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[1] In the photodissociation of N2O, absorption cross sections differ with isotopic
substitution, leading to a wavelength-dependent fractionation of the various isotopomers.
Several models ranging from shifts by zero-point energy differences to propagation of
wave packets on the excited electronic state potential energy surface have been proposed
to explain the observed fractionations. We present time-independent fractionation
calculations for the isotopomers 447, 448, 456, 546, and 556. Besides largely agreeing
with the experimental data, these calculations have the advantage of not being
computationally intensive, as well as satisfying the physical facts that the asymmetric
stretch and the doubly degenerate bending vibration are the principal Franck-Condon
active modes in the photodissociation. The latter is reflected in the actual dissociation and
in the high rotational excitation and lack of vibrational excitation of the N2 product. The
calculations are based on a multidimensional reflection principle using an ab initio
potential energy surface. The theory for the absorption cross section and isotopomer
fractionation accompanying photodissociation is described. The absolute value of the
theoretically calculated absorption cross section is very close (90%) to the experimentally
observed value. The present computations also provide data for the slope of a three-
isotope plot of the fractionation of 447/446 relative to 448/446, using the fractionations at
different wavelengths. The resulting slope is compared with a perturbation theoretical
expression for direct photodissociation given elsewhere.
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1. Introduction

[2] Nitrous oxide (N2O) is an efficient greenhouse gas and
a source of singlet oxygen. Even though its concentration in
the atmosphere is about 3 orders of magnitude less than that
of CO2, it gains its importance because its per molecule
global warming potential is about 200–300 times that of CO2

[Yung et al.,1976]. Isotopomer fractionation measurements
are important in determining sources and sinks of atmo-
spheric gases [Stevens et al., 1972; Brenninkmeijer et al.,
2003]. The sources and sinks and the isotopic behavior of
N2O have been the subject of many studies [Kim and Craig,
1993; Naqvi et al., 1998; Brenninkmeijer et al., 2003],
because of the atmospheric importance of N2O. In the
atmosphere there are two main pathways for removal of
N2O, photolysis and photo-oxidation by O(1D):

N2Oþ �hw ! N2
1Sþ� �

þ O 1D
� �

ð1Þ

N2Oþ O 1D
� �

! N2 þ O2 or 2NO ð2Þ

[3] Although a photo-dissociation can also yield triplet
oxygen O(3P), this reaction has a negligible quantum yield
[Preston and Barr, 1971], compared to the quantum yield of
Reaction (1) that is nearly unity [Preston and Barr, 1971;
Atkinson et al., 1997, and references therein]. The quantum
yield of the triplet formation was recently measured
[Nishida et al., 2004] to be about 0.5%. Reactions (1) and
(2) form the principal means of N2O dissociation in the
stratosphere, with contributions of about 90% and 10%,
respectively [Minschwaner et al., 1993]. The absorption in
N2O is peaked at around 182 nm and is dominated by a
singlet-singlet transition [Brown et al., 1999]. The transition
dipole moment for the particular transition is zero when the
molecule is linear, and so the transition is electronic dipole
forbidden. The transition, however, becomes allowed when
the molecule deviates from linearity.
[4] Selwyn and Johnston [1981] measured the ultraviolet

absorption cross sections of various isotopomers of N2O
over the wavelength range 172 to 197 nm and between 150
K and 500 K. In the analysis of their data, they concluded
that the temperature dependence of the absorption spectrum
is due to the thermal activation of the bending mode.
Further, no rotational structure was observed in their mea-
surements. Several authors have performed laboratory
experiments to study the relative absorption cross sec-
tions/photolysis rates of various isotopomers [Johnston et
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al., 1995; Zhang et al., 2000; von Hessberg et al., 2004, and
references therein]. Atmospheric observations have been
made to obtain the relative abundances of various iso-
topomers of N2O [Kim and Craig, 1993; Rahn and Wahlen,
1997; Park et al., 2004, and references therein]. Prasad
[1997] proposed the possibility of new atmospheric sources
of N2O to account for the isotopomer fractionations. Yung
and Miller [1997] explained the lack of isotopomer enrich-
ment in N2O at 185 nm [Johnston et al., 1995] by
introducing a model for isotopomer fractionation that varied
with absorption wavelength. In their model, isotopomer
fractionation was calculated on the basis of changes in the
wavelength-dependent isotopomer optical absorption cross
section due to differences in the zero-point energy (ZPE)
of the isotopomers. While this model could provide only
qualitative agreement with the experimental results, it
motivated many wavelength-dependent fractionation mea-
surements [Turatti et al., 2000; Zhang et al., 2000; Kaiser
et al., 2003; von Hessberg et al., 2004].
[5] After this 1997 advance, efforts were made to bring

the model into closer agreement with experimental measure-
ments, and a time-dependent quantum mechanical calcula-
tion was made [Johnson et al., 2001] on the basis of ab
initio potential energy surfaces obtained by Brown et al.
[1999] and using a propagated wave packet. The inclusion
of the details of the potential energy and dipole moment
surfaces into the analysis was a significant improvement.
The results of their insightful work do not provide a full
explanation of the experimental results (compare figures
given later). One possibility, as indicated in the normaliza-
tion constant used for the ground vibrational state in their
equation (10) and confirmed by private communication
(M. S. Johnson, private communication, April 2005), was
that the two-dimensional (2-D) nature of the bending
vibration was treated as a bending in a plane for calculating
bending mode wave functions, and then treating the 2-D
aspect only by a degeneracy factor. The 2-D bending
vibrational wave functions differ from those for a single
bending vibration in a plane. Using the present calculational
method, the effect of using a single bending mode method
as a substitute for the 2-D one is given later in section 4.
[6] In the experiments of Kaiser et al. [2003], a depletion

of some heavier isotopomers at 185 nm was recorded for the
first time, while Johnson et al. [2001] predict enrichment or
near-zero fractionation. Blake et al. [2003] achieved good
results for the fractionation of 448 by adding a new feature
to the ZPE model: the zero-point energy of the isotopomer
affects not only the position of the absorption cross section
but also the width. They fitted the absorption spectrum to a
Gaussian form to extract the parameters for the most
abundant isotopomer, 446. Liang et al. [2004], continued
in a similar direction but they assumed, instead, that the
ZPE contribution was from the two stretching modes rather
than from all the modes, presumably because it yielded
good results even for 546.
[7] However, the actual experiment-based physics of the

dissociation show that the two stretching modes play a very
different role from each other, and the bending modes also
play a very important role: Hanisco and Kummel [1993]
showed that the photodissociation of N2O yields vibration-
ally cold (about 98% of dissociated N2 is in the n00 = 0 state)
and rotationally hot (J = 74) molecular nitrogen. Upon

excitation to the higher electronic state, the N-O stretching
mode becomes a repulsion and leads to a dissociation, while
the N-N is not significantly excited. So, treating the two
stretching modes on the same basis and excluding the
bending is at odds with these observations.
[8] Recently, von Hessberg et al. [2004] have published

high-precision cross-section measurements of 456, 546 and
556, over a wavelength range 181 nm to 218 nm at 233 K
and 283 K. The fractionation values computed from these
cross-section measurements form an extensive set of data
that can help in understanding the atmospheric measure-
ments. Nanbu and Johnson [2004] have removed a restric-
tion present in the earlier ab initio calculations by
calculating the full three-coordinate potential energy surface
and using it for the cross-section and isotopomer fraction-
ation computations. The wave functions used in this paper
for forming the wave packet are the 2-D bending ones
(M. S. Johnson, private communication, April 2005).
[9] In the present article, a time-independent multidimen-

sional reflection principle is used for the calculation of the
absorption cross sections of the N2O isotopomers and there
by the fractionations of the heavy isotopomers relative to
the 446. This method, described in section 2, focuses on the
envelope of the absorption cross section rather than on the
weak superimposed structure. We use the experimental
force constant data to calculate the normal mode frequencies
of the N2O molecules in their initial vibrational state and
hence calculate the wave functions. We use the ab initio
potential energy surfaces calculated by Daud et al. [2005].
These potential energy surfaces depend on two coordinates,
like the ones given by Brown et al. [1999]. Experimentally,
the N-N bond distance changes by only 3% during disso-
ciation and was assumed constant in these two coordinate
potential energy surface calculations. Nanbu and Johnson
[2004] have relaxed this restriction of keeping N-N bond
fixed. However, their potential energy surface data have not
been published as yet and we have used the latest surfaces
published by Daud et al. [2005].
[10] The article is organized as follows: The theory is

presented in section 2, the detailed procedure for the present
calculations in section 3, the results are presented and
discussed in section 4 and conclusions are drawn in
section 5.

2. Theory

[11] Photodissociation is classified as indirect (or predis-
sociation) or direct. In the latter, the parent molecule
dissociates immediately upon excitation to the upper elec-
tronic state. In indirect photofragmentation a potential
barrier hinders direct fragmentation of the excited complex
and the wave packet spends a finite lifetime in the local
potential energy well before dissociating. Direct dissocia-
tion is characterized by a diffuse, almost structureless
absorption spectrum. A comparison among the absorption
cross sections of bands corresponding to direct, nearly direct
and indirect dissociations can be found in Figure 1.6 of
Schinke [1993]. In the case of N2O, the broad envelope,
with a superimposed weak structure, indicates that the
dissociation proceeds primarily in a direct way. We are
interested in the envelope of the absorption cross section,
and calculate the energies absorbed in a vertical transition
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from electronic ground to excited state. This procedure
automatically includes the contribution due to the partial
absorption cross sections corresponding to various quantum
states of dissociating molecule. The formal theory for this
behavior for multidimensional systems is due to Heller
[1978] and an early version is described by Schinke
[1993]. It is summarized here, together with a more accurate
version given by Lee et al. [1983].

2.1. Absorption Cross Section

[12] The molecular quantum states are given in terms of
all electronic (X) and nuclear (R) coordinates. We consider
the transition of the molecule from the initial molecular
quantum state I, with energy EI, to a final quantum state F,
with energy EF. The absorption cross section, sFI(w), for an
allowed transition is given in terms of the electric dipole
operator d of the molecule as in equation (3), an example of
Fermi’s Golden rule.

sFI wð Þ ¼ p
�h�0c

w d wF;I � w
� �

hFj je:d Iij j2 ð3Þ

where wF,I = (EF � EI)/�h is the corresponding ‘transition
frequency’, e is a unit vector in the direction of the
polarization of the electric field and jhFje.djIij is the matrix
element for the transition from the initial to the final states.
Equation (3) is applicable equally to bound-bound, bound-
free and free-free transitions and is the key equation for
the time-independent photodissociation for spin-allowed,
dipole-allowed transitions.
[13] To compute the absorption cross section in the

present case, the Born-Oppenheimer approximation is in-
troduced, so separating the molecular wave function into a
nuclear part �(R) and an electronic part F(X; R). The
electronic wave function will be indexed by i, f and the
nuclear wave function by n, n0, respectively, corresponding
to the initial and final states.
[14] The absorption cross section sin(w) for transition

from the initial electronic and vibrational (vibronic) state
(i, n), to the possibly degenerate final vibronic states (f, n0)
is given as:

sin wð Þ ¼ p
�h�0c

X
n0

w d wf n0;in � w
� �

jh�n0 jhFf je:djFiij�nij2

¼ p
�h�0c

X
n0

w d wf n0;in � w
� �

jh�n0 je:Mfij�nij2 ð4Þ

where Mfi = hFfjdjFii is the transition dipole moment,
wfn0,in = (Efn0 � Ein)/�h and the sum is over the nuclear
vibrational states n0 in the given final electronic state f.
When the initial state n is degenerate, one sums sin over
the degenerate states n.
[15] The above expression for the absorption cross sec-

tion is in the time-independent form, and its calculation
requires a knowledge of the nuclear wave functions in the
upper electronic state. The calculation of the wave functions
in the excited electronic state would normally be compli-
cated, unlike that of the ground electronic state vibrational
wave functions which can be found easily using a harmonic
oscillator approximation for the vibrational potential energy.
To circumvent this problem, we use a Franck-Condon type
approximation, which is more easily seen in the time-

dependent form [Lee, 1982; Lee et al., 1983]. Using the
details sketched in Appendix A, one obtains the expression
for the absorption cross section as:

sin ¼
pw

3�h�0c

Z
�n Rð Þj j2 mfi Rð Þ

�� ��2d w� Vf Rð Þ � 1

2
Ein

� �
=�h

� �
dR

ð5Þ

where mfi is the magnitude of the vector Mfi and Vf (R) is the
potential energy of the excited state and Ein is the average
vibrational energy in the ground electronic state and (1/2)
Ein is the average potential energy for the case of a
harmonic oscillator.
[16] In this final form for the absorption cross section

only the excited state potential surface, transition dipole
moment surface, and the probability density in the ground
electronic state are needed to calculate the absorption
cross section. The wave functions in the excited elec-
tronic state are not needed. A reflection principle for the
one-vibration coordinate case was used by Winans and
Steuckelberg [1928] and is also given by Herzberg
[1950]. It was generalized by Heller [1978] for the
multidimensional case. However, in that expression, at
the vibrational turning point the kinetic energy in the
direction of steepest descent as well as normal to it was
taken to be zero. This approximation was corrected later
by Lee et al. [1983] and our equation (5) is this corrected
form of multidimensional reflection principle. In the
present case the R in equation (5) denotes the internal
coordinates for the asymmetric stretching vibration and
the doubly degenerate bending vibration.
[17] According to equation (5), the absorption at any

frequency, w, is proportional to the probability that the
initial state is at a R for which the vertical transition, given
by the delta function in equation (5), is equal to the potential
energy of the electronically excited state at R minus an
average potential energy (1/2)Ein, in the lower electronic
vibrational state. Equation (5) is implemented in section 4 to
calculate the absorption cross section from each vibrational
level in the ground electronic state and then the total
absorption cross section s(w) by using the thermal popula-
tion as a weight.

2.2. Enrichment

[18] Different isotopomers have the same potential energy
function but differ in their normal mode frequencies and
normal coordinates, and hence have different widths of the
electronic ground state wave functions. As such, they have
different absorption cross sections sin(w), resulting in a
wavelength-dependent fractionation of isotopomers. Once
the absorption cross sections for various isotopomers are
calculated, the fractionation of the different isotopomers
relative to the most common isotopomer can be found. The
photodissociation rate J(w) of a single molecule is given in
terms of an absorption cross section stotal(w) calculated
from sin’s (equation (9)) as

J wð Þ ¼ stotal wð Þ I wð Þf wð Þ ð6Þ

where I(w) is the photon flux and f(w) is the quantum yield
at energy, �hw. The fractionation �(w) of one isotopomer
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relative to another due to a one-step photolysis reaction can
be defined as the ratio of photodissociation rates,

� wð Þ ¼ J 0 wð Þ
J wð Þ � 1 ¼ s0total wð Þf0 wð Þ

stotal wð Þf wð Þ � 1 ¼ s0total wð Þ
stotal wð Þ � 1 ð7Þ

where the last equality (f0(w) = f(w) = 1) holds when the
upper state is purely dissociative with no singlet-triplet
intersystem crossing in the dissociative state (Triplet-singlet
spin forbidden transitions are enhanced by nuclear spin–
electron spin coupling (‘‘hyperfine interactions’’) when one
of the nuclei has a nonzero nuclear spin).

3. Procedure

[19] The isotope effects enter into the calculation only
through the ground electronic state vibrational wave func-
tions and the energy Ein. The potential energy surfaces and
dipole moment function expressed in mass-independent
internal coordinates are independent of isotopic substitution.
The results of the potential energy and dipole moment
surface calculations by Daud et al. [2005] are given in
terms of mass-dependent Jacobi coordinates and for the
present use, they had to be re-expressed in terms of the
internal coordinates (Appendix B).
[20] In its electronic ground state N2O is a linear

triatomic molecule and hence has four normal modes of
vibration, the symmetric and asymmetric stretching modes
and a doubly degenerate bending mode. As usual the
wave functions for the ground electronic state is written
in terms of the normal mode coordinates for these
vibrations, and the total vibrational wave function is the
product of the individual wave functions for each of the
modes. In the normal coordinates the harmonic oscillator
wave functions (for the asymmetric stretching and each of
the two degenerate bending modes) are given in terms of
the well known Hermite polynomials [Cohen-Tannoudji et
al., 1977]. The vibrational ground state wave function for
the asymmetric stretching mode is given, for example, as
(a2/p)1/4 exp(�a2r2/2), where a is a constant depending
on normal mode frequencies, discussed in Appendix B
and conversion factors from internal to normal coordi-
nates, as discussed in Appendix C. Since the potential
energy is dependent only upon the magnitude of a
bending angle q and not upon the angle f about the
linear axis, the wave functions for the two degenerate
bending modes can be combined so that the integrand in
equation (5) depends on wave functions as a function of
q and not of the azimuthal angle f. The corresponding
wave functions for such a case are given in terms of
Laguerre polynomials [Freed and Band, 1977; Cohen-
Tannoudji et al., 1977]. For convenience, the first three
wave functions for the degenerate bending vibrations are
given in Table C1 in Appendix C.
[21] Once the total wave function is found in terms of the

normal coordinates, using the relationship between the
internal and normal coordinates, also given in Appendix
B, the wave functions are converted into functions of
internal coordinates. The procedure and data needed for
this transformation are given there.
[22] For our calculations, the electronically excited state

potential is approximated in the vicinity of the most

probable initial spatial region by V = Ve � V1(rNO) �
V2(q), where Ve is the difference of the potential energy
of the excited electronic state from the average potential
energy of ground electronic state, at the electronic ground
state equilibrium position and (rNO, q) denote the devia-
tions from the equilibrium internal coordinates (rNO

eq , qeq =
0) in the lower electronic state. V1(rNO) and V2(q) are the
changes in potential energy as a function of the displace-
ments rNO and q. In evaluating the sin given by equation (5),
R = (rNO, q) would thus be the relevant nuclear coordinates.
The volume element for angles is sin qdqdf. Given that the
potential energy, dipole moment surfaces and j�nj2 are
independent of f, the integration over f yields 2p. Using
the delta function in equation (5), an integration is first
performed over the coordinate rNO. This step results in the
replacing of rNO in the integrand by rNO

s , where rNO
s is the

function of q obtained by solving the equation (1/2)Ein + �hw
= Ve � V1(rNO) � V2(q), a cubic in rNO. One obtains

sin wð Þ ¼ pw
3�h�0c

2p
Z �1

@V1 rNOð Þ=@rNOð Þrs
NO

� �n rsNO; q
� ��� ��2 mfi r

s
NO; q

� ��� ��2 sin qdq ð8Þ

where the first term in the integrand appears because the
argument of the d function is not the integration variable
rNO, but a function of it. The integration over the coordinate
q was then performed numerically using Mathematica.
[23] The absorption cross section was thus obtained as

a continuous function of w because the transition from
any vibrational state in the ground electronic state occurs
to a continuum of states in the excited electronic state. If
the transition were instead to a single state, the absorption
cross section would be a line spectrum rather than a
continuum. For rNN, it was observed [Hanisco and
Kummel, 1993], as noted earlier, that 98% of the disso-
ciated N-N is formed in ground vibrational state. So, for
the purpose of this work, we can assume that the
transition is to the N-N ground vibrational state in the
excited electronic state. The only effect of including this
ground vibrational mode of N-N in the calculations is to
shift the absorption cross section by the difference in
zero-point energy of N-N in ground and excited elec-
tronic states. We need the excited state potential surface
along the N-N coordinate to compute the N-N frequency
and not for obtaining a ‘‘reflection principle’’ method
based on that surface. To this end, we used Hopper
[1984] since this information was not reported in a later
publication of Nanbu and Johnson [2004]. Within the
wavelengths of interest, the calculations differ from those
based on a fixed N-N coordinate by a maximum of about
10 per mil for 556 and 5 per mil for the other
isotopomers.
[24] Selwyn and Johnston [1981] discuss the impor-

tance of the bending mode. In the analysis of their data
they concluded that the temperature dependence of the
absorption cross section is due to the excitation of the
bending mode. To explore this point, we used the con-
tributions to the absorption cross section calculated from
the ground, first and second excited bending vibrational
states denoted by [000], [010] and [020]. The stretching
modes in this designation are in the vibrational ground
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state. The total absorption cross section is given by the
formula:

stotal Tð Þ

¼
s 000½ 
 þ s 01þ10½ 
 þ s 01�10½ 


� �
e
��hw2
kBT þ s 02þ20½ 
 þ s 0200½ 
 þ s 02�20½ 


� �
e
�2�hw2
kBT

1þ 2e
��hw2
kBT þ 3e

�2�hw2
kBT

ð9Þ

where w2 = 2pn2, with n2, as given in Table 1, is the
frequency of the bending mode and the notation such as
[0n+l0] is used for the degenerate or nearly degenerate
states of [0n0], distinguished by a vibrational quantum
number l that varies from �n to n in increments of ±2
[Freed and Band, 1977]. The coefficients 1, 2, 3 in the
denominator account for the degeneracy of the states
[000], [010] and [020], respectively, in the thermal
population. Although the energy of [100] mode is less
than that of [020] mode, in our calculations, the
contribution of [100] to the absorption cross section is
less than 1% of the total absorption cross section at the
same wavelength and we calculated that the difference it
makes to fractionation calculations is less than 1 per mil.
The reason for this low contribution is, besides the low
thermal population of this nondegenerate mode, the low
transition dipole moment, because the bending vibration
is not in an the excited state in that thermal excitation. In
the results presented in the next section, these small
contributions from [100] state are omitted.
[25] Selwyn and Johnston [1981] attributed the weak

structure in the absorption cross section to an effect of
the bending vibrational state in the excited electronic
state, although the origin of the weak structure is uncer-
tain [Nanbu and Johnson, 2004; Daud et al., 2005]. Our
approximation which smoothes over the weak structure
should not however be confused with the neglect of
bending vibrations. The result obtained in the present
study is a mean absorption cross section, on which the
weak structure will be superimposed if the time evolution

were indeed performed for long times instead of using the
short time approximation in Appendix A.

4. Results and Discussion

[26] The normal mode frequencies for each of the iso-
topomers were obtained using the method described in
Appendix B and are given in Table 1. The method of
calculating the parameter a, as it appears in the N-O
stretching wave function in section 3 and b, as it appears
in the bending wave functions given in Table C1, is also
given in Appendix C. a2 and b2 are defined there and their
values for the various isotopomers are also given. These
values were introduced into the wave functions for the
further calculation.
[27] Using these values the calculated absorption cross

section for 446 at 297 K is compared in Figure 1 with the
experimental absorption cross sections of Yoshino et al.
[1984] at 299 K, von Hessberg et al. [2004] at 283 K, and
with the spectra calculated numerically from wave packet
propagation by Johnson et al. [2001] at 300 K and by
Nanbu and Johnson [2004] at 283 K. Our peak value in the
absorption and its position that we obtained are 1.53 �
10�19 cm2 and 53,600 cm�1, as compared to the measured
values of about 1.4 � 10�19 cm2 and 55,000 cm�1. In
Figure 1, the peak was rescaled by a factor of 0.91 and
shifted to the right by about 1400 cm�1 to make the
comparison of the shape with the experimental measure-
ment clearer. The shift arises from a small error in the
difference between the energy of the ground and excited
state electronic energies obtained from ab initio calcula-
tions. The total absorption cross sections for the 447, 448,
456 and 546 at 297 K were calculated similarly and the
same shift in peak position, as for 446, was applied to all of
these isotopomers. The peak position of the absorption cross
sections of Johnson et al. [2001] and of Nanbu and Johnson
[2004] are lower than that of the measured cross section by
1000 cm�1 and 1300 cm�1. In Figure 1 alone, the peak
obtained by Johnson et al. [2001] and Nanbu and Johnson
[2004] was shifted by these amounts and rescaled to

Table 1. Normal Mode Frequencies of the Isotopomersa

Isotopomer n1 n2 n3
446 1284.903b 588.768c 2223.757d

446 1297.4 593.3 2280.5
447 1264.704b 586.362e 2220.074d

447 1274.8 590.8 2276.8
448 1246.885b 584.225e 2216.711d

448 1254.3 588.6 2273.7
456 1280.354b 575.434c 2177.657d

456 1295.6 579.7 2231.4
546 1269.892b 585.312c 2201.605d

546 1280.4 589.7 2257.8
556 1265.334b 571.894e 2154.726d

556 1279.0 576.1 2207.9
aFrequencies are given in cm�1. For each isotopomer, lower row gives

value from this work, and upper row gives experimental value.
bToth [1986].
cJolma et al. [1983].
dToth [1987].
eAmiot [1976].

