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TEICHMÜLLER SPACE

DOUGLAS J. LAFOUNTAIN AND R.C. PENNER

Abstract. We study a new bordification of the decorated Te-
ichmüller space for a multiply punctured surface F by a space of
filtered screens on the surface that arises from a natural elabo-
ration of earlier work of McShane-Penner. We identify necessary
and sufficient conditions for paths in this space of filtered screens
to yield short curves having vanishing length in the underlying sur-
face F . As a result, an appropriate quotient of this space of filtered
screens on F yields a decorated augmented Teichmüller space which
is shown to admit a CW decomposition that naturally projects
to the augmented Teichmüller space by forgetting decorations and
whose strata are indexed by a new object termed partially oriented
stratum graphs.

1. Introduction

Fatgraphs have proven to be useful tools for a number of enumer-
ative problems related to the homology of Riemann’s moduli space
[1, 7, 8, 9, 10, 12, 15, 17, 18]. A primary reason for this is that the
decorated Teichmüller space of a punctured surface, where the decora-
tions correspond to lengths of horocycles about each puncture, admits
a mapping class group-invariant simplicial decomposition where sim-
plices are indexed by isotopy classes of fatgraphs, with one barycentric
coordinate per edge of the corresponding fatgraph in any given simplex.

A natural way to construct a mapping class group-invariant bordi-
fication of decorated Teichmüller space is to consider simplices cor-
responding to fatgraphs, and allow sub-fatgraphs of simplicial coor-
dinates to vanish. The results are then interpreted as nodal surfaces,
where irreducible components are component sub-fatgraphs whose sim-
plicial coordinates all vanish at the same rate. The resulting bordifi-
cation is a space of partially paired fatgraphs having punctures paired
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at nodes, and admits a CW decomposition where cells are products of
simplices corresponding to irreducible component fatgraphs that nec-
essarily have both decorated and undecorated punctures.

The idea of this combinatorial construction is not new, having ap-
peared in some form in earlier published works of Kontsevich and
Looijenga [12, 13]. However, what is new in the current work is that
we relate the topology of this combinatorial space of partially paired
fatgraphs directly to the topology of the well-studied augmented Te-
ichmüller space, wherein short curves are allowed to have zero length.
Specifically, the above combinatorial construction begs a key ques-
tion which has not been asked by previous authors: In allowing sub-
fatgraphs of simplicial coordinates to vanish, how does the resulting
combinatorial path in the space of partially paired fatgraphs relate to
the induced path of hyperbolic structures in augmented Teichmüller
space? Specifically, are the relative boundaries of the vanishing sub-
fatgraphs in actuality the short curves resulting in nodal double points
in the augmented Teichmüller space, or are there other short curves
which arise? In fact we do show that these relative boundaries of van-
ishing sub-fatgraphs are precisely the short curves arising at limiting
points in augmented Teichmüller space; this is the content of our first
main Theorem 3.23. The proof of this is non-trivial and is the main
goal of our Section 3 which concerns screens and filtered screens on
fatgraphs. In brief, what is required is to relate the asymptotics of lo-
cal simplicial coordinates to the asymptotics of global lambda lengths
(or Penner coordinates) which relate directly to the hyperbolic lengths
of embedded arcs in the punctured surface, and which can thus be
used to identify precisely the short curves by applying previous work
of McShane-Penner [14]. In this sense the current work is a sequel to,
and completion of, the McShane-Penner paper

This leads to the second new aspect of our work in Section 4 which
is to describe an appropriate quotient of the space of filtered screens
which yields a decorated augmented Teichmüller space. This space is
shown to admit a mapping class group-invariant CW decomposition,
the description of which is the content of our second main Theorem
4.16. An important question is whether the quotient of this space by
the mapping class group has the same homotopy type as the Deligne-
Mumford compactification of Riemann’s moduli space, M̄(F ). This
topic has received much attention [6], and just recently a newly pub-
lished manuscript of Zúñiga presents a positive answer to the question
of homotopy equivalence [21]. An open problem then remains as to
determine how this quotient space could be potentially used to find
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explicit non-trivial cycles with which to broaden our understanding of
the homology of M̄(F ).

The structure of the paper is as follows: Section 2 serves to review
needed aspects of decorated Teichmüller theory, in particular as it per-
tains to punctured surfaces where proper subsets of the punctures are
decorated. Section 3 introduces filtered screens on fatgraphs, and es-
tablishes the fact that filtered screens are necessary and sufficient to
identify short curves with vanishing hyperbolic length for paths in dec-
orated Teichmüller space. It is thus filtered screens with which a bor-
dification of decorated Teichmüller space, namely the space of filtered
screens FS(F ), is constructed. In Section 4, an appropriate quotient of
FS(F ) then yields the decorated augmented Teichmüller space T̂ (F ),
whose CW decomposition is succinctly described using the combinato-
rial objects partially oriented stratum graphs.

2. Background and notation

This section recalls the decorated Teichmüller theory of punctured
surfaces from [14, 16] which is systematically treated among other top-
ics in the monograph [19], to which we refer for further detail.

2.1. Decorated Teichmüller Spaces. The Teichmüller space T (F )
of F = F s

g is made up of all conjugacy classes of discrete and faithful
representations of π1(F ) in PSL2(R) so that peripheral elements map
to parabolics. The decorated Teichmüller space is the trivial bundle

T̃ (F ) = T (F )× Rs
>0 → T (F ),

where the fiber Rs
>0 over a point is interpreted geometrically as an s-

tuple of hyperbolic lengths of not necessarily embedded horocycles, one
about each puncture.

Definition 2.1 (Decorated and undecorated punctures, T̃P(F )). Con-
sider a non-empty collection P of punctures on F , which we will refer
to as decorated punctures, with an assignment of length of horocycle
the associated decorations; any puncture not in P will be said to be
undecorated. The P-decorated Teichmüller space is then defined to be
T̃P(F ) = T (F )× RP>0.

The union T̃∗(F ) = tP6=∅ T̃P(F ) inherits a topology from T (F )×Rs
≥0,

where a horocycle is taken to be absent if it has length zero. The
mapping class groupMC(F ) of isotopy classes of orientation-preserving
homeomorphisms of F acts on T (F ) by push forward of metric and on
T̃ (F ) and T̃∗(F ) by push forward of metric and decoration whereas
only the subgroup of MC(F ) setwise fixing P acts on T̃P(F ).



4 DOUGLAS J. LAFOUNTAIN AND R.C. PENNER

It is often convenient to projectivize decorations, for which we in-
troduce the following notation. For each m ≥ 0, let PRm+1

≥0 denote
the standard closed m-simplex in Rm+1

≥0 with barycentric coordinates
ti ≥ 0, for i = 1, . . . ,m+1, satisfying ∑m+1

i=1 ti = 1. Define projectivized
decorated Teichmüller space PT̃ (F ) = T̃ (F )/R>0 ≈ T (F )× PRs

>0 and
likewise for PT̃P(F ) ≈ T (F ) × PRP>0 and PT̃∗(F ) ≈ T (F ) × PRs

≥0,
where in each case we decorate punctures with a projectivized tuple of
hyperbolic lengths of all horocycles summing to one.

Definition 2.2 (Ideal arc, quasi cell decomposition). An ideal arc e in
F is (the isotopy class of) an arc embedded in F with its endpoints at
the punctures. A quasi cell decomposition or q.c.d. of F is a collection
of ideal arcs pairwise disjointly embedded in F except perhaps at their
endpoints, no two of which are parallel, so that each complementary
component is either a polygon or an exactly once-punctured polygon.
A q.c.d. is said to be based at the collection of punctures arising as
endpoints of its arcs, with these punctures regarded as the subset of
decorated punctures P .

A q.c.d. is in particular an ideal cell decomposition or i.c.d. if each
complementary region is unpunctured. A maximal i.c.d. (and q.c.d. re-
spectively) has only complementary triangles (as well as once-punctured
monogons) and is called an ideal triangulation (and a quasi triangula-
tion).

2.2. Coordinates and Parameters. In this section we review the
definitions of lambda lengths, h-lengths and simplicial coordinates.

Definition 2.3 (Lambda lengths). Associated to Γ̃ ∈ T̃ (F ) and an
ideal arc e in F , we may assign a positive real number called its lambda
length or Penner coordinate as follows: Straighten e to a Γ-geodesic
connecting punctures in F , truncate this bi-infinite geodesic to a finite
geodesic arc using the horocycles from Γ̃, let δ denote the signed hy-
perbolic length of this truncated geodesic (taken with positive sign if
and only if the horocycles are disjoint), and set

λ(e; Γ̃) = exp δ2 .

When Γ̃ ∈ T̃ (F ) is fixed or understood, we may write simply λ(e).

Theorem 2.4. [Theorem 2.2.5 of [19]] For any quasi triangulation E
of F based at a set P 6= ∅ of punctures, the natural mapping

ΛE : T̃P(F )→ RE
>0
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given by
Γ̃ 7→ (e 7→ λ(e; Γ̃))

is a real-analytic homeomorphism.

Definition 2.5 (h-lengths). Given a q.c.d. E of F and a point Γ̃ ∈
T̃ (F ), the hyperbolic length of a sub-arc of a horocycle subtending an
ideal polygon is its h-length.

We shall typically let lower-case Roman letters denote lambda lengths
and lower-case Greek letters denote h-lengths. Formulas for h-lengths
of horocyclic sub-arcs in terms of nearby lambda lengths in ideal trian-
gles and once-punctured monogons are shown in Figure 1a. Note that
the hyperbolic length of the horocycle itself is by definition the sum of
h-lengths of its horocyclic sub-arcs.

Figure 1. h-lengths and simplicial coordinates.

Definition 2.6 (Simplicial coordinates). Suppose that e is the diagonal
of a decorated ideal quadrilateral with frontier edges a, b, c, d. The
simplicial coordinate X(e) of e given by:

X(e) = α + β − ε+ γ + δ − φ = a2 + b2 − e2

abe
+ c2 + d2 − e2

cde
again in the notation of Figure 1b top with

X(e) = α + β − ε+ φ = a2 + b2 − e2

abe
+ 2
e
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in case e bounds a once-punctured monogon as in Figure 1b bottom.

