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Theory of the Positive Column Including Electron-Ion Recombination 
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(Received 27 October 1969; final manuscript received 12 January 1970) 

A theoretical study of the effect of electron-ion recombination on the voltage-current characteristic 
of the positive column of a glow discharge is presented. In the absence of recombination, as the current 
increases the voltage decreases and reaches a constant value. In the presence of recombination and at 
sufficiently high currents, the voltage increases with increasing current. 

I. INTRODUCTION 

The voltage-current characteristic of a glow dis
charge, shown schematically in Fig. 1, is the sum of 
the characteristics of the cathode region and the 
positive column. The cathode region, described in 
many standard texts, e.g., in Von Engel, 1 is qualita
tively understood but due to its physical complexity 
has not been as yet subjected to a precise mathema
tical treatment. The positive column was studied by 
Allis and Rose2 and was recently put on a firm 
mathematical basis by Cohen and Kruskal3 and 
Blank. 4 In the present paper we examine the recom
bination process which can significantly alter the 
voltage-current characteristic of the positive column 
in the region of high electron densities. 

The theory of the positive column is based on the 
fact that at steady state the production of charged 
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Fw. 1. Schematic representation of the voltage-current 
characteristic of a glow discharge. 

particles by ionization is exactly balanced by the the effect of the slight charge separation. As N •
0 

in
loss by diffusion to the walls and by recombination. creases, the radial electric field· resulting from the 
The axial electric field E. enters the working macro- charge separation increases and retards the diffusion 
scopic equations indirectly through the ioni'zation, of electrons while it speeds up the diffusion of positive 
diffusion, and various other coefficients. A relation- ions. The loss by diffusion relative to the production 
ship is then sought between E. and the electron by ionization is thereby reduced and a lower E ., 
density at the axis of the column N.o. This relation- which results in a smaller ionization coefficient, is 
ship implicitly specifies the voltage-current char- required for maintaining a steady state. In fact, as 
acteristic, because the voltage is determined by N.o -t oo, E. -t E.0 which defines the limit of 
the axial electric field, and the current by the ambipolar diffusion, Fig. 2. 
electron density and by the drift velocity which in Physical considerations require that N.o must 
turn depends on E •. · remain finite, so before E. reaches the value E ... , some 

By neglecting recombination and assuming that other physical processes which limit the value of 
the ionization and diffusion coefficients do not vary N ,o must become important. In. this work we in
in the radial direction, Cohen and Kruskal3 derive vestigate one such procE)ss, the electron-ion recom
an E.-N.0 curve shown schematically in Fig. 2. bination which results in an E.-N,0 curve shown 
At very low electron densities N,o, the loss of elec- schematically in Fig. 2. At low N,0 the curve coin
trons is by free diffusion to the wall. The working cides with that of Cohen and Kruskal. Near the 
equations do not have a nontrivial solution for ambipolar limit, however, the curve bends and starts 
E. > E.b, where the bifurcation point E,b can be increasing with N.o. At very high electron densities 
obtained from the linearized version of the equations of course, the equations for a weakly ionized g~ 
and corresponds to breakdown. Although lineariza- cease to apply. The abnormal glow characteristic 
tion determines the point E.b, the E.-N.o curve has so far1

•
5 been attributed entirely to electrode 

depends on the nonlinear terms which represent effects. The results of this work, shown schematically 
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Fm. 2. Schematic representation of E,-N eo curves. 

in Fig. 2, indicate the possibility that electron-ion 
recombination in the positive column may also be 
important in determining the over-all characteristic 
in the abnormal glow region. 

As recombination can only be important at high 
electron densities, it is there that we focus our 
attention. In this case we use ambipolar diffusion 
and thus avoid treating space-charge effects ex
plicitly. This approach is consistent with a detailed 
analysis which we have carried out treating space
charge effects and recombination explicitly. This 
analysis uses a singular perturbation technique simi
lar to that of Cohen and Kruskal3 and is omitted 
as it provides little additional information. 

