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I know that there is nothing better for people

than to be happy and to do good while they live.

That each of them may eat and drink,

and find satisfaction in all their toil — this is the gift of God.

ECCLESIASTES 3:12-13






ZUSAMMENFASSUNG

Das Thema dieser Arbeit ist die mathematische Behandlung von Andersons Ortho-
gonalitdtskatastrophe, einem intrinsischen Effekt in Fermi-Gasen. P. W. Anderson
untersuchte das nach ihm benannte Phdnomen in den spéten 6oiger Jahren. In sei-
nem ersten Beitrag zur Katastrophe in [And67a] behandelte Anderson ein System
von N nicht-wechselwirkenden Fermionen im dreidimensionalen Raum und stell-
te fest, dass der Grundzustand asymptotisch orthogonal ist zum Grundzustand des
gleichen Systems, gestort durch ein Streupotential mit endlicher Reichweite.

Genauer formuliert: Sei ®} der N-Teilchen-Grundzustand des Fermionensys-
tems in einer d-dimensionalen Box mit Kantenlinge L, und sei ¥} der Grundzu-
stand des entsprechenden Systems mit einem zusitzlichen Potential endlicher Reich-
weite. Dann verursacht die Katastrophe das asymptotische Verschwinden

S = (o, ¥y) ~ L7 (+)

des Uberlapps SY der N-Teilchen-Grundzustinde ®¥F und ¥V. Die Asymptotik in
Gleichung () versteht sich im thermodynamischen Limes L - oo und N — oo mit
fester Dichte N/L¢ - p > 0.

In [GKM14] wurde der Uberlapp S¥ durch eine asymptotische Schranke der
Form

Sy s L7 (%)

nach oben abgeschitzt. Der Abkling-Koefhizient § dort entspricht demjenigen von
Anderson in [And67al]. Eine weitere Arbeit von Anderson aus dem selben Jahr,
[And67b], enthilt die exakte Asymptotik (*)) mit einem grofieren Koefhizienten y.

Die vorliegende Arbeit stellt einen Beitrag dar, zur exakten Asymptotik zu gelan-
gen. Es wird mit einem Koeffizienten y bewiesen, der in gewissem Sinne dem in
[And67b] entspricht und den in [GKM14] verbessert. Die verwendete Methode ist
die aus [GKM14], es werden aber in einer Reihenentwicklung von In S} simtliche
Terme statt nur des ersten Terms behandelt. Die Behandlung der hoheren Terme
geht mit der Schwierigkeit einher, dass die auftretenden Spur-Ausdriicke nicht mehr
zwingend nicht-negativ sind, was fiir einige Abschitzungen aus [GKM14] zusatzli-
che Argumente notig macht.

Das Hauptresultat der vorliegenden Arbeit wird auch in einer gemeinsamen Ver-
oftentlichung [GKMO] mit Martin Gebert, Peter Miiller und Peter Otte erscheinen.






ABSTRACT

The topic of this thesis is a mathematical treatment of Anderson’s orthogonality catas-
trophe. Named after P. W. Anderson, who studied the phenomenon in the late 1960s,
the catastrophe is an intrinsic effect in Fermi gases. In his first work on the topic in
[And67al], Anderson studied a system of N noninteracting fermions in three space di-
mensions and found the ground state to be asymptotically orthogonal to the ground
state of the same system perturbed by a finite-range scattering potential.

More precisely, let @Y be the N-body ground state of the fermionic system in a
d-dimensional box of length L, and let ¥}¥ be the ground state of the corresponding
system in the presence of the additional finite-range potential. Then the catastrophe
brings about the asymptotic vanishing

SY = (@Y, ¥N) ~ L2 (*)

of the overlap S} of the N-body ground states @Y and ;. The asymptotics in equa-
tion (%)) is in the thermodynamic limit L — oo and N — oo with fixed density
N/L? - p>0.

In [GKM14], the overlap S¥ has been bounded from above with an asymptotic
bound of the form

ISV* S L7, (%)

The decay exponent j there corresponds to the one of Anderson in [And67a]. An-
other publication by Anderson from the same year, [And67b], contains the exact
asymptotics (x)) with a bigger coefhicient y.

This thesis features a step towards the exact asymptotics. We prove with a co-
efficient y that corresponds in a certain sense to the one in [And67b|], and improves
upon the one in [GKM14]. We use the methods from [GKM!14], but treat every term
in a series expansion of In SV, instead of only the first one. Treating the higher or-
der terms introduces additional arguments since the trace expressions occurring are
no longer necessarily nonnegative, which complicates some of the estimates from
[GKM14].

The main contents of this thesis will also be published in a forthcoming article
[GKMO] co-authored with Martin Gebert, Peter Miiller, and Peter Otte.
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INTRODUCTION

The topic of this thesis is a mathematical treatment of Anderson’s orthogonality catas-
trophe (Aoc). Named after P. W. Anderson, who studied the phenomenon in the late
1960s, the A0C is an intrinsic effect in Fermi gases. In his first work on the topic in
[And67al], Anderson studied a system of N noninteracting fermions in three space di-
mensions and found the ground state to be asymptotically orthogonal to the ground
state of the same system perturbed by a finite-range scattering potential. The asymp-
totics here involve the N — oo limit, as well as a spatial limit for the box size the
fermionic system resides in.

More precisely, let @Y be the N-body ground state of the fermionic system in a
d-dimensional box of length L, and let ¥} be the ground state of the corresponding
system in the presence of the additional finite-range potential. Then the Aoc brings
about the asymptotic orthogonality

(@), ¥Y) ~ L7 (1.1)

in the thermodynamic limit N — oo and L — oo, where N/L? converges to some
positive constant.

However, the Aoc has shown itself to be a more robust phenomenon with im-
plications beyond single-impurity problems, and the physics literature continues to
discuss it. Being classically treated in connection to effects in metals, like Fermi-edge
singularities in the x-ray edge problem (see [ND69; OT90]), the recent literature con-
siders the Aoc in absorption in quantum dots, or in graphene and other mesoscopic
systