = ico (or ¢ = 0), corresponding to the constant term in the Fourier expansion
in ¢. This dramatically simplifies the effort of checking (4.41), since if we can show the
equality for ¢ = 0, the full equality follows exactly! We were able to show this for NV < 7
by using Mathematica to simplify the sum over the residues with ¢ = 0. For larger N, up
to N < 12, we checked that the pole structure of the rational functions obtained by setting
q = 0 on both sides agrees, as well as by performing some numerical checks.

4.4 Integral over flat connections on generic bundles

Having computed the integral on the moduli space of the trivial bundle, turns out we can
infer the integral on each of the other components of Mg,;. We first note that we can use
the identity (4.18) to simplify the integrand in (3.22),

dQI (T] -1 d -

i,j=1

7]
(4.42)
We recognize the first factor as the contribution from My/4 1. The integral is the same as
the integral over My 4, but with scaled flavor charges { — %f . Quoting our result above,

we have

1 Ty (t15€) Ty ()4 d§ Ty (7158) )
Z1-loop = ~= s - — 4.43
/MN,d 1-loop N IU(I) (T|£) SZM: IU(l) (T‘ d Z IU(I T|£ ( )

4.5 Putting the pieces together

Adding up the contributions from each of the components of the moduli space of flat
connections, we obtain the index

; Ty (715€)
T vyjzn (TIE) = N Z oy 871( () . (4.44)

k=1 s|ged(k,N) v(7l)

In fact, we can evaluate the sum over k with given § = 2. (mod 2r)
o= 7rM 7'|3£ ID
7 — 4.45
U Z T ile ~ 2 (4.45)
where D = ged(M, N). Thus we establish that the index for the SU(N)/Zy MSYMy

218 s equal to the index of the sigma model into (R)P~1/Sp,

theory at theta angle 6 =
providing strong evidence that the IR limit of the gauge theory with the corresponding
theta parameter is described by this sigma model.

We can also easily infer the index of the SU(N) and SU(N)/Zk theories for each K|N
with our results thus far. For each such theory, the contributing bundles are a subset of
the SU(N)/Zn-bundles, with the moduli space of flat connections lifted appropriately. For

the SU(N) theory only the trivial bundle contributes, so we have the index

IUI cd(k,N
Tsuw Z VAR T,g Zg( L(rle), (4.46)
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which is the sum of the index of each of the N superselection sectors in the theory, with
the kth superselection sector described by the sigma model into (R®)4~1/S; with d =
ged(k, N). For a SU(N)/Zk theory, there are K bundles to sum over, corresponding to
those SU(N)/Zy bundles with ws liftable to H?(T?,Zy) where Zy C Zy — essentially
those with K|ws. Accounting for the volume of gauge transformations and adding in the
Zy-valued 6 angle ¢ = 2r M /N with M € Zy/Zy/kx = Zi, we obtain the index

N/K
9_

N
ISU 7_|§ Z eZGkK Z SI;(l() (T’ s g) (447)

dgcdhk.N) LU n(7l€)

-y 3 Zy()(7|s€) (4.48)

k=M (mod K) s|gcd(k,N) Ty (71€)

=y Mg (4.49)

k=M (mod K)

For each of the K values of #, the index is the sum of the indices of the N/K superselection
sectors of the SU(N) theory with the same Zg charge.

As discussed, the index of the U(N) theory can be inferred from that of the SU(N)
theory, and is

M (T1) = Zua)Zsuw)(TI€) = Z ecd(k,N) (T16)- (4.50)

The U(N) theory has N superselection sectors, as expected.
The index of the N D1-branes worldvolume theory with U(N) gauge field and the
B-field in the sector with M units of flux ¢; is

Iiny+5(TIE) = ICl(l)MISU(N) (71€) = Zp(7[§). (4.51)

We have used the fact that the U(1) factor is free, and since the field strength does not con-

tribute to the index, Z° )= = 7 in the appropriate topological sector of the supersymmetry

U1
algebra. The index summing over all flux sectors (and therefore all BPS sectors) is
Tunys(Tlé) = Y MOIp(rle). (4.52)
MeZ

Once again, we note that the D1-brane index is invariant under the S-duality of the Type
IIB string, which is generated by exchanging M and N and shifting M by a multiple of NV,
while leaving D invariant.

5 Elliptic genera of N' = (8, 8) sigma models

We have thus far computed an A" = (8,8) analog of the elliptic genus of the SU(N) and
the U(N) MSYMg, and claimed that they are equal to the corresponding elliptic genus of
some symmetric orbifolds of the supersymmetric sigma model into R®. In this section, we
will compute the elliptic genus of the orbifold sigma model, and establish some of its key
properties that allow us to match it with the gauge theory elliptic genus.
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5.1 Elliptic genus of the R® sigma model

For brevity, we will denote the supersymmetric sigma model into R® by C. C is a free
theory. When viewed as a non-supersymmetric theory, C carries 3 Spin(8) flavor symmetry
groups, labeled Kj, K;, and K,, each acting separately on the 8 real bosons, the 8 real
left-moving fermions, and the 8 real right-moving fermions. When viewed as a N = (8, 8)
supersymmetric theory, these actions are combined into a single copy of Spin(8), K, which
is the R-symmetry identified as the rotation symmetry of the target space, with the bosons,
the left-moving fermions, and the right-moving fermions transforming in the 8,, 8;, and
8. representations, respectively (up to Spin(8) triality). We can pick the representations
of the fields under K, x K; x K, as

(85,1,1) @ (1,85,1) ®(1,1,8,). (5.1)

With this choice, K is identified as the diagonal combination of Kj x K; x K.

The philosophy for computing the flavored elliptic genus is to pick an N' = (0,2)
supersymmetry, and insert into the trace fugacities for every bosonic charge which com-
mutes with the chosen supersymmetry. We can think of C as an N' = (0,8) theory with
R-symmetry K., which has flavor symmetry K} x K;. Any choice of an N' = (0,2) subal-
gebra gives the free theory with 4 chiral and 4 Fermi complex N' = (0, 2) superfields. The
flavored elliptic genus in the RR sector of this theory is then

N—r
5
iy
—
{o\z
N—r
5
iy
—
=
N—

: T Koa T K _ 01(Q)01(C
Z1(71€a,(5) = Trrr(—1)F gL gtn a,”" p A = TSl
(rléa ) = Trral-L) Hea 3 =5 ¢ ncom@ne
where £4 and ¢ i are eigenvalues of flat background gauge fields for K3 and K corresponding
to the Cartan generators Kj 4 and K 5, with
aq = e2mia, I;A = e2mis, (5.3)
We have used the superscript tildes for the K; Cartan to denote the basis in which the 8;
weights are diagonal. The transformation to the basis in which the 8, weights are diagonal

is given by
11 11
1 1-1-11
K, ;= M{K a, where Mg‘:5 o111 (5.4)
~1-1 11

However, this K} x K; flavor symmetry only commutes with the action of a NV = (0, 8)
superalgebra, and does not respect the full N' = (8,8) supersymmetry of the theory. If we
insist that C is indeed an N = (8, 8) supersymmetric theory, there is a single K = Spin(8)
R-symmetry, which is not respected by the backgrounds considered above. As described
in section 4.1 and appendix A.2, once an N = (0, 2) subalgebra of the A" = (8,8) algebra
is chosen, the supersymmetry generators QF are eigenstates of a corresponding Spin(2)
subgroup of K, and there is only a Spin(6) = SU(4) symmetry commuting with it. In this

~ 34—



case, we can define an index with fugacities for the SU(4) “flavor” symmetry, which we
label K,

3
Z(71¢'p) = Trrr(=1)"¢"r "= [] o'5 . (5.5)
B=1

with K’p the Cartan generators of K’. But the left-moving fermions and the right-moving
supersymmetry generators transform in the same representation, 85, of K. So, for any
choice of an N' = (0, 2) subalgebra, there will be left-moving fermions which are eigenstates
of the Spin(2) R-symmetry, and therefore uncharged under the SU(4) flavor symmetry. The
index as defined in (5.5) vanishes due to the contributions of these fermion zero modes,
as was the case for the free U(1) multiplet as discussed in the paragraph leading up to
equation (4.8).

Once again, as is commonly done in the literature, we can remove the contributions
from the uncharged fermion zero modes by slightly modifying the index (5.5). This is done
by (re)introducing fugacities for symmetries the fermions with problematic fermion zero
modes are charged under (so that the modified index has a zero when the fugacities are
turned off), taking appropriate derivatives to get rid of the zero, and then turning off the
fugacities, as in [32] (see also [31]). We can do this by relating (5.2) to (5.5). First, we
identify K} and K; diagonally, and write the reduced N' = (0, 8) index

0, (51-!—52-553-&-&4) 0, (51—52;53-&-54) 0, <—€1+§22—£3+§4) 0, (—51—522+£3+§4>

61 (&1) 61 (&2) 01 (€3) 01 (&a)

The N = (8,8) index (5.5) can be computed from (5.6) by further identifying K, with K
and K diagonally (so Ko = Kp o + Kj a4 + K, 4), and turning off the fugacity correspond-
ing to the Spin(2) R-symmetry of the N’ = (0,2) subalgebra. Choosing the N' = (0,2)
superalgebra as in section 4.1 and equation (A.15), with the R-symmetry generated by
Jr = M{‘KA = %(Kl + Ko+ K3 + K4), we identify

Zy (7]€a) = . (5.6)

K'p=Mg, Ka, B=1,2,3 (5.7)

as the Cartan generators of K’. Practically, turning off the fugacity for Jr can be realized
by having the £4 descend to eigenvalues of background flat SU(4)-connections, which satisfy
the trace constraint

&1+ & +E&+E& =0 (5.8)

The N = (0, 8) index (5.6) has a first-order zero at exactly this constraint due to fermion
zero-modes, as it should by our argument above. To remove this zero, we simply take
the derivative with respect to by = exp(2miy) = exp(QWiW) = Jaiasasay, and
set by =1,

Ii(rlea) == —;blzlmsA) - (5.9)

_ 0 (7)01(7]€1 4 €4)01 (712 + £4)01 (7€ + E4)
01(71£1)01(71£2)01(71€3)61(T|€4)

(5.10)
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In this expression, it is understood that the &4 satisfy the constraint above. One could
explicitly plug in {4 = —&; — &2 — &3, if desired. We note that this is exactly the index for the
(necessarily free) U(1) N' = (8,8) vector multiplet with the vanishing gaugino zero-mode
contributions removed, which is a good check that the two definitions of the index for the
gauge theory and the sigma model agree.

More generally, for any A/ = (8,8) theory, this index is defined as

9 4

I(rlea) = =5~ Trrr(—1)"q"r g™ I o/ (5.11)
Hloi=1 A=1
3 !
= Trrr(—1)" Trg™r s T] o' 2. (5.12)
B=1

Fourier expansion of Z;. The index 7Z; enjoys a number of very special properties.
For definiteness, we will solve for the SU(4) (or, really, SL(4,C)) constraint by setting
&y = =& — & — &3 explicitly in this section.

e (Abelian function.) Z; is holomorphic in 7 € H/SL(2,Z) (including at the cusp ¢ = 0
or 7 = 400), and meromorphic in each {4 € C/(Z + 7Z). Moreover, Z; is doubly
periodic in each £4 under translations by the lattice Z + 7Z, i.e.

Li(7|€ + Q2 - n) = Ty(7[E), (5.13)
where n € Z% and € is the period matrix

170000
Q=|001700]. (5.14)
000017

e (Symmetric function.) Z; is symmetric in &4.

at+b
cT+d?

o (Modularity.) Z; is modular invariant, i.e. under SL(2,Z) transformations 7 —

at +b
T
! <c¢—|—d

It follows from these properties that Z; is an honest map (H/SL(2,Z)) x (C/Z +
7Z)% — C, and also a 3 variable Jacobi form (function) of weight 0 and index (0,0, 0). The
periodicity in 7 — 74+ 1 and {4 — €4 + 1 allows for a Fourier expansion, of the form

Ti(rléa) =Y q"fm(&) = D c(m, g™ [[ d's- (5.16)
m A

m>0,l

we have,

Cfi d) =Ti(7|€a), (Z Z) € SL(2,7). (5.15)

Since the function is holomorphic in ¢, the coefficients f,, (&) of ¢"* are unique and well-
defined. But since the f,,, are meromorphic functions themselves, they might have multiple
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Fourier expansions. For example, we can easily determine

L . . (1 — alag)(l — a1a3)<1 — agag)
Tilyeo () =T (7 = ic0|€) = 0= a1 — a2) (1 — a3)(1 — arazas) 5.17)

ai az ag aijaza3
=1+ + + — .
l—a1 1—ay 1—a3 1—ajasas

The function Zy|,_, (§) has different Fourier expansions in different regions of convergence
of the a4. Now, we can use the periodicity in £4 — £4 + 7 to find a recursion relation for
¢(m,l4), which, when combined with modular invariance, determines Z; completely given
Ti|y—g = Ta (7 = ico§). Explicitly, we have

