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A two-dimensional mechanical model is presented to predict the compressive
strength of unidirectional fiber composites using technical beam theory and classical

Mem. ASME elasticity. First, a single fiber resting on a matrix half-plane is considered. Next, a
more elaborate analysis of a uniformly laminated, unidirectional fiber composite
W. G. Knauss half-plane is presented. The model configuration incorporates a free edge which in-

troduces a buckling mode that originates at the free edge and decays into the interior -

Protassor of Aeranautics ang of the half-plane. It is demonstrated that for composites of low volume fraction
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Mem. ASME (<0.3), this decay mode furnishes values of buckling strain that are below the

values predicted by the Rosen (1965) model. At a higher volume fraction the buckl-
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California Institute of Technolagy, tions of beam theory. Causes for deviations of the model prediction from existing

Pasadena, CA 91125 experimental results are discussed.

1 Introduction

A problem that has received much attention but moderate under compressive loading. The model presented, which is
success is the prediction of compressive strength of fiber com- two-dimensional, treats the fiber layers as plates supported by
posites. Dow and Gruntfest (1960) were apparently the first to  an elastic matrix (offering lateral support to the fibers at
identify fiber buckling as a viable mode of compressive failure buckling). When the unidirectional composite of infinite ex-
in composites. Their work was followed by that of Fried and  tent undergoes failure, Rosen envisages two possible modes of
Kaminetsky (1964) and Leventz (1964), who addressed ex- failure which he calls the extension and shear modes. In the ex-
perimentally and theoretically the question of compressive tension mode, the matrix material is predominantly in exten-
strength. In these investigations, an empirical factor was used sion and adjacent fibers deform 180 deg out of phase with
to obtain a correlation between the experimentally and each other, as shown in Fig. 1. In the shear mode, adjacent
theoretically predicted values of compressive strength. In  fibers deform in phase, and the matrix material is
1965, Rosen (1965) presented an analysis addressing the ques-
tion of microbuckling which was devoid of any empiricism
and laid the foundation for much of the work that was to \/\
follow. With a few exceptions, noted later, the analytical P —P
research work carried out in the past 20 years is based on the
model by Rosen (1965). Due to lack of space and because an
excellent literature survey on fiber microbuckling exists
(S@uart (1985)), a discussion of the various contributions that
have enhanced our understanding of microbuckling will be
omitted here. Instead, the discussion will be limited to those
aspects that are fundamental in clarifying the state-of-the-art
of the subject. The interested reader is referred to the
references at the end of this chapter and the review by Shuart
(1985), in particular, for a complete and up-to-date account.

The Rosen (1965) model for microbuckling addresses the

problem of fiber buckling in glass fiber/epoxy laminates 1/\
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Fig. 2(b) Isoiated element of buckled fiber

Fig. 2(c) Matrix configuration at buckling

predominantly in shear. Using an energy method to obtain the
buckling load, Rosen approximated the buckled mode shape

of the fibers to be
= nmwx
E sm( )

Here, L/m= A, the buckle wavelength, as indicated in Fig. I.
In evaluating the contribution to the poiential energy from the
matrix at buckling, he assumed the strains in the matrix to be
independent of y. This amounts to approximating the
displacements in the matrix to vary linearly in y. Next, con-
sidering the bending energy contribution of the fiber and the
work done by the in-plane compressive loads on the fiber, he
obtains the following critical values for the extensional and
shear modes:

Extensional Mode:

VE,E, 1%
- Jlmi=f 1
Oer 2Vf[3(1—V,)] b

A\ «[(-Vp) E,
(). = W, E, @

Shear Mode:
2
o)) e

(—%—) Y > 1. . 4

G =

Here, o, =critical compressive stress at buckling,
E,, =Young’s modulus of the matrix, E,= Young’s modulus
of the fiber, V= volume fraction of f1bers h=thickness of a
fiber plate, and A =wavelength of the buckled fiber.

Notice that in the shear mode the critical value of ¢ occurs
for A>> k. Thus, unlike the extension mode in which a critical
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buckle wavelength can be evaluated, no such value A, exists in
the shear mode. The buckling ‘‘load”” is continuously depen-
dent on the wavelength A.

A second viewpoint regarding the mode of failure in com-
pression is referred to as fiber kinking. Observations on kink-
ing failure go back as far as 1949 when Orowan (1942) ob-
served that single crystal rods of Cadmium collapse under
uniaxial compression into peculiar kinks if the (0001) glide
plane is nearly parallel to the axis of compression. It is fre-
quently useful to use four axes (thus four Miller indices), three
of them co-planar, to describe the crystal planes for hex-
agonally close packed (HCP) crystals. The (0001) for HCP
Cadmium is the basal plane. The advent of fibrous materials
has rekindled interest in the subject, and in recent years, fiber
kinking as a viable mode of failure has been observed by,
among others, Weaver and Williams (1975), as well as other
researchers (Dale and Baer, 1974; Robinson et al., 1986,
Evans and Adler, 1983; Chaplin, 1977). Judging from the ex-
perimental evidence available, it appears that the formation of
compression-induced kink bands is closely associated with the
existence of a preferable glide plane in the direction of com-
pression. Budiansky (1983) analyzed kinking by introducing
inelastic behavior in the matrix and explained the large scatter
in kinking strengths in terms of the composite’s sensitivity to
initial fiber misalignment. He presents in Budiansky (1983) a
result for the compressive strength of the composite which
depends on the matrix yield stress in shear and on the-initial
fiber misalignment. However, the experimental evidence
available (Fried and Kaminetsky, 1964; Leventz, 1964; Hahn
and Williams, 1986; Sohi, Hahn, and Williams, 1984; Hahn,
Sohi, and Moon, 1986; Lager and June, 1969) does not sug-
gest that kinking failures are limited to composites that permit
inelastic matrix behavior.

More recently, Hahn and Williams (1986) and Sohi et al.
(1984) have reported experimental results related to compres-
sion failure in straight fiber-laminated test specimens. In these
studies, it was repeatedly observed that failure of the fibers in
plies aligned along the loading direction (0 deg plies)
originated at a free edge and subsequently propagated into the
interior of the specimen, precipitating a global failure of the
test specimen. This observation is consistent with the findings
of Waas and Babcock (1989) as regards the origins of the
failure process.

In this paper we consider a simple mechanical model that is
capable of demonstrating the origins of compressive failure at
a free edge. To do so, the problem of a laminated half-plane
subjected to a uniform far-field compression parallel to the
surface of the half-plane is considered. Despite the fact that
experimental observations strongly suggest that fiber-
microbuckling originates at a free edge, a model configuration
that allows incorporating a free edge has not been examined
with the view of understanding microbuckling.

In developing the analysis, a simple example is considered
first in which a single fiber perfectly bonded to a half-plane is
subjected to compression. This is done for two reasons: first,
to understand the effects of boundary conditions that are ap-
plied at the interface of the different materials, particularly
from a buckling standpoint, and secondly, to assist in develop-
ing the more elaborate analysis that follows, where a more
realistic configuration for the composite is chosen in which the
entire half-plane is a unidirectionally laminated medium.

2 Problem Formulation

2.1 An Example Problem. Consider the idealized, single
fiber composite of unit thickness in the Z-direction, shown in
Fig. 2(a). For carity of presentation, upper case letters have
been used in the figures for coordinate axes corresponding to
their lower case counterparts in the text. The composite is sub-
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jéctéd to & uniform compression (P/k) per unit thickness nor-
mal to the:x, j-plane of the figure. The relatively ‘‘soft’’ sup-
porting medium (matrix) acts as an elastic foundation offering
lateral support to the fiber. For convenience, a composite of
infinite extent in the #-direction occupying the space 0 <y <o
is considered. Standard notation, such as “E** for Young’s
modulus and » for Poisson’s ratio is used with the subscripts
“f’ and ‘“m”’ to denote properties of the fiber and matrix,
respectively. The analysis is carried out for composites typical
of those in the aerospace industry where E,>»>E,,. Conse-
quently, the prebuckling deformation of the composite is one
of uniform contraction with the compressive load borne essen-
tially by the fiber. Bernoulli-Navier beam theory is used to
describe the fiber, while the matrix is modeled as a linearly
elastic, homogeneous, and isotropic medium. The prebuckied
state for the fiber (a positive sign associated with compression)
is described by
_ P
Next, the governing equations for the fiber in the buckled
state are developed. With reference to Fig. 2(&), consider an
element of the fiber infinitesimally removed from the straight
configuration. It is cut by planes that were parallel to the J, £
plane at X and X+ dx in the undeformed state. These sections
remain plane and normal to the deformed middle surface.
With the assumption that rotations are small compared to uni-
ty, force equilibrium, and moment equilibrium in the X, y
plane results in

€0 , v=0. 5)

dQ d?
y -~ = 6
& toP— =0 (6a)
dp’
a_ 6
o= T4 0 (60)
&M h dq dQ
T @ T @ T o 6c)

Here, p’ (per unit length in the Z-direction) is the change in the
axial force P at buckling, M is the bending moment in the
fiber, and v the deflection of the fiber in the y-direction. o and
q are the interface tractions develped at buckling because the
fiber and matrix are bonded at their common interface. In
writing equation (6a), the product p’'d?v/dx?, which is of
second order, has been omitted. The buckling under investiga-
tion is infinitesimal. Equation (64) can be further simplified
by noting that .

d
p/ =th Ug

M

A ’
dx

where u, is the axial displacement of the fiber due to buckling.
Also,

dtv
=—El——.
prz ®)
Combining (6) through (8), the following is deduced
d*y d*y h dq
E,.J _— —g=
A P w00
d*u
+hE, —> =0. 9
q /TR 9

Continuity of displacements at the common interface re-
quires

A dv _
o™ TG |y Hmig
= . 10
v ﬁ=—§- v'"’y=0 ( )
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Periodic perturbations in u (X) and v(X) of sinusoidal form
about the trivial solution (5), with an arbitrary wavelength, A,
are investigated. Then, one seeks the critical value of P re-
quired to maintain this disturbance; g and ¢ are obtained in
terms of the fiber displacements v and #,. This requires the
solution of the elastic displacement equations of equilibrium
in the matrix.

2.2 The Matrix Problem. With reference to Fig. 2{c¢), itis
necessary to solve

*u 3*u 3%y
22— +(l~v,) ——= +(1+ 7 =0
ax? (=) ay? (t+vn) axdy
;) v u
22 +(1-p,) —= =0, 11
ayz ( Vm ) axz + (1 + Vm ) axay ( )

which are the elastic displacement equations of equilibrium
with the approximation of plane stress in the x, y-plane, sub-
ject to the following boundary conditions:

at y=0, u, = Ucosax
Y m= e (12a)
U, = Vsinax
as y—~o, u,—0
7 m (126)
Vpy—0.

Here, a=2%/A and U, V are arbitrary constants. In writing
(12), the form of the buckled displacements of the fiber is
assumed as

Ugr = Beosax
v (3
vy = AsinaX.
The solution of (11) proceeds in the following manner. Let
u,, =y (y)cosex 14)

v, =9 (¥)sinox.
Using (14) in (11), and elimination of ¢(or /), results in the
following ordinary differential equation for J (¢)
\bIV - 2a2¢11 + 0!4\0 =0,
where ( ) =d/dy; a similar equation results for ¢.

(15)

The solution of (15), subject to the second condition in (12),
is
V= (Cy+Che

and similarly, (16)
¢=(Dyy+D)e .
Here the Cs and Ds are related by
L R I

C;=-D,.

Equation (17) is obtained by substituting (16) into (11). Incor-
porating the first of (12), one arrives at

D, (3-
Uy, (x, 0)= [——3- —S———'—J-"—'l— —D4]cosax
e I+ Vm) (18)
Upm (x, 0)=D,sinax
with
D,=V
(1+v,) (1+v,) (19)
D} =0
3G-v,) B+v,)
Next, the surface tractions g and ¢ are computed;

ou,, v,
T‘y"G"'[ | ax ]
=G ¢ + ad]cosax.
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Thus,

T (X, 0)=gq(x, 0)=G, [Za %:_—%"5)—
4o
- —(?:;,—"—)— U] cosaux. (20)
The normal stress
o = E,. [av,,, ,y aum]
7 (I~v,2) L 3y ™ ax
E, .
—(T_—;;—Z-)— [¢’ —v,o¢]sinax.
Thus,
o, (x, O=0(x, 0)=
En®  v-vt-s,)sinex. 1)
(+v,)3-7,) m
Using (13) and (12a), the following is obtained:
V=A
v-p- 124 “

Substituting (20) through (22) into (9), the following system of
equations results
a,—¢e)A+bB=0
(a, ~€p). 1 23)
azA + sz =0

where
I . 2 w(1~v,)
12 pl+v,)(3—-v,) 23 -v,) (1 +v,)

plo+(1—v,))
2(1+2,)3—v,)

p((1 =) +p)

a;=

L= ) 3=v))

b, = — - #(l*ym)
Y43 -vy) p(3-v,)1+2,)
b, 2u +1,

T o0+ B—1,)

and the following nondimensionalizations have been used

2nh
=ho= ——
P o x
(24)
= Ef
For nontrivial solutions for 4 and B, one requires
(ay—€) by
=0. (25)
a, b,
The condition (25) implies that
b
eo=a1+a2( ‘). 26)
b,

2.3 Results and Discussion. To illustrate the results, the
material properties listed in Table 1 have been chosen. These
correspond to the two fiber/matrix systems, designated as
T300/BP907 and IM7/8551-7. From now on, these shall be
referred to as BP907 and IM7, respectively.
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Table 1
BP907 M7
Ey
— 74.2 79.3
En
m 0.38 0.33

Figure 3 shows the variation of ¢,, with the nondimensional
half wavelength /(/=\/2h). In this plot, the present results
(solid curve for BP907 and dashed curve for IM7) are com-
pared with those of two other models. The first one, Gough et
al. (1939), is obtained by neglecting the presence of the inter-
face shear traction q. In that calculation, instead of the con-
tinuity conditions, equations (10) are replaced by the require-
ment that the surface of the matrix (y=0) is constrained to
satisfy

e, =0
v=1,,.