The geometric significance of simplicial coordinates will be discussed
in subsection 2.4.

It follows from Theorem 2.4 that projectivized lambda lengths give
coordinates on the projectivized decorated Teichmüller spaces. Simpli-
cial coordinates and h-lengths likewise descend to projective classes by
homogeneity. As a further point of notation, we may let λ, α and X
denote tuples of lambda lengths, h-lengths and simplicial coordinates
with respective projectivized tuples λ̄, ᾱ, and X̄.

2.3. Dual punctured fatgraphs.

Definition 2.7 (Punctured fatgraph and vertices). A fatgraph is a
graph together with a cyclic ordering of the half-edges incident on each
vertex. A punctured fatgraph G is a fatgraph with certain of its vertices
colored with a ? icon, which we call punctured vertices.

We will consider only punctured fatgraphs in which univalent and bi-
valent vertices are necessarily punctured. A punctured fatgraph G then
determines a punctured surface F (G) as follows. To each k-valent ver-
tex of G is associated an oriented ideal k-gon, which is once-punctured
if and only if the corresponding vertex is punctured, and which may
therefore be a monogon or bigon. Sides of these polygons are identified
in pairs, one such pair corresponding to each edge of G, so as to pre-
serve orientations. The resulting surface F (G) is a punctured surface,
where the punctures come in two varieties, either punctured vertices in
G, or ideal boundary components arising from the gluing together of
ideal polygons to form the surface.

Definition 2.8 (Boundary component of a punctured fatgraph). By a
boundary component of a punctured fatgraph G, we will mean an ideal
boundary component arising from the construction of F (G).

For each q.c.d. E of F , there is a dual punctured fatgraphG(E), whose
vertices and edges, respectively, are in one-to-one correspondence with
components of F −E and components of E. Specifically, an edge con-
nects two vertices of G(E) if its corresponding dual ideal arc lies in the
common frontier of the corresponding complementary regions, where
the cyclic ordering is induced from the orientation of F ; see Figure 2.
This figure also illustrates that vertices associated to punctured com-
plimentary regions are colored by ?. In particular, vertices of G(E) of
valence one or two are necessarily punctured. Any q.c.d. E ′ may be
completed to a quasi triangulation E based at the same punctures, and
G(E ′) arises from G(E) in this case by collapsing a forest of edges of
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G(E), i.e., a collection of edges so that each component is contractible
and contains at most a single punctured vertex. Conversely as above,
a punctured fatgraph G determines a corresponding q.c.d. E(G) in
the surface F (G) it determines. Given Γ̃, it is convenient to associate
lambda lengths or simplicial coordinates to elements of E or their dual
edges in G(E), and likewise for h-lengths associated to sectors between
edges. Figure 2 indicates our standard notation for h-lengths nearby an
edge of G(E). We shall sometimes abuse notation and let the Roman
letters denote at once an ideal arc in E, its dual edge in G(E), or its
lambda length for some specified Γ̃.

*

Figure 2. Standard notation near an edge e.

Definition 2.9 (Quasi efficient, simple cycles and horocycles). We say
that a cycle γ in a possibly punctured fatgraph is quasi efficient if it
never consecutively traverses an edge followed by its reverse unless the
intervening vertex is punctured. If a quasi efficient cycle γ in a fatgraph
is a chain of distinct edges having only bivalent vertices, none of which
is punctured, we shall say that γ is a simple cycle. A simple cycle which
is boundary-parallel to a horocycle on F we will refer to as a horocycle.
Lemma 2.10 (Telescoping Lemma). Suppose that γ is a quasi effi-
cient cycle in a possibly punctured fatgraph consecutively traversing the
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edges e1, · · · , en and let α1, · · · , αn be the included h-lengths between
consecutive edges along γ. Then

n∑
i=1

X(ei) =
n∑
i=1

αi.

Proof. This follows immediately from the formula for simplicial coor-
dinates via local cancellation. �

2.4. Convex Hull Construction and Cell Decomposition. For
conceptual completeness, we finally briefly recall the convex hull con-
struction [5] in Minkowski 3-space (i.e., R3 with bilinear pairing (x, y, z)·
(x′, y′, z′) = xx′ + yy′ − zz′) and the cell decomposition of decorated
Teichmüller spaces [16]. Affine duality u 7→ h(u) = {w ∈ H : w · u =
−2− 1

2}, where H = {w ∈ R3 : w · w = −1 and z > 0}, identifies
L+ = {u ∈ R3 : u · u = 0 and z > 0} with the collection of all horocy-
cles in the model H of the hyperbolic plane.

In fact, the lambda length between two horocycles h(u) and h(v)
is computed to be simply

√
−u · v, so the identification with L+ is

geometrically natural. Furthermore, the simplicial coordinate can be
computed to be 2 3

2abcd times the volume of the tetrahedron spanned by
the vertices of a lift of a decorated quadrilateral to L+ in the notation
of Figure 2, where a vertex in L+ corresponding to an undecorated
puncture is taken to infinity in L+.

Any punctured hyperbolic surface F is manifest as H/Γ, where Γ <
SO(2, 1) is a group of Minkowski isometries (respecting orientation and
preserving H). Moreover, using the above identification of L+ with
horocycles in H, a set of partial decorations (or horocycles) are a Γ-
invariant discrete set B ⊂ L+ corresponding to that particular partial
decoration. The Euclidean closed convex hull of B in R3 is shown to
have only elliptic and parabolic support planes as conic sections, and
the edges in the frontier of this convex body project in the natural way
to a family E(Γ̃) of arcs connecting punctures in the underlying surface
F = H/Γ.

Theorem 2.11. [Theorem 5.5.9 of [19]] For any non-empty set P of
punctures of F and any Γ̃ ∈ T̃P(F ), the collection E(Γ̃) is a q.c.d. of
F based at P.

We emphasize that a puncture of F is not in P , and hence undeco-
rated, if and only if it is represented by a punctured vertex in the dual
punctured fatgraph G(E(Γ̃)) arising from the convex hull construction.
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Since the convex hull construction is invariant under homothety in
Minkowski space, it is independent of global scaling of lengths of horo-
cycles and therefore descends to the projectivized spaces. For any q.c.d.
E of F , we are led to define
C(E) = {Γ̃ ∈ PT̃∗(F ) : E(Γ̃) = E} ⊂ C̄(E) = {Γ̃ ∈ PT̃∗(F ) : E(Γ̃) ⊆ E},
where equality and inclusion of q.c.d.’s are understood only up to proper
isotopy fixing the punctures.
Theorem 2.12. [Theorem 5.5.9 of [19]] For any surface F of negative
Euler characteristic with s > 0 punctures, the collection

{C(E) : E is a q.c.d. of F}
of subsets is an MC(F )-invariant ideal simplicial decomposition for
PT̃∗(F ). Indeed, for any quasi triangulation E, projectivized simplicial
coordinates on arcs as barycentric coordinates give C(E) the natural
structure of an open simplex in PT̃∗(F ), and this simplicial structure
extends to C̄(E) by adding certain faces, namely, those faces corre-
sponding to sub-arc families of E with simplicial coordinates whose
support is a q.c.d. of F .
Remark 2.13. In fact, a point in C(E) is determined by the lambda
lengths on the edges of E, and these lambda lengths λ(ei) on the fron-
tier edges ei, for i = 1, . . . , k, of a complementary k-gon must satisfy
the generalized triangle inequalities λ(ei) ≤

∑
j 6=i λ(ej) with strict in-

equality if the k-gon is unpunctured. One can prove this directly al-
gebraically using non-negativity of simplicial coordinates on edges of
E or geometrically since a plane in Minkowski space containing three
points in L+ is elliptic or parabolic, respectively, if and only if the
lambda lengths between them satisfy the strict triangle inequalities or
some triangle equality.

Via the identification of punctured fatgraphs with q.c.d.’s, we shall
sometimes equivalently regard the cells C(G) = C(G(E)) or C̄(G) =
C̄(G(E)) as indexed by isotopy classes of fatgraphs embedded in F .
In this context, the face relation is generated by collapsing an edge
with distinct endpoints at most one of which is punctured, where if
one endpoint is indeed punctured, then the resulting vertex is again
punctured.

3. Space of filtered screens

We begin by recalling the principal definitions and results from [14,
19] which are the starting point for the considerations of this paper
and then proceed to the key new definitions and their investigation.
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3.1. Screens. Consider a q.c.d. E of a surface F and its dual possibly
punctured fatgraph G = G(E). A subset A ⊂ E determines a corre-
sponding smallest subgraph G(A) containing the edges A. Note that
G(A) may be disconnected and may have univalent or bivalent vertices
which may be non-punctured.

Definition 3.1 (Quasi recurrent, recurrent). We say that A or G(A)
is quasi recurrent provided each univalent vertex of G(A) is punctured.
If G(A) is quasi recurrent without punctured vertices, we simply say
that G(A) is recurrent1.

Lemma 3.2. A subset A of a q.c.d. is quasi recurrent if and only if
for each e ∈ A there is a quasi efficient cycle in G(A) which traverses
e.

Proof. There can be no quasi efficient cycle traversing an edge incident
on a univalent vertex which is not punctured. Conversely if there are
no univalent vertices which are not punctured, we may take a regular
neighborhood of G(A) in F so as to form a (possibly disconnected)
subsurface of F containing G(A). The resulting boundary of this sub-
surface, which is formed by connecting parallel copies of all of the edges
contained in A, is a collection of simple closed curves. Each component
curve of the result represents a quasi efficient cycle in G(A), and for
each edge in A, there is either one or two such curves traversing it by
construction. �

Corollary 3.3. Any subset A of a q.c.d. contains a (possibly empty)
maximal quasi recurrent subset given by the union of all quasi efficient
cycles in G(A).

Definition 3.4 (Screen). A screen A on a q.c.d. E or its dual fatgraph
G(E) is a collection of subsets of E with the following properties:

• E ∈ A;
• each A ∈ A is quasi recurrent;
• if A,B ∈ A with A ∩B 6= ∅, then either A ⊆ B or B ⊆ A;
• for each A ∈ A, we have ⋃{B ∈ A : B ( A} ( A.