Ti(rl6) = Tilymo () + D a™ Y x(s8) (5.18)
m=1

s|m
where () is the SL(4, C) character

1 1 1 1
= — Y A =a1+ayt+az+ag— — — — — — — —. 5.19
X(§4) = x0(8a) = Xprp(€a) = a1 Faz ag+ag = m = - = o = (5.19)
To see this, note that the periodicity of Z; under & — & + 7 implies the identity,
Z c(m, 1y, lg, I3)g™a’! al;aés = Z c(m,l4)gm 1 ab al;a?, (5.20)
m>0,l4 m>0,l4

and similarly for & and &3. To retain a holomorphic series expansion in ¢, we must choose
c(0,1) to be the coefficients of the expansion of Zi|,_, in positive powers of ay, i.e. the
expansion convergent in the region |as| < 1. From here, for each A = 1,2,3 and m > 0,
we infer the following relations

0 if m > 0 and, la<O0 —1la <0,
e,y Iy) = R G2
C(m+lA,l1,l2,l3) ifm-+14>0.

The case with [4 < 0 such that m + [4 = 0 should be handled with more care. In that
case, for say A = 1, we have

Tl (©) = Y c(~l,h,lal3)af afaf, (5.22)
11<0,l2,l3
which determines ¢(—l4,11,12,1l3) = ¢(0,11,12,l3) where ¢ are the coefficients of Il|q:0 in
the expansion with negative powers of a4. Putting it together, we have’
c(0,1y,12,13) if 14 > 0 and [4|m for some A,
¢(0,11,12,13) iflga <0 and l4|m for some A,
¢(m,0,0,0) ifly =0 for all A,

0 otherwise.

C(mallal27l3) = (523)

"We should note that for the general case, the first two cases should be generalized to hold for the
conditional n*l4 = m for some integers n, rather than just [4 |m. But for the specific case of Z1, since ¢(0, 1)
is only nonzero when ! = (I1,l2,13) is of the form (I,0,0), (0,1,0), (0,0,1), or (I,1,1), the notions coincide.
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The only coefficients that are not determined by these relations are those of the form
¢(m,0,0,0), implying that the function is determined up to a holomorphic function of
q. Requiring the function to be modular invariant fixes this ambiguity, since the only
holomorphic modular invariant functions are constants. For Z;, ¢(m,0,0,0) = 0 for m > 0,
and we obtain (5.18).

It is important to note that our discussion above proves that if any Abelian, modular
invariant function f(7|¢) with the same period matrix Q as Z;(7]€) agrees with Z; at ¢ = 0,
then it must equal Z;. More generally, we have the following result.

Lemma 5.1 Let f(7]£a) be a modular invariant, Abelian function with periods 1 and T
for each &, holomorphic in T (including at the cusp, ¢ = 0) and meromorphic in £4. Then

f(7€a) is completely determined by f|,_y(§a) = f(T = iocl€a).

A particularly useful class of such functions for us turn out to be Z;(r|N¢), which
satisfy the same properties as 7 (7£).

5.2 Elliptic genus of the Sym?” (R®) sigma model

There are various equivalent methods of computing the partition function Zy of a sym-
metric product theory given the partition function of the base theory Z;. We list three
prominent methods here.

e Summing over Sy connections and twisted sectors

In=— 3 (2l (5.24)

e The DMVYV formula [34]

1
— N 7) —
Z:=1+)Y p"Zn(ga) = ]] Ty (5.25)
Nzl n>0,m>0,l Pt

e Hecke operators [32]

log 2 =Y pMTwy2z, (5.26)
M=1
so in particular
1
7N ZTNZ1+"'+M<T1Z1)N (5.27)
where Mo
M 1
dr+b
TrZi( Z 2
CLGES VDY I(M/dpg) (5.28)
d\Md 1

The Hecke operators turn out to be the most straightforward to extract a closed-form
expression for Zp, given one for Z;. For the index we are interested in, we need to perform
the “index operation” to remove zero-mode contributions,

IN:= —i

| v (5.29)

b1=1
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like we did to obtain Z;. Analogous to the case in [32], only the term linear in Z; survives
this operation, as all the other terms have zeroes of order greater than 1 at b; = 1. Thus,

N/d—1

TNZy = %Z Y dn (W’d@). (5.30)

bi=1 dN =0

0

Iy = ——
N oby

Specializing to the sigma model into Sym®™ (R®), turns out we can simplify further,