II. FORMULATION OF THE BASIC EQUATIONS 

The equations below, except for the term en.n,, 
are those used by Cohen and Kruskal3 but are 
written in somewhat different dimensionless varia
bles. They represent a quiescent, longitudinally uni
form positive column with constant neutral and 
electron temperatures. For mathematical simplicity 
the cross section is taken with plane geometry: 

dJ 
dy = 'Yn. - en,ni, 

dn, = -n E - orJ 
dy ' ' 

(1) 

(2) 

dn; _ 
dy - m;E - rJ, (3) 

1 dE r dy = n; - n,, (4) 

where J, n,, n;, and E are the dimensionless electron 
(and ion) flux, electron density, ion density, and 
electric field, to be determined for O :::; y :::; 1 with 
the boundary conditions 

y = 0: J = 0, 

y = 1: n, = 0, 

E = 0, 

n, = 0. 

n, = 1, (5) 

(6) 

~he variables above are related to the physical 
variables and coefficients by y = X/ L, J = (LT w r) / 
(D,N.oT,), n, = N,/N.0 , n; = N;/N,0 , E = 

(eLm/(kT,), 'Y = (L2111Tw)/(Di T.), e = (L2aN.0 Tw)/ 
(D,T,), o = D./D., T = T,/Tw, t = (N, 0L

2e2
)/ 

(eokT.), where x is the distance from the axis of 
the column, t is the flux of electrons and ions 
toward the wall, E is the "radial" electric field 
(in the x direction), N. and N, are the number 
densities of electrons and ions, N, 0 = N,(O), Lis the 
distance from the axis to the wall, T. and T w are 
the electron and neutral temperatures, D, and D, 
are the electron and ion diffusion coefficients .,,, 

' I 
and a are the ionization and recombination coef-
ficients, and e, le, eo are the magnitude of the electron 
charge, the Boltzmann constant, and the permit
tivity of free space. 

The boundary conditions J = 0, E = O at y = O 
reflect the symmetry of the problem. The conditions 
n, = 0, n; = 0 at y = 1 must be regarded as an 
approximation as discussed by McDaniel.6 The gen
eral question of the validity of the macroscopic 
equations near the wall is comprehensively dis
cussed by Blank.4 

For fixed density and temperature of the neutral 
gas, the quantities T., 11 1 , D., D;, and a become 
functions of the axial electric field only. Hence, the 
coefficients /', o, and r are all functions of the E, 
whereas e and t depend on both E z and N eO• Since 
there are five boundary conditions for four first
order equations, the extra condition defines the 
relationship between E, and N, 0 • 

In the following analysis it is important to know 
the relative magnitudes of variables and param
eters. As an example let us choose hydrogen gas at 
300°K and 1 mm Hg in a discharge with L = 1 cm. 
The coefficient t is large because the electron density 
in glow discharges typically lies between 108 and 
1012 -a 8. b" cm . mce recom mation is only important at 
large densities, the calculations in this work are 
arbitrarily restricted to the range 1010 cm-3 < 
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N •0 < 1012 cm-3
• Data are available for 13.4 V /cm < 

E. < 32.2 V /cm, and these bounds on N.o and E. 
restrict the coefficients to the ranges, 0.0814 < 
'Y < 20.5, 2.36 x 10-4 < 0 < 3.92 x 10-4

, 73.5 < 
T < 153, 2.88 x 10-2 < OT < 3.60 x 10-2

, 6.69 x 
10-3 < E < 1.53, 4.53 X 103 < S < 9.53 X 105

• 

The choice of the dimensionless variables is such 
that their order of magnitude is expected to be unity 
throughout most of the discharge. The various terms 
can then be roughly estimated by the size of their 
coefficients. 

ill. SIMPLIFICATION AND SOLUTION 
OF THE EQUATIONS 

The work of Cohen and Kruskal3 shows that for 
large N ,0 , the positive column consists of two regions 
in which the equations must be solved by different 
methods. The first is the main or central region, 
in which the term (l/5)(dE/dy) can be neglected to 
lowest order with the result n. = n 1 and a consider
able simplification of the equations. The second 
region is a thin boundary layer or sheath near the 
wall where (l/5)(dE/dy) is comparable in magnitude 
to the other terms. The solutions in the two regions 
are obtained in the form of asymptotic series in 
functions of r, which contain undetermined param
eters that are evaluated in a process of matching. 
The presence of the additional term en.n; does not 
alter the separation in main region and sheath, and 
an asymptotic solution for the Eqs. (1)-(4) has been 
obtained. However, the effect of the term (1/5) · 
(dE/dy) is of lesser importance at large electron 
densities where recombination is significant, and 
hence the following analysis is restricted to the 
approximation n. = n;. 

