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Abstract

This paperstudiesthe problemof transistorsizingof
CMOScircuitsoptimizedfor energy-delayefficiency, i.e.,
for optimal ����� where � is the energy consumptionand� is thedelayof thecircuit, while � is a fixedpositiveop-
timizationindex that reflectsthechosentrade-off between
energyanddelay.

Weproposea setof analyticalformulasthatcloselyap-
proximatethe optimal transistorsizes.We thenstudyan
efficient iteration procedure that can further improve the
original analytical solution. Basedon theseresults,we
introducea novel transistorsizingalgorithm for energy-
delayefficiency.

1. Intr oduction

The rapidly increasingcomplexity of VLSI systems
hasmadeit necessaryto pay ever moreattentionto de-
sign issuesthat affect energy consumption. One of the
originalmotivationsfor CMOStechnologywasits low en-
ergy consumption,andtoday, therearestill noalternatives
thatapproachit in energy efficiency. Nevertheless,energy
consumptionis moreandmoreoftenthefactorthatlimits
theperformanceof contemporaryCMOSsystems.

In orderto comparedesignsthatrunatdifferentspeeds
and consumedifferent amountsof energy, we have to
combinetheenergy, � , andthedelay, � , into asinglemet-
ric � . The authorshave previously proposed�
	������
asan energy-delay–efficiency metric for VLSI computa-
tion [1, 2, 17]. The main reasonfor choosingthis met-
ric over othersis that � is to first orderconstantwhenwe
varythesupplyvoltageof aCMOSsystem:thedelayfalls
roughly linearly with supplyvoltage,andtheenergy con-
sumptionincreasesroughly quadratically;therefore,�����
staysroughlyconstant.Hence,the � metricallows thede-
signerto factor“runtime” voltagescalingoutof consider-
ation. Theauthorshave arguedthat,owing to its voltage
independence,the � metric is superiorto otherefficiency
metricsfoundin theliterature,suchas � or ��� [3].

In practice,we canachieveany desiredtargetspeedor
target energy consumptionby adjustingthe supplyvolt-
age. If we desireto changeto a particulardelaytarget � ,
we adjustthe voltageto meetit, anda circuit optimized

for � would have thebest � for that � . Likewise,we may
chooseanenergy target � andgetthebest� instead.

The ��� � metric is a specialcaseof a wider classof
energy metrics,which includes� and ��� , amongothers.
Theauthorshaveshown thata metricof themoregeneral
form ����� for ���� characterizesany feasibletrade-off,
notonly thetrade-off throughvoltagescaling,betweenthe
energy andthedelayof a computation[4]. For example,
any problemof minimizing the energy of a circuit for a
giventargetdelaycanberestatedasminimizing ����� for
acertain� . We call � theenergy-delayefficiencyindex.

In this paper, we study the problemof transistorsiz-
ing for energy-delayefficient circuits. Givena transistor
netlistwhereeachtransistor� haswidth ��� andlength ��� ,
transistorsizingfindsthevaluesof ��� and ��� thatoptimize
thetargetfunction—inour case����� . While it is truethat
mostlayoutsystemsdemandthattransistorsizesbequan-
tizedto somegrid, we ignorethis constraint.

Also, we canremove the � � s from considerationsince
there is usually no reasonto set the lengthsof transis-
tors in a digital circuit to anything other than the mini-
mum allowed by the fabricationtechnology: increasing
the length increasesboth the resistanceand the capaci-
tanceandhenceworsensboththeenergy anddelay.

Thesizedtransistorsof a circuit areconnectedto each
otherthroughwires. Thecapacitanceof thesewiresleads
to additionalenergy and delay. (We ignore wire resis-
tancein this paper.) For delay-onlyoptimization,which
canbephrasedastheminimizationof themetric ����� for
very large � , thewire capacitancecanbeovercomeby in-
creasingtransistorsizeswhereappropriate.Conversely,
for energy-only optimization,when ��	�� , the transistor
widthscanbechosento beminimumsize,independently
of thewire capacitance.In contrastto thesespecialcases,
for � small but nonzero,wire capacitancecannotbe ig-
noredor overcomein astraightforwardway, andtheopti-
mal transistorsizesdependstronglyon this capacitance.