Iy =Y Ii(r]da). (5.31)

dIN

This last simplification is nontrivial, but can be seen in two ways. One can notice that the
q = 0 piece of the two expressions in (5.30) and (5.31) agree, and they are both periodic
functions on (C/Z + 7Z)3; therefore they are equal by Lemma 5.1. Alternatively, one can
directly compute from the Fourier expansion:

N/d—1 00
%Z Y 4 <d]TV/+db‘ d§A> =Y Tilmo (@A) + YD ¢"™ > x(sdéa)
dIN b=0 d|N d|N m=1 s &m
=S T (r = iocldga) + 3 3N x(sdes) (32)
d|N k=1 d'|N |k
= Ti(r|déa).
d|N

6 Conclusions and future directions

We have computed the elliptic genera of the SU(N)/Zx MSYMy and U(N) MSYM; with
and without the B field, with each corresponding choice of the discrete 6 angle, and matched
it with the elliptic genus of a corresponding N' = (8,8) sigma model into a symmetric
orbifold of R®, which we claim describes the IR fixed point in that sector. While the main
focus of this work was in answering questions about the vacua of MSYM,, the elliptic
genera we have computed as part of our analysis are interesting objects in their own rights.
For example, they are related to the supersymmetric partition function of the free second
quantized Type IIA string as explored in [34], if one performs the sum over the string

winding number N;

Zo(r,01€) =1+ Y pVIn(7[9), (6.1)

N>1

where p = 2™, One needs to modify this expression with an appropriate factor to
obtain the T-duality invariant partition function Z(7,|¢) [34]. T-duality exchanges sting
winding number and oscillator number, so acts by interchanging p and ¢, which can be
used to determine Z. One could try to extract information about the strongly coupled
limit of the string, which is M-theory, using the topological invariance of this function. It

would also be an interesting question to understand the automorphic properties of Z, a
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la [35]. One might also consider replacing Zy with the full D1-brane index Ty(N)+B, which
in the Type IIA picture sums over the bound states with DO-branes as well.

This work was inspired by the 4d-2d correspondence explored in [30], as well as by
recent developments in the computation of flavored elliptic genera for 2d gauge theories.
In particular, MSYMsy can be obtained by considering Mb5-branes on a four-dimensional
torus 7% and letting the volume of the T shrink to zero. On the other hand, considering
M5-branes on 7% = T2 x T*, and compactifying first on the T2 factor taken to be the
worldvolume of the MSYMa, one obtains 4d N' = 4 SYM. Following the general idea of [30],
the elliptic genus of MSYMs is then related to the Vafa-Witten partition function of the
4d N = 4 theory on T*, as well as to an appropriate supersymmetric partition function of
the 6d N = (2,0) theory on 7. We will be exploring this relation in upcoming work.
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A Action and supersymmetry transformations of MSYM,

A.1 Dimensional reduction from 10d to 2d

The Lagrangian for the ' = (8, 8) super Yang-Mills theory in 2 dimensions can be obtained
by dimensionally reducing the 10 dimensional ' =1 SYM action

/dl% Tr (—iFMNFMN + ;érMDM@> (A.1)
where
Dy = 0y +ig[Am, -] (A.2)
1 )
FMN: Q[D]VDDN] :3MAN—8NAM+ZQ[AM,AN]. (A3)

The dimensionally reduced Lagrangian is [3, 6]

1 , 1 2 .
L=Tr <_2(DMXZ)2 +ix' Px = Fi, + %[XZ,X’]Z - \/igvai[XZ,XR]) . (A4

¢

We will summarize the derivation presented in [6], but adopt a “mostly plus” metric

signature in contrast. We use the 10 dimensional metric
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where 1, = 0,9, and 4,j = 1,2,...,8, and 1, = diag(—1,+1). We can write the following

10d Majorana-basis (purely imaginary) gamma matrices satisfying {I'™, 'V} = —2¢MN
. 0 B
I =0y ® I16 v = <5T %) ’
T = oy ® 7' ! (A.6)
. Is 0
I =gy ®4°, 9 _ ’
1@y g 0 —1Ix

where the o, are the usual Pauli matrices,

oy = (? é) R (S —Oz> R ((1) _01> , (A7)

and the 7% are 16x 16 SO(8) gamma matrices of the reducible 8,@8,. representation, with the
B; satistying {5;, BJT} = 20;;. The 10d spinor © is Majorana, and has real components in the
Majorana basis we have chosen above, thus we can identify the charge conjugation matrix
C = —TY O also satisfies the Weyl condition ® = I''©, where "' =T°...TY = o3 ® I5
is the 10d chirality matrix, which allows us to write © = (x,0)?. The 8d chirality matrix
79 allows us to decompose further as x = (xr, XR)-