In the second model (Reissner (1937)) the surface of the
matrix is taken to be free from shearing stress. This amounts
to satisfying (at y=0)

(27a)

o= b @7b)
Ty =0,

In computing the critical strain, the models of Gough (1939)

and Reissner (1937) do not account for the interface shear

traction developed at buckling, From Fig. 3 the minimum

values of ¢, such as those corresponding to point A, are iden-

tified as the buckling strain.

The manner in which the buckling strain in affected as a
function of the ratio of Young’s moduli of the constituents
E,;/E, is shown in Fig. 4(a). The corresponding critical
wavelength variation is depicted in Fig. 4. Notice that a large
disparity in Young's moduli between fiber and matrix
(E;>E,) leads to a gradually decreasing value of critical
strain, with the rate of this decrease diminishing as the limit
E//E,~ is approached. Further, as expected, the agree-
ment between the present calculation and those of Gough et
al. (1939) and Reissner (1937) improves as this limit is ap-
proached. Also, as E,/E,, o, by holding E, constant and let-
ting E,, -0, which corresponds to a gradual disappearence of
the matrix, the Euler formula, ¢, =p?/12, is obtained from
the present result (26). Next, consider the case of E,/E,, —~1.
Here, there is a noticeable difference in the predicted values of
¢y between the three calculations. However, in the range

. E4/E,, =20, the predicted critical nondimensional half

wavelength [ is less than 5. Thus, in this situation where the
critical wavelength becomes comparable to the thickness of
the fiber, use of a one-dimensional theory, such as technical
beam theory in describing the fiber, is inappropriate. The ef-
fect of Poisson’s ratio on the buckling strain and critical half
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wavelength can be inferred from Fig. 5. Here, it is seen that
when v, =0 (a condition which constrains the matrix to
behave such that ¢, =¢, =0 at buckling), the buckling strain is
higher than for cases v,, = 0. This is to be expected because the
constraining condition ‘‘stiffens’’ the matrix at buckling.

In summary, it is observed that the effect of the interface
shear traction occurring at buckling is to introduce small
periodic fluctuations in the axial thrust acting on the fiber
(denoted by p’ in the formulation). Further, this shear trac-
tion also introduces bending moments because of its eccen-
tricity with respect to the centerline of the fiber. These effects
have/been included in the present formulation.

The stresses in the matrix associated with the sinusoidally-
buckled form of the fiber contain the multiplier e~**, and thus
diminish as y increases. At a sufficiently large value of y, they
may be regarded as negligible. Thus, the coefficient '« in the
exponent characterizes a boundary layer depth into the matrix
to which any surface disturbance can be felt. The quantity
““ay’’ can be rewritten as,

_ 27 _ 7 ( y )

FEXIET /)

Figure 4(b) shows a plot of /., against the ratio E ¢/Ep. It is
seen that for a *‘soft’’ matrix (E//E,, = 500, say), the surface
disturbance is felt to a larger depth than for a “*hard’’ matrix
(E;/E,, =50, say). This result can be interpreted in the hight of
more realistic composites. Suppose a unidirectional laminated
composite contains several fibers. Then, so long as the fiber
spacing is larger than a certain minimum value, the interaction
between adjacent fibers will be negligible, and the one-fiber
model presented here can be used as a measure of the com-
pressive strength of the composite. However, in order to max-

28
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Fig. 5(a) Effect of Poisson’s ratio on critical strain €g; curves (a), (b),
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imize the specific stiffness of the composite (the E/p ratio),
one needs to attain a high volume fraction of fibers.
makes the spacing between fibers (expressed more readily in
terms of fiber volume fraction Ve= (h/h+2c) small com-
pared with A. Typical values of ¥, range from 0.5-0.6 for
fiber-reinforced laminated systems that are currently in use.
Thus, it is informative to address the more general problem of
a laminated medium containing many fibers under com-
pressive loading (Fig. 6(a)). There are several ways to ap-
proach this problem. In the spirit of the previous analysis, this
can be modeled as a problem of a single fiber resting au an
equivalent orthotropic medium (the ‘‘smeared”’ foundation).
However, unlike before, the prebuckling stress state in the
“‘foundation”’ is quite different. No longer can it be assumed
that the totality of the load is borne by the surface fiber alone.
Indeed, one is compelled to consider a problem in which the
“foundation’s’’ initial stressed state on the buckling of the
surface fiber has to be accounted for. Such a consideration
can pose difficulties in solving for the displacements of the
foundation in the presence of the initial stress, since now a
two-dimensional stability problem for the foundation
itself has to be considered.