In this paper, we proposeananalyticformulafor tran-
sistorsizing. If theapproximatesolutionis acceptablefor
the given application,the formula canbe usedas is (no
numericaloptimizationis thenneeded);however, if more
accuracy is required,the formula canbe usedto provide
a goodstartingpoint for numericaloptimization.Laterin
thepaper, we proposeanefficient iterationprocedurethat



canfurther improve the accuracy of the original analyti-
cal solution.Basedon theseresults,we introducea novel
transistor-sizing algorithmfor energy-delayefficient cir-
cuits.

Theproofsof propertiesandtheoremshavebeenomit-
ted owing to spacelimitations. They canbe found in the
first author’sPh.D.dissertation[16].

2. PreviousWork

Classical numerical methods, such as the conju-
gategradientdescentmethod,have beenappliedto the
transistor-sizing problem: there exist several transistor
sizingprogramsthatminimizepower consumptionwhile
maintainingperformancespecifications[5, 6, 7]. More
recently, several specializednumerical techniqueshave
beenproposed[8, 9, 10]. On the analyticalside, Cong
and Koh have studied the relatedproblem of simulta-
neousgateand wire optimizationfor optimal delayand
power [13]. Cong and Koh’s solution spaceand opti-
mization metric are different from what we shall seein
the presentpaper. A different analytic approachto the
transistorsizingproblem,for theperformancemetric ��� ,
is givenby Hu [11] andanotherby Horowitz, Indermaur,
andGonzalez[12]. Both Hu andHorowitz et al. present
qualitative results;they only analyzebasicinvertergates.
To thebestof theauthors’knowledge,thepresentpaperis
thefirst onethatgoesbeyondsuchaqualitativeapproach,
both in termsof thegeneralityof theoptimizationmetric
andin termsof thegeneralityof theconsideredcircuits.

3. ����� -optimal circuits

Let � bethecycletimeof thecritical cycleof thecircuit
whosetransistorsizeswe wish to optimize. We assume
that the circuit is designedso that all cyclesarecritical;
this is true in many well designedcircuits, and it is true
for any optimallysizedcircuit in theabsenceof additional
constraintsontransistorsizes(suchasminimum-sizecon-
straintsor slew-rateconstraints).Let � betheenergycon-
sumptionof thecritical cycle. Let us furtherassumethat� is a constantproportionof the total energy consump-
tion; in this case,optimizing the energy � of the critical
cycle optimizesthe total energy of the circuit, andvice-
versa.

Usingthe  -model[14, 15], wecanwrite theenergy as

�!	 "$#&%' �)(+* , � � �.-/�102�3-543�76�8 (1)

andthedelayas

�9	 "$#&%' �:(&* ; � �7<=�:> % , � �@? �)> %�A -B� 0 ? �)> %CA -54 �:> % 6� � �- "$#&%' �:(&* D ; 02�E<F�)> % , � �G? �:> %CA -/� 0 ? �:> %CA -H4 �)> % 6�102� 8 (2)

where � � � and � 02� arethe nFET andpFET (nMOS and
pMOStransistor)widthsof logic gate � ; ; � �I8 ; 0J�LKM� are
the numbersof nFETsandpFETsin seriesin logic gate� ; 43�:> % K
� representsthewire parasiticsat theoutputof
logic gate� ; < �:> % K�� is thefanoutof logic gate� ; D is the
ratioof electronmobility to holemobility; N is thelength
of thecycle,and �POQ�SR)R NUTBV with all indicesmodulo N .
In writing Equations1 and2 wehavemadeseveralsimpli-
fying assumptions.We ignoredthe energy consumption
dueto short-circuitandleakagecurrents.Furthermore,we
have constrainedall devicesin a seriestransistornetwork
to havethesamewidth. Finally, we have ignoredthewire
RCandtime-of-flightdelays.

4. Propertiesof transistor sizesin�5� � -optimal circuits

Property 1 If ��� are thevaluesthat minimize����� for a
givensetof wireparasitics4 � andgatetopologies

; � , thenW � � , W K!� are thevaluesthat minimize����� for theset
of wire parasitics W 4 � andgatetopologies

; � .
Property 2 If � � are thevaluesthat minimize����� for a
givensetof wireparasitics4 � andgatetopologies

; � , then��� alsominimize����� for thesetof wire parasitics43� and
gatetopologies W ; � .

If weignorespecialconstraintsontransistorsizes,such
as minimum-size and minimum–slew-rate constraints,
and if we further assumethat every transitionon every
circuit node mattersto the circuit’s overall speed(this
lastassumptionis especiallyrelevantin asynchronouscir-
cuits),thenwecanshow that,whenasystemis optimized
for ����� , thewidthsof thenFETsandpFETsof eachgate� arerelatedasfollows [16]:� 02� 	X� � �ZY D ; 02�; � � R (3)

Equation3 is alocalrelationship;it doesnotdependonei-
ther � , � or � . Equation3 allowsusto eliminateeitherthe
nFETsor the pFETsfrom the transistor-sizing problem.
In particular, with thenotation���[	X� � �\-B�10J�]	X� � �@^]V1- Y D ; 02�; � ��_ (4)

and ; �[	 < �)> % ; � � ^ V1- Y D ; 02�; � � _ � 8 (5)

by eliminatingthepFETsizesfrom Equations1 and2, we
get �!	 "$#+%' �:(&* , � � -H4 � 6 (6)

and �`	 "L#+%' �:(&* ; � ���:> % -543�:> %� � R (7)

Weshallusethesesimplerformulasin theexpressionsfor����� .



5. Preliminaries for ����� -optimal transistor
sizing

We formalizethesizingproblemof a transistornetlist
for minimal ��� � astheminimization,overthe � � s,of ��� �
where � and � aregivenby Equations6 and7.

��� � 	a^ "$#&%' �)(&* , ���\-543�76 _ ^ "$#+%' �:(&* ; � #+% � � -54 �� � #+% _ � (8)

NotethatEquation8 holdsnot only for a ring, but also
for achainof gates,aslongasthewidthsandparasiticsfor
theinputof thechainareequalto thewidthsandparasitics
for theoutputof thechain(sincein this casethe � and �
for a chain have the sameform as the onesfor a ring).
This is an importantobservation,asit makesour results
for transistorsizingapplicableboth to latency andcycle-
time minimization.����� is a posynomialfunctionof the transistorwidths.
A posynomialin variables � � is a function of the formb *dc\�fe.g W � �ihkjl* ��h@ml% R)R:R � hknpo ml"$#+% where W � q� . A posyno-
mial problemis theminimizationof oneposynomialwhile
simultaneouslysatisfyingasetof upper-boundconstraints
onotherposynomials.With thesubstitution� � 	Xrts l , any
posynomialcan be transformedinto a convex function;
thereforethe uniqueoptimum of ����� is achieved whenu �`v[wyx+z|{wd} l 	
� .This impliesthattheoptimumis achievedwhenu �~v ; � #&%� � #&% T ; � , ���)> % -543�:> % 6� ��	 T V� b "$#&%�:(&* ; � #&% } l >.0 l} l o mb "$#+%�:(&* , ���.-H4\��6 	!T V� V� 8 (9)

where
� 	����t� is thepower consumptionof thechosen

cycle. If
u ��v.4 � 	�� (no wire parasitics)and � is very

large(delay-onlyoptimization),Equation9 reducesto; � ���:> %� � 	 ; � #+% ���� � #&% 8
which is the known condition of equalstagedelaysfor
delay-onlytransistorsizing[14]. If we wereableto solve
Equation9 analytically for any 43� s and

; � s, we could
computetheoptimal ��� sdirectlyandour transistor-sizing
problemwould be solved. Unfortunately, this is not the
case. We can computean exact analytical solution of
Equation9 only for a restrictedclassof 4 � s and

; � s [16].
In particular, wecanshow thatif

u �Pv ; � 	 ; , i.e., thecase
of homogeneouscircuits,and

u �`vJ4 � 	B4 thenu �`v����]	��@4 u 4[8 ; K���R (10)

Equation10statesthatthetransistorwidths ��� of ahomo-
geneouscircuit with equalwire parasitics4 , optimizedfor����� , areall equalto �@4 , independentlyof

;
[17, 18].

6. �5��� -optimal transistor sizes

So far we have explored somegeneralpropertiesof
transistorsizesfor circuits optimizedfor ����� . Basedon
theseproperties,we now developa simpleanalyticalfor-
mula that approximatesthe transistorsizesof an ����� -
optimalcircuit.