Figure 1. Absorption cross section of 446, peaks shifted
and peak height rescaled for all three calculations.
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facilitate the comparison. The results of the calculation are
presented as a function of wave number rather than wave-
length, since then any application of a peak shift does not
distort the shape of the plot. According to Hopper [1984],
the force constant for the N-N stretching in the excited
electronic state is about 2.3 times less than that in the
ground electronic state. When this value is used, we get the
zero-point energy corresponding to N-N stretching in
the excited electronic state to be less than that in the ground
state by approximately 0.17n3 for a given isotopomer. This
zero-point energy difference (DZPE) reduces the vertical
transition energy by 0.17n3 and was used in the absorption
cross-section calculations. Since we are adjusting the posi-
tion of the peak of 446, it is the difference in the DZPE’s of
different isotopomers, and not the absolute value of DZPE,
that effects the fractionation calculations. When a more
accurate local ZPE of N2 in the excited N2O electronic
state becomes available, the calculated spectra can be
shifted by the difference from the value used here.

4.1. Wavelength-Dependent Fractionation

[28] The fractionations for the isotopomers relative to the
most abundant isotopomer 446, calculated as described in
the previous section, are given in Figures 2–6. Because of
the weak structure it is possible that there could be sub-
stantial fluctuations in the local fractionation as a function
of the wave number, perhaps reflected in the measurements

in the form of error bars in fractionation. In the calculations,
by neglecting the weak structure, we smooth over the
fluctuations and so obtain the mean line for comparison
with the mean line for the experiments. In application to
atmospheric systems the breadth of the light source aver-
ages over fine structure. The results of the current calcula-
tion are compared in these figures with the experimental
data of Rockmann et al. [2000, 2001a], Turatti et al. [2000],
Zhang et al. [2000], and Kaiser et al. [2003] and the wide
range of wavelength measurements of von Hessberg et al.
[2004]. The results are also compared with the wave packet
calculations of Johnson et al. [2001] and of Nanbu and
Johnson [2004], without applying any shift of the peak
position to their results. A comparison of the semiempirical
calculations of Yung and Miller [1997], using the differ-
ences in zero-point energy (ZPE) of all the modes, by Liang
et al. [2004], using the difference in ZPE of the two
stretching modes, with some experimental measurements
and also with the results of Johnson et al. [2001] has been
given by Liang et al. [2004]. Only a comparison with the
experiments and with the detailed theoretical calculations is
given here.
[29] The sensitivity of the variation of the fractionations

of the various isotopomers to changes in wave number of
the absorption, in both experiment and our calculations, is
556 > 456 > 448 > 447 � 546. The small variation of 546
and 447 relative to that in others reflects the fact that the

Figure 2. Fractionation of 456 at 233 K and 283 K.

Figure 3. Fractionation of 546 at 233 K and 283 K.
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normal mode frequencies for 546 and 447 differ very little
from those of the 446 (Table 1). In most cases the present
treatment yields improved results compared with the time-
dependent treatments by Johnson et al. [2001] and Nanbu
and Johnson [2004]. This improvement can be seen even if
appropriate peak shifts were applied to these time-depen-
dent cases, although that was not done in Figures 2–6 of
this work. The present result and that of Johnson et al.
[2001] show the maximum deviation for 546 at the longest
wavelengths. The freezing of N-N bond was suspected to be
the reason, but Nanbu and Johnson’s [2004] work, which
included the N-N bond changes, as seen in Figures 2–4,
yielded poorer results in this region. In another vein, zeroth-
order correction to our fractionation calculations, made by
matching the measured and calculated absorption frequen-
cies at a given intensity of the absorption cross section is
given in Appendix D. The correction is seen there to be
small but to be closer to experiment.
[30] The absorption spectrum has contributions from the

ground, first and the second bending vibrations, the higher
‘‘hot band’’ contributions occurring at higher temperatures.
The transition dipole moment increases with the bending
angle, and at the same time the vibrationally excited
bending states in which high bending angles are possible
have a lower thermal population. The contribution from
different vibration modes is shown for 456 in Figure 7. At
room temperature, the total fraction of first excited bending

state, including the different initial state wave functions
describing the degeneracy, is 10% and that of second
excited state is less than 1%. However, at wavelengths
longer than 200 nm, the excited bending modes contribute
significantly to the fractionation, as seen from the ‘‘total’’
differing from the ground state alone fractionation by more
than 30 per mil. It should be noted that the ‘‘total,’’
indicated in the figure, is not the sum of the fractionations
due to individual modes, but it is the fractionation calcu-
lated after summing the individual mode contributions to
absorption cross section of 456 and dividing by that of 446.
At some wave numbers, the ‘‘total’’ fractionation could be
more positive than it is in each of the individual modes,
because at a given temperature, the thermal population of
the excited states in 456 is slightly more than that of 446
because of the different vibrational frequencies of the
isotopomers, leading to a slightly higher photolysis cross
section of 456.
[31] The laboratory fractionation studies of 447 and 448

by Johnston et al. [1995] were performed at 185 nm and
this choice of wavelength resulted in near-zero fractiona-
tions of both 447 and 448. A later analysis [Kaiser, 2002]
showed that for these values of measured fractionations the
scatter was too large for a suitable fractionation line to be
drawn, presumably because of the high noise in the near-
zero fractionations [Kaiser, 2002]. So, no comparison with
this data set was made.