For each A ∈ A, there is a maximal chain of proper inclusions A =
An ⊂ An−1 ⊂ · · · ⊂ A0 = E, where each Ai ∈ A, and we define
the depth of A to be n. Each edge e ∈ E has its depth defined to be
max{depth of A ∈ A : e ∈ A}. In fact, each element A ∈ A other than

11-particle irreducible graphs from quantum field theory are those without uni-
valent vertices that furthermore have no separating edges. These play a role in
renormalization that is analogous to the role played here by recurrent fatgraphs.
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A = E has an immediate predecessor A′. We may furthermore consider
the subsurface F (G(A)) ⊂ F (G(A′)), and define the relative boundary
∂AA to be those boundary components of F (G(A)) which are neither
puncture-parallel nor homotopic to a boundary component of F (G(A′))
(see Figure 3); moreover, if G(A) includes a simple cycle component
which is not a component in G(A′), we simply include that simple cycle
in ∂AA (rather than two parallel copies arising from the boundary of
the annular subsurface). Finally, the boundary of the screen itself is
∂A = ⋃

A∈A−{E} ∂AA.

*

G(A' )

G(E)

* *

G(A) ∂
A 
A ∂

A 
A'

Figure 3. A screen {A,A′, E} along with its boundary.

Definition 3.5 (Stable path). Suppose that ft : E → R>0, i.e., ft ∈
RE
>0, for t > 0, is a continuous one-parameter family of functions on the

edges of some q.c.d. E. Letting P denote projectivization, there is an
induced f̄t ∈ P (RE

>0), and compactness of PRE
≥0 ⊃ P (RE

>0) guarantees
the existence of accumulation points of limt→∞f̄t in PRE

≥0. We say
that ft is stable provided there is a unique such limit point and for any
e1, e2 ∈ E that limt→∞

ft(e1)
ft(e2) exists, where here we allow the possibility

that limt→∞
ft(e1)
ft(e2) =∞.

Theorem 3.6 (McShane-Penner, [14, 19]). The cell C(G) in PT̃P(F )
corresponding to the fatgraph G contains a stable path of lambda lengths
whose projection to T (F ) is asymptotic to a stable curve with pinch
curves σ if and only if σ is homotopic to the collection of edge-paths
∂A for some screen A on G.

The various members of a screen A correspond to subsets of edges
whose lambda lengths diverge at least as fast as others, where A ⊂
B ∈ A if and only if the lambda lengths on edges in A diverge faster
than those in B − A; on the other hand, a screen does not keep track
of the relative rates of divergence of disjoint elements. In fact, it is
the triangle inequalities discussed in Remark 2.13 that obviously force
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the recurrence condition. The difficult part of the proof of the previ-
ous theorem is estimating the lengths of the curves in ∂A in terms of
lambda lengths.

3.2. Filtered screens. We next introduce a refinement of screens
which plays the central role in this paper, where in contrast to screens,
we keep track of rates of vanishing of simplicial coordinates along quasi
recurrent subsets of a q.c.d., and we record relative rates of vanishing
of disjoint subsets. We shall consider quasi recurrent subsets A of a
q.c.d. E and their dual graphs G(A), which as before may have biva-
lent vertices which are not punctured. Lambda lengths and simplicial
coordinates of an edge e ∈ A or G(A) are defined to be those associated
to e in the original fatgraph G(E).

Definition 3.7 (Filtered screen). A filtered screen of total level n on
a q.c.d. E or its dual fatgraph G(E) is an ordered (n + 1)-tuple ~E =
(L0, L1, · · · , Ln) of pairwise disjoint and non-empty subsets of E so
that:

• ⋃n
i=0 L

i = E;
• for each 0 ≤ k ≤ n, L≥k = ⋃n

i=k L
i is quasi recurrent.

An arc e ∈ Lk is said to have level k.

Notice that a filtered screen ~E in particular determines its underlying
q.c.d. E = L≥0. Moreover, a filtered screen of total level zero on E is
simply the q.c.d. ~E = (E) regarded as a one-tuple.

Definition 3.8 (Boundary of a filtered screen). In analogy to screens,
for each 0 ≤ k < n, we have the subsurface F (G(L≥k+1)) ⊂ F (G(L≥k))
and define the (k+ 1)-st relative boundary ∂k+1~E to be those boundary
components of F (G(L≥k+1)) which are neither puncture-parallel nor
homotopic to a boundary component of F (G(L≥k)); if a component of
G(L≥k+1) is a simple cycle which is not a component in G(L≥k), then
include just that cycle in ∂k+1~E . The boundary of ~E itself is defined to
be ∂ ~E = ∪ni=1∂i~E .

Given a filtered screen ~E , there is an associated screen
A(~E) = {L≥k : 0 ≤ k ≤ n}.

Although ~E = ~E ′ if and only if A(~E) = A(~E ′), not all screens arise
in this way, only those which have a unique member at each depth.
Conversely, to each screen A on E is associated a filtered screen ~E(A)
where the level of each e ∈ E is its depth; the resulting

L≥k = {e ∈ E : the depth of e is at least k}
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are quasi recurrent because if e ∈ L≥k, then e lies in a quasi recurrent
subset A ⊆ E of depth i for some k ≤ i ≤ n, whence also A ⊂ L≥k.

This discussion is somewhat misleading since we shall employ filtered
screens to record rates of vanishing of simplicial coordinates rather than
rates of divergence of lambda lengths as for screens, and these notions
have yet to be related, cf. Proposition 3.21.

Figure 4. A subfatgraph of G(E).

Example 3.9. Consider the subfatgraph of a fatgraph G(E) depicted
in Figure 4, and adopt the notation that “m − n” means the set of
labeled edges lexicographically between m and n and including m,n.
The two screens

A = {E, a− k, a− g, i− k, f − g, b− e}
and

A′ = {E, a− k, (a− g) ∪ (i− k), (f − g) ∪ (b− e)}
are distinct, however, ~E(A) = ~E(A′) = ~E , where the filtered screen is

~E = (E − (a− k), h, a ∪ (i− k), (b− e) ∪ (f − g)).
3.3. The space of filtered screens. In this section, we construct a
simplicial complex whose simplices are indexed by filtered screens on
q.c.d.’s based at P for a fixed surface F . Let us adopt the notation
that for filtered screens ~E and ~E ′, the respective sets of arcs of level k
are denoted Lk and (L′)k.

Definition 3.10. Given a filtered screen ~E of total level n, the (open)
cell associated to ~E is a product of (open) simplices defined as

C(~E) = PRL0

>0 × PRL1

>0 × · · · × PRLn

>0

We have included the word open in the above definition because (as
will be made precise in the next definition) the boundary of this cell
is not the ordinary boundary of a product of simplices, but rather a
blowup of the ordinary boundary.
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Definition 3.11. For any surface F , define the space of filtered screens
based at P

FSP(F ) =

 ⊔
filtered screens ~E on some
P−based q.c.d. of F

C(~E)

 / ∼
where the face relation ∼ is generated by the following:

• C(~E ′) is a codimension-one face of C(~E) if there exists an edge
e ∈ Lk ⊂ E whose dual in G(E) has distinct endpoints, at
least one of which is non-punctured and disjoint from G(L≥k+1),
and such that (L′)k = Lk − {e} and (L′)j = Lj for j 6= k.
In other words, we pass from ~E to ~E ′ by removing such an
arc from E; alternatively, we collapse the dual edge in G(E).
Removing such an arc corresponds to setting the associated
simplicial coordinate to zero in the factor simplex corresponding
to Lk.
• C(~E ′) is a codimension-one face of C(~E) if ~E arises from ~E ′ by

combining two adjacent levels and shifting up by one all greater
levels, i.e., we have
~E = ((L′)0, (L′)1, · · · , (L′)k−1, (L′)k ∪ (L′)k+1, (L′)k+2, · · · , (L′)n),
for some 0 ≤ k < n. In terms of coordinates, moving from
C(~E) to C(~E ′) corresponds to choosing a quasi recurrent subset
(L′)≥k+1 such that L≥k+1 ( (L′)≥k+1 ( L≥k, and then allowing
the simplicial coordinates of (L′)≥k+1−L≥k+1 in PRLk

>0 to go to
zero all at comparable rates. In the limit, (L′)k = L≥k−(L′)≥k+1

and (L′)k+1 = (L′)≥k+1 − L≥k+1 are separately projectivized.
These face relations will be explicated in the sequel where we demon-
strate that they precisely describe the asymptotics of stable paths con-
strained to lie in cells in P-decorated Teichmüller space.

We shall denote by FS(F ) the space of filtered screens on i.c.d.’s
of F for which all punctures are decorated and refer to FS(F ) sim-
ply as the space of filtered screens on F . Note that the cell decom-
position for FS(F ) is MC(F )-invariant by construction. The quo-
tient FS(F )/MC(F ) consists of finitely many cells, since there are
finitely many fatgraphs on F modulo the action of MC(F ), and then
finitely many ways to partition edges on each of these fatgraphs. The
quotient FS(F )/MC(F ) therefore provides a new compactification of
Riemann’s moduli space M(F ).

Example 3.12. Figure 5a depicts the cell decomposition of PT̃ (F 3
0 ),

where the small circles and dashed lines respectively represent zero-



FILTERED SCREENS AND AUGMENTED TEICHMÜLLER SPACE 15

and one-simplices that are absent from PT̃ (F 3
0 ). Figure 5b illustrates

the space of filtered screens for F 3
0 , where the added faces are labeled

by the corresponding filtered screens.

Figure 5. Filtered screen blow up of cell decomposition for F 3
0 .

3.4. Stable paths and the Filtered IJ Lemma. Fix a q.c.d. E of
a surface F and consider its corresponding cell C(E) ⊂ PT̃P(F ). To
each point of C(E) is associated its tuple of projectivized simplicial
coordinates and lambda lengths on the edges of E. By adding arcs if
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necessary to quasi triangulate regions complementary to E, we may
and shall assume that E is a quasi triangulation. While the simplicial
coordinates of the added arcs vanish, their lambda lengths do not.