We start by finding an approximateformula for the
transistorsizes��� thatoptimize ����� , in Equation8, whenu �Pv ; �]	 ; . We thenextendthis formulato thecasewhen
the
; � sareno longerequalto eachother.

6.1. HomogeneousCir cuits
For thecasewhen

u �Pv ; � 	 ; , we proposeanapproxi-
matesolutionof the � � s,of thefollowing form:���[	 W % 4\�)> % - W � 4 Avg (11)

where 43�&�Z��	 VN ' 43� (12)

and W % and W � areconstantsto bedeterminedlater. First,
let us motivate Equation11. Basedon Property2, we
know that finding the ��� s when

u ��v ; ��	 ;
is equiva-

lent to finding the ��� s when
u �iv ; �P	�V . In otherwords,

thevalueof the � � s is independentof the
; � s,whenall

; � s
areequal.Conversely, basedon Property1, we know that
the � � s scalelinearly with the 4 � s. This suggeststhat the� � sshouldnot havetermsthatareindependentof the 4 � s.
Basedon our experienceof sizing,we know that—while
the transistorsizesof gate � dependmostlyon 43�:> % —the
effect of a particular43� getsdistributedto somedegreeto
all othergates.As a consequence,we would like Equa-
tion 11 to dependlinearlyon both 4\�)> % andsomeaverage
of all other 4\� s andonesuchchoiceis W % 43�:> % - W � 4 Avg.
We usethe arithmeticmeanfor 4 Avg since the 4\� s cor-
respondphysicallyto wire capacitancesthataremanipu-
latedadditively both in termsof delayandenergy. With
theseclarificationsin mind,we statethefollowing:

Theorem1 For a neighborhood�`0Q	q� 4�T��.8f4�-���� of4�KX� , �QK�� , thevaluesof W % and W � that minimize�����
giventhe ��� s of the form definedby Equation11, whereu �PvJ43�pOH�`0 , ; �[	 ; K�� and ����� , areW % 	 %�%� - ""$#+% and W � 	���T %�%� - ""$#+% R

If the problemis large, i.e., N9��� ,
""$#&%�� V��W % 	 ��2? % > � A and W � 	 �G? % > �I� A�J? % > � A , thus ���� m 	�V�- �F� .

What is particularlysurprisingaboutEquation11 is that
thestrengthof agivengatedependsfarmorestrongly( ¡+¢
for ����� optimization)on theaverageparasiticload( W � 	¡k�F£ ) thanit doesontheloadonthatparticular gate( W % 	Vt�F£ ). Furthermore,¤:¥)¦ ��§ * W % 	¨¤:¥)¦ ��§ * W � 	M��� u �©v���[	
� for �5	
� regardlessof the 4\� s. In otherwords,for
energy-only optimization,Equation11 yields minimum-
sizetransistors,asonemight expect.
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Theorem1 yieldstheoptimalvaluesof W % and W � in a

closeneighborhoodof 4 , or equivalentlywhenthe 4 � sare
closeto eachother. We want to checknow if theform of
the � � sgivenbyEquation11andTheorem1 yieldsaprac-
tical approximationof the � � s when

u ��v ; � 	 ; but the4 � s areno longercloseto eachother. We usea numerical
optimizer to computethe error betweenthe optimal and
the predicted����� for a given � , N anda setof 43� s. We
varied NËO�� �@82Vy���k�=� , �!O��)V�8dVd�F� andusedthreediffer-
entdistributions(uniform,uniform-squared,anduniform-
cubed)for 4\�$OÌ�)V�82Vy���F� . Theobservederrorsarepracti-
cally independentof theproblemsize N andthedistribu-
tion chosenfor the 43� s; theerrorsonly dependon � . Fig-
ure1 showstherelativeerrorin � , � and ��� � for NÍ	�£SV ,��O��)V�8dVd�=� , ; � 	aV and 4 � O��)V�8dVd�k�=� chosenrandomly
throughauniform-squareddistribution. Theaverageerror
in � is between4.1%and5.5%,theaverageerror in � is
between-3.0%and-0.3%,andtheaverageerrorin ����� is
between1.0%and1.7%.