Figure 4. Fractionation of 556 at 233 K and 283 K.

Figure 5. Fractionation of 447 at 233 K and 283 K.
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[32] Before the results of Daud et al. [2005] were
published, our calculations were based on the potential
energy and dipole moment surfaces of Brown et al.
[1999]. The results obtained with that are comparable to
the ones reported in this paper, with the absorption cross
section about 1.15 times the current value and the fractio-

nations within a maximum of 20 per mil of the results
reported here.
[33] To estimate the error in using a 1-D instead of 2-D

bending wave functions, the total absorption cross section
was calculated by summing the absorption cross section for
each initial vibrational energy using 1-D harmonic oscillator
wave functions, weighted by a degeneracy factor. The
resulting cross section has the same shape as that obtained
using 2-D bending wave functions. The peak intensity is
about 2 times smaller and the peak position occurs at about
800 cm�1 higher than before. The fractionations calculated
with the 1-D wave functions, after accounting for the
appropriate peak shift, are approximately 20–25% different
from those calculated with the 2-D bending wave functions.
The difference between the two results for the case of 556 is
illustrated in Figure 8. This difference is qualitatively the
same for all the other isotopomers. After considering the
shift in the absorption cross section that would be needed
for Johnson et al. [2001], the 1-D wave function results at
around 47,500 cm�1 account for about 70% of the differ-
ence between the calculations of Johnson et al [2001] and
the measurements.

4.2. Broadband Calculations and Atmospheric
Relevance

[34] In the above discussion, the results of our calcula-
tions were compared with the wavelength-dependent frac-
tionation measurements. In the atmosphere, there is a flux of
photons over a wide range of wavelengths, and the resultant
fractionation occurs because of the simultaneous fraction-
ation at all those wavelengths. Here we make a comparison
with the broadband (185–225 nm) photolysis results of
Rockmann et al. [2001b]. Using an antimony (Sb) lamp at
room temperature, Rockmann et al. [2001b] obtained frac-
tionations of �34.2 ± 0.8, �54 ± 1.6 and �21.9 ± 1.1 for
�448, �456 and �546, respectively. When a 207 nm filter was
used on the lamp, there was no noticeable change in their
experimental results. However, the fractionation constants
compared with and without the filter differed by about 2 to
4 per mil in the later experiments of Kaiser [2002]. The
wavelength-dependent fractionations that we obtained, av-

Figure 6. Fractionation of 448 at 233 K and 283 K.

Figure 7. Contribution of various bending modes of 456
to the sum.

Figure 8. Fractionation of 556 at 283 K using 1-D and 2-
D bending wave functions.
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eraged using the relative overlap of the N2O absorption and
Sb emission spectrum [Rockmann et al., 2001b, Plate 4] as
the weighting factor, gives (�447, �448, �456, �546, �556) as
(�19.2, �36.1, �68.0, �21.1, �88.4) and (�22.9, �43.1,
�82.1,�25.2,�106.1) at 297 K and 233 K.With the 207 nm
filter our results are (�23.7, �44.7, �82.3, �25.3, �106.4)
and (�28.1,�52.8,�98.6,�30.1,�127.0) at 297 K and 233
K. The ratio of �447/�448 from our calculations in all the above
cases is between 0.530 and 0.532. In a detailed analysis of the
atmospheric relevance the results of the current calculation
can be incorporated into a model which contains the transport
of N2O in the atmosphere [McLinden et al., 2003;Morgan et
al., 2004], in addition to these photolysis results.
[35] A significant overlap of the N2O absorption spec-

trum with the actinic fluxes in stratosphere exists in the
wave number range 45,000 to 53,500 cm�1 [Rockmann et
al., 2001b, Plate 4]. For the wave numbers in this range,
using the detailed calculations in the present work, the slope
of the three-isotopic plot of ln(1 + �447) at each wave
number, versus ln(1 + �448) at the same wave number is
calculated to be 0.525.
[36] A perturbation theoretical expression for the slope of

the three-isotope plot in the case of photolytic fractionation,
obtained analytically with no computation, is given by
Prakash and Marcus [2005]. The result obtained to first
order in mass effects is the same as that obtained by
Bigeleisen and Mayer [1947] for chemical equilibria
[Prakash and Marcus, 2005]. The slope by perturbation
analysis for ln(1 + �447) versus ln(1 + �448) plot is (1/mO16 �
1/mO17)/(1/mO16 � 1/mO18) = 0.529.
[37] In virtue of the close agreement between the slope

0.525 obtained by detailed calculations and the slope
obtained with no computation 0.529, we suggest that the
slope for mass-dependent photolytic fractionation in a plot
of ln(1 + �447) versus ln(1 + �448) is 0.525. In another form
of presenting the fractionation, a �447 versus �448 plot, the
slope with our detailed calculations is 0.532 [Prakash and
Marcus, 2005]. A slope of 0.515 was obtained from an
assortment of nonphotolytic thermal data [Cliff and
Thiemens, 1997]. We suggest that a slope of �447 versus
�448 plot differing from 0.532 for photolysis be considered
an anomalous fractionation [Prakash and Marcus, 2005].
However, a small deviation from this slope is not as
striking as the mass-independent fractionation found in
O3 formation [Thiemens and Heidenreich, 1983] governed
by the symmetry effects [Gao and Marcus, 2002].
[38] The question of the contribution of photolytic frac-

tionation to ‘‘anomalous’’ atmospheric observations [Cliff et
al., 1999] is previously discussed [McLinden et al., 2003;
Kaiser et al., 2004, and references therein]. The result of the
present work, in conjunction with a transport model, can be
used to see what fraction of the enrichment of 447 in the
stratosphere can be accounted for by photodissociation.

5. Conclusions

[39] In absorption cross sections of N2O isotopomers
calculated using a computationally simple time-independent
multidimensional reflection principle, the cross section
obtained for 446 is in good agreement with the broad
envelope of the experimental cross section, with a shift in
peak position. The fractionation of heavy isotopomers

obtained in this relatively simple calculation as a function
of the wavelength, after introducing this peak shift in all
isotopomers correctly accounts for the observed fraction-
ation of 448, 456, 546 and 556. The method does require
potential energy and dipole moment surfaces obtained from
ab initio calculations. Once the potential energy surfaces are
obtained the calculation is not computationally intensive.
Specific quantities of atmospheric relevance can be calcu-
lated by incorporating the results of the present work into a
transport model.