The equations and boundary conditions (1)-(6) 
now become, after some manipulations, 

dJ 2 
dy = 'Yn. - en,, (7) 

dn. + 1 + oT J = 0 
dy T 1 + T ' 

(8) 

rl_~ + 1 + OT E = 0 
dy 1 - li n. ' 

(9) 

y = 0: J = 0, E = 0, n. = 1, (10) 

y = 1: n. = 0. (11) 

By eliminating J between Eqs. (7) and (8) there 
is obtained 

d2n. + * - * 2 - 0 (12) dy2 'Y n. e n. - , 

where 

* - 1 + OT 
"{ - "{T 1 + T 1 

The boundary conditions are 

y = 0: n. = 1, 

y = 1: n. = 0, 

1 +OT e* = e-r---. 
1 + T 

dn. = 0 
dy ' 

(13) 

(14) 

where the second of Eq. (13) follows from Eqs. (9) 
and (10). Equations (12)-(14) serve to determine 
'Y* as a function of e* and n. as a function of y and 
e*. Once n. is found, J and E can be obtained from 
Eqs. (8) and (9). 

Except for the recombination term, Eq. (12) is 
the same as the standard ambipolar diffusion equa
tion 1 as can be seen by expr~ssing its coefficients in 
terms of the original dimensional quantities. Using 
the definitions of o, T, etc., and the Einstein relations2 

for the mobilities D,/µ. = kT./e, DJµ, = kTw/e 
there is obtained 

where 

1 +OT D, 
=-

1 + T D' a 

1 + OT L 2v1 

'Y* = 'YT 1 + 'T = -D-. ' 

* _ 1 + OT _ L2aN.0 

E - ET 1 + T - D. ' 

D. = µ, D; + µ, D. 
µ. + µ; 

is the ambipolar diffusion coefficient. 
The solution of Eqs. (12)-(14) can be reduced to 

quadrature by a standard substitution, using n as 
the independent and dn/ dy as the dependent vari
able. The resulting integrals can be expressed in 
terms of elliptic functions as 

n = 1 - [(1 - a + b)(-1 + 3a + b)/4ab]sn2 [-y(b) 112y/2, k] 
1 - [(-1 + 3a + b)/2b]sn2 [('Yb) 112y/2, k] (15) 

*1/2 _ ~-1A dz 
'Y - b112 o [(1 - z2)(l - k2z2)]112 ' 

(16) 
2 e* a= --
3 'Y* ' 

b = (1 + 2a - 3a2
)

112
, 
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Fw. 3. The E ,-N .o curve including recombination. 

= (3a - 1 + b) 112 

k 2b l 

( 
4ab )

112 

A = (1 - a+ b)(-1 + 3a + b) ' 

and x = sn(u, k) is defined as the solution of 

1x dz 
o [(1 - z2)(l - k2z2)]1 12 = u. (17) 

The solution can also be obtained in powers of 
e* by introducing 

n. = no + e*n1 + e*
2
n2 + · · · , 

')'* = ')'~ + E*'Yt + E* 2'Y~ + ' · ' 
in Eqs. (12)-(14) and solving the resulting linear 
problems. The expansion has been evaluated up to 
the e*2 term for 'Y*: 

7r'
2 

8 (10 32 64 ) 2 
'Y* '.:'.::'. 4 + 37r e* + 37r2 - 97r3 - 311'4 e* . (18) 

For e* < 11, Eq. (21) is in error by less than 0.53 
compared to the exact expression. A power series 
similar to Eq. (18) can be obtained for a cylindrical 
discharge where a closed form solution is not possible. 

IV. RESULTS AND DISCUSSION 

Figure 3 presents typical E .-N .o character
istics. The dashed curve for E. is obtained from 
Eq. (16), and the curve indicated by E.\.~o represents 
the solution of Eqs. (1)-(6) with E = 0, i.e., without 
recombination as obtained by the singular perturba
tion technique of Cohen and Kruskal.3 A similar 

singular perturbation has been applied by the present 
authors to the complete Eqs. (1)-(6) and the solution 
is presented by the full curve of Fig. 3. It is seen 
that for large N eO where recombination is important 
the simplified solution presented in the preceding 
section is adequate. The importance of recombina
tion depends on the magnitude of the coefficient a, 
a quantity that is very difficult to measure due to 
its dependence on impurities. Figure 3 has been 
obtained with a = 3 X 10-s cm3 sec-1, which is 
considered as an upper bound for the recombination 
coefficient in pure hydrogen.7 Higher values of a 

have been observed in inert gases8 and in hydrogen 
with impurities, 7 

'
8 although in these cases the recom

bination mechanism is different. In Fig. 3, homo
geneous recombination becomes important at elec
tron densities of about 1012 cm - 3

, i.e., near the upper 
limit of the glow discharge. For higher values of a 
or L, recombination becomes important at lower 
electron densities. For lower values of a or L, recom
bination becomes important at higher electron den
sities, where however, our basic equations may 
cease to apply. 