6.2. Non-homogeneousCir cuits (first form)
Theformularesultingfrom Theorem1 yieldsexcellent

resultswhenall
; � s areequal. We would like to extend

it to incorporatethe casewhen the
; � s areno longerall

equal. To do this, we assumethat the cumulative effect
of the 4 � s and the

; � s on the � � s can be viewed as the
productbetweenthe individual effect of the 4 � s (wire ca-
pacitances)on the � � s andtheindividualeffect of the

; � s
(gatetopologies)on the ��� s. Hence,we proposean ap-
proximatesolutionof the ��� sof thefollowing form:���[	 , W % 43�:> % - W � 4 Avg 6©Îy� , ; *�8 ; % 8dR2RdR28 ; "$#&% 6 (13)

whereW % and W � aregivenby Theorem1, while functionsÎy� will be determinedlater. Whenall gatesareidentical,
i.e.,

u ��v ; �1	 ; , we know from Equation10 that the ��� s
are independentof the

; � s. For this reason,we chooseÎy� , ; *�8 ; % 82R2RdRJ8 ; "$#&% 6 suchthat
u&; v�Îd� , ; 8 ; 82RdR2RJ8 ; 6`	!V .

Basedon our experienceon delay-onlytransistorsiz-
ing, we know that—while the transistorsizesof gate �
dependstronglyon

; � —the effect of a particular
; � gets
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distributed to somedegreeto all othergates. As a con-
sequence,we would like Îd� to dependon both

; � and
someaverageof all other

; � s. We use the geometric
mean

; �&�Z�5	 n Ô Õ ; � asan averageof the
; � s, sinceit

hasphysicalmeaning—itis proportionalto thetheoretical
minimal delayof thecycle. In this context, we introduce
thefollowing

Theorem2 For a neighborhood�`0Q	q� 4�T��.8f4�-���� of4BK!� , �ÖK � , anda neighborhood�©×»	Ø� ; TB�.8 ; -Ù���
of
; K�� , the valuesof W % , W � , Ú % and Ú � that minimize��� � giventhe � � sof theformdefinedbyEquation13withÎ � , ; * 8 ; % 82RdR2Rd8 ; "L#+% 6`	�Ú % × l× Avg

-�Ú � , where
u �~vJ4 � O�� 0 ,; � O���× , and �»��� , areW % 	 %�%� - ""L#+% 8 W � 	��~T %�%� - ""$#+% 8 and Ú % 	XÚ � 	 V� R

Theorem2 yieldstheoptimalvaluesof W % , W � , Ú % andÚ � whenthe 43� s arein a closeneighborhoodof 4 , andthe; � s are in a closeneighborhoodof
;
. We would like to

verify now how goodthesevaluesarein minimizing �����
whenthe 43� sandthe

; � sareno longercloseto eachother.
We useagaina numericaloptimizerto computetheerror
betweenthe optimal and the estimated��� � for a given� , N anda setof 43� s and

; � s. We vary NÛOÜ� �@8dVd�k���=� ,�ÝOÙ�¹Vk82Vy�=� andusethreedifferentdistributions(uniform,
uniform-squared,and uniform-cubed)for 4 � OÞ�¹Vk82Vy���=�
and

; � O��¹Vk8I£SR £F� (if we assume
; � � OU�¹Vk8Iß=� and

; 02� O�)V�8Â�=� , then with D 	à�@Rá¡ we get
; � O�� ß�R ß�ßS8Â��V�R âk¡t� or

equivalently, usingProperty2,
; � O/�)V�8I£SR £F� ). As for Equa-

tion 11, theobservederrorsarepracticallyindependentof
theproblemsize N andthedistributionchosenfor the 4 � s
andthe

; � s; theerrorsonly dependon � . Figure2 shows
therelativeerrorin � , � and ����� for Nã	
£SV , �äOB�)V�8dVd�=�
and 43��OX�)V�8dVd���F� , ; �iOX�¹Vk8I£SR £F� chosenrandomlythrough
a uniform-squareddistribution. Theaverageerror in � is
between1.7%and6.1%,theaverageerrorin � is between
-3.4%and1.7%,while theaverageerror in ����� is about
3.3%for �5	M� , but increasingaboutlinearly with � , ow-



ing to theerroramplifyingartifactof ����� (if �`	�� * , VF-�å�6�Þ��� � ���* , V©-B�³å�6 for small å ).

6.3. Non-homogeneousCir cuits (secondform)
Themainintendeduseof Equation13 in energy-delay

efficient design is to find approximatetransistorsizes
when � � � , i.e.,whenvoltagescalingis adesignparame-
ter. As Figure2 shows,theequationstatedby Theorem2,
i.e.,aparticularcaseof Equation13,doesthis reasonably
well—i.e., within a few percentof the optimum. On the
otherhand,onemight want to usesucha sizing formula
for large � aswell—i.e., predominantlydelay-onlyopti-
mization. Gettinga closeapproximationof ��� � when �
is largerequiresa very gooddelayestimate,sinceevena
small error å in � getslinearly amplifiedto �³å in ����� .
For this reason,westudythebehavior of Equation13and
thedelayestimateresultingfrom it, when �H�æ� .

For now, considera simplerproblem,namelyfinding
thetransistorwidths �iç � thatminimize � givenby Equa-
tion 7. Thisis aspecialcaseof the ����� optimizationprob-
lem for �B��� . In [16] we have shown that theoptimal
delay �Cçæ	ØN ; �&�Z� is reachedfor transistorwidths that
have thepropertyu �`v � ç ? �:> %CA�iç � 	 ; �&�Z�; � R (14)

Wewould likethe � � sgivenby Equation13to haveprop-
erty (14) for large � . More precisely,¤)¥:¦��§ ç � �:> %��� 	 � ç ? �:> %�A� ç � (15)

or equivalently, using W % and W � givenby Theorem2,¤:¥)¦�k§ ç � �)> %��� 	Ë¤:¥)¦��§ ç Î �:> % , ; * 8 ; % 82R2RdR28 ; "$#&% 6Îy� , ; *�8 ; % 8dR2R2Rd8 ; "$#&% 6 	 � ç ? �)> %CA� ç � R
(16)

Condition 16 guaranteesthat the delay estimate re-
sulting from Equation 13 is optimal for large � . An
obvious choice of the Îd� s that fulfills (16) is

u �èvÎy� , ; *�8 ; % 82R2RdRJ8 ; "$#&% 6Q	�Ú+� ç � , where ÚØKé� is a con-
stantscalingfactor. Therole of Ú is to normalizethe ��� s
to theright energy level; its optimalvalueis statedby the
following

Theorem3 For a neighborhood�~0Q	ã� 4QTÝ�.8�4»-��k� of4�K � , �äK � , anda neighborhood� × 	Ø� ; TB�.8 ; -Ù���
of
; Kê� , the valuesof W % , W � , Ú that minimize �����

given the � � s of the form definedby Equation13 withÎ � , ; * 8 ; % 82R2RdRJ8 ; "$#&% 6�	ëÚ³��ç � , where
u �ÙvÐ4 � OÞ� 0 ,; � OH��× , and ���ì� , areW % 	 %�%� - ""$#&% 8 W � 	X��T %�%� - ""$#&% 8 and

Úí	�î �� ^iïkV�T V��ð -
Y ïFV�T V�ið � - ñ� î % î � _ 8
where

î % 	 VN "L#+%' �:(&* � ç �Ùò��+ó î � 	 VN "$#+%' �:(&* V� ç � R
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Assuming

u �$vk4 � 	�4 , andthe � � s givenby Theorem3,
Equations6 and7 yield�!	 , V©-B� î % Ú[6C��*àö�÷SøË�`	 ï V1- î ��&ÚLð � ç 8
where ��* is the theoreticalminimal energy (i.e. total
switchedwire parasitic)and �Cç is the theoreticalmini-
maldelay. In [16, 17] wehaveshown thatfor awideclass
of circuits� � , V1-B�³6�� * öF÷SøË� � ï V1- V�ið �Cç�R
Giventhevalueof Ú from Theorem3, we have that

u �Ö�Hv %ù mQú Ú ú î � with ÚX	 %ù m if ���è� and ÚÙ	 î � if�ä�è� . If we chooseÚÝ	 %ù m , theerror in � is reduced
by bringing � closeto

, V�-Ì�³6�� * , while if we chooseÚ!	 î � , the error in � is reducedby bringing � closeto, V1- %� 6��Cç .
The formula resulting from Theorem 3 works ex-

tremelywell in practicefor small N , i.e., it keepstheerror
in ����� very low for theentirerangeof � , including large� . However, for N largetheaccuracy of the formulade-
terioratessomewhat dueto the fact that � becomescon-
sistentlyoverestimated,while theestimatein � staysvery
accurate.This is a consequenceof the choiceof the Îd� s,
wherewe have intentionally favoredthe accuracy of the
delayestimation.For large N s,thedifferencebetween

%ù mand î � becomeslargeenoughsothattheresultingÚ pulls� noticeablyaway from theoptimum
, V1-/�³6C� * .

Figure3 shows the relative error in � , � and ����� for
theapproximationgivenby Theorem3 for NÞ	Ìâ (an18
transitionspercyclecircuit), �íOä�¹Vk82Vy�=� and4 � Oä�¹Vk82Vd�k�=� ,; �POB�)V�8Â£�R £=� chosenrandomlythrougha uniform-squared
distribution. Theaverageerror in � is between4.4%and
6.7%,theaverageerror in � is between-0.2%and-2.8%,
andtheaverageerror in ����� is between1.4%and2.3%.
It is interestingto point out that for �Ö	ÜVy��� , theaverage
error in � is about1.2%, the averageerror in � is about
-0.003%,andtheaverageerrorin ����� is about0.5%.



For clarity, Theorems1, 2, and3 were formulatedto
referto thetransistorsizingproblemof asingle-cyclesys-
tem. However, thesetheoremscanbe easilyextendedto
multi-cyclesystems.We extendformula11,andasacon-
sequenceTheorem1, to multi-cycle systemsby redefin-
ing 43�&�Z� for eachgate � to be the averageparasiticof
all simplecyclesgate � is part of. Theorem2 extendsto
multi-cycle systemsby substitutingN ; �&�Z� with � ç (the
minimumachievabledelayof thecircuit). Giventhedefi-
nition of �iç � s and4 �&�Z� , Theorem3 generalizesstraight-
forwardly to multi-cycle systems,with the only remark
that N —in the expressionof î % and î � —representsthe
total numberof transistorsin the consideredcircuit, not
just theoneson a givencycle.

Rememberingthederivationof Section4, thevaluesof
the ��� s areper gate � ; but they canbe transformedinto
the effective nFET andpFET sizesdirectly, usingEqua-
tions3, 4 and5.

7. An iterati veapproachto ����� -optimal
transistor sizing

With the help of Theorems2 and3, we cancompute
approximatetransistorsizesof an ��� � -optimalcircuit. As
we haveseen,theapproximatesolutionyieldsenergy and
delayvalueswithin a few percentof theoptimum. How-
ever, if the accuracy of sucha solutionis not acceptable
for thegivenapplication,onemightwish to employ anit-
erativeprocedureto “fine tune” theinitial transistorsizes.

UsingEquation9, wecancompute��� —for afixed � —
asa functionof theother � s. More precisely, if we callò � 	üû % -B� û * û �, ��-�Vy6 û � 8iò % 	 , T���-�Vy6 û�ý, �»-XVt6 û � 8HöF÷Sø¨ò�*$	 T�� û * û�ý, ��-�Vy6 û � 8
where û *$	 "'�)( %�þ � ÿ( � � � - "' �:( % 4 � 8

û % 	 "'�:( %�þ �7ÿ( � þ �7ÿ( � > % ; � #+% � � -H4 �� � #+% - ; � #+% 4\���� #&% 8
û � 	 ; � #+%��� #&% 8

and û�ý 	 ; � , ���:> % -543�:> % 6��
we cancompute� � as the positive solution to the cubic
equation � ý� -Bò � � �� -Bò % ���.-Bò�*$	
��R (17)

(Equation17hasasinglepositiveroot for �íMV ; this can
befoundusingCardan’smethod.)

The iterative procedurestartswith an initial solution
andthenrepetitively computeseach��� asthepositiveso-
lution of Equation17with coefficientscomputedfrom the
currentvalueof all other � s. It is easyto seethat such
a procedureconvergesto the ����� -optimalsolution.First,
the recomputedvalueof ��� yields a better ����� thanthe

error in Et^2 (original sizing formula)
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pre-iterationvalue. This is becausewyx+z|{wy} l 	é� , i.e., the
new ��� is ����� -optimalwhenall other � sarefixedat their
currentvalue.Secondly, the ����� optimizationproblemis
convex in the � s, hencea local minimumreachedby the
iterationprocedureis indeedtheglobalminimum.

To fully appreciatethe benefitof the proposeditera-
tion procedurewhenappliedto the initial solutiongiven
by Theorems2 or 3, we exhaustively analyzea particular
caseof Equation8 with �H	
� , NÍ	�¡ , 43�~O�
kVk8Â��8I£�8 ñ 8Z¡�and

; �`O�
�V�8Â��8I£�� . Figure4 showsa histogramof therel-
ative error in ����� betweenthe optimalvalues(computed
with anoptimizationalgorithm)andtheestimatedvalues
basedon Theorem3, andalsobetweenthe optimal val-
uesandthe valuescomputedby onestepof the iteration
procedurestartingwith theapproximatesolutiongivenby
Theorem3. Onestepof iterationassignsonenew valueto
each� � . We observethatthealreadysmallmaximalerror
of theoriginalsizingformulais reducedaboutten-foldby
asinglestepof theiterationprocedure.Of course,onecan
repeatthe sameprocedureandget an even smallererror.
However, this secondstepdoesnot have thesameimpact
on reducingtheerrorasthefirst stephad. Giventhat the
transistorsizesof a real circuit areintegermultiplesof a
technologydependentconstant,thereis notmuchpoint in
trying to find thezero-errorsolution.Thatsolutionis un-
likely to be implementablein practice,sinceit will likely
havenon-integercomponents.

We have doneseveralexperimentsin which we tested
the dependenceof the iteration procedureon the initial
startingpoint. We have foundthattheapplicabilityof the
methodstronglydependson theinitial solution’sproxim-
ity to theoptimalsolution.Withoutagoodinitial solution
like the one given by Theorem2 or 3, the methodstill
convergeseventuallyto the optimum. However, the first
stepof iterationyieldsa solutionthathasanerrorspread
two ordersof magnitudegreaterthanthe solutionresult-
ing from thefirst stepof theiterationexecutedonthegood
initial solution.



8. An algorithm for �5��� -optimal sizing

As we have seen,the transistorsizes ��� of a system
optimizedfor ����� dependstronglyon thewire parasitics4\� . Unfortunately, theseparasiticsarenot known a priori ,
sincethey areattributesof wires that connecttransistors
whosedimensionshavenot yetbeenfound.

A two-phasealgorithmsolvesthe problemof the un-
known parasitics. In the first phase,given the transistor
netlist, eachwire is assignedan initial wiring cost. The
moreis known aboutthestructureof thetransistornetlist
and abouta future floorplan, the moreaccuratesuchan
assignmentwill be. Basedon theseinitial wire parasitics,
we canthencomputean initial estimatefor the ��� s with
theformulasestablishedby Theorems2 and3.

In the secondphase,we wire up thepre-sizedtransis-
torsandextracttheactualwire capacitancesfrom thelay-
out. With thesenew parasitics,we recomputethetransis-
tor widths � � . Finally, we may fine-tunethe solutionby
iteratingonceasdescribedin Section7.

If the accuracy of the final solution should not be
deemedacceptable,we canadda passthrougha classi-
cal numericaloptimizer. Given the proximity of the cur-
rent solution to the optimum, suchan optimizationwill
convergequickly. In this lastphase,a moreaccuratetran-
sistormodel(e.g.,aBSIM model)canbeemployed,soas
to bridgethegapbetweenthesimplified transistormodel
usedin thispaperandtheactualtransistorbehavior.

9. Conclusions

We have proposeda set of analytical formulas that
closely approximatethe optimal transistorsizesfor cir-
cuitsoptimizedfor ����� . We have justifiedthevalidity of
theseformulasboth mathematicallyand experimentally.
We have proposedan iterative procedurethatcanfurther
improve the accuracy of the original analyticalsolution.
Experimentsshow that,whentheprocedureis appliedon
the analyticalsolution, it convergesmuch more quickly
thenwith an arbitrarystartingpoint. Basedon thesere-
sults,we have introduceda novel transistorsizing algo-
rithm for energy-delayefficiency.
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