Appendix A: Approximate Expression for the
Absorption Cross Section

[40] Equation (4) gives a time-independent expression for
the absorption cross section as:

sin wð Þ ¼ p
�h�0c

X
n0

w d wf n0;in � w
� �

jh�n0 je:Mfij�nij2

This equation can be converted into a time-dependent form
[Schatz and Ratner, 2002] using the identity:

d w� wf n0;in
� �

¼ 1

2p

Z 1

�1
ei w�wf n0 ;inð Þdt ðA1Þ

in the equation (4). Using another identity

e�iHf t=�h ¼
X
n0

j�
f n0 ie�iEf n0 t=�hh�f n0 j ðA2Þ

where Hf is the Hamiltonian of the excited state and Efn0 the
energy of the final vibronic state (fn0). sin can be rewritten
as [Schatz and Ratner, 2002]:

sin ¼
pw
�h�0c

1

2p

Z 1

�1
h�nj e:M

y
fi e

�iHf t=�h e:Mfi j�ni
� 	

ei wþEin=�hð Þt dt

¼ pw
�h�0c

1

2p

Z 1

�1
hy 0ð Þjy tð Þið Þei wþEin=�hð Þt dt ðA3Þ

where jy(t)i = e�iHft/hjy(0)i = e�iHft/he.Mfij�ni. In this form it
is seen that sin is proportional to the Fourier transform of
the autocorrelation function hy(0)jy(t)i.
[41] The time-dependent approach involves finding the

time-evolution of the autocorrelation function under the
Hamiltonian Hf and then its Fourier transform. To obtain
a simpler form in the time-independent approach, an
approximation is made, shown to be valid to first order
in time t [Lee et al., 1983], that at short times of
evolution the operator Hf can be replaced by hTiin(m) +
Vf, where Vf is the potential energy operator of the
excited state. T is kinetic energy operator, which is the
same in ground and excited electronic states and hTiin(m) =
h�in je.Mfi

y T e.Mfij�ini/h�in je.Mfi
y e.Mfij�ini. The averaged

kinetic energy hTiin = h�injTj�ini/h�inj�ini of the vibra-
tional state n in the ground electronic state i, equal to (1/2)Ein
for a harmonic approximation to the potential energy [Lee
et al., 1983] and we found by calculation that it differs
from hTiin(m) by only about 10 cm�1. This spectral shift is
negligible. So in the present work hTiin(m) is approximated
by (1/2)Ein.
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[42] Physically, the meaning in the time-dependent picture
is that because of the excitation, the wave packet from the
ground electronic state is promoted to the excited electronic
surface instantaneously and the dynamics of the autocorrela-
tion is considered as the wave packet evolves under excited
state Hamiltonian. Since sin is given by the Fourier transform
of the autocorrelation function in equation (12), the present
short time approximation for the time evolution has as a
consequence that one can only obtain the broad features of the
absorption cross section (the envelope) rather than its fine
structure. Themethod is well suited to the analysis of direct or
nearly direct dissociation problems, where the lifetime of the
wave packet is small in the excited electronic state and the
superimposed structure is not dominant over the broad
background of the absorption. Using the identity in
equation (10), the absorption cross section is converted
back into the time-independent form using the short time
approximation given by Lee et al. [1983]:

sin ¼
pw
�h�0c

h�nj e:M
y
fi d w� Vf þ hTiin � Ein

� �
=�h

� �
e:Mfi j�ni

¼ pw
�h�0c

Z
�n Qð Þj j2 e:Mfi Rð Þ

�� ��2d w� Vf �
1

2
Ein

� �
=�h

� �
dR

ðA4Þ

where the second line in the equation above is a coordinate
representation of the first line. The dipole moment function
Mfi(R) is obtained by ab initio calculations. Averaging over
all possible directions, e, of the electric field, we get the
absorption cross section by replacing je.Mfij2 with (1/3)
jmfij2, mfi being the magnitude of the vector Mfi.

sin ¼
pw

3�h�0c

Z
�n Rð Þj j2 mfi Rð Þ

�� ��2d w� Vf �
1

2
Ein

� �
=�h

� �
dR

ðA5Þ

Appendix B: Normal Mode Calculation

[43] The procedure for finding the normal modes of
vibration and the normal coordinates in terms of the internal
coordinates is described by Califano [1976] and Steele
[1971]. The inertia matrix G�1, which has the details of
the masses and moments of inertia of the molecule, and the
force constant matrix F are used for this transformation. We
denote the deviations of the internal coordinates from the
equilibrium values (rNN

eq , rNO
eq , qeq) by (rNN, rNO, q). The

inertia matrix G for the linear molecule N2O is defined by
Califano [1976] (Gqq, not discussed by Califano, is given by
Ferigle and Meister [1951]).

G ¼

m1 þ m2 m2 0

m2 m2 þ m3 0

0 0
m1
r
eq

NNð Þ2
þ m3

r
eq

NOð Þ2
þ m2

1

r
eq

NNð Þ þ
1

r
eq

NOð Þ

� �2

0
BB@

1
CCA

ðB1Þ

where mi = 1/mi, mi being the mass of the atom in the ith
position (N(1)-N(2)-O(3)).
[44] The potential and kinetic energy expressions in the

matrix form are: 2V = RTFR and 2T = PTGP, where R is a

column matrix whose rows R1, R2 and R3 are rNN, rNO and q,
and P is the momentum matrix conjugate to R. Using
Hamilton’s equation, we have _R = @T/@P = GP. Using this
relation and the symmetry of G (namely that its transpose,
GT, equals itself, G), 2T = _RT(G�1)T GG�1 _R = _RTG�1 _R.
The normal coordinates Q are transformed in terms of the
internal coordinates R. Using a linear transformation L from
Q to R, R = LX the expressions for the kinetic and potential
energies can be rewritten as: 2 V = QTLTFLQ and 2T =
_QTLTG�1L _Q. To reduce these into the standard forms for
normal coordinates, we use the conditions: (1) LTG�1L and
LTFL are diagonal. This transformation can be achieved by
forming L from the eigenvectors of the GF matrix. Then, L
simultaneously diagonalizes F and G�1. (2) Comparison
with the standard form of normal coordinate kinetic energy
gives LTG�1L = I and removes the arbitrary scaling factors
in the eigenvectors that form L, thus making the transfor-
mation R = LQ unique.
[45] The natural frequencies for the normal modes are

calculated using 1
2
_QTLTG�1L _Q � LTFL = 0, i.e., W � LTFL

= 0, where W is a diagonal matrix with elements Wi,i = wi
2.