Dimensionally reducing on the 1,2,...,8 directions, we define scalars X* := A’ and
obtain the action

1
- F/%V

xkE(Do—Dg)xr— 1

1 ' ) .
SMSYM, :/dx2 Tr <—2(DMX1)2+;X,£(DQ+D9)XL+;
(A.8)

2 .
+ XX —gx%VLB[X’,xR])

We are interested in the theory with gauge group U(N) or SU(N). The scalars X*
and the fermions x = (x¢, XdR) are in the adjoint of the gauge group. The Lagrangian
manifestly possesses a Spin(8) R-symmetry, interpreted as rotations in the 8 transverse
directions, under which the scalars X* and the spinors X7, and XdR transform in the 8, 8,
and 8, representations, respectively.

The supersymmetry transformations can be deduced from the 10d SYM transforma-
tions [36]:

0AN = il O (A.9)
60 =Ty nFMVe, (A.10)

After dimensional reduction, they are given by

§A, =ie"TT,x (A.11)
0X' = iefntaxt + ik vhaX? (A12)
5% = de [<+F095a5 ~Yx, ij,nf-,ﬁ> &+ (Dy - D@Xm@s%] (A.13)
5X?«2 =4c |:<_F095d6 — Eg[Xz, thé"’ﬁﬂ) E% + (D() + Dg)Xi’yéﬁé‘g] (A.14)
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where ¢ is the constant in TMN = c[FM TN |, and is determined as ¢ = i by imposing
TMNT ) N = —2(120). In the U(N) 4 B theory, one should replace Fyg with the generalized
field strength Fopg.

A.2 Supersymmetry subalgebras and superspace formulation

For the purpose of computing the index of MSYMa, it is convenient to express fields and
the Lagrangian in /' = (0,2) or N' = (2, 2) superspace. This can be done by considering
the representations of the fields and supersymmetries under the Spin(8) R-symmetry. The
16 supersymmetry generators (¢4, %) are in the representation 8.8 of Spin(8). A choice
of a N/ = (0,2) subalgebra of the supersymmetry algebra is generated by ali% = 5}% + ie%
corresponding to a pair of antiparallel weights of the 8, representation. Letting {£e;} C b*
be the weights of the fundamental representation 8,, we pick the two weights +r of 8 where

1
ro= 5(61 + ez +e3+eq). (A.15)

Note that +r are eigenvalues for the action of the Cartan generator J = %(Kl + Ko +
K3 + K4) on the weightspaces of +r, where e;(Kj) = ;5. With this choice, the Spin(8)
representations reduce as

8 =111 ®6pD1_1
84 19 ‘_Lr% (A.16)

under the decomposition U(1)r x SU(4) = Spin(2) x Spin(6) C Spin(8), where U(1)g is
generated by J. The supersymmetry generators are now (£¢,e%) = (5‘2‘, (er) A,eﬁ,eéB ),
where A, B = 1,2,3,4 are SU(4) indices for the fundamental representation 4. The field
content of the theory is organized into N = (0, 2) superfields as in (4.5) in the main text,
with the Lagrangian given by the standard D-terms and the superpotential (4.6).

To get an N = (2,2) subalgebra, one can to pick [ := J(e1 + €2 + e3 — e4). Then, the
vector and axial R-symmetries are determined by

RV:T+l:61+62+63, RA:T—ZZ64 (A17)

This choice further decomposes the R-symmetry to U(1)g x U(1) x SU(3) C Spin(8), with
the representations decomposing as

Bs = Ly1 41 D341 @3 101
B3 10®1 1 1 ®3,1,811 4, (A.18)

8v—>3+%’+%@1 71@3717%@17%’Jr

1
+2,73 2

N

The supersymmetries are generated by (5%,52‘, (EL)A,&??%,E;%, (er)a). In N' = (2,2) super-
space, the SU(3) singlets correspond to the components of the vector multiplet ¥ and its
conjugate, and the 3 @ 3 correspond to the compontents of the chiral fields ®B and its
conjugate, with the superpotential as in (4.7).
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