Another approach to the problem is to consider individual
fibers separately, and account for the interaction effects be-
tween adijacent fibers by analyzing the deformation of the
sandwiched elastic matrix at buckling. It is this approach that
is followed in the next investigation.

3 Buckling of a Layered Medium

This

3.1 Problem Formulation. The configuration being
studied is shown in Fig. 6 (a). Here, the end compression is in-
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dicated as being carried entirely by the fibers. To verify this
assumption, let P (per unit length in the Z-direction) be the ap-
plied load to a ““unit cell”’ of depth (4 + 2¢) in the prebuckled
state. Then, the axial compressive stresses in the fiber and
matrix are

P
xj—h(l 2c E,,,)
h E;
P
Oy = - 5
Er _‘i)
h E + W
with
h v,

These reduce to g,=P/h and g, > Oxps SO long as
(Ei/E, ) >>((1 - V,) V,) and E;>>E,,, which 1s the case in the
present investigation. Thus, the prebuckled state of the com-
posite is as described by (5), with the end compression load
carried entirely by the fibers. The matrix acts as an elastic
foundation. Next, consider the composite in the buckled con-
figuration (Fig. 6(b) and 6(c)). Then, considering the
equilibrium of a typical fiber, the foliowing set of equations
result for the surface fiber (N=1) and the nth fiber (N=n),
respectively. (Here an extra subscript # designates quantities
associated with the nth fiber.)

Traction free

Surface Fiber.

v, d*v, h dg,
EJd +P - . =
T 2 T 2 Ta .
2
duy, @)
q"l +th—t—ix:z—- =0.
n¢h Fiber.
d*v du,
Eflgx‘“fn‘ +P dfz _[Uu] —ULH—I]
h
5 et 9, )= 0
(30)
U,
9, ~q., 1 +hE; Frale 0.

In order to proceed with the solution of (29) and (30), the
shearing and normal tractions (g, ¢) developed at the
fiber/matrix interface at buckling have to be determined. This
can be done by considering the deformation of a typical
matrix layer sandwiched between any two fibers. Thus, isolate
the nth and (7 + 1)st fibers and the matrix in between (Fig.
6(c)). To proceed, solving for the displacements in the matrix
layer, some boundary conditions have to be imposed at the
fiber/matrix interface. As before, sinusoidal perturbations in
u(X), v(X) are investigated about the trivial solution (5).
Thus, for the nth fiber it is assumed,

Uy, = Up,cosak

(31)

v, =V, sinax.

1.
P - - N+ fiber - P
2‘(: . vy matrix
P - ? - P
¥
)/
P - P

Fig. 6(b) Buckled configuration of laminated composite
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Fig. 6{c) Isolated portion ot buckled configuration; ath, (n + 1)st fibers
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,'Lknown amplitudes of the perturbations
¢ -_ely, ofthenth fiber
B o

6€ the matnx stnp between the nth

A
dx Fu= 5
(32a)
v, A = b fye o
n ,V"="2— m'y [
(n+ 1)st fiber/matrix interface,
h dvg.y
”0(n+u+"2_ d" , A= Uy
X Une=- oo (32b)
U(n+l) 5 h = vmly:c-
mel=" T

Notice that by confining attention to the nth and (n+ 1)st
fibers and the sandwiched matrix in between, it is possible to
generate the governing equations for any fiber. The interface
continuity conditions for displacements are completely
specified by (32) in that, at every fiber/matrix interface, one
of the conditions (32) will apply.

The solution of (11) subject to (32) is,

u,, (x, y) = (C,coshay + C,sinhay + C;ycoshay

+ C,ysinhay)cosax 33)
U (X, }) = (D coshay + D,sinhay + D, ycoshay
+ D,ysinhay)sinowx,
with
C3 -V
D,=C,- -——(~——"‘—)
1= l+v,
C,
D,=C, - ——( ———’"—)
2 ! 1+,
, (34)
D,=C,
D4 = C3 .

Here, C,;(i=1,4) is related to the unknown amplitudes of the
adjacent fibers Up,, Uynips Vs Vinyyy through the condi-
tions (32) by

—2—' ( V(n+1) - Vn)]

+m[Vigeny— Val

Ci=m, [Uom+ ntUp +

P
Cy=my [UO(n+1) ~Up + -5 (Vinent Vn)]
+mpulYiney+ Val (35)
=My [Uw-n)“ U + > (Vineny t+ Vn)]

+mzlVin+V,l

G

C. o
‘&1 =my[Uppeyy + Upn + 5 Viasn— V,,)]

+Mp[Viniy = Vol

The constants m,,, . .
Appendix A.

Having obtained the displacement field for the matrix strip
(32) in terms of the boundary values Uy, ), Uy, V(,,H), Vs
the surface tractions Gups 0Ly yys Guys DL iq_yy acting on the
nth fiber can be computed

. my, and m,, ... m,, are given in
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Thus, .

- all [U Pul+U(,,+1)P +VP

] (l“
+V(,,+,) ,,4]smax
E,a
GL(H—I) =—(l—:7)— [U("—DPL[ + m"PLz + V(,,_|)PL3
m
+V, P, Jsinax (36)
9y, =GnolU' R, + Ui yRy, + VR,
+ Vinr Ry, Jcosax
Aiiy_yy=OmalUn_yRe + VR, + Vi Ry,
+V,R, 4]coswc,
where
P
U, =Uy—~ —V,
on 2 n
p
(]2,, = UOn + T Vu
(37)
P p
Uinry=Uppnsny + 5 Vo
p
Utn-ny=Up(a-1y— - Vaor
Expressions for P,,1 s oo R . . ., etc. are given in Ap-

pendix A. Substituting (36) mto (30), the following system of
equations for the nth fiber are obtained:
2

14 © L
—V, —¢V,— ——— F, (U, y . ,
12 ’n €¥n p(l—v,,,z) ¢ n-1) Usn UO(n+1)
-
Va1 CVar+ F,(Ugp-1ys - - -)=0 (38)
#i
TF3(U°("‘”’ ....... )~ Uy, =0.

Here, p*=Gn/E;. The functions Fy, . . F, are linear com-
binations of the six unknown amplitudes Uy, 1y, Upps Upgn+ 1>
Viz1s Vas Viuir. These functions are given in Appendix A.
Similarly, for the surface fiber from (29), the following equa-
tions are obtained

2

o 14
ETE Vi~e Vi~ -‘;(T:v——;)-F4(U01’ Uns V1, V2)
m
F5(Upy, . ., V3)=0
\ (39
©
L= F Uy - V,)— Uy =0.

The functions Fy, . . F;; are also given in Appendix A.

The system of equations (38) and (39) can be conveniently
arranged in the following form

[Q*1(w,] + [Ql[u,] =0 (40a)
[QM[u,-,]1+ [Qllu,] +[Q[n,,,]=0, (40b)
where elements of the (2 x 2) matrices Q, O, etc., are arranged
in Appendix B and
Up,
w,= .
]

It is of interest to seek solutions to the perturbation
amplitudes (U,,, V,) that exhibit a decay into the interior of
the half-plane under consideration. Thus, one seeks values of
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¢o that permit this behavior. Of all possible ¢, that fall into this

category, the minimum e, is identified as the buckling ‘‘load’’

of the system. Thus, the following problem is considered.
We are required to solve (40) subject to the condition

UOlr Vl
Ugys Vy,—0asn—oo,

Notice that (40) subject to (41) is a difference equation
eigenvalue problem. Here, ¢, is the eigenvalue sought and the
amplitudes Uy,, V, are the associated eigenfunctions. The
boundary conditions (41) are physically motivated to conform
to’ the experimental observations discussed in (Hahn and
Williams, 1986; Sohi, Hahn, and Williams, 1984; Waas and
Babcock, 1989). The solution proceeds in the following man-
ner: First, (40b) is solved using the boundary condition for
large n. This enables one to find the general solution for U,,,
¥, up to two arbitrary constants. Then, using the first of con-
ditions (41) and the obtained general solution, substitute for
Uy, V) into (40aq). This results in a (2x2) system of
homogeneous equations for the two as yet undetermined con-
stants. Vanishing of the determinant associated with this
system gives the required condition to obtain ¢,. Unlike in the
previous case, it is not possible to obtain an explicit expression
for e (see (26)). This is because each member of the matrix
associated with the final system of equations is a function of
€. Thus, we obtain an equation implicit in ¢, of the form

G(ey, N =0. (42)
Newton’s method is used to solve (42) for a specified /.
Details of the solution process can be found in Waas 1987.

Depending on the geometry and material properties of the
composite, several cases will be discussed next. '

finite
@41
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3.2 Results and Discussion. Results are computed for
composites whose material properties are listed in Table 1. For
clarity of presentation, the results are displayed in the (e, /)
plane. In the discussion to follow, the term ‘‘decaying solu-
tion’’ is used to refer to solutions of (40) subject to (41). For
comparison purposes we first present solutions to (40) subject
to

Unn=0s . - Viney= Vi, = Vinsyy - - - (43)

which is the displacement field assumed in RIM (abbreviation
for Rosen’s in-plane mode (1965)). The value of ¢, predicted
by such a specialization is obtained by substituting (43) into
(40b). One then finds

e =qu. (44)
Values of (¢, /) conforming to (44) are indeed the RIM
prediction. However, in order that (44) be a solution to (40), it
must in addition satisfy the required boundary condition for
large n. Clearly, this is not the case. The reason is that the
Rosen shear mode result holds only for a composite of infinite
extent, without recourse to a traction-free edge. Furthermore,
the Rosen result

G

(1- Vy)

is obtained in the limit /—o¢, implying a mode of buckling
with a long wavelength. Thus, the Rosen prediction cor-
responds to buckling of an infinite medium where al/
wavelengths (/>>1) are admissible solutions. Physically, the
RIM prediction furnishes values of ¢, corresponding to the
equilibrium of the composite in a nontrivial configuration in
which every fiber buckles in an identical manner. Where ap-
propriate, the RIM prediction is included in the results
presented for comparison purposes.

Ocr Imin =
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In Fig. 7(a), a plot of variation of strain with / for a com-
posite with a low fiber volume fraction V;=0.1 is shown. In
this figure, the result obtained from the present analysis has
been compared with those of RIM and REM (Rosen exien-
sional mode). Notice that the buckling strain as predicted by
the present analysis, and marked as point B, is lower than both
the RIM and REM predictions. Similar curves for other values
of V, are shown in Fig. 7(b). Here, the minimum point of the
curves marked as ‘‘decay mode”’ shifts to the right with in-
creasing values of V,. Beyond a certain value of V;, the
minimum is found to disappear. The nonexistence of a true
minimum implies a continuous dependence of ¢, on the half
wavelength /. Thus, for a fixed value of E./E,, a critical
decay buckling mode of short wavelength exists below a cer-
tain V,. Above this value of V}, a short wavelength buckling
instability is still present but shows a continous dependence on
{. With increasing V/, the buckling strain increases, while the
corresponding critical half wavelength decreases as is shown in
Figs. 8(e) and 8(b). However, in this limit (V,—1), the
critical half wavelength becomes comparable to the thickness
of a fiber (/=1). In such cases, treating the fiber via beam

. theory is inadequate. To properly address this question re-
quires modeling a fiber as a two-dimensional continuum. This
aspect is not considered in this presentation.

A critical strain {e,, ) is defined by poinis corresponding to
such as B in Fig. 7(a), and when a true minimum does not ex-
ist, the minimum of all admissible (e5,/). Then, Fig. 9(a)
shows plots of e, against the volume fraction V. In this
figure, curves for a composite of large E,/E,, (=200) and
vp=0.3 have also been included for comparison purposes.
The corresponding plots for the corresponding critical
wavelength are shown in Fig. 9(b). In Fig. 8(a), the portion

146/ Vol. 57, MARCH 1990

4 2.3
&
E 9.9 (a)
<
Ef-'_f: a o \ Plane strain
n N\
oiz \ Plane stress
2{[ T T T T 1 T LR
] 209 “w c0d 500 1009

HALF WAVE LENGTH (l.,)

Em

Fig. 10 Comparison of plane-stress and plane-strain approximations
for BP907 singie fiber composite; (a) ., variation and (b) I, varlation

of the curve marked A-A’ is a region of almost constant
strain. This region spans & range of V; that is large for small
values of the composite’s E;/E,,. This can be inferred from
Fig. 9(a). The *‘section’’ A-A’ corresponds to the value of ¢,
obtained from the previous analysis for a single-fiber com-
posite. Physically, this implies that for values of ¥, less than
that corresponding to point A’, the fiber spacing is large
enough that there are no interactions between fibers. Thus, the
buckling is as predicted for a single-fiber composite. Beyond
point A‘, one can no longer ignore this interaction effect.
That this is so was emphasized in our previous discussion on a
single-fiber composite. There, the existence of a certain critical
depth into the matrix to which any surface effects were felt
was discussed. It was noted that for a ‘“‘soft’> composite
(E;/E,, =200, say) this depth was larger than for a ‘*hard”
composite (E,;/E,, =50, say). Thus, here it is not surprising
that the region of constant strain A-A’ persists further for the
harder composite {Fig. 9(a) ). However, it is seen that in situa-
tions where the interaction effect is present, the present decay
mode prediction yields a higher value of buckling strain as
compared with the RIM prediction for a composite of infinite
extent, Experimental results reported in the literature show
some scatter (Shuart, 1985) in the data on compressive
strength. The RIM prediction, when compared with this data,
can be in error by as little as 40 percent (June et al. 1969) to as
large as by an order of magnitude (Shuart, 1985; Hahn and
Williams, 1986; Sohi, Hahn, and Williams, 1984; Lager and
June, 1969; Waas and Babcock, 1989; Waas, 1987).

Before discussing possible causes for such a discrepancy, the
difference in the results between a plane-stress and plane-
strain approximation for the perturbation problem will be ad-
dressed. The plane-strain result can be generated by making
appropriate substitutions for the elastic constants. Results are
computed for the BP907 composite. For the single fiber case,
Fig. 10 shows the critical strain and critical half wavelength
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variation as a function of (E;/E,,). With the plane-strain ap-
proximation, the computed ¢, _ is slightly larger than the cor-
responding plane-stress result, while /,, is slightly lower. The
Poisson’s ratio of the fiber is assumed as 0.2. The corre-
sponding results for the unidirectional composite exhibit a
similar trend as shown in Fig. 11.

It was seen that values of ¢,  calculated for the RIM result
and the present investigation overestimated the experimen-
tally observed buckling strains. In addition, the present decay
mode result is higher than the RIM result. The reason for this
latter discrepancy is that the decay mode, which accounts for
interaction between adjacent fibers, vields a critical
wavelength that is a small multiple of the fiber diameter as
co}mpared with the longer wavelength RIM result. Further, the
decay buckling mode is two-dimensional involving a
dépendence on both the ¥ and j-directions, while the RIM is
essentially one-dimensional, presuming that all fibers buckle
in an identical manner. Thus, the RIM model is less constrain-
ed than the present model. However, it is unrealistic as com-
pared with recent experimental findings reported by Hahn and
Williams (1986), Sohi et al. (1984), Hahn et al. (1986), and
Waas et al. (1989), which indicate a decay mode type of buckl-
ing. For example, in Waas and Babcock (1989), real-time
holographic interferometry coupled with optical microscopy
are used to capture the origins of compressive failure, which is
seen to originate at a traction-free edge. In Hahn and Williams
(1986) and Sohi, Hahn, and Williams (1984) evidence of multi-
ple fracture in the damage area was presented. It was also
postulated that microbuckling of fibers originated with the
buckling of a single fiber, which caused tensile stresses to
develop in the matrix in between, thus reducing the buckling
load of the adjacent straight fiber. This process progressively
involved additional fibers as the damage propagated. Both the
RIM and the present model enforce perfect bonding condi-
tions between fibers and matrix. In addition, the fibers are
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assumed to be perfectly aligned in a regular fashion. Both of
these simplifications are unrealistic from a physical viewpoint
in that neither are the fibers perfectly aligned nor are they
perfectly bonded to the matrix. (Evidence to this effect is
presented in Hahn et al. (1986) for example, that show SEM
micrographs of the cross-section of typical virgin specimens.)
An attempt was made to characterize the imperfect bonding
between fibers and matrix in Kulkarni et al. (1973). However,
no specific parameter was identified that enables quantifying
the imperfect nature of the bonding by a suitable measurement
in the laboratory. A recent investigation by Minahen and
Knauss (1989), addressing the influence of the bond condi-
tions on the buckling strian, has revealed a fivefold reduction
in ¢, when the displacement constraint at the interface is
released. The reasons stated above are the primary causes for
the discrepancy between the predictive microbuckling models
(RIM and present) and the experimental results reported in the
literature (Hahn and Williams, 1986; Sohi, Hahn, and
Williams, 1984; Hahn, Sohi, and Moon, 1986; Lager and
June, 1969; Waas and Babcock, 1989; Waas, 1987).

5 Conclusions

A simple mechanical model for fiber microbuckling has
been considered with a view to understanding the effects of a
traction-free edge in initiating the buckling process. For low
fiber volume fractions, it is demonstrated that a decay buckl-
ing mode furnishes values of critical strain which are below the
predictions of the classical Rosen model (1965). At high
volume fractions, the predicted critical half wavelength
becomes comparable to the fiber thickness, invalidating
treating the fibers via technical beam theory. A iwo-
dimensional description of the fibers is employed in another
investigation.

These preliminary results have highlighted some drawbacks
of existing models for fiber microbuckling and are suggestive
of the need for future research in understanding the com-
pressive behavior of fiber composites.
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