As in previous studies2
-

4 we have considered elec
trons and a single positive ion species. This is 
appropriate for discharges in molecular gases such 
as H2 and N 2 • In He or Ar discharges, atomic and 
molecular ions are both present. The atomic ions, 
formed by electron impact, react to give molecular 
ions according to 

Ar+ + Ar + Ar -t Ar~ + Ar. 

The molecular ions formed are mainly responsible for 
the recombination by the dissociative mechanism 

Ar~ + e -t 2 Ar. 

This two ion system is expected to have an E .-N .o 

curve similar to that of Fig. 3 but a quantitative 
analysis must, in general, include conservation equa
tions for both molecular species. A similar complica
tion arises in discharges with negative ions. 

In addition to recombination, some other nonlinear 
effects may be important in shaping the E,-N,o 
curve for large values of N,0 • One such effect is due to 
the increase in neutral temperature as N.o increases. 
The resulting higher temperature at the center causes 
a lower neutral density and a higher ionization there. 
Thus, the electron loss to the walls can be balanced 
by a lower E,. This effect, which will cause the curve 
of Fig. 3 to eventually bend to the left, may be con
commitant to the glow-to-arc transition in low-pres
sure discharges. In high-pressure discharges, at high 
currents the neutral temperature approaches the 
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electron temperature and our basic equations (1)-(4) 
are no longer applicable. 
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The differential equation for linear modes of oscillation of plane parallel flows of plasmas along an 
external magnetic field in the Chew, Goldberger, and Low approximation is obtained. Properties of 
modes for a tangential discontinuity are studied for the case when the surface is modulated along the 
magnetic field. Overstable modes found by other authors are shown to be spurious. Regions of existence 
of modes, proper frequencies, and spatial dependence of the perturbation are given. It is found that, 
broadly speaking, low {J plasmas should be free of surface instabilities for all values of the flow velocity, 
whereas high {J plasmas can be unstable if the flow velocity is nearly sonic. Changes in the anisotropy 
do not substantially affect the general picture of the problem. 

I. INTRODUCTION 

The problem of the stability of parallel flows of 
plasmas has attracted some interest both theoretical 
and experimental in recent years. D' Angelo and 
von Goeler1 

•
2 have performed experiments on the 

instabilities of plasmas with velocity gradients 
and have shown its connection with anomalous 
diffusion.3 

The case of a tangential discontinuity has been 
studied theoretically in magnetohydrodynamics 
(a review can be found in Ref. 4), and in the electro
static approximation for a collisionless plasma5

-
9

; 

in the Chew, Goldberger, and Low approximation, 10 

it has been studied by Talwar11 who has suggested 
that calculations with a collisionless anisotropic 
model may be of interest in a variety of astro- and 
space-physics situations. 

However, the detailed properties of the hydro
magnetic Chew, Goldberger, and Low modes have 
not been studied, and our analysis discloses that 
some of the solutions obtained in Ref. 11 are 
spurious; among these, the overstable modes found 
by Talwar11 are spurious as we shall presently show. 

In this paper we propose, first, to derive the 
differential equation for the oscillations in parallel 
flows of plasma in the Chew, Goldberger, and Low 
approximation, and second, to analyze in detail 
the case of a discontinuity surface in the velocities. 

II. DIFFERENTIAL EQUATION AND PARAMETERS 
OF THE PROBLEM 

In the unperturbed state, we shall consider a 
plasma flowing in the x direction with velocity 
u = u(y) and density p = p(y). The magnetic field 
Bo is uniform and parallel to the flow. We shall 
assume that p 11 and p Li the components of the 
stress tensor along, and normal to the magnetic 
field B0 are constant. 

We shall consider small departures from this 
stationary state and linearize the equations of 
Chew-Goldberger-Low. 10 As is well known, this 
approximation applies to a dilute plasma in a 
strong magnetic field when the heat flow is negligible, 
and the frequency of the perturbation is much less 
than the ion gyrofrequency. 

We Fourier analyze any perturbed quantity Q 