We may thus regard a continuous path in C(E) as its associated
continuous one-parameter family of projectivized simplicial coordinates
X̄t(e) ≥ 0 or lambda lengths λ̄t(e) > 0, defined for each edge e ∈ E
and all t ≥ 0. It will sometimes be convenient to de-projectivize these
paths in various ways to produce corresponding one-parameter families
Xt(e) ≥ 0 and λt(e) > 0, which we may also regard as paths in the
deprojectivized C(E) lying in T̃P(F ) itself.

Our primary immediate goal is to show that to each stable path of
simplicial coordinates in C(E), there is a canonical assignment of a
point in a cell C(~E) associated with a filtered screen based on a q.c.d.
contained in E which is also based at P . This will be accomplished
in the next sub-section after first here recalling and slightly extending
several results from [19].

Lemma 3.13. Given any point in a deprojectivized C̄(E) for any quasi
triangulation E, the associated simplicial coordinates on E satisfy the
no quasi vanishing cycle condition: there is no quasi efficient cycle of
edges in G(E) each of whose simplicial coordinates vanishes.

Proof. This follows from the fact that the convex hull construction of
a P-decorated surface produces a q.c.d. based at P by Theorem 2.11.
Specifically, given a point in C̄(E), the convex hull construction shows
that the simplicial coordinates for edges in G(E) will be positive for
a subset of E which is a q.c.d. This q.c.d. then divides the surface F
into polygons bounded by arcs with positive simplicial coordinates. As
a result, no quasi efficient cycle with vanishing simplicial coordinates
can exist. �

Lemma 3.14. Given any point in a deprojectivized C(E) and any arc
e in the quasi triangulation E, the product of the lambda length of e
and the simplicial coordinate of e is bounded above by four.

Proof. If e is not incident on a punctured vertex, in the notation of
Figure 2 we have

eX(e) = a2 + b2 − e2

ab
+ c2 + d2 − e2

cd

so each summand is twice a cosine by Remark 2.13 and the Euclidean
law of cosines. If e is incident on a univalent punctured vertex, in the



FILTERED SCREENS AND AUGMENTED TEICHMÜLLER SPACE 17

notation of Figure 2 we have

eX(e) = a2 + b2 − e2

ab
+ 2

which is again bounded above by four. �

Lemma 3.15. Fix a point in a deprojectivized C(E) and suppose that
a, b, e are the frontier edges of a triangle complementary to E with
respective opposite h-lengths α, β, ε. If 1 ≤ a, b, e and α ≤ K < 1, then
we have b, e ≥ 1

2
√
K

.

Proof. We have α = a
be
≤ K and a ≥ 1 whence K ≥ a

be
≥ 1

be
, and so

(1) 1
b

1
e
≤ K.

Furthermore by Remark 2.13, we have |b− e| < a, and so dividing by
be we find also

(2) |1
e
− 1
b
| < a

be
≤ K.

It follows from inequality (1) that either 1
b
≤
√
K or 1

e
≤
√
K. Without

loss of generality concentrating on the former case and using inequality
(2), we conclude

1
e
≤ 1
b

+K ≤
√
K +K ≤ 2

√
K

as was claimed. �

Definition 3.16. Given a deprojectivized path λt in a deprojectivized
C(E), and a subset H ⊂ E, define

I(H) = {e ∈ H : lim
t→∞

λt(e) =∞}

and
J(H) = {e ∈ H : lim

t→∞
Xt(e) = 0}

The following result is of central importance in the next section and
specializes to the so-called IJ Lemma of [14, 19] for H = E:
Lemma 3.17 (Filtered IJ Lemma). Suppose that E is a quasi trian-
gulation with dual punctured fatgraph G(E). Let H ⊂ E, with G(H)
a quasi recurrent subfatgraph component that is not a simple cycle;
that is, G(H) may have bivalent vertices but has at least one trivalent
or punctured vertex. Suppose that a deprojectivized path in C(E) has
λt(f) > 1 for all f ∈ G(H) and that each edge e of G(E−H) incident
on a bivalent vertex of G(H) has λt(e)→ 0. Then I(H) ⊂ J(H), and
G(I(H)) is the maximal quasi recurrent subfatgraph of G(J(H)).
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Proof. If λt(f) → ∞, then Xt(f) → 0 by Lemma 3.14, so we indeed
have I(H) ⊂ J(H).

To see that the maximal quasi recurrent subfatgraph of G(J(H))
is contained in G(I(H)), recall that a subfatgraph is quasi recurrent if
and only if for each of its edges, there is a quasi efficient cycle traversing
the edge by Lemma 3.2. If γ is a quasi efficient cycle in G(J(H)), then
Xt(e) → 0 for each edge e traversed by γ by definition. According to
the Telescoping Lemma 2.10, we have ∑

Xt(e) = 2 ∑
αt(e), so the sum

of the h-lengths included in γ goes to zero. If an edge e in γ is incident
on a univalent punctured vertex, then since λ(e) = 2/α(e), where α
is the included h-length, we see that e ∈ G(I(H)). Now, consider a
vertex in γ with edges a, b, e incident upon it, where γ traverses b, e and
includes the h-length α opposite a. In case all three of a, b, e ∈ H, then
by Lemma 3.15, we have λt(b), λt(e) → ∞ since α → 0 as required.
It remains therefore to consider the case that a /∈ H, so that since
G(H) is not a simple cycle, b and e must lie in a linear chain of edges
connecting vertices bivalent in H that begins and ends at vertices either
trivalent or punctured univalent in H. Since all incident edges not in
H along this chain have vanishing lambda lengths by assumption, all
of the lambda lengths on the edges of this linear chain must have ratios
asymptotic to unity by the triangle inequalities. Since the first and last
edges in this chain must have lambda lengths which diverge by earlier
remarks, in fact all of these edges must have lambda lengths which
diverge. Thus, each edge traversed by γ lies in G(I(H)) as required.

For the reverse inclusion that G(I(H)) is contained in the maxi-
mal recurrent subfatgraph of G(J(H)), suppose that e is an edge with
λt(e) → ∞. As before, Xt(e) → 0, so e ∈ G(J(H)). Thus, we need
only show that there is a quasi efficient cycle in G(J(F )) traversing
e. To this end, if the endpoints of e coincide, then there is such a
cycle of length one. Otherwise by the triangle inequalities, there is an
edge f adjacent to e at either of its non-puncture endpoints such that
λt(f)→∞, so Xt(f)→ 0 by Lemma 3.14. Continuing in this manner,
we find a quasi efficient cycle lying in G(I(F )) passing through e, which
evidently also lies in G(J(F )) as desired. �

3.5. Stable paths and filtered screens. We shall next canonically
associate a point of FSP(F ) to a stable path in C(E) ⊂ PT̃P(F ).

Definition 3.18. Fix a stable path in C(E) with associated depro-
jectivized simplicial coordinates Xt(e), for t ≥ 0 and e ∈ E. The
simplicial coordinates of two edges e, f ∈ E are said to be compa-
rable if 0 < limt→∞

Xt(e)
Xt(f) < ∞ and be asymptotically equal provided
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limt→∞
Xt(e)
Xt(f) = 1. The corresponding terms of asymptotic comparison

among lambda lengths are defined analogously.
Definition 3.19 (Comparability filtration). Suppose that Xt, for t ≥
0, is a deprojectivization, which is bounded above, of a stable path in
C̄(E) for some q.c.d. E. Recursively define a nested collection E =
E0 ⊃ E1 ⊃ · · · ⊃ En of sets as follows. If Xt(ek) 6= 0 for some ek ∈ Ek,
choose some ek ∈ Ek so that limt→∞

Xt(ek)
Xt(e) > 0 for all e ∈ Ek; define

Ek+1 ⊂ Ek to be those edges that are not comparable to ek. Thus, any
two elements of Ek − Ek+1 are comparable, for k = 0, . . . , n, where we
set En+1 = ∅ for convenience. The collection E0 ⊃ E1 ⊃ · · · ⊃ En is
evidently invariant under overall scaling of simplicial coordinates and
is called the comparability filtration on E induced by the stable path
X̄t.
Definition 3.20 (Recurrence hierarchy). Given a stable path X̄t in
C̄(E) for some q.c.d. E, along with its comparability filtration E =
E0 ⊃ E1 ⊃ · · · ⊃ En, observe that each Ej has a maximal quasi
recurrent subset Rj; we then define Lj = Rj ∩ (Ej −Ej+1). This gives
an initial n-tuple (L0, L1, · · · , Ln) which we further modify as follows:
if Lj = ∅ we remove it from the tuple and relabel Lj+i to be Lj+i−1 for
i > 0. After removing all such empty sets, the result is a recurrence
hierarchy (L0, L1, · · · , Lk) of non-empty sets for some k ≤ n, associated
with the given stable path of simplicial cooordinates.

We come to our first important result whose proof will serve two pur-
poses: first, it will show that each stable path X̄t in C(E) ⊂ PT̃P(F )
limits to a unique limiting filtered screen ~E(X̄t) associated to a P-
based q.c.d. contained in E, as well as to a unique limiting point
p(X̄t) ∈ C(~E(X̄t)); second, it will show that X̄t produces a screen of
comparability classes of lambda lengths whose boundary matches the
boundary of ~E(X̄t), and thus proves that the short curves associated
with X̄t are precisely those at the boundary of the filtered screen.
Proposition 3.21. Let E be a q.c.d. based at P, and let X̄t be a
stable path in the cell C(E) ⊂ PT̃P(F ) corresponding to some q.c.d. E
of the surface F . Then there is a canonically determined limit point
p(X̄t) ∈ FSP(F ) in the cell C(~E(X̄t)) of a corresponding filtered screen
~E(X̄t) on a P-based q.c.d. contained in E with the following properties:

• Two such paths X̄t and X̄ ′t in a common C(E) have the same
associated filtered screens ~E(X̄t) = ~E(X̄ ′t) if and only if their
respective recurrence hierarchies (L0, · · · , Lk) and (L′0, · · · , L′k)
are equal.
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• Moreover, the stable paths have the same associated points p(X̄t) =
p(X̄ ′t) if and only if they further have the same limiting ratios
of simplicial coordinates on Lj = L′j, for each j = 0, . . . , k.

Proof. Choose a quasi triangulation E ′′ containing E, so that C(E) ⊆
C(E ′′) ⊂ PT̃P(F ). We shall algorithmically construct p(X̄t) ∈ C(~E(X̄t))
via a recursion, which will use repeated applications of the Filtered IJ
Lemma and be shown to be independent of the choice of E ′′. For the
purposes of this proof, given a set H of edges in a q.c.d. such that the
deprojectivized Xt(f) vanishes for each f ∈ H, let us define

H∞ = {f ∈ H| lim
t→∞

Xt(f)
supe∈H Xt(e)

= 0}.

In other words, H∞ consists of those edges whose simplicial coordinates
go to zero faster than the slowest in H.

To begin the recursion, define the set D0 = E ′′ and the sets B0 =
Z0 = C0 = ∅. Let us choose a deprojectivization λt of the path in
lambda lengths corresponding to X̄t so that λt(e) > 1, for each e ∈ D0.
Such a deprojectivization exists, since even if λ̄t(e) goes to zero for
some e ∈ D0, we may rescale all lambda lengths by the reciprocal of a
function which goes to zero just as quickly as any of λ̄t.

The Filtered IJ Lemma thus applies to H = D0 = E ′′ in E ′′ (since E ′′
has only univalent punctured vertices with all other vertices trivalent)
and yields I(D0) ⊆ J(D0). We separate the subfatgraph G(I(D0)) into
its components and label the associated collections of edges I1, · · · , Im.
The general recursion producing new sets Bi+1, Di+1Zi+1, Ci+1 is given
by

Bi+1 = Di − J(Di)

Di+1 =
⋃

non-simple cycles Ik

Ik

Zi+1 =
⋃

simple cycles Ik

(Ik − I∞k )

Ci+1 = [J(Di)− I(Di)] ∪
⋃

simple cycles Ik

I∞k ,

Let us pause to examine this output for the basis step i = 0. First
of all, B1 consists of all arcs in D0 which have simplicial coordinates
bounded below and lambda lengths bounded above for all t. As a
result, the simplicial coordinates of the arcs in B1 are all comparable
and likewise their lambda lengths. We further observe that since any
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edges of E ′′ − E have X̄t = 0, they are deepest in the comparability
filtration and hence not in B1.
D1 consists of the quasi recurrent Ik that are not simple cycles which

have divergent lambda lengths and hence vanishing simplicial coordi-
nates; this then becomes input for the next stage in the process. We
emphasize that the edges of G(D1) have divergent lambda length com-
pared to any adjacent edges not in G(D1).
Z1 consists of the duals of edges in each simple cycle with divergent,

asymptotically equal, lambda lengths but slowly vanishing simplicial
coordinate; thus, the intersection of Z1 with a component Ik consists of
edges with comparable lambda lengths and comparable simplicial coor-
dinates. Upon collapsing duals of ∪simple cyclesI

∞
k ⊆ C1, each component

Ik which intersects with Z1 again becomes a simple cycle composed of
the edges (Ik−I∞k ). At the end of our procedure, we shall determine to
which level of the filtered screen these cycles belong; again, we observe
that edges of E ′′ − E are not in Z1.

Finally, C1 consists of two subsets. The first, J(F0)− I(F0), is made
up of those edges whose simplicial coordinates go to zero, but whose
lambda lengths remain bounded; the duals of these edges will be ap-
propriately collapsed at the end of the algorithm. The second subset
arises from simple cycles with comparably divergent lambda lengths;
these edges, which are again finally collapsed, make up linear chains
whose simplicial coordinates go to zero faster than other simplicial co-
ordinates in their cycle. Thus, these edges have comparable lambda
lengths but vanishing simplicial coordinates and will also be appropri-
ately collapsed at the end of the algorithm. To make sure that these
collapses are legitimate, we have:
Claim G(C1) is a forest in G(E) so that each component tree meets
G(D1) in at most a single endpoint of an edge.
Proof. Indeed, each component of G(J(D0) − I(D0)) is a tree since
I(D0) is the maximal quasi recurrent subset of J(D0) by the Filtered
IJ Lemma. Each such tree can have at most one point in common with
the G(Ik) since if there were two such points of intersection, then there
would be a quasi efficient cycle in G(J(D0)) that was not in G(I(D0)),
again contradicting the maximality of I(D0). This completes the proof
of the claim.

Proceeding now to the general iteration, we are recursively provided
with a quasi recurrent Di so that G(Di) has no simple cycle compo-
nents and whose edges have divergent lambda lengths compared to
any adjacent edges of G(E) not in G(Di). Again we may rescale all
lambda lengths so that the edges of Di have scaled lambda lengths
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bigger than one, but so that edges incident on but not in G(Di) will
have rescaled lambda lengths tending to zero. The hypotheses of the
Filtered IJ Lemma are therefore satisfied, and we apply that lemma to
Di to obtain I(Di) and J(Di). As before, we may separate I(Di) into
its components I1, · · · , Im and define a partition of Di according to the
recursion.

The analysis of the resulting sets Bi+1, Zi+1, Di+1, and Ci+1 is en-
tirely analogous to the previous discussion for the basis step; again we
observe that edges of E ′′ − E are not in Bi+1 or Zi+1, and we further-
more have:
Claim G(∪i+1

j=1Cj) is a forest in G(E) so that each component tree
meets G(Di+1) in at most a single endpoint of an edge.
Proof. To see this, we may assume by induction the previous claim
that G(∪ij=1Cj) is a forest, and the only way components of G(∪ij=1Cj)
can meet G(Di) is at a single endpoint of an edge. It follows that
indeed G(∪i+1

j=1Cj) is a forest, since G(Ci+1) is a forest in G(Di) by
the Filtered IJ Lemma. Moreover, the component trees of G(Ci+1) can
only possibly meet the newG(Ik) at a single vertex, for otherwise, I(Di)
could not be the maximal quasi recurrent subset of J(Di). As a result,
if a component tree of G(∪i+1

j=1Cj) were to meet the new G(Ik) at two of
its endpoints, only one of these could occur at a point where G(Ci+1)
intersects the G(Ik); the other must occur where G(∪ij=1Cj) intersects
the G(Ik) ⊂ G(Di). This latter point plus the point where G(∪ij=1Cj)
intersects G(Ci+1) ⊂ G(Di) would then represent two distinct points
which G(∪ij=1Cj) has in common with G(Di), which is impossible by
the inductive hypothesis. This completes the proof of the claim.

Let us assume that the recursion terminates with Dn+1 = ∅ having
constructed the various subsets Ci, Zi, Bi of E, for i = 1, . . . , n. We
must next build the resulting filtered screen ~E = ~E(X̄t) and identify
the associated point p = p(X̄t) ∈ C(~E).

To this end, the collection E ′ = E ′′−∪nj=1Cj ⊆ E is a q.c.d. according
to the previous claim on which we shall define the filtered screen. The
various sets Zi, Bi, for i = 1, . . . , n are pairwise disjoint, and the arcs
in any connected component of Zi or Bi have comparable simplicial
coordinates by construction. We may thus group together the arcs in⋃n
i=1 Zi ∪

⋃n
i=1Bi into common comparability classes taking the union

of these sets in a given class to define the edges at a fixed level Lj in our
filtered screen ~E on E ′. Quasi recurrence is assured from the construc-
tion, since each ⋃k

j=i Lj is in fact equal to one of the quasi recurrent
sets Di minus a contractible set of edges, plus possibly additional quasi
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recurrent simple cycles; finally, the point p ∈ C(~E(X̄t)) is determined
by limiting ratios of projective classes of simplicial coordinates in each
level.

It follows by construction that p and ~E have the characterizing prop-
erties in the statement of the proposition since the recursion itself de-
pends only on comparability classes of arcs in each maximal quasi re-
current set. In other words, at each step of the recursion it is the
non-empty Lj = Rj ∩ (Ej − Ej+1) which form levels in the resulting
filtered screen. In particular, since E ′′ − E is a forest for any quasi
triangulation E ′′ containing E, for any subset A ⊂ E, there is a one-
to-one correspondence between quasi efficient cycles in A ∪ (E ′′ − E)
and A ∪ (E1

′′ − E) for any two quasi triangulations E ′′ and E1
′′ con-

taining E. Moreover, since the maximal recurrent subset of a set is
simply the union of all quasi efficient cycles in the dual fatgraphs of
that set, taking the maximal recurrent subset for each of A∪ (E ′′−E)
and A ∪ (E1

′′ − E) and then collapsing edges in E ′′ − E and E1
′′ − E

yields the maximal recurrent subset of A in either case. Thus, our
construction does not depend on the choice of quasi triangulation. �

Remark 3.22. Observe that the above proposition provides a simple
algorithm for producing a filtered screen from a stable path of simpli-
cial coordinates, namely collapse all edges that are not in the maximal
quasi recurrent subset for their respective subset Ej in the comparabil-
ity filtration, and then set as levels of the filtered screen the remaining
edges in each Ej −Ej+1. However, the detail of the preceding proof al-
lows us to establish our first main theorem which justifies using filtered
screens to identify short curves in the limit of such stable paths.

Theorem 3.23. The cell C(G) in PT̃P(F ) corresponding to the fat-
graph G contains a stable path of simplicial coordinates whose projec-
tion to T (F ) is asymptotic to a stable curve with pinch curves σ if
and only if σ is homotopic to the collection of edge-paths ∂ ~E for some
filtered screen ~E on G.

Proof.
In the notation of the preceding proof, there is a screen

A(λ̄t) = {E, I(D0), I(D1), . . . , I(Dn)}

which is naturally associated to a stable path λ̄t corresponding to X̄t.
We have ∂ ~E(X̄t) = ∂A(λ̄t), and by Lemma 4.38 in [14], these are
precisely the curves whose hyperbolic lengths tends to zero. �
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We now show in particular that each point of FSP(F ) arises as the
limiting point of some stable path in a cell of PT̃P(F ):

Proposition 3.24. Given q.c.d.’s E ′ ⊆ E and a point p ∈ C(~E ′) for
some filtered screen ~E ′ on E ′, there is a stable path X̄t in C(E) such
that p = p(X̄t) and ~E(X̄t) = ~E ′.

Proof. Suppose that ~E ′ = (L0, . . . , Ln) is of total level n and let
xk(e) denote deprojectivized simplicial coordinates on e ∈ Lk in the
kth factor simplex PRLk

>0 of C(~E ′), for k = 0, . . . , n. Complete E to an
ideal triangulation E ′′ and define for t ≥ 1

Xt(e) =


0, if e ∈ E ′′ − E;
xk(e) t−k, if ei ∈ Lk, for 0 ≤ k ≤ n;
t−(n+1), if e ∈ E − E ′.

The projectivization X̄t is a stable path in C(E) that by construction
has the specified limiting point and filtered screen. �

To conclude the discussion, we explain the face relations in Defi-
nition 3.11 in terms of comparability filtrations of stable paths. Let
~E = (L0, · · · , Ln) be a fixed filtered screen based on a q.c.d. L≥0, and
complete L≥0 to a quasi triangulation E by adding a set B of ideal
arcs. We first observe as a consequence of Proposition 3.21 that stable
paths X̄t in C(L≥0) ⊂ C̄(E) having comparability filtration

E = (L≥0 ∪B) ⊃ (L≥1 ∪B) ⊃ · · · ⊃ (Ln ∪B) ⊃ B

are precisely those with ~E(X̄t) = ~E . In the following two corollaries of
Proposition 3.21, we consider limiting filtered screens of stable paths in
C(E) which slightly increase the comparability class for a proper subset
of edges in a level Lk.

Corollary 3.25. Let ~E = (L0, · · · , Ln) be a filtered screen based on a
q.c.d. L≥0, and complete L≥0 to a quasi triangulation E by adding a
set B of ideal arcs. Let e ∈ Lk be an arc whose dual edge in G(E) has
distinct endpoints, at most one of which is punctured. Consider any
stable path X̄ ′t in C(E) having comparability filtration

(L≥0 ∪B) ⊃ · · · ⊃ (L≥k ∪B) ⊃ (L≥k+1 ∪ {e} ∪B) ⊃ (L≥k+1 ∪B)
⊃ · · · ⊃ (Ln ∪B) ⊃ B.

Then we have the following:
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1. if the dual edge of e in G(L≥0) has a non-puncture endpoint
disjoint from G(L≥k+1), then

~E(X̄ ′t) = (L0, · · · , Lk−1, Lk − {e}, Lk+1, · · · , Ln)
is based on the q.c.d. L≥0 − {e};

2. if the dual edge of e has both endpoints in G(L≥k+1) and Lk−{e}
is nonempty, then
~E(X̄ ′t) = (L0, · · · , Lk−1, Lk − {e}, {e}, Lk+1, · · · , Ln).

Proof. First observe that if the edge dual to e in G(E) is contained in
a simple cycle component I of L≥k, then e necessarily satisfies the hy-
pothesis of 1, and we also must have Lk−{e} nonempty. Thus, when we
rescale the deprojectivization X ′t of X̄ ′t in the k-th step of the recursion
in Proposition 3.21 so that edges in L≥k− ({e}∪L≥k+1) have bounded
simplicial coordinates, we shall have I∞ = {e}. It follows that {e} ∈
Ck+1 is removed from the underlying q.c.d., and the limiting filtered
screen is then evidently ~E(X̄ ′t) = (L0, · · · , Lk−1, Lk−{e}, Lk+1, · · · , Ln)
as required. As a result, we may assume for convenience that L≥k has
no simple cycle components.

For 1, we rescale at the k-th step of the recursion as above and ob-
serve that J(L≥k ∪ B) = {e} ∪ L≥k+1 ∪ B and L≥k+1 ⊂ I(L≥k ∪ B).
However, e /∈ I(L≥k ∪ B), for if there is a quasi efficient cycle in
{e} ∪ L≥k+1 ∪ B passing through e, then all non-puncture vertices
of e in G(L≥0) would be in L≥k+1. Thus, {e} ∈ Ck+1 is removed
from the underlying q.c.d. and limiting filtered screen, which is again
~E(X̄ ′t) = (L0, · · · , Lk−1, Lk − {e}, Lk+1, · · · , Ln). For this last state-
ment, we remark that since L≥k is itself quasi recurrent, there must in
this case be another edge e′ in Lk whose dual in G(E) shares with the
dual of e the endpoint disjoint from G(L≥k+1); thus, indeed Lk − {e}
is nonempty.

For 2, we again rescale at the k-th step and observe that in this
case {e} ∪ L≥k+1 ⊂ I(L≥k ∪ B) since now {e} ∪ L≥k+1 is recurrent.
Moreover, since by hypothesis Lk − {e} is nonempty, we have Bk+1 =
Lk − {e}. Furthermore, in the (k + 1)-st step of the recursion, the
deprojectivization X ′t of X̄ ′t is rescaled so that e has bounded simpli-
cial coordinate whence Bk+2 = {e}, and the limiting filtered screen is
~E(X̄ ′t) = (L0, · · · , Lk−1, Lk − {e}, {e}, Lk+1, · · · , Ln). �

Corollary 3.26. Let ~E = (L0, · · · , Ln) be a filtered screen based on a
q.c.d. L≥0, and complete L≥0 to a quasi triangulation E by adding a
set B of ideal arcs. Let A ( Lk be a proper subset with A∪L≥k+1 quasi
recurrent. If a stable path X̄ ′t in C(E) has comparability filtration
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(L≥0 ∪B) ⊃ · · · ⊃ (L≥k ∪B) ⊃ (L≥k+1 ∪ A ∪B) ⊃ (L≥k+1 ∪B)
⊃ · · · ⊃ (Ln ∪B) ⊃ B.

then
~E(X̄ ′t) = (L0, · · · , Lk−1, Lk − A,A,Lk+1, · · · , Ln).

Proof. The proof is identical to the reasoning for case 2 in the pre-
ceding lemma, replacing {e} with A. �

4. Decorated augmented Teichmüller space

With Proposition 3.21 and Theorem 3.23 in hand, in this section
we describe the quotient of FS(F ) which will yield the decorated
augmented Teichmüller space T̂ (F ). Closely following the treatments
[3, 20], we first recall the augmented Teichmüller space T̄ (F ) of a sur-
face F = F s

g , introduced in [2], which provides a bordification of T (F ).

4.1. Augmented Teichmüller space. A maximal curve family P =
{αi}N1 , where the interior of each complementary region is a planar
surface of Euler characteristic -1, is a pants decomposition of F and
contains N = 3g − 3 + s curves. Given a point Γ ∈ T (F ), there are
associated hyperbolic lengths `i > 0 of the Γ-geodesic representatives of
the αi; these are completed to Fenchel-Nielsen coordinates on T (F ) by
adjoining for each αi one real twisting parameter θi which records the
relative displacement of the hyperbolic structures across the geodesic
curves, for i = 1, . . . , N .

If σ ⊆ P , then there is a corresponding stratum Tσ added to T (F )
in T̄ (F ) as follows: the range of the Fenchel-Nielsen coordinates with
respect to P is extended to allow `i ≥ 0, for αi ∈ σ, where the twisting
parameter θi is undefined for `i = 0. Geometrically, one pinches each
curve in σ to produce a nodal surface Fσ, and the added stratum Tσ is
a copy of the products of the Teichmüller spaces of all the irreducible
components of Fσ. In particular, T∅ ≈ T (F ) is the null stratum.

Definition 4.1. The augmented Teichmüller space of F is the space

T̄ (F ) = T∅ ∪
⋃
Tσ,

where the union is over all non-empty curve families σ in F , topologized
so that a neighborhood of a point F̄ in Tσ, for σ a subset of a pants
decomposition P , consists of those points whose hyperbolic lengths are
close to those of F̄ for each curve in P and whose twisting parameters
are close to those of F̄ for each curve in P − σ.
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A mapping class ϕ ∈MC(F ) acts on T̄ (F ) by push-forward of met-
ric as usual on the null stratum and induces an action on other strata
Tσ → Tϕ(σ) via permutation of curve families and push-forward of met-
ric on irreducible components. In particular, the pure mapping class
group of each irreducible component acts on its corresponding factor
Teichmüller space in each stratum.

Definition 4.2 (Stratum graph). Associated with each stratum Tσ is
its stratum graph G(σ) which has a vertex indicated by a • icon for each
irreducible component of Fσ and an edge for each component of σ itself
connecting the vertices corresponding to the irreducible components
(which may coincide) on its two sides; for each puncture of the original
surface F , we add yet another edge to G(σ) connecting a univalent
vertex indicated by the special icon ◦ with the vertex corresponding to
the irreducible component of Fσ containing it. See Figure 6.

○

○

Figure 6. The stratum graph G(σ) associated with the
nodal surface Fσ.

We shall typically identify the edges of a stratum graph with N ∪ P ,
where N is the set of nodes and P is the set of punctures of the nodal
surface. By construction, a stratum graph is always connected and
contains at least one ◦-vertex. It follows that there is a path in the
stratum graph from any element of N ∪ P to a ◦-vertex.

Given a stratum Tσ ⊂ T̄ (F ) and an αi ∈ σ with `i = 0, we can
increase `i, and in so doing, produce the stratum Tσ−{αi} via the reso-
lution of the node of Fσ corresponding to αi, in which we replace the
double point with αi. On the level of stratum graphs, this resolution
corresponds to collapsing an edge x of G(σ) to obtain G(σ−{αi}), with
the proviso that if an edge has only one endpoint, we simply remove it
from the graph.
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4.2. Punctured fatgraphs with partial pairing. Before perform-
ing the quotient we need one more object.
Definition 4.3 (Punctured fatgraph with partial pairing). A partial
pairing on a possibly disconnected punctured fatgraph is a collection
of unordered pairs {α, β} where at least one of α or β is a punctured
vertex, and the other is either a distinct punctured vertex or a boundary
component of a component fatgraph so that each punctured vertex or
boundary component occurs at most once; see Figure 7. We shall refer
to α and β as paired punctures and denote the resulting punctured
fatgraph with partial pairing by Ḡ.

Figure 7. The two types of paired punctures; in (a) two
punctured vertices are paired, and in (b) a punctured vertex
α is paired with a boundary component β.

Fix a possibly disconnected surface F with negative Euler charac-
teristic χ(F ) < 0 and s > 0 punctures. A curve family σ in F is
(the isotopy class of) a collection of curves disjointly embedded in F ,
no component of which is puncture-parallel or null-homotopic, and no
two of which are parallel. Each such σ determines a nodal surface Fσ
obtained by pinching each curve in σ to a double point or node and
then separating the resulting nodes into pairs of punctures to produce
a surface whose components F1, · · · , Fn are called the irreducible com-
ponents of Fσ.
Definition 4.4. We say that a punctured fatgraph Ḡ with partial pair-
ing and component fatgraphs G1, . . . Gn is supported by the connected
surface F if the following hold:

i. there are exactly s unpaired punctures;
ii. χ(F (Gi)) < 0, for each i = 1, · · · , n;

iii. χ(F ) = ∑n
i=1 χ(F (Gi));

iv. any two component fatgraphs are connected by a sequence of
partial pairings, i.e., for any two distinct punctured fatgraph
components G and G′, there is a sequence of components G =
G1, G2, · · · , Gm = G′ of Ḡ such that G` has a puncture or
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boundary component paired with a puncture or boundary com-
ponent of G`+1, for each `.

Figure 8 shows an example of a punctured fatgraph Ḡ with partial
pairing supported by F 4

2 , that is, a genus-2 surface with 4 punctures.

Figure 8. An example of a punctured fatgraph Ḡ with par-
tial pairing; the partial pairing on the left pairs a punctured
vertex with a boundary component, and the partial pairing
on the right pairs two punctured vertices.

Ḡ thus determines the topological type of a nodal surface F (Ḡ), with
the F (Gi) as irreducible components and paired punctures correspond-
ing to double points. We may thus consider isotopy classes in F of
punctured fatgraphs Ḡ with partial pairing supported by F , by which
we mean that Ḡ carries a specification of both a curve family σ in F
such that F (Ḡ) = Fσ, as well as an isotopy class of fatgraph Gi in
each irreducible component F (Gi) = Fi of Fσ. Moreover, we further
consider weighted isotopy classes of punctured fatgraphs with partial
pairing, which we still denote by Ḡ, on which is specified a collection of
positive weights, one weight for each edge, so that the sum of weights
on edges within each component is one. Two such labeled Ḡ and Ḡ′

are therefore equivalent if and only if their respective curve families σ
and σ′ and component fatgraphs are isotopic, and the weights on their
edges are identical. Equivalently, one imagines projectivizing weights
separately on each component fatgraph.

4.3. The quotient space T̂ (F ). There is an isotopy class in F of
weighted punctured fatgraph with partial pairing canonically associ-
ated to each point in FSP(F ) as follows:

Construction 4.5. Given a filtered screen ~E = (L0, . . . , Ln), consider
its corresponding tower

L≥0 ⊃ L≥1 ⊃ · · · ⊃ L≥n

of quasi recurrent sets. There is a corresponding tower of inclusions
G(L≥0) ⊃ G(L≥1) ⊃ · · · ⊃ G(L≥n),
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where each connected component of G(L≥k), for each k = 0, 1 . . . , n, is
either a simple cycle or it is not; if it is not, for the purposes of the con-
struction we will call it a fatgraph, and we will further subdivide simple
cycles into those that are puncture parallel (which we call horocycles)
and those that are not (which we will just refer to as simple cycles).
These three possibilities for a component of G(L≥k+1) in G(L≥k) are
then illustrated in bold stroke in Figure 9, together with a modifica-
tion of G(L≥k) to be performed in each case in order to produce a
partial pairing indicated by double arrows on the resulting punctured
fatgraph. These modifications are performed in order of decreasing
level beginning with G(L≥n) ⊂ G(L≥n−1) so as to produce an isotopy
class of punctured fatgraph Ḡ(~E) with partial pairing associated to ~E .

*

(a) vanishing horocycle

*

(c) vanishing fatgraph

**

(b) vanishing cycle

* * *
*

*

(d) vanishing fatgraph

Figure 9. The four operations performed on a filtered
screen on a fatgraph to obtain the corresponding punctured
fatgraph with partial pairing.

Furthermore, given a point p ∈ C(~E), there are associated projec-
tivized simplicial coordinates induced on the edges of each component
punctured fatgraph of Ḡ(~E) as follows: First, separately deprojectivize
each factor simplex in C(~E) in order to have coordinates defined on
each edge.

• For edges arising from operations (a), (b) or (d) in Figure 9,
take the same coordinate in Ḡ(~E).
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• For edges arising from operation (c) in Figure 9, take as coor-
dinate the sum of the coordinates of the constituent edges that
have combined to form the new edge.

Finally, projectivize these coordinates on each punctured fatgraph com-
ponent of Ḡ(~E) to obtain projective simplicial coordinates on each com-
ponent of Ḡ(~E).
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Figure 10. Edges with bounded simplicial coordinates in-
cident on a subfatgraph whose lambda lengths diverge; both
the fatgraph version and the dual q.c.d. version are shown.

The procedure for operation (c) is justified by the following calcu-
lation: Figure 10 illustrates the included h-lengths near a consecutive
sequence of edges with bounded simplicial coordinates adjacent to a lin-
ear chain of edges in bold strokes with vanishing simplicial coordinates.
Using the expression for simplicial coordinates as a linear combination
of included h-lengths, one finds that the sum of simplicial coordinates
along the linear chain is given by

k+1∑
i=1

X(ei) = (β0 + ε0 − α0) + 2
k∑
i=1

εi + (αk+1 + εk+1 − βk+1).

The term 2 ∑k
i=1 εi goes to zero, thus leaving the expression for the

usual simplicial coordinate of the single edge arising from the linear
chain in keeping with the specification of simplicial coordinates above;
a similar calculation holds if the linear chain terminates at a punctured
vertex.

Example 4.6. The top of Figure 11 illustrates the fatgraph G(E)
treated in Example 3.9 on which we consider the two filtered screens

~E = (E − [(a− g) ∪ (i− k)], (a− g), (i− k)),
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~E ′ = (E − [(a− g) ∪ (i− k)], (i− k), (a− g))
in the earlier notation. Assuming that i−k is a horocycle, the common
punctured fatgraph Ḡ(~E) = Ḡ(~E ′) with partial pairing is illustrated on
the bottom in Figure 11, where the deprojectivized simplicial coordi-
nates are indicated by capital Roman letters.

Figure 11. Example of Construction 4.5.

Definition 4.7. Given p ∈ C(~E) ⊂ FSP(F ), the isotopy class of punc-
tured fatgraph Ḡ(~E) with partial pairing together with the labeled as-
signment of projective simplicial coordinates on each component punc-
tured fatgraph determined by Construction 4.5 is denoted π(p). Two
points p, q ∈ FSP(F ) are equivalent and we write p ∼ q if π(p) = π(q)
with quotient space FSP(F )/ ∼.

Definition 4.8 (T̂P(F )). Define the P-decorated augmented Teichmüller
space for F , denoted by T̂P(F ), by the following: a labeled isotopy class
of punctured fatgraph with partial pairing Ḡ lies in T̂P(F ) if and only
if Ḡ = π(p) for some point p ∈ C(~E) ⊂ FSP(F ). There is thus a
bijection between T̂P(F ) and FSP(F )/ ∼, and we topologize T̂P(F )
with the quotient topology via this bijection. In the case of FS(F )/ ∼
where P is the set of all punctures of F , we simply denote this space
by T̂ (F ), and refer to it as the decorated augmented Teichüller space
for F .
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The example of T̂ (F 3
0 ) is illustrated in Figure 12.

Figure 12. T̂ (F 3
0 ) and its cell decomposition.

Our final goal in this paper is to provide a more usable description of
a CW decomposition for T̂ (F ), in particular describing how the strata
of T̂ (F ) are products of projectivized decorated Teichmüller spaces that
are indexed by a new object termed partially oriented stratum graphs.

4.4. Partially oriented stratum graphs. Strata in T̄ (F ) are in 1-
1 correspondence with stratum graphs G(σ); we now begin to work
toward showing that strata in T̂ (F ) are in 1-1 correspondence with a
new object, defined below, termed “partially oriented stratum graphs”.

Definition 4.9 (Partially oriented stratum graph). A partial orienta-
tion on a stratum graph is an assignment of orientations to a subset
of its edges such that every • vertex is an initial point for an oriented
edge, no oriented edge has its initial point at a ◦ vertex, and there are
no oriented cycles.

We will typically denote a partially oriented stratum graph by the
notation ~G.

The following will be useful: fix some stratum graph G(σ) with edges
N ∪ P . We shall consider ordered partitions f of N ∪ P , meaning f is
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an ordered m+ 1-tuple
f = (L0

f , L
1
f , · · · , Lmf )

with N ∪ P = ⋃m
i=1 L

i
f , Lif 6= ∅ and Lif ∩ L

j
f = ∅ for all 0 ≤ i 6= j ≤ m.

We use the notation f since such an ordered partition exists if and
only if it induces a surjection

f : N ∪ P → {0, 1, · · · ,m}
defined by f(x) = k if x ∈ Lkf ; we will refer to f(x) as the level of
x ∈ N ∪ P .

Definition 4.10 (Nest). An ordered partition f is a nest if for every
n ∈ N there is an adjacent x ∈ N ∪ P with f(x) < f(n), where here x
is adjacent to n if they share a common vertex endpoint.

We next observe that given ~G, certain nests on its underlying stratum
graph G satisfy useful relationships with the orientations assigned to
~G.

Definition 4.11 (Compatible nest). Given a partially oriented stra-
tum graph ~G, we say that a nest f on the underlying stratum graph G
is compatible with ~G if for every vertex v ∈ G, the set of oriented edges
with initial point at v is precisely Minf (v).

We now observe that for each ~G such compatible nests exist.

Definition 4.12 (The nest f~G). Given a partially oriented stratum
graph ~G, for each vertex v we define d(v) to be the maximal count
of • vertices traversed by an oriented path starting from v without
counting v itself; we shall call such a path realizing this maximal count
a maximal path for v. Define f~G : N ∪ P → {0} ∪ N as follows: If
x ∈ N ∪ P is an oriented edge, define f~G(x) = d(v) where v is the
initial vertex for the oriented x. If x ∈ N ∪ P is unoriented, define
f~G(x) to be one greater than max{d(v)|v ∈ V (x)}.

Lemma 4.13. The function f~G is a nest on ~G.

Proof. To see that the nest condition of Definition 4.10 is satisfied, first
observe that for an unoriented n ∈ N , there are by definition adjacent
x for which f~G(x) < f~G(n). If n is oriented, assume it is in Minf~G

(v)
for some v ∈ V (n) and let v0 denote the other vertex of n. Consider
directed paths beginning at v0 and observe that a maximal path begin-
ning at v0 must have length smaller than the maximal path beginning
at v. Finally, to confirm that f~G is a surjection onto {0, 1, · · · ,m} for
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some m, consider an oriented edge of level k. Its initial point is a ver-
tex v with d(v) = k, and the maximal path for v has length k. Along
this path, the maximal path length for the next vertex after v must
be k − 1. Thus, there must be an edge of level k − 1 in f~G. A similar
statement holds by definition for unoriented edges. �

Figure 13 shows an example of a partially oriented stratum graph ~G
along with the compatible nest f~G.

1

0

1 2

3

3

1

○

○

Figure 13. An example of a partially oriented stratum
graph ~G along with the compatible nest f~G .

Definition 4.14 (The partially oriented stratum graph ~GḠ). To ev-
ery point Ḡ ∈ T̂ (F ) we associate a unique stratum graph GḠ, which
has a • vertex for each component punctured fatgraph and an edge
for each pair of paired punctures or puncture paired with a boundary
component connecting the vertices corresponding to the punctured fat-
graphs (which may coincide) on its two sides; for each unpaired punc-
ture (which includes both unpaired punctured vertices and unpaired
boundary components), we add yet another edge connecting a univa-
lent ◦-vertex to the vertex of the associated punctured fatgraph. For
every such stratum graph GḠ, we uniquely orient a subset of its edges
to obtain a partially oriented stratum graph ~GḠ, as follows: for edges
corresponding to a pairing of a decorated with an undecorated punc-
ture, we orient from the decorated towards the undecorated puncture;
for edges corresponding to unpaired decorated punctures, we orient
towards the unpaired ◦-vertex and all other edges are left unoriented.

In other words, given GḠ, we orient edges in the direction of decreas-
ing level in filtered screens in the preimage π−1(Ḡ); as a result, there
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do not exist oriented cycles in ~GḠ, and every • vertex is the initial point
for an oriented edge, as every component fatgraph of Ḡ has a decorated
puncture. It is then clear that every point Ḡ ∈ T̂ (F ) is a point in a
product of projectivized partially decorated Teichmüller spaces, where
the punctures decorated at each irreducible component are determined
by the outgoing oriented edges at the associated vertex in the par-
tially oriented stratum graph ~GḠ; see Figure 14 for an example. Every
partially oriented stratum graph ~G yields in this manner a product of
projectivized partially decorated Teichmüller spaces, and this leads us
to the final lemma in this section.

○

○

Figure 14. An example of a partially oriented stratum
graph ~G along with the decorated punctures at each irre-
ducible component indicated by dashed arcs, and correspond-
ing to outgoing edges.

Lemma 4.15. Let ~G be a partially oriented stratum graph; then ev-
ery point in the associated product of projectivized partially decorated
Teichmüller spaces is in fact a point in T̂ (F ).

Proof. Fixing a point in the product of projectivized partially deco-
rated Teichmüller spaces associated with ~G yields a punctured fatgraph
with partial pairing, which we call Ḡ. Take Ḡ, and resolve all punctured
vertices and pairings, making choices, using the operations in Figure
15, to obtain a fatgraph G representing F . Note that the partial orien-
tation condition associated to ~G precludes paired decorated punctures
since oriented edges yield a decoration only in the irreducible compo-
nent for which that orientation is outgoing. Thus, the resolutions in
Figure 15 are exhaustive.
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Figure 15. Chosen resolutions of pairings and punctured
vertices of Ḡ to obtain a fatgraph G.

This chosen resolution produces a fatgraph G for F . To determine
the level structure for the filtered screen on G, choose a nest f compat-
ible with ~G, and do the following: For each edge e in G which is also in
Ḡ, the level of e will be the f -level of edges in Minf (vi), where vi is the
• vertex representing the irreducible component Fi containing e ∈ Ḡ.
Furthermore, for edges of G in horocycles or cycles resulting from the
resolution of Ḡ, assign the f -level associated to the corresponding edge
in ~G. The claim is that this level structure yields a filtered screen,
and if the maximum level is n, it suffices to show that L≥k is recur-
rent for all k = 1, · · · , n. To see this, fix k and consider a component
of Lk; if this component is a horocycle, cycle, or fatgraph, then it is
recurrent. Otherwise, the edges in the component of Lk appear in Ḡ
as a punctured fatgraph with punctured vertices, corresponding to an
irreducible component Fi. However in G, these punctured vertices no
longer appear, and edges incident on such punctured vertices of Ḡ are
now incident on a vertex of G in either a vanishing horocycle, cycle,
or fatgraph, all of which are of greater level, and hence in L≥k. Thus,
L≥k is recurrent, and the level structure yields a filtered screen ~E .

We need to determine correct coordinates for a point p ∈ C(~E) so that
π(p) = Ḡ. The deprojectivized coordinates for any horocycle or cycle
in G resulting from a resolution can simply be assigned arbitrarily. For
all other edges, the deprojectivized coordinates are identical to those
in Ḡ; now projectivize in comparability classes in the level structure of
~E to obtain p ∈ C(~E) for which π(p) = Ḡ. �
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4.5. CW decomposition and strata of T̂ (F ). We now come to the
last of our main results, which is an MC(F )-invariant CW decompo-
sition of T̂ (F ) which follows directly from the above analysis.

Theorem 4.16. T̂ (F ) admits an MC(F )-invariant CW decomposition
with the following properties:

• Cells are in one-to-one correspondence with isotopy classes of
punctured fatgraphs with partial pairing Ḡ supported by F for
which ~GḠ is a partially oriented stratum graph.
• Each cell is a product of simplices, where projectivized simplicial

coordinates on the component punctured fatgraphs give barycen-
tric coordinates for the factor simplices.
• The union of cells with the same underlying partially oriented

stratum graph is itself a product of projectivized partially dec-
orated Teichmüller spaces, one for each irreducible component;
we shall refer to these as the strata of T̂ (F ).
• The face relation for cells within a stratum is generated by col-

lapsing edges (of punctured fatgraph components) with distinct
endpoints, at most one of which is punctured.
• The face relation for cells in different strata is generated by

vanishing of quasi recurrent subsets within an irreducible com-
ponent Fi, followed by the map π applied to the resulting filtered
screen in FS(Fi).

Proof. We see from Lemma 4.15 that T̂ (F ) is composed of strata of
products of projectivized partially decorated Teichmüller spaces, where
a particular stratum has an underlying stratum Tσ from augmented Te-
ichmüller space but with a choice of decorated subset Pi of the punc-
tures on each irreducible component Fi. We may label these strata by
T̃∪Pi

(Fσ), where the Fσ indicates the underlying stratum in augmented
Teichmüller space, and the ∪Pi indicates the decorated punctures on
each irreducible component Fi.

However, the subset of punctures which are decorated cannot be
chosen arbitrarily but must be chosen consistently with a partially ori-
ented stratum graph ~G that supports a compatible nest. Nevertheless,
as long as these conditions are satisfied, each stratum admits a cell de-
composition, where cells are in one-to-one correspondence with isotopy
classes of punctured fatgraphs with partial pairing compatible with the
underlying partially oriented stratum graph. Each cell is a product of
simplices, where simplicial coordinates on the component punctured
fatgraphs give barycentric coordinates for the factor simplices. The
face relation for cells within a stratum is generated by collapsing edges
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with distinct endpoints (only one of which may be punctured) in the
punctured fatgraphs associated to irreducible components.

Moreover, since the face relation on FS(F ) is also generated by
coalescing of adjacent levels in filtered screens using the fact that T̂ (F )
is then obtained by a quotient of FS(F ) via the map π, we see that
the face relation for cells in different strata in T̂ (F ) is generated by
way of FSPi

(Fi) and π for each irreducible component Fi in Fσ. More
specifically, given a cell C(E1) × · · · × C(Em) in a stratum T̃∪Pi

(Fσ),
where Fσ has irreducible components F1, · · · , Fm, we consider a stable
path X̄t which only varies simplicial coordinates within one factor C(Ej)
and whose limiting screen ~E(X̄t) is of total level one. There will then be
a limiting point p(X̄t) ∈ C(~E(X̄t)) ⊂ FSPi

(Fi) to which we may apply
π to obtain a new labeled punctured fatgraph with partial pairing; this
will yield a point in a new cell in a new stratum where the C(Ej) factor
has been replaced by a product C(Ej1)×· · ·×C(Ejk). If the stable path
simply yielded a new vanishing horocycle, we have moved from T̃∪Pi

(Fσ)
to T̃∪P ′i(Fσ), where the underlying stratum in augmented Teichmüller
space has stayed fixed, but we have changed the collection of punctures
which are decorated and hence have changed the underlying partially
oriented stratum graph without changing the stratum graph. However,
if the stable path yields a vanishing cycle or fatgraph, then we move
to T̃∪P ′i(Fσ′), where the underlying stratum in augmented Teichmüller
space itself has changed.

Finally, we observe that the natural action of MC(F ) on T̂ (F ) takes
cells to cells, whence the decomposition is MC(F )-invariant. �
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