In conformity with the standard notation, we choose the
order of wi’s such that w2 corresponds to the bending
vibration and w1 and w3 to the stretching vibrations. The
wi’s are related to the ni’s in Table 1 as wi = 2pni The data
required for the calculation of G matrix are: atomic masses
of isotopes in amu! 14N - 14.0; 15N - 15.0; 16O - 16.0; 18O -
18.0; equilibrium bond lengths ! rNN

eq = 1.1273 A; rNO
eq =

1.1851 A.

Appendix C: Calculation of A and B

[46] In the ground vibrational state, the amplitude of the
wave function is given in terms of the normal coordinates
as: j�j2 / exp (�SwiQi

2/�h), whereQi are the elements of the
normal coordinate matrix Q, defined in the previous section.
Converting these normal coordinates into internal displace-
ment coordinates, Ri and leaving the normalization factor that
includes the Jacobian of the transformation, we have:

�j j2 / exp �Swi L�1
ij Rj

� 	2

=�h

� �

¼ exp �A1r
2
NN � A2r

2
NO � 2A3rNN rNO � A4q2

� �
/ exp �A1 rNN þ A3=A1rNOð Þ2

�
� A1A2 � A2

3

� �
r2NO=A1 � A4q2

�
ðC1Þ

where Lij
�1 are the elements of the inverse of the matrix L

defined in the previous section, Rj are the internal
displacement coordinates rNN, rNO and q. The coefficients
Ais were obtained in terms of w, Lij

�1 and �h, by the
rearrangement of the internal coordinate terms in equation
(15): A1 = 1/�h (w1 (L11

�1)2 + w3 (L31
�1)2), A2 = 1/�h (w1 (L13

�1)2 +
w3 (L33

�1)2), A3 = 1/�h (w1 (L11
�1 L13

�1) + w3 (L31
�1 L33

�1)) and A4 =
1/�h (w2 (L22

�1)2).
[47] Defining (rNN + A3/A1rNO) and rNN as the two

independent coordinates, the former is seen to be irrelevant
for the absorption analysis since the potentials and dipole
moments are independent of that coordinate. In the expres-
sion for the absorption cross section, the term corresponding
to this coordinate would thus on integration, yield unity.
Comparing the coefficient of q2 with that for the ground
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state wave function in Table C1 in Appendix C, we obtain
the parameter b2 = A4. Similarly, a2 is (A1A2 � A3

2)/A1.
[48] In this paper, we use the force constant data F for

N2O available from Csaszar [1994] and obtained by their fit
to the experimental data on vibration frequencies. These
force constants in the units of aJ/A2 are as follows: FrNNrNN

,
18.251;FrNOrNO

,11.960;FrNNrNO
,1.028;Fqq,0.666;FrNNq,0;FrNOq,

FrNOq, 0.
[49] The values of (a2, b2) thus obtained, in units of

(104/nm2, /rad2) are (3.7847, 55.9644), (3.8457, 56.1997),
(3.9023, 56.4105), (3.8418, 57.2736), (3.7881, 56.2995)
and (3.8450, 57.6329) for 466, 447, 448, 456, 546 and
556 isotopomers.

Appendix D: Zeroth-Order Correction to the
Calculations

[50] In Figure 1, we see that the absorption cross section
calculated in this work, based on vibronic transitions alone,
is slightly narrower than the measured absorption cross
section. There can be a broadening in this absorption cross
section if we also include the contribution of the transitions
between the rotational states, say J to J + 1, with thermal
populations that depend upon the energies of the states, EJ =
BJ(J + 1) and EJ + 1 = B(J + 1)(J + 2). Here, B is the
rotational constant. For such a case, corresponding to a total
absorption frequency, the vibronic transition will happen at
a frequency less by the energy difference DE = EJ + 1 � EJ =
2B(J + 1). The total absorption cross section would be
obtained as the sum of the vibronic cross sections, shifted
by the rotational excitation and weighted by the thermal
probability of being in the rotational state J. With the total
cross section given by the convolution of the thermal
probability distribution as a function of the DE and the
vibronic cross section, if we approximate both of these by
Gaussian distributions with variances svib

2 and srot
2 , the

variance of the total absorption cross section will be svib
2 +

srot
2 . Since in the case of N2O, svib � 2750 cm�1 and srot �
10 cm�1, the effect of the inclusion of the rotation on the
width of the total absorption cross section is negligible.
Including the other branches DJ = 0, �1 also has a
negligible effect on the width.
[51] It is assumed that the difference between the mea-

sured and the calculated cross sections were due to the
potential energy surfaces as one of at least two possibilities,
a zeroth-order correction to our calculation of fractionation

calculations can be made as follows. To implement this
correction, after rescaling the height and shifting the peak of
the calculated cross section, corresponding to an intensity in
the calculated cross section, the actual absorption wave
number (wmeas), which is slightly higher or lower than the
calculated one (wcalc) is noted. Then the fractionations
calculated as a function of wcalc are plotted as functions of
wmeas instead. This new plot is illustrated for the case of 556
isotopomer in Figure D1. The difference in the fractionation
obtained by such a correction is small, but noticeable in the
scale of the plots. This correction would be applicable to
calculations at temperatures �283 K or 233 K, for which we
know the absorption cross section [Yoshino et al., 1984; von
Hessberg et al., 2004].
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