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Growth and decay of localized disturbances on a surfactant-coated spreading film
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If the surface of a quiescent thin liquid film is suddenly coated by a patch of surface active material like a
surfactant monolayer, the film is set in motion and begins spreading. An insoluble surfactant will rapidly
attempt to coat the entire surface of the film thereby minimizing the liquid’s surface tension. The shear stress
that develops during the spreading process produces a maximum in surface velocity in the region where the
moving film meets the quiescent layer. This region is characterized by a shock front with large interfacial
curvature and a corresponding local buildup of surfactant which creates a spike in the concentration gradient.
In this paper, we investigate the sensitivity of this region to infinitesimal disturbances. Accordingly, we
introduce a measure of disturbance amplification and transient growth analogous to a kinetic energy that
couples variations in film thickness to the surfactant concentration. These variables undergo significant ampli-
fication during the brief period in which they are convected past the downstream tip of the monolayer, where
the variation in concentration gradient and surface curvature are largest. Once they migrate past this sensitive
area, the perturbations weaken considerably and the system approaches a stable configuration. It appears that
the localized disturbances of the type we consider here, cannot sustain asymptotic instability. Nonetheless, our
study of the dynamics leading to the large transient growth clearly illustrates how the coupling of Marangoni
and capillary forces work in unison to stabilize the spreading process against localized perturbations.
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[. INTRODUCTION tant concentratiod’, gives rise to non-normal disturbance
operators. As such, a conventional modal analysis of this

Experimental studies have shown that the spontaneowsystem strictly captures only the asymptotic behavior of the
spreading of a surfactant monolayer on a thin liquid filmspreading film asr—c. This type of analysis might over-
produces dendriticlike corrugations in the film thicknesslook significant transient excitations as first discussed by lo-
[1-7]. In situations where the spreading front is clearly vis-annou and Farrefl10,11 in the context of baroclinic insta-
ible, the dendritic patterns appear to form in the wake of thebilities. In this paper, we therefore present a linearized
moving front. Plane projections of the fingered contours havelisturbance analysis of a thin liquid film driven to spread by
been measurel@] to have a fractal dimensiod~1.7. Cu-  Marangoni, capillary, and surface diffusion effects and focus
riously, this is the same fractal dimension measured in plana®n the transient behavior of disturbances localized at the
systems like viscous fingering in porous media or diffusionleading edge.
limited aggregation, both of which are governed by a time In previous work12—14, we quantified the level of dis-
dependent diffusion equation. The mathematical relation beturbance amplification by introducing two energy norms, one
tween the equations governing these systems and the surfagssociated with the perturbed film thickné$sand the other
tant spreading problem, however, is not yet well gnderStO_Ogalith the surfactant concentratiofi, Both the optimal per-
For example, the monolayer spread[ng proble_m IS de;cnp rbations and the growth rate associated with disturbances
by a coupled set of eqqanons cqntamlng nonhnear dn‘fusqu the transverse direction were computed. Similar behavior
terms(due to Marangoni convectigms well as higher ord'er. was reported whether the disturbances in the two variables
terms due to _caplllary for_ces, terms a_lbsent in the classic f'r\ivere applied inphase or out of phase. In this paper, we re-
gering equations. Despite these dlﬁgrencgs, th_e Paltens me this analysis but introduce instead a single energy norm
formed assume shapes and fractal_ dimensions identical Hrectly related to the production of kinetic energy in the
those_ formed in strictly LapIaC|an-dr|v_en systems. . system. This single norm more easily identifies two key char-
_ Atime dependent model can describe the evolution of theyciejgtics of the flow that dominate the large transient re-
film height and surfactant concentration containing Ma’sponse, namely, the development of significant film curva-

rangoni, capillary, and surface diffusior) forde. Because ture and the spike in the concentration gradient that develops
the constructed base states are fully time and space depe

. P A¥ the advancing front of the spreading monolayer, where the
dent, one must employ a fully transient analysis since any,ose-state velocity is largest.
conclusions about the “stability” of the system to infinitesi-
mal disturbances are only meaningful when compared to the
evolution of the base state. In addition, the spatial depen-
dence of the base-state film thicknégsand surface surfac- A. Problem formulation

II. TRANSIENT GROWTH ANALYSIS

1. Base-state equations

*Electronic address: stroian@princeton.edu; We first consider the one-dimensional spreading of an in-
URL: www.princeton.edu/stroian soluble surfactant monolayer in the absence of disturbances.
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:s ;i } ‘ ( ‘ z : g istic spreading velocity, dominated by Marangoni stresses, is
denoted byU* =¢Il*/u*. This velocity is typically orders
of magnitude faster than the velocity induced by surface dif-
p*, u* Ho fusion, as characterized by the surface diffusion coefficient
* Di . For large Peclet numbers, the term proportional to
(Pe) ! can be omitted altogether. The dimensionless time is
scaled on the Maragoni velocity and the initial extent of the
monolayer according tb}/U* = u*L¥2/HXTT*.
(a) These equations are rescaled by introducing a self-similar
variable[9] £&=x/L(7), which tracks the temporal evolution
of the leading edge of the monolayérr):

Yi

go(fr T)
L(7)

Ho(X,7)=ho(&,7) and I'o(x,7)= . 3

The additional factor ok (7) that appears in the denominator

of I'y(x,7) is the result of imposing a finite mass of surfac-
tant for surface distribution. The rate at which a monolayer
advances over a liquid film depends on the geometry of
spreading(rectilinear vs cylindrical and whether the mass
distributed from the surfactant reservoir is a constant or time
dependent. A constant mass in rectilinear geometry produces
(b) an advancing monolayer front that grows in time[8gl5|
L(7)=7Y3 These variable transformations reduce Eds.
and(2) to

FIG. 1. The initial state of the Marangoni-driven spreading sys-
tem. The liquid layer has a viscosigy*, densityp*, and an initial
uniform thicknesdH} . Initially, the surfactant monolayer extends a 1
distanceL? with a surface tensiow? and surface concentration _ 2 3
I'%. The Uncontaminated liquid surface has a surface tension of Th‘”_§§h°§+ E(hogof)g_;m(hohofﬁ)f’ )
oy, therefore, the maximum spreading pressurell$=o}
—op.

— 1 ¢ 2h
In Fig. 1 is shown a schematic diagram of the physical sys- 790 =3 (£9o)¢+ (GoNooc)¢ ;1/3(9°h° octe)¢
tem. Utilizing the lubrication approximation and a linear
equation of state relating surface tension to the surfactant LT ®)
surface concentration, the dimensionless evolution equations Pe Yoez -
for the base-state film thickne$s$, and surface surfactant
concentrationl’, in the limit of negligible Bond number, Equations(4) and (5) are solved subject to the following

7_1/3

assume the form9,13] boundary conditions:
1 C _ _ _
Hor=5 (HZ 00— 5 (H3Ho: & No01) =0, Noee(0m) =0, and Go(0m)=0. (0

c 1 ho(0,7)=1, hgg(,7)=0, and gy(«,7)=0. (7)
— 2

Tor=(FoHol ox)x— §(F°H°H°XX")X+ P_groxx' @) The condition(6) enforces symmetry and no-flux about the
origin, while Eq.(7) enforces a quiescent and surfactant-free
All subscripts T and x represent partial differentiation with liquid film far downstream of the spreading monolayer.
respect to time or space. The dimensionless gapd the The initial conditions ¢=1) chosen for this study corre-
modified surface Peclet number jPeare defined byC  spond to an initially flat liquid film coated with a monolayer
=g’ /II* and Pe=(U*L3)/Ds=(I1*Hg)/u* Dy, of insoluble surfactant of extentiZ centered about the ori-
wheree=Hg/Lg . Hg represents the initial undisturbed film gin. The surfactant concentration is relatively flat and
thicknessL} the initial extent of the monolayer, ari® the  smoothly decays to zero near the po#igt These two con-
surface diffusion coefficient of the surfactant on the liquid.ditions are given by
The fluid is characterized by the viscosity* and density
p*. The parametef is related to the usual capillary number ho(€,D)=1
Ca=u*U*/o? through the relatiod=£3/Ca. The maximal
spreading pressure is defined By = o — o, whereo® is  and
the surface tension of the clean liquid layer arfithe initial
surface tension of the monolayer coated film. The character- 9o(£,1)=0go {1 tanfA(E— €)1} 8
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20 T,= (gl H+H ol +ToHo )5+ ToHol 5y
C - - -
L5 | _E[(FOHgHXXX+2FOHOHOXXXI-I+H§HOXX F)x
h, 10 — (T oH2) A+ 2T JH2H 0+ ToH2H,5,7
+ ! (Tt T,y (11)
Do W oxx 27)1
05 F Pe
—=- 1=8.0 wherex denotes the streamwise coordinate arttie trans-
0.0 ' ' ' ' verse coordinate. These dimensionless variables are scaled

00 05 1.0 1.5 20 25
& on the

initial coverage length} . All disturbance variables

are denoted by a tilde sign. Since each of the coefficients in
(a) this pair of equations depends only on the streamwise and

1.0

& can

(b)

These
FIG. 2. Solutions for the base-std@ film thicknessh, and(b)
surface surfactant concentratigg for times ranging from 1€

I = = 75
=<8.0 with Pg=5000 andC=10"". .=

In this study, we held fixed the following parameter values:
0"¥=0.5, A=10 and¢,=0.5. Figure 2 shows$, and g,
for times of 1.6< 7<8.0 when Pg=5000 andC=10"°.

2. Linearized disturbance equations

In order to examine the stability of this system, perturba-
tions are applied to both the height profile and surfactant
surface concentration. Consequently, the total height and” .=
concentration profiles are

hot=Ho+ oM and [y =Ty+ T, (9)

whereé is a small parameter. The evolution of infinitesimal,
two-dimensional disturbances, is governed by the pair of lin-
earized equationgl3]

~ 1 o ~ 1 o~ C 3
HTIE(HoFx+2HoroxH)x+ EHonz_ §[(H Hyxx

not the transverse coordinate, the disturbance quantities can
be Fourier decomposed according to

(A,T)(x,2,7)=(V,®)(x,7)eK?, (12)

whereK defines the dimensionless transverse wave number
of the associated disturbance. The Fourier amplittPesnd

be rescaled to self-similar form as were the base states

previously, according to

$(&,7)

’Tl/ 3

V(x,7)=¢(&7) and d(x,7)= (13

transformations rescale E() and(11) to the form

1 1, (K32
§§¢g+§(ho¢§+ 2hoGoeth) ¢ — Thod’

C
N 371/3{(h§‘//§§§+ 3h3hogeeth) e (KT¥)2[(N3) etf

+2h3y ]+ (K7)4h 3y, (14)

1
§(§¢)§+ (gogofdf"' hogo§¢+ hogo¢§)§

1/3\2 ¢ 2
—(Kr ) hogo¢_ ;m{(goho‘//&g_"onhohogggw

+h2Nogeed) e~ (KTH2[(goh?) ethe+ 2goh2 1]
1/3
+<K71’3>4goh§¢}+P—%[¢§§—<Krl’3>2¢]. (15)

0 The boundary conditions for the disturbance equations are
, _ . o o given by
+3H0H0XXXH)X+(HO)XHXZZ+2H0HXXZZ+ HOHZZZJ'
(10 $0,7)=0, ¢g(0,7)=0, and ¢:0,7)=0, (16)
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o,7)=0, o, 7)=0, d o,7)=0. (1 1(~
lﬂ( T) ¢§( 7') an ¢( T) (7) EqE Efo q2(§,7_)d§' where qzlpsd)’ho’go- (21)

The same type of symmetry and decay boundary conditions

appli_ed to the base states are also applied to the disturbanggere are two disadvantages to this approach. The energy
functions. S defined in this way is not a kinetic energyer sebut just a
The initial disturbances are Gaussian distributed about thg,easure of the amplitude squares of the relevant functions.
point £=¢5. This location can be positioned in front of, Second, the definitions introduce two separate amplification
behind, or at the monolayer front. The disturbances are dexgtios and therefore two growth rates, one associated with
scribed by variations in film thickness and the other with variations in
the surfactant concentration. This separation of terms makes
W(ED) = p(£1)=e BE %, (18) it difficult to trace the overall response of the system to an
applied perturbation. Because the film thickness and surfac-
The amplitude coefficients fop(¢,1) and¢(&,1) were cho-  tant concentration are coupled variables that both determine
sen to be one since Eqd.4) and(15) are already linearized. the spreading velocity, it is physically more appealing to con-
In this study, we held fixed the parameter vaRie 50. sider a single measure of amplification and growth associ-
According to Eq(g)’ Ftot may assume a negative value ated with the actual kinetic energy contained in the flow. This
far downstream wher&,=0. The relevant variable in this type of energy probe also provides a more direct means of
system is the surface tension which is related to the concensolating the factors responsible for large transient growth as
tration through the equation of state=1—I". Therefore, a discussed in Sec: _III. _We therefore introduce the following
negative concentration simply implies that the surface tenduantifier of amplification, namely:
sion far downstream has been positively perturbed. This

could be caused by external perturbations such as a local E EiJ'xfwKU )2(¢,7)dédz
decrease in temperature or other surface heterogenities in the BT oNJo Jo 'V O ’ ’
liquid film.
— 1 Mo~ 2
B. Quantifiers of transient amplification Eq= ﬁfo fo [(v)]“(§,7)dédz. (22

Quantification of the growth or decay of a disturbance
must be carefully monitored when applied to a time depenThe subscripts b” and “ d” denote the base state and dis-
dent base state. A convenient measure is the relative kinetigrbance, respectively, and the dimensionless, transverse dis-
energy contained in the disturban&( ), to that contained turbance wavelength is denoted hy=2m/K. The kinetic
in the reference base statg,(7) at time 7. This relative energy per unit wavelength in the transverse directin,
energy is normalized by the initigtelative) input energy at  contained in the flow is found by averaging the velocity
time r,, which defines the amplification fact@ according  squared over the film thicknessse., - )). The magnitude of
to the base-state velocity is denoted |dy,)| and that of the

disturbance velocity b{{v)|. The components of the height-
Eq(7) Ep(7) (19) averaged base-state velocity in the streamwise and transverse
Ea(7o) En(7o)

The amplification ratioG describes how the relative input

directions are given by
1 C .,
energy intensifies or dissipates in time. (Uo)=— =—5;N0G0s + 37 NoNozze
This measure of amplification or decay can be used to 27
identify the “momentary stability” of the spreading system
[16] by considering the normalized rate of growth of distur- (Wo)=0, (23
bances given by

respectively, while those of the averaged disturbance veloci-
ties are given by

o
®

Q

Q|+
o

(20

.
~ 1 C
W=|——=(hyds+ + —hgy(h +2h
The system displays momentary stability{¥<0 and mo- (W { 27-2’3( oPet Qoet) 37 ol Moteee otec¥
mentary instability if Q>0. Systems for whichQ) ap-
proaches a negative valueat-~ are asymptotically stable.
In previous work, we considered two separate measures
of mechanical energy, each associated with the disturbance

_ T2/3K2h0¢§) eiKZ'

functions (&,7) and ¢(&,7) [13]. The solutions for/ and c

¢ were simultaneously solved from Eq44) and (15 and (Wy=| — Khyd+ —=—=Kh2(i..— 72K 2y) |iek2,
used to define the mechanical energies associated with the o BT 0T g2 T

base and disturbance states (29
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As time advances, the base-state height and concentration 10°
profiles approach self-similar profiles §[9]. Therefore, at
long times, the dominant time-dependence in 28) comes
from the explicit = dependence. At late times,, will be 10
dominated by the first term in E¢R3) sincer %3 decreases
slower thanr~! andC is a small number. Consequently, the

2

base-state energy should decrease with 4 dependence. G 10
Although not shown, this result was numerically confirmed.

Therefore, in order to observe an unstable system, the 10*

disturbance energy will have to decrease slower than“4
dependence. Since, we expect the system energy to follow a
power-law behavior in time, it will be useful to plot the P
amplification factor-time data on a log-log plot. Similarly,
the growth rate should be compared with.1/

C. Numerical procedure 150.0

The four equationg4), (5), (14), and(15) were simulta-
neously solved by the method of ling$7], which imple-
ments second-order centered differences for the spatial de- 100.0 1)
rivatives and a fully implicit Gear’s method for the time
integration[18]. At the start of each simulation, the dimen-

sionless parameter@ Pe, and K were specified. In this 2 s00f
work, we held fixed the value of at 10 ° (which gives
prominence to Marangoni stresgesd used two values of
the Peclet number, namely, 100 and 5000]. More impor- 0.0 T
tantly, we varied the position of the initial disturbance, its
initial shape (including the height and surfactant distribu- ‘ . . .
tion), and the disturbance wave number. Depending on the '50‘01‘00 .10 120 130 140 150
initial location of the disturbances, the number of grid points T
used in the computations varied between 301 and 751. (b)
11l. RESULTS AND DISCUSSION FIG. 3. Time evolution of thga) amplification ratio andb)

normalized rate of energy growth fgg=0.7 and disturbance wave

A Numerical results qum_bers in the rangesOK<25. Other parameter values are speci-
) fied in the text.

1. Disturbances localized at the monolayer edge

distributed is finite, the overall driving force for spreading

continually decreases and the perturbations dampen and van-

ish asT—oe.

