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New Vertical Geodesy 

JAMES H. WHITCOMB 

Seismological Laboratory, California Institute of Technology, Pasadena, California 91125 

Vertical geodesy is undergoing a revolution because of two factors. First, new precise three-dimensional 
position measurement techniques used over very long distances and based on extraterrestrial reference 
systems provide a new class and precision of geometric data previously unavailable for geophysical 
investigations. Second, physical models in tectonic theory for large earthquakes predict crustal distortions 
that violate the conventional assumptions used to interpret gravity and leveling data. Leveling and 
geometric elevation measurements are not directly comparable because the interpretation of leveling data 
is density-model dependent. Estimates of pre-1971 San Fernando earthquake elevation changes based on 
leveling of about l0 cm may be as much as 3 cm, or 40%, too large. Pre-1964 Niigata earthquake leveling 
surveys, previously used as confirmation of the dilatancy model, do not require dilatancy as an ex- 
planation and easily allow an alternative model with a subsurface density increase. Gravity is also not a 
dependable estimator of elevation change. But a combination of gravity with either leveling, if the 
dimensions of the distorted body are known or small, or geometric elevation measurements is essential for 
the determination of crustal density and strain changes. The 1965-1967 Matsushiro earthquake swarm 
leveling and gravity data show a significant dilatant strain of 0.6-1.8 x l0 -4 if the proper model 
dimensions are used. This dilatant strain would be adequate to cause the observed drop in V,o/Vs, even if 
the crust were initially saturated prior to distortion. The combination of gravity, leveling, and the new 
geometric elevation measurements provides a useful parameter, gravitational potential, for the inversion 
of subsurface density distributions. Use of this parameter, defined as the free-air elevation anomaly, is 
illustrated for a nearly compensated mountain root structure and shows that this technique holds 
significant promise for the study of large, deep structures in the crust and upper mantle. 

INTRODUCTION 

In 1971 a joint earth physics program was begun between 
the California Instiiute of Technology and the Jet Propulsion 
Laboratory under the sponsorship of the National Aero- 
nautics and Space Administration. One of its objectives is the 
development of new geodetic systems to solve the problems of 
crustal distortion measurements over long distances and their 
relationship to the occurrence of earthquakes. One outgrowth 
of this program has been the Aries (astronomical radio inter- 
ferometric earth surveying) system [e.g., MacDoran, 1974; Ong 
et al., 1975a, b], which uses radio interferometry and currently 
measures station separations to 10-cm three-dimensional accu- 
racy for short base lines (less than 300 km) and will be capable 
of 3-cm or better accuracy over base lines of 0-1000 km and 
10-cm or better accuracy over intercontinental distances 
within a few years. Aries is one of a class of new geodetic 
techniques that involve either radio interferometry or laser 
ranging to aircraft, extragalactic radio sources, satellites, and 
the moon (see the review by Bender [1974]). The frame of 
reference of all of these systems is extraterrestrial. For ex- 
ample, the reference frame used by Aries is defined by the 
positions of extragalactic radio sources. These sources are so 
distant that they are a good physical approximation to an 
inertial coordinate system. A primary goal of any new geodetic 
system as it develops is a check of the system with conven- 
tional geodetic measurement techniques to verify accuracy 
whenever possible. However, analysis of the initial Aries field 
trials showed that a check of the geometric vertical component 
with leveling is not a simple task. 

Elevation measurements as determined by geometric tech- 
niques, such as those described above, and by leveling are not 
directly comparable. This results from the fact that while a 
geometric measurement of elevation is direct, the inter- 
pretation of leveling data in terms of geometric elevations is 
density-model dependent, which is well known in geodesy. The 
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difference between leveling and geometric ground shape has 
not been bothersome in the past because geodesists have been 
mainly interested in the direction and potential for flow of 
water which seeks to align its upper boundary to an equipoten- 
tial surface, neglecting such dynamic considerations as ocean 
tides, wind, and Coriolis forces. Of course, after a correction 
for these forces, elevations as monitored by tidal gages are 
equivalent to leveling surveys because the ocean surface is used 
as the reference equipotential surface, the geoid. For the deter- 
mination of subsurface strain and density changes, however, 
geophysicists require knowledge of the change in the geometric 
shape of the earth's surface. The ground shape estimates deter- 
mined by leveling surveys may not be adequate for calculating 
those subsurface changes predicted by dilatancy models of 
preearthquake crustal distortion. 

Figure 1 shows three basic types of geodetic elevation mea- 
surements that attempt to determine the shape of the ground 
surface, which in this example is always flat. Tiltmeters mea- 
sure the angle between an equipotential surface and the ground 
surface. The process of leveling uses a reference equipotential 
surface and measures the distance between that surface and the 

ground surface. The measurement of distance from the refer- 
ence equipotential surface to the ground surface involves grav- 
ity corrections (see the discussion by Heiskanen and Moritz 
[1967, p. 160]), and the resultant measurement, if it is referred 
to the geoid, is called the orthometric height. In this paper 
these corrections are assumed to be done perfectly, and heights 
measured by leveling are assumed to be true orthometric 
heights. Geometric methods measure the distance relative to 
some external frame of reference, represented here by a sus- 
pended star at great height, to the ground surface. In practice, 
both leveling and geometric methods measure elevation rela- 
tive to another point on the ground surface, so that the eleva- 
tion measurements shown in Figure 1 should be accompanied 
by measurements for some distant point with the same refer- 
ence systems. 

It should be noted that geometric heights can be calculated 
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Fig. 1. Schematic drawing illustrating the relation between level- 
ing, tilt, and geometric methods of measuring ground surface shape 
for a half space. (a) Lower-density volume inclusion. (b) Homo- 
geneous density distribution. In part a, leveling and tilt measurements 
would indicate a bulge in the ground surface, whereas the geometric 
elevation measurement would indicate a fiat surface. A transition from 

part a to part b would show a decrease in ground elevation from the 
leveling and tilt readings but no elevation change from a geometric 
measurement. 

from leveling surveys through the use of Stokes' formula, 
which integrates gravity over the surface of the earth [Heiskanen 
and Moritz, 1967, p. 92]. However, the errors involved in the 
computation exceed 1 m, even for idealized uniform gravity 
distributions [Heiskanen and Moritz, 1967, p. 276], and this 
technique appears to lack the resolution required for the prob- 
lems discussed here. A further drawback of this method is that 

investigation of time-dependent changes in geometric eleva- 
tion of a point would require the reoccupation of the detailed 
gravity net for each elevation determination. 

Figure la shows what will happen when an anomalous 
mass, here a lower-density volume in a homogeneous half 
space, is present just beneath the surface. Both the leveling and 
the tilt measurements, if they are taken at face value, indicate 
that the ground surface has a bulge over the anomaly, even 
though it is geometrically flat. The geometric measurement is 
unaffected by mass distributions and faithfully follows the 
geometric ground shape. 

Now suppose that the low-density volume of Figure la is 
eliminated by the transferral of mass from some distant 
source, so that the subsurface is homogeneous, as is shown in 
Figure lb. The change in mass distribution will cause a de- 
crease in elevation as measured by leveling and tilt, but the 
geometric measurement will register no change. Here again, 
tidal gages will give the same answer as leveling surveys if the 
tidal data can be corrected to account for dynamic forces. 

So far, two classes of measurements have been discussed: 
those that depend on the shape of the ground surface and 
those that depend on the shape of the ground and equipoten- 
tial surfaces. As shall be shown, a third extremely important 
class of geodetic measurements is gravity, which depends on 
the gradient of gravitational potential. Interpretation of sub- 
crustal processes requires gravity, which is relatively easy to 
measure; gravity should be included in all studies of vertical 
crustal distortion. 

Interpretation of vertical geodetic measurements has re- 

ceived considerable attention in the literature in relation to 

tectonic changes that occur in the crust both in the zone of 
earthquake preparation and in the zone of the earthquake and 
associated aftershocks [e.g., Tsubokawa et al., 1964; Whitcomb 
et al., 1973; Scholz et al., 1973; Castle et al., 1974; Nur, 1974; 
Kisslinger, 1975; Stuart and Johnston, 1975; Oliveret al., 1975]. 
Most of these studies have not estimated the model depen- 
dence of their interpretations of leveling, tilt, and gravity 
changes. In many cases, under reasonable assumptions, the 
model dependence is not severe; however, it will be shown that 
some types of data sets cannot be interpreted uniquely in terms 
of physical parameters of crustal materials. It is the purpose of 
this paper to analyze the model dependence of the various 
classes of vertical geodetic measurements, especially in relation 
to earthquake prediction and reasonable dilatancy models, 
and thereby to outline geodetic measurement procedures that 
provide the optimal means to further test physical models of 
the active tectonic medium. Finally, the use of the new geomet- 
ric elevation data for inversion of the density structure of 
major tectonic features is illustrated with a simple model that 
approximates a nearly compensated mountain range. 

MODEL DEPENDENCE OF CRUSTAL 

DISTORTION MEASUREMENTS 

The gravitational attraction of a uniform circular disk will 
be used to calculate the effects of mass and volume changes 
beneath the earth's surface. All of the salient characteristics of 

the problem can be derived from the simple disk mass distribu- 
tion or combinations of it. First, let us assume a simplified 
thin-disk model at the surface of the earth, as shown in Figure 
2, where a is the radius of the disk (a << 6371 km), h is the 
initial thickness of the disk, p• is the initial density of the disk, 
p= is the final density of the disk, and e is the incremental 
thickness change of the disk and also the elevation change at 
the surface of the disk; cgs units will be used throughout unless 
it is otherwise stated. The potential and the gravitational at- 
traction at a point on the positive z axis due to the thin disk 
alone are well known [Ramsey, 1959, p. 35]: 

V = 2•rk9•h[(z • 4' aa) '/" -- z] 

c•V (1) 
G = --c9z = 2•kp•h[l --z(z • -f-a'") -'/"] 

where V is potential, G is gravitational acceleration, I AVI = 
- •9 V/•9z, k is the gravitational constant (equal to 6.673 X 10 -s 
cm • g-x s-a), and z is the vertical coordinate. If measurements 
of these gravitational quantities are made at the earth's sur- 
face, then z/a is small, and relations (1) are approximated by 

V• = 2•k p• ha + Vo 
(2) 

G• = 2•kp•h + Go 

where V0 and G0 are the potential and gravity, respectively, due 
to that part of the earth exclusive of the disk. The second of 
relations (2) is the familiar infinite slab gravity formula. How- 
ever, there is no equivalent expression for the potential Vx 
because it is readily apparent that Vx is dependent on a. Herein 
lies the basic difference between potential-dependent quan- 
tities, such as leveling elevations, and those that depend on the 
spatial derivative of the potential, such as gravitational attrac- 
tion and tilt. Gravitational contributions from distant mass 

distributions are more significant to the potential field than to 
the attraction field, as is obvious from the gravitational 
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Fig. 2. Disk model used for gravitational calculations, where a is 
the radius of the disk, h is the initial thickness of the disk, p• is the 
initial density of the disk, p: is the final density of the disk, and e is the 
incremental thickness change of the disk and also the elevation change 
at the earth's surface. 

relations for a point mass rn at a distance r from an observer: 
V = krn/r, and G = krn/r*'. 

Now suppose in the simplified disk model that the density 
changes to p: and an increment in volume changes the thick- 
ness of the disk and the elevation of the ground surface by e. 
The gravitational relations at the upper surface of the disk are 
now 

V•. = 2a'kp•.(h + E)a -- ore + Vo 

G•. = 2a'kp•.(h + E) -- BE + Go 

where a = 981 cm s-: and f? = 3.08 X 10 -6 s-: are the free-air 
gradients of potential and gravity, respectively. The difference 
of (2) and (3) provides what an observer would see as changes 
at the ground surface in the middle of the disk: 

AV = V2 -- V• = 2a'k Aio ha + E(2a'kp2a -- a) 

AG = G•. -- G• = 2;rk Ap h + E(2a'klo: -- 
(4) 

where Ap = p: -- px. 
Leveling surveys across the disk before and after the change 

directly measure the potential change above the center of the 
disk relative to distant values and, to first order, calculate the 
orthometric elevation change by the formula 

(5) 

But from (4) the geometric change is 

with the use of (5). 
An equivalent expression for geometric elevation change 

related to a gravity change AG from (4) is 

• = (aG - 2;rk aO h)/(-O + 2;rko:) (7) 

If both AG and A V are measured, the combination of rela- 
tions (4) gives for geometric elevation change 

E•ot/a + AG 
E = a/a -- • (8) 

Thus by using the gravity we have eliminated all dependence 
on thickness and density for the disk model, but the horizontal 
characteristic dimension, radius a, remains as an independent 
variable that must be known or assumed before the geometric 
elevation change can be calculated. 

An important parameter that is used as a measure of mass 
change under a site is the ratio of the change in gravity to the 
change in geometric elevation, AG/•, which we define as the 
distortion gravity gradient % This quantity is sometimes sim- 

ply called the gravity gradient, but that term is not used here in 
order to avoid confusion with its more common usage for the 
instantaneously measured gradient. Studies usually have ap- 
proximated 'y by G/d = 'y'. From (8), 'y can be written as 

? = ?' I --,r, -I- (9) 

Equations (6)-(8) are useful for estimating the model depen- 
dence of the use of leveling and/or gravity to determine both 
geometric elevation changes and the distortion gravity 
gradient, provided that the measurements can be considered to 
be over the central part of a shallow, thin structure, a good 
approximation for many of the cases encountered. 

For example, consider precursory evidence for shallow 
earthquakes. Anderson and Whitcornb [1975] developed from 
several lines of evidence that the characteristic dimension of 

precursory anomalous areas associated with at least some 
types of earthquakes is represented by the relation 

log L(km) = 0.26M + 0.46 (10) 

where L is the approximate horizontal dimension of the anom- 
alous zone and M is the earthquake magnitude. For an M = 
6.4 earthquake like the 1971 San Fernando, California, event, 
L is 133 km, giving an a of 66 km. Castle et al. [1974] have 
interpreted leveling data obtained prior to the San Fernando 
earthquake and have found a change in d of at least l0 cm 
near the epicentral area in the 10 years prior to the earthquake. 
Anderson and Whitcornb [1973, 1975] have calculated that den- 
sity changes during a dilatancy cycle can easily be 0.001 g/cm a 
(a change of about 0.04%), and the velocity data of Whitcomb 
et al. [1973] and Anderson and Whitcornb [1975] require a 
thickness of the dilatancy zone of the order of 10 km. With hp 
= -- 0.001 g/cm a, h = 10 km, and p: = 2.7 g/cm •, (6) gives a 
geometric elevation change of 7.23 cm. The associated gravity 
change from (4) is -0.433 mGal. Thus for this particular set of 
model parameters the leveling estimate of elevation change is 
high by 2.77 cm, or 38%. This can be an important source of 
uncertainty if one is trying to calculate volume and mass 
changes in the crust. What about the effect of the uncertainty 
of a? Some estimates of the magnitude of the San Fernando 
earthquake, especially at European stations, were M = 6.7. 
From (10) this gives a = 79 km. AG would remain unchanged 
by this modification of the model, and the geometric elevation 
change would then be, from (8), • = 6.68 cm. Thus a reason- 
able 20% increase in a gives a 0.55 cm, or 8%, decrease in the 
calculated geometric elevation change, even if both AG and e' 
are measured. However, the combination of gravity and level - 
ing is a substantial improvement over either survey alone 
because it eliminates dependence on both ho and h for most 
models, as can readily be seen by a comparison of (6), (7), and 
(8). 

The geometric distortion gravity gradient 'y for the first-San 
Fernando model above is -5.99 X 10 -• s -:, whereas the 
gradient calculated from leveling, 'y', is -4,33 X 10 -•, a 28% 
difference. For the second model with the increased radius, 'y is 
-6.48 X 10 -• s -•', giving a 33% difference between gradients 
determined by geometric and leveling elevations. The differ- 
ence between the actual distortion gravity gradients for the 
two models is 8%. 

A useful way to look at the relation of AG, d, and • for a 
given model over a range of one of the model parameters (of 
which Ap is one of the more significant) is in a combined 
graph, here termed a gravity-leveling-elevation (GLE) plot. 
Figure 3 illustrates the previous San Fernando a = 66 km 
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Fig. 3. GLE (gravity-leveling-elevation) plot for a specific sub- 
surface model geometry. Here the model consists of a buried disk of 
66-km radius, 10-km thickness, and 5-km center depth, with an obser- 
vation point on the earth's surface at the central axis. Gravity and 
leveling elevation form the axes, and geometric elevation and density 
contours occupy the interior. The hatched area shows that the 3- to 5- 
cm leveling anomaly observed before the Niigata earthquake does not 
necessarily mean that dilatancy occurred and a subsurface density 
increase is equally likely from the leveling data. 

model in such a plot. AG is the vertical axis, e' is the horizontal 
axis (as is the usual method of plotting changes in gravity and 
leveling data), and contours of equal e and equal Ap occupy 
the interior. This mode of presentation for the relations be- 
tween a model's geodetic parameters becomes more conve- 
nient as one leaves the simplicity of a single disk model and the 
assumption of being above the central part of the distorted 
body. 

More complicated distortion gravitational effects, those of 
cylinders, for example, can be estimated to a desired accuracy 
by considering the linear sum of multiple thin-disk models. 
This technique also allows the simple calculation for observa- 
tion points off the axis of symmetry. The gravitational poten- 
tial of a thin circular disk is [Ramsey, 1959, p. 133] 

1 r 2 _ _ _ Vr<a 2•rkph a rP• --[- • a 

24a •-t l'l'3r• 2 4 6• P'• .... 

(• a • 1.1 a 4 V,. >a = 2•rk ph • P•. 
r 2.4r 

l'l'3a• ) • P4 .... +246r 

(11) 
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Fig. 4. Changes in gravity G, geometric elevation e, elevation from 
leveling e', and apparent tilt t' as measured at the earth's surface as a 
function of radius from the axis of the disk model of Figure 3. A 
density change of -0.001 g/cm • is assumed. 

where o is now either the change in density of the buried disk 
or the density of the disk elevated above the surface by an 
amount •. The ? are Legendre polynomials of the first kind 
and are functions of # = cos O, and the observation point is at 
co6rdinates (r, 0); 0 is the angle measured from the positive 
vertical axis, and r is the radial distance from the center of the 
disk. The gravitational attraction of the disk is then G = 
-VV, or 

I Go r<r, 

= 2•rkph 

r 1.1.3 r 

•O1 -- -- P2 + • P4 -- g P6 + ''' . a 2.4 a 

•L•-• (•P' ' r o p2 __[_ 1.1 r a 1'1'3 r' OPo ._l_ .. . )j \0# 2 a O• 2.4 a a 246 a • O# 
(12) 

Gr] = 2•rk ph Go r>a 

ß r 2 •:•' 7 P2 + -•:•7•- 7 P4 -- '' 

Og (•' 1 a 40P• 1.1.3 a ø O P4 
The change in potential and gravity is computed from a linear 
sum of the effects of thin disks that have undergone a density 
change, plus the effect of the elevated disk, plus free-air correc- 
tions due to a displacement of the observation point in the 
earth's gravitational field in parallel with the development 
leading to the terms in (4). The difference in measured gravity 
is 

= Io + o0l -Io0[ 

where G0 is •he gravity vector before deformation and the 
vertical bars indicate absolute values. If G• is defined as the 
outward horizontal component of the gravitational attraction, 
then the apparent tilt t' due to the changed gravitational field 
alone can be written as 

t' = -Gx/a (14) 

where a positive tilt indicates an apparent tilt of the ground 
down away from the central axis. 

Figure 4 shows calculations from (12) for changes in gravity, 
geometric elevation, elevation from leveling, and apparent tilt 
for the a = 66 km San Fernando model as measured at the 

earth's surface. Note the effect as an observer approaches the 
edge of the disk from inside or outside. Figure 5 shows the 
geodetic relations in a G LE plot for the same model variations 
as are shown in Figure 3 except that the observation point is 
now 5 km outside the edge of the distortion region. Here no 
geometric elevation change takes place, but both gravity and 
leveling changes are observed. 

The above calculations point out the difficulty in inter- 
pretation of leveling or gravity alone for use in confirming 
earthquake precursory models such as those which involve 
dilatancy. Accurate estimation of the volume change during 
crustal distortion is extremely important in the development of 
a physical model of the earthquake process, and this is most 
directly estimated from geometric horizontal and vertical dis- 
placements of the earth's surface. A combination of leveling 
and gravity data reduces the model dependence significantly 
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but is still dependent on the assumed extent of the altered 
body. Important leveling data prio? to the 1964 Niigata earth- 
quake were obtained by Tsubokawa et al. [1964] that indicated 
a deviation in the long-term elevation change rate starting 
approximaiely 6-10 years before the event; the anomalous 
change is about 3-5 cm. The model for the GLE plot of Figure 
3 is a conservative approximation of the dimensions for the 
pre-Niigata anomaly. The hatched area in the figure shows 
that the observation of •' = 3-5 cm can correspond to a 
geometric elevation change of • = 0-2 cm or • = 6-8 cm, 
depending on whether the density change is from -0.001 or 
+0.001 g/cm3,,respectively. Whircomb et al. [1973] and Scholz 
et C•l.' [1973] have used the Ni, igata leveling data as con- 
firmation of dilatahcy prior to the earthquake, but Figure 3 
shows that a densiXty increase is equally likely. Thus in the 
absence of gravity data, dilatancy is not required, and a rea- 
sonable alternative model is an increase in horizontal compres- 
sive stress in the area, •ausin• an increase in both density and 
elevation. These factc;rs emphasize ihat before vertical geo- 
detic paramet•:rs can b'e,•sed. to confirm physical models of the 
earthquake process,. the uniqueness of their interpretation 
must be carefully examined,. 

ReceiPt. •urveys in which both AG and •' have been measured 
in relation to earthquakes are those for the Matsushiro swarm 
in Japan (Kisslinger [1975] gives a review of the data) ai•d the 
San Fernando earthquake in California [Oliver et al., 1975]. If 
the disk model has no density change during distortion, the 
distortion gravity gradient ?.is -1.95 x 10 -6 s -:, termed the 
BoUguer gradie nt. If the density change is such that no hori- 
Zontal mass transfer takes place, the gradient is -3.08 X 10 -'6 
s -•', which is the free-air gravity gradient. In both cases the 
difference between the apparent and the actual values of 
.gradient and elevation is less than 1% for reasonable ranges of 
a from (9) for the data of Oliver et al. They show that the best 
fit to the San Fernando data is the Bouguer gradient, implying 
Ap - 0, but the San Fernando data were not taken during the 
time of velocity decrease[Whitcomb et al., 1973] and a•e 
presumably related to the difference between predilatancy and 
postdilata,ncy deformation. 

The Matsushiro data pertain only to the time of the earth- 
quake swarm, and preswarm deformation is unknown. A good 
review of the extensive gravity and leveling data gathered by 
Japanese scientists is given by Kisslinger [1975]. Nur [i974] 
and Kisslinger [1975] argue that th e geodetic data plus correla - 
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Fig. 5. G LE plot for the same model variations as are shown in 
Figure 3 except that the observation point is now 5 km outside the 
edge of the distortion region at a radius of 71 km. Here no geometric 
elevation change takes place, but both gravity and leveling changes are 
observed. 
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Fig. 6. GLE plot of Matsushiro gravity and leveling data from 
Kisslinger [1975] with +0.02-mGal error bars. The times of observa- 
tion are as follows: point l, October 1965; 2, June 1966; 3, September 
1966; 4, O•:tober 1966; 5, December.1966; 6, April 1967; 7, November 
1967; 8, March 1968; 9, December 1968; and 10, December 1968. A 
model with a -- 5 km and thickness of 5 km was used to compute the 
free-air distortion gravity gradient FA ('r = -0.261 X 10 -5 s-ø). The 
Bouguer gradient B is the same for all models ('r = -0.196 X 10 -5 
s-ø). Data that fall above FA indicate horizontal mass flow into the 
region, and those that fall below FA indicate mass flow outward in 
relation to point 1. The contours indicate a subsurface density change 
of -0.00015 to -0.00048 g/cm a for point 3, which is sufficient to cause 
a lowering of P wave velocity even if the crust were initially saturated. 

tion of spring flow with seismic energy release indicate that the 
swarm phenomena strongly favor the dilatancy-fluid diffusion 
model. Nur's analysis unfortunately is based on erroneous 
calculations for the distortion gravity gradients. Stuart and 
Johnston [1975] favored a shallow magma intrusion as an 
explanation of the swarm, showing a strong correlation of the 
spring flow with rainfall, and concluded that the geodetic data 
fall within bounds of both the intrusion and the dilatancy 
hypotheses. Of these analyses, only the analysis by Kisslinger 
made an estimate of the model dependence of the distortion 
gravity gradient for what is accepted as the characteristic 
dimension of the affected volume, a disk with radius and depth 
of about 5 km. Figure 6 shows the data from Kisslinger in a 
GLE plot (for this model, •'• is within 1% of •, and the eleva- 
tion contours are omitted). The distortion free'air gradient for 
the model is '• = -0.261 x 10 -5 s-:; if the radius were increased 
to 10 km, the gradient would be '• = -0.282 x 10 -5 s -:. The 
Bouguer gradient is virtually the same for all models ('• = 
-0.196 x 10 -5 s-•'), and the Bouguer water gradient, on the 
assumption that the cracks fill with water, is approximately 
one-third the distance from the free-air line to the Bouguer 
line. The error bars are the same as those shown by Stuart and 
Johnston. It can be seen tha• the data point for September 
1966 falls significantly below the distortion flee-air gradient 
for the 5-km-radius model, in contrast to Stuart and John- 
ston's conclusions, If one were to adopt the intrusion model of 
Stuart and Johnstort [!975, Figure 3], the reduced model di- 
mensions would make the computed distortion free-air 
gradient shallower and even further from the data point. In 
addition, the data of Figure 6 are from well on the flanks of the 
anomalous uplift. Examination of the edge effect on the 
gradient of Figure 4 shows qualitatively that the distortion 
free-air gradient is less negative near the edge of the anoma- 
lous body. Thus unless a case can be made that the radius of 
the anomalous body is much larger than 5 km, for example, 10 
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km, the single point of September 1966 is significantly below a 
reasonable estimate of the diStortiOn free-air gradient; and if 
this datum is accepted, horizontal mass movement (loss) had 
to take place during the uplift part of the cycle. The subsurface 
derisiiy •teerease from Figure 6 Would be in the range 
0.00015-0,00048 •g/cm 3. 

The dilatancy model was originhily proposed because it was 
the only reasonable explanation of anomalous values of the 
seismic velocity ratio Vp/Vs prior to earthquakes [Nur, 1972] 
showri to be due mainly to a dr6p in P wave velocity [Whit-' 
comb et al., 1973]. The only Vp/Vs data that are available for 
the Matsushiro swarm have been pre•ented by Ohtake [1973] 
but have not been discussed by the above authors. Ohtake's 
data show a drop in averaged 9alues of Vb/V• during the entire 
swarm. Whitcomb et al. [1973] proposed a dilatancy-diffusion 
model that allowed the initial condi[ions of a saturated crust. 
Anderson and Whitcomb [1973• 1975] estimated the fluid pore 
pressure drop required to achieve a significant drop in Vp 
starting from ambient saturated crustal conditions. With the 
use of these calculations and the equation of state of water it is 
possible to estimate the dila•ant volhmetric strain required to 
cause a significant V, decrease, when a given initial saturated 
pore pressure and no fluid flow into the volume are assumed. 
Figure 7 shows the required dilatant strain as a function of 
initial pore pressure with the assumption of an initial porosity 
of 0.1%. Th.e crosshatched area corresponds to ap13roximate 
crustal conditions at Matsushiro and shows that less than 0.8 

X 10 -4 dilatant strain is requited, compared with the 0.6-1.8 • 
10 -4 strain calculated from the density change in Figure 6. If 
the model is changed to one with radius a = 10 km, the 
corresponding strain will be 0.4-1.4 X 10 -4. The effect of 
nearness to the edge of the anomalous mass will increase these 
strain estimates. Thus the geodetic data indicate sufficient 
strain to start with a saturated crust prior to the swarm and 
still get Vp reductions, a finding which does not confirm but 
certainly allows the variations reported by Ohtake. 

GLE INVERSION FOR CRUST AND UPPER 

MANTLE STRJdCTURE 

Geometrical elevation measurements provide a new param- 
eter for the inversion of subsurface density distributions. This 

Initial porosity 
- eo-O.• % 

Matsush•ro 

0.5 I 5 -, I0 

Initial pore pressure, kb 

400 oc 

Fig. 7. Dilatant volume[tic strain required to cause significant V, 
decrease as a function of initial water pore pressure, an initial porosity 
of 0.1% and no water flow being assumed. The isotherms are calcu- 
lated from data.o[ Kennedy and Holser [1966]. Hydrostatic pressure 
calculated for the Matsushiro model shows that less than 0.8 X 10 -4 

dilatant strain is required, compared with the 0.6-1.8 X 10 -4 observed 
from Figure 6. 
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Fig. 8. (•) Cross section of a diõJ• model used to approximate the 
characteristic parameters of a large mountain range and its associated 
compensating root extending 10 km below the nominal lowell surface 
of the crust. If the crustal density is 2.70 g/½m •, moLlntains at '•l•vation 
1.48148 km arc ½xact!y compensated. (b) Surface obscrvations,9f the 
free-air gravity anomaly O - Or, and the free-air elevation anomaly 
- • as a function of radius from the axis of the model. Note that the 

difference between leveling and geometric elevation is more than 4 m 
at the center of the disk. (c) Parameter ,4 = (d - •)/(G - Gr,), as 
obscr¾½d at the surface with a crustal density for a compensated 
model, 2.20 g/cm'; an overcompensated model, 2.69 g/cm'; and an 
undercompensated model, 2.21 g/½mL The e•ror estimates arc plotted 
for the compensated model and assume + 5-½m uncertainty in •' - •. In 
practice, ,4 would be mbst useful where it is least variable with radius, 
i.½., beyond the edge of the disk and perhaps at the center. 

parameter is the gravitational potential along the earth's sur- 
face which, when it is used with gravity, the gradient of the 
potential, gives added power to resolve the classic nonunique- 
ness of gravitational inversion problems. In gravity, various 
anomalies have been defined to remove the effect of known or 

assumed model parameters; the simplest of these that involves 
no assumptions of model densities is the free-air gravity anom- 
aly, which makes only a free-air correctioii for the elevation of 
the observation point, written here as G - Gv,•. The equivalent 
anomaly for the potential in terms of the observables discussed 
above is defined here as the free-air elevation anomaly, e' - e. 
The usefulness of this anomaly is of course contingent on its 
size,, which is model dependent, and on the accuracy with 
which it can be measured. As was shown above, models of 
dimensions of the order of 10 km have relatively small eleva- 
tion anomalies for reasonable density contrasts. 
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Measurements, however, are now approaching accuracies 
such that they can be useful for study of bodie• of dimensio, ns 
significa. ntly larger than l0 kin; a good'•xample is a mountain 
range like the Sierra Nevada range in the western United 
States. Oliver et al. [196,1] fitted a two-dimensional model to 
gravity data over the Sierra Nevada range. In order to calcu- 
late the effect of the structure of the range on our anomalies 
defined above the crustal structure of Oliver et al. is approxi- 
mated by the disk model shown in Figure 8a. This model has a 
10-km root extending below a nominal 30-km crust. The 
mountains are exactly compensate d by the roo.t if the crustal 
density is 2.70 g/cm a. Figure 8b shows the variation of the free- 
air gravity and elevation anomalies, G - Gl•a and •' - •, 
measured at the earth's surface of the model. Note that the 
difference between leveling and geometric elevation is more 
than 4 m at the center of the disk. 

It was determined above that the ratio of gravity to eleva- 
ß 

tion change, the distortion gravity gradient, was sensitive to 
the subsurface mass change. The e.quivalent concept applied to 
tectonics of large mountain roots translates into mass com- 
pensation, i.e., whether the elevated ran, ge is compensated by 
an equivalent lack of mass at depth in a crpstal root. Because 
the values in Figure 8b •how tha, l; r.elativ½ uncertainties in •' - • 
are mqch greater than those in G - G• t'a, a more stable parame- 
ter is t,he inverse of the gravity gradient,• 

,4 = (e'- e)/(G- G•,A) 

Figure 8c shows the paramete. r A as observed at the surface 
with a crustal density for a compensated mod.e ], 2.70 g/cma; 
an overcompensated model, 2.69 g/cma; an•d an under- 
compensated model, 2.71 g/cm'. in terms of the depth of the 
root these calculations a•rl• equivalent to •-37-m deviation from 
the comper•]ated model depth. The error bars shown for the 
compensated model assume a +5-cm uncertmnty in e - e; this 
will be m.ainly limited by uncertaintiers in d. It is seen that the 
relatively minor dI¾iations'ffom compensa.tion are resolvable 
even if the error is doubled to •: 10 cm. In practice, the parame- 
ter ,4 would be most useful where it is least v.ariable with 

, 

radius, bey•pcl t,he edge of the disk a, nd perhaps at the center. 
Asa further example of the sensi•i'vit.y qf,4 to depth variations 
of the model of Figure 8a the elevated m, ountain range is held 
compensated, but the nominal •;rustal depth h is allowed to 
vary with an observation point at 55-km radius. Figure 9 
shows that W•th an assumed +5-cm error in e' - e the 9rustal 
depth is re•Olvable to within +3 km. 

CONCLUSIONS 

Vertical geodesy is undergoing a revolution because of two 
factors. First, new precise three-dimensional poSition-measur - 
ing techniques over very 10ng distances provide important data 
previously unavailable fo r geophysical investigations. These 
techniques use extraterrestrial o•bjects for reference, such as 
aircraft, satellites, the moon, or extragalactic radio sources, 
and employ laser ranl•ing•:ør'radiø interferometry for measure- 
ment. One such porta-•l•le system, Aries, which uses radi ø inter- 
ferometry, is currently measuring 0- to 300-km separations to 
within 10 cin for three dimensions, or 3 parts in 107 . It is 
estimated that within a few years the accuracies will be 3 cm 
from 0 to 1000 km and 10 cm at intercontinental distances. 
Importantly, the vertical component of these techniques, the 
geometric elevation' measurement, is a new class of data that is 
distinct from leveling in that the latter dcpend• on the density 
structure of the earth for interpretation. 

Second, recent developments in earthquake tectonic theory 
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Fig. 9. Parameter A observed at 55-km radius for the compensated 
model of Figure 8a except that the crustal thickness h is allowed to 
vary. With an assumed ñ5-cm uncertainty in d - • the crustal dep•th is 
resolvable to within +3 km. 

predict crustal distortions that have significant impact on the 
conventional assumptions used to interpret gravity, tilt,• and 
leveling data. For the distortions believed to be associated with 
large earthquakes these assumptions are vio!ated. For ex- 
ample, if reasonable parameters for the dilatancy model are 
applied to the 1971 San Fernando, California, earthquake, th• 
10-cm elevation changes reported from preearthquake leveling 
data are about 3 cm, or 40%, higher than the geometric eleva- 
tion changes. Apparent tilts near the edges of this model are of 
the same order as solid earth tide tilts. Leveling data prior to 
the 1964 Niigata, Japan, earthquake have beenewidely used as 
cpnfirmation of preearth•luake dilatancy. However, in the ab- 
sence of gravi_ty surveys, dilatancy is not required, and a rea- 
sonable alternative model with a density increase is easily 

, 

allowed by the leveling data. These factors emphasize that 
before vertical geodetic parameters can be used to confirm 
physical models of the earthquake process, the uniqueness of 
their interpretation must be carefully examined. 

Future development of physical models for the earthquake 
zone of preparation will depend on an accurate knowledge of 
its distortion and asSOciated density change. In order to 
achieve this, certain minimum requirements for geodetic data 
must be met. Gravity must be measured simultaneously with 
one of the elevation measurement techniques throggh the time 
of distortion. A change in any one of the vertical geodetic 
measurements alone will indicate a physical change within the 
earth, but interpretation of the change is difficult and involves 
too many model assumptions. GraVity and leveling are ade- 
quate 'if the physical dimensions of the distorted body are 
small. A relation like (8)can be used to evaluat e •vith given or 
estimated changes in gravity and level•pg whether uncer- 
tainties in-the physical dimension of the. model are unaCcept - 
able for the estimation of volum9tric parameters from geo- 
metric elevation. 

The accuracy of leveling over large distances is difficult to 
assess because it involves assumptions of the error properties. 
In this author's opinion, if the pos. sible dimensions of the 
distortion model exceed about 60 km, geometric techniques 
with accuracies of 3 cm begin to be able to resolve t-he uncer- 
tainties in geometric elevation that• remain with only first-order 
leveling and gravity surveys in 'active tectonic areas. If crustal 
distortion occurs with time scales short with respect to reason- 

able repeat timers for first-ordfr leveling surveys over large 
distances, for example, within months over distances of hun- 
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dreds of kilometers, only geometric techniques are reasonably 
capable of giving both the accuracy and the time resolution 
necessary to monitor the crustal distortion. For example, 
monthly monitoring of the three-dimensional relative position 
of stations separated by 200 km in southern California was 
conducted by the Aries project in the first half of 1975 in order 
to investigate the possible crustal distortion related to a seis- 
mic velocity anomaly in the area. The distortion zone for the 
1965-1967 Matsushiro earthquake swarm probably satisfies 
the size condition above, and the extensive leveling and gravity 
data obtained during the swarm have been widely discussed. 
Analysis of the data with a reasonable density model taken 
into account shows that the data fall significantly •below the 
free-air gradient and imply a dilatant strain in the range 
0.6-1.8 X 10 -4. This strain, if it is interpreted as being all void 
increase in the subsurface rocks, is adequate to cause the 
reported drop in V•,/Vs, even if the crustal rocks were satu- 
rated with water at hydrostatic pore pressure just prior to 
distortion. 

The ideal geodetic survey would incorporate all three tech- 
niques, gravity, leveling, and geometric elevation, because the 
last technique provides a new parameter for the inversion of 
subsurface density distributions. This parameter is the gravita- 
tional potential, whi6h, when it is used with gravity, gives 
added power to resolve the classic nonuniqueness of gravita- 
tional inversion problems. The practical use of the potential 
parameter is limited to bodies of dimensions of the order of 50 
km or larger. One of this large class of tectonic structures is a 
mountain range and its associated uncertainties of com- 
pensation and root extent. Resolution calculations for a Sierra 
Nevada sized structure shows that variations of density of 0.01 
g/cm • or depth o.f 37 m of the root from a compensated model 
cause measurable changes of the potential parameter. Because 
the potential field varies as the inverse of the distance from the 
attracting mass, whereas gravity varies as the inverse squared, 
the combination of the two data types holds signifi. cant prom- 
ise for the study of large, deep structures in the crust and upper 
mantle. 
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