The initial surfactant distributiory, tails off at £,=0.5
and completely vanishes arourde=0.8 [see Fig. 2b)] ac-
cording to Eq.(8). When disturbances are applied near the
base of the concentration decay pointéat 0.7, the system
undergoes maximum amplification for the lowest wave num-
bers, as shown in Fig.(8. The overall maximum occurs for When the initial disturbance is applied &= 2.0, much
K=0; the larger the disturbance wave number, the smallefurther in front of the concentration decay point, more sub-
the amplification obtained. The modis~0 exhibit a short stantial amplification is achieved as shown in Fige)4The
period of amplification forr<1.3 but rapidly decay to zero. disturbance amplification occurs at later times2.0, since
As shown in Fig. 8), the growth rate for each mod8,, is  the spreading front must advance closette-2.0 to sense
positive over an even smaller interval of time £.6<1.2.  the disturbance. Not only are the amplitudes an order of
The K=10 mode is somewhat different in that it displays amagnitude larger than the first case discussed above, but the
second small growth spurt about 1.2 before decaying to “interaction times” also last much longer. This behavior can
zero like the rest. Each mode displays a momentary stabilizbe traced to the fact that the speed of the advancing front
ing response when the disturbance is first applied. We interdecays in time asL/dr~ 7~ %3, The disturbance, therefore,
pret this to be the system’s attempt to induce Marangonhas a longer residence time in the area of the shocklike front
flows in the transverse direction that momentarily weakerthat develops at the surfactant leading edgeical profiles
the streamwise flow. However, the system overshoots thisf the liquid film at three different times are shown in Fig. 2
response and causes a slightly enhanced streamwise floWso, when a disturbance was applied at the base of the
which leads to the global maximum i@ shown for each concentration decay point, thé =0 mode underwent the
curve. Eventually, of course, because the mass of surfactatargest overall amplification. In contrast, placing the distur-

2. Disturbance localized far downstream
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FIG. 5. Time evolution of thga) amplification ratio andb)

FIG. 4. Time evolution of the@ amplification ratio andb)  normalized rate of energy growth fgg=0.4 and disturbance wave
normalized rate of energy growth fgg=2.0 and disturbance wave npymbers in the range<9K <25. Other parameter values are speci-
numbers in the rangesOK<25. Other parameter values are speci- fied in the text.
fied in the text.

] ] ] ] there is no transient amplification or growth. Figuré)5
bance further ahead of this point and allowing the film pro-gnows that for all modes excelit=0, the amplification rap-
file time to develop a significant shocklike front, switches theidly decays from unity to zero. Although the=0 mode also
maximum amplification amplitude to the mo#le=10, with  ghows Jittle if any amplitude intensification, it does require a
K=5, 0, and 25 undergoing progressively smaller intensifich |onger time to decay to zero. The growth rate curves
cation, in that order. The largest wave number tri€d, corresponding to this system are depicted in Fig).3Unlike
=25, shows insignificant perturbation enhancement but disthe two previous simulations, there is no sudden stabilizing
plays the largest overall growth rate as shown in Fin).4  response as the disturbances are first applied to the spreading
Another interesting diﬁerence related to disturbance |0ca|izaﬂ|m. Th|s is ||ke|y due to the fact that the disturbances are
with the time of onset of amplification. If the front is allowed fjjm profile is still rather flat and uniform.
time to evolve before merging with the perturbation, all wave |y Taple I, the position of the applied disturbance is listed
numbers are excited and reach their peak at approximatelyjong with the mode undergoing the largest overall amplifi-
the same time, in contrast to the first case discussed in Fig. 3ation. For disturbances initially located within the region
in which the smaller wave numbers take longer to assumgpated by surfactant or close to the point where the initial
their maximum value. The growth rate curves #=2.0  gyrfactant concentration decays to ze@~0.5), the K
shown in Fig. 4b) are similar to those shown previously for = mode exhibits the largest amplification and growth rate.
£s=0.7 except for the delayed response corresponding to the the initial disturbances are applied well beyond the surfac-
time required for the spreading front to meet the appliedant concentration decay point, the= 10 mode exhibits the
disturbance. largest amplification ratio and growth rate. We did not inves-

_ _ tigate the amplification ratios for smaller increments in wave

3. Disturbances localized upstream of the monolayer edge number but the choic =11, for example, gave an ampli-

When the disturbanceg¢ and ¢ are applied well inside fication ratio profile similar to theK=10 mode for &
the initial surfactant distribution, for example, 8=0.4, =1.5, 1.7, and 2.0. Also, when decreasing Re500, the
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TABLE I. Wave numbers corresponding to the applied distur- 100.0
bance yielding the largest amplification ratio. All relevant param- K=10
eters are held fixed except the location of the peak of the Gaussian
distributed perturbation which varies between<94<2.0. The 0.0 e ik

relevant parameter values arf?4=0.5, A=10, ¢,=0.5, B=50,
Pe=5000, andC= 1075, Parameter definitions can be found in

Sec. II C. W -1000

=0.0 Kmax=0.0

& max 2000 1 s

0.4 0 -—-- 1=80

0.7 0

1.0 0 300'00.0 05 10 15 20 25

1.5 10 F’

1.7 10 @

2.0 10

4.0 T T T y
T () K=10

optimally growing mode shifted to the value=7 for & 30 — t=2.6
=2.0. It appears that there is some sort of preferred wave- --—- 1=80
length for maximal transient growth depending on the posi- 20 |
tion of the initial disturbance and how well developed is the (0}
profile of the advancing shock in film thickness and surfac- 10
tant concentration. Because PEII*H%)/u* DY, it is
trivial to alter the magnitude of the parameter with various 0.0 ol
experimental conditions. Using dip-coating or spin-coating )
methods, a known thickness of liquid can be deposited on a . . . .
substrate thereby alterirtg . Similarly, with different com- ‘1‘00'0 05 10 15 20 25
binations of liquids and surfactants, the valued bBf, u*, 13
andD} can be modified to attain a desired;P&hese trials ®)

can be attempted with manually applied disturbances at vari-

ous locations by contacting a surfactant-coated wire to the FIG. 6. Solutions for the disturbances(@ thicknessy and(b)
surface of the liquid. Therefore, we can conceive of experi-surfactant concentratios for times ranging from 1.8 r<8.0 with
ments that alter Reand the initial disturbance location, while K= 10 and¢;=2.0. The amplitude of the functiop(¢, 7=1) in (a)
measuring the resulting finger wavelength. is too small to be visible on the scale shown.

sponse and counter-response. We discuss below the impor-
tance of this sharp variation and increasegij.

A comparison of the disturbance functiong(é,7) and As time evolves tor=8.0, the disturbances advect
¢(&,7) for K=10 shown in Fig. 6, with the base state pro- through the advancing shock region and fall behind the lead-
files,h,, 9o, andg,,, shown in Figs. 2 and 7, confirms that ing edge. A comparison of Fig.(®, Fig. 6a), and Fig. 7
the largest transient response occurs when the disturbancsisows that the disturbances are now localized in the linear
are momentarily centered about the point where the surfagortion of the height profile where the concentration gradient
tant concentration decays to zero. For the particular simulais a constant. Once the disturbances fall behind the shock
tions shown, this occurs d@=1.5 for 7=2.6. At this same region in the base state, the amplitudes sharply decay and the
location, the steep front of the advancing shockjnunder- momentary amplification is minimal. This trend continues
goes an inflection in the slope. More importantly, the overalluntil the amplitude decays to zero.
base state surface velocity achieves a maximum. Examina- Our studies also confirm that as the wave number of the
tion of the evolution of the gradient in the base-state surfacdisturbances is increased beyoke- 10, the lifetime of the
tant concentrationg,;, as seen in Fig. (3), indicates a applied perturbations rapidly decreases. ket25, the am-
strong kink at the local minimum foé=1.5. The quantity plitudes vanish before the disturbances have migrated to the
0o Suffers the largest change at this location. This kink islinear portion of the base-state thickness profile. In addition,
also reflected in the plot of the base-state surface velocityhe oscillation seen previously i for the caseK =10 com-
shown in Fig. Tb), where the velocity has been decomposedpletely disappears and instead a single peak appears centered
into the two main components of the flow, namely, the Ma-at the point of maximum surface velocity. In the other limit,
rangoni and capillary contributions. The Marangoni contri-whereK=0, the disturbances undergo significant amplifica-
bution experiences a slight enhancemeng=atl.5 which is  tion, as previously shown in Fig. 4. Interestingly, these dis-
directly counteracted by the negative capillary velocity. Inturbances) and ¢ assume almost identical shape to the re-
fact, the larger Peand the smalleC, the stronger the re- spective base-state functiong; andg,, . It was not possible

B. Enhancement of a localized disturbance
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0.2 : : - : hyperbolic tangent function. We therefore examined the be-
havior of the system for an initial deposition profile of the
form

Go(£,1)=mee 7€, (25)

To directly compare the evolution behavior of this distribu-
tion with the previous hyperbolic tangent form, it is impor-
tant to maintain the same overall mass of surfactant depos-
ited. A simple mass balance shows that this can be achieved
with the choicem,=2.0 in Eq.(25) for the previous choice
gr®=0.5 andA=10 in Eq.(8).

Under the same conditions specified earlier, the exponen-
tial profile also produces large transient disturbance amplifi-
cation and growth as shown in Fig. 8. In fact, the amplifica-
tion ratio with the exponential deposition profile is
significantly larger than that achieved with the hyperbolic
tangent distribution studied earlier. The normalized growth
rates are identical, however, and reproduce the general be-
havior seen previously in Fig.(#). This difference in ampli-
fication ratio is simply due to the larger kinetic energy input
to the system initialized with the hyperbolic tangent distribu-
tion. Since the amplification ratio was defined by normaliz-
ing the momentary kinetic energy by its initial input value
[see Eq(19)], the system with the tanh deposition profile has
a larger denominator throughout and therefore exhibits
smaller disturbance intensification. As before, the distur-
bances with the smaller wave numbeK=10) undergo
much stronger global amplification.

Comparison of the base-state velocity profiles for the ex-
ponential or tanh concentration distributiGmot shown de-

FIG. 7. () Comparison of the gradient in the base-state concenpicts no difference. The peak in the disturbance profiles once
tration profile,g,;, for times 7=2.6 and 8.0. A spike develops in again occurs at the point where the front of the advancing
the concentration profile, wheig,; undergoes a steep increase to shock inh, undergoes an inflection, which corresponds to
zero. (b) The Marangoni and capillary contributions to the base-the point whereg,; exhibits a kink as the concentration gra-
state surface velocity profile, along with their sum at time2.6.  dient rapidly increases from a negative value to zero. This
Note the negative surface velocity just ahead of the step profile. result verifies that smoothing the rate of decay of the initial

concentration profile by switching from a tanh to an expo-
to derive this observation analytically from Eqd4) and  nential type distribution does not significantly dampen the
(15). amplification experienced by disturbances, which localize to

These observations seem to suggest that disturbancl¥S sensitive region of the flow.
which migrate and localize to the point of maximal surface
velocity in the spreading film undergo significant amplifica- D. Effect of Pe
tion while “riding the wave” shown in Fig. 2a). Once the Decreasing Pefrom 5000 to 100, leaving the initial con-
perturbation falls behind the rapidly moving front, its ampli- centration profile and all other relevant variables fixed
tude continually decreases until it vanishes altogether. Th@ggﬁaxzo.a A=10, £,=0.5, B=50, andC=10"°) further
exact point of maximum disturbance intensification alwayssmooths the height and concentration profile at the leading
coincides with the point where the profile of the base-statedge. Shown in Fig. @) is a comparison of the base-state

Total
Marangoni
———- Capillarity

Surface Velocity

surfactant concentration vanishes to zero. gradient,g,., with the original tanh mass distribution for
two values of Pgat time 7=2.6. Along with a smoother
C. Effect of the initial surfactant distribution shock front(not shown, the kink ing,, is completely re-

moved, leading to a strong decrease in the maximum distur-

Because the transient amplification is correlated to th ance amplitude from-230 to 15.

vanishing point ing,, we wanted to study further what ef-
fect would result by smoothing out the kink gy, shown in
Fig. 7(a). Choosing an initial concentration profile with a
more gradual decline to zero would lend insight into the What leads to the sharp kink o, as the base-state con-
dynamics of disturbance growth at the leading edge. An exeentration evolves and why is this region so sensitive to dis-
ponential type decay provides a more gradual decline than rbances, amplifying infinitesimal perturbations by over two

E. Development of the surfactant distribution
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FIG. 8. Comparison of the amplification and growth of disturbances for two different initial surfactant concentration @xficesntial
vs hyperbolic tangent decawvith disturbances centered &=2.0. (&) and (b): Amplification ratio for K=10 andK=25. (c) and (d)
Normalized rate of energy growth fé¢=10 andK =25.

orders of magnitude? Returning to Fig@P the kink for  singularity in the stress profile for the case where surface
Pe,=5000 at7=2.6 reflects the fact that the concentrationdiffusion is completely absent caused by the junction of two
gradient is fairly constant fron§=1.0 to 1.5 and then sud- surface profiles, one of which is stress ladies., coated with
denly jumps to a lower value before completely dying away.surfactant and the other stress-freg.e., surfactant-free
This sudden decrease implies that the base-state surfactd®0,21. The kink we have traced to the large transient
concentration undergoes a sudden decrease in slope at thwwth is not related to this singularity in the flow since in
downstream tip. Recall that the overall surface velocityour simulations there is always surface diffusion present.
shown in Fig. Tb) corresponding to this same position and

time achieves a smaliegativevalue just ahead of=1.5. F. Surfactant equation of state

This negative velocity is due to a capillary pressure at the : .
leading edge that tends to force the fluid upstream. Directl)f. All of the_ results noted above were obtained with the
inear equation of state=1—1I", whereo andI" are the

in front of this region, Marangoni and capillary mechanisms’. . . .
dimensionless surface tension and surfactant concentration,

are trying to force fluid downstream. At the junction where spectively. We also studied the behavior of a soreadin
the positive and negative surface velocities meet, surfactahf =P - . ! pre 9
urfactant monolayer described by a nonlinear equation of

has the propensity to buildup and thereby create the sha ,
kink in the gradient profile. If the level of surface diffusion is ate[22).
increased, then both the height and concentration profile o(T)=(8+1)[1+6(B)'] 3-8, (26)
smooth out at the leading edge. This lowers the capillary

pressure at the front and significantly reduces the magnitude

of the negative surface velocity. Therefore, the buildup ofwhere (8)=[(B8+1)/B]**~1. A Taylor expansion of this
surfactant does not occur and the kink in the gradient ixpression fo3—« reproduces the linear equation of state
significantly reduced. As a result, the transient growth is subused in deriving the dimensionless pair of E¢b. and (2).
stantially diminished. It is well known that there exists a Small values ofB produce surfactant monolayers that are

016309-9



B. J. FISCHER AND S. M. TROIAN PHYSICAL REVIEW E67, 016309 (2003

0.2 - y - ' 4.0
K=0
Ir\\
20 ¢t I B
1Y i
;Y M
B i
8o v 0.0 J\}/‘v ————— L
\A
.
20 L T=10
\ -———- 1=20.0
-4.0 : : : :
00 05 10 15 20 25
FIG. 10. The evolution of a globay at 7=1.0 andr=20.0 for
Pe=5000,C=10° andK=0.
on a thin viscous film. Large transient growth is achieved in
cases where both the gradient of the surfactant concentration
G profile and the liquid height profile have time to develop

their characteristic kink and shock at the leading edge of the
distribution profile. These structures are very sensitive to dis-
turbances and occur in the region of the spreading film,
where the base state achieves a change in the direction of
surface velocity. This reversal of fluid motion is directly due
to the vanishing of the Marangoni force and the change in
1 10 the capillary pressure at the advancing front. Consequently,
T surfactant and liquid will buildup at the monolayer edge cre-
(b) ating the described behavior in the base states. Our studies
_ _ - indicate that if the base-states have sufficient time to evolve
~ FIG. 9. The effect of decreasing Pen the transient amplifica- 5 shock front before encountering the disturbance, the per-
tion anq growth of disturbance&@) Base state conggntrgtlon g.radl- turbation essentially rides the wave supplied by the thick-
ent at timer=2.6 for Pg=100 and 5000(b) Amplification ratio g front of the advancing film. Once the disturbances fall
ffrzlz%: 100_anq55000. Relevant parameter valuesiéfel_o, & pehind this advancing rim, they lose amplitude and energy
=2.0, andC=10 °. Note that the smaller value of Peliminates quickly decay to zero. Disturbances initially placed
the kink in go, which reduces the amplification ratio by a consid- within the confines of the surfactant monolayer show little or
erable amount. .
no transient growth.
very surface active and therefore spread more rapidly along Leaving all relevant variables fixed and changing only the
the surface of the liquid film. We repeated similar calcula-surface Peclet number lends insight into the mechanism re-
tions as before and found the same qualitative behavior fogponsible for disturbance enhancement. Lower Peclet num-
transient amplification and growth as already described. Disbers introduce stronger surface diffusion which smooths the
turbances placed well ahead of the initial concentration dekink in the concentration gradient profile as well as the ad-
cay point get significantly amplified when the advancingvancing liquid shock. Once this region is smoothed, the am-
front meets and interacts with the applied perturbation. Agjification is all but eliminated. Although these localized dis-
the spreading film to the linear portion of the base-state congjssipate before reaching the region of flow where the ob-
ce:\ntration profile, they rapidly djssipate in energy and aMxgped fingering occurs.
plitude. Because monolayers with smaller valuesBoére Preliminary results have shown that the application of
more surface active, the monolayer spreads more rapidly and,re gpatially extended disturbances capture two distinct
the overall residence time of a disturbance in the forwar haracteristics of perturbation. Figure 10 shows an initial
part of the film is decreased. We observed a significant reat 7=1 and its development at a later time=20 when
duction in the amplification rati@(7) for values of 8 of Pe=5000, C=10"% and K=0. Upon application of this

order one or less. global disturbance, two distinct regions appearyin Far
IV. CONCLUSION downstream, a spike iy develops at th_e leading edge of_the _
monolayer. This appears to be the region characterized in this
We have studied the evolution of linearized disturbancegpaper through the application of localized disturbances.
for a system consisting of a surfactant monolayer spreadinglowever, in the upstream portion of the flow, a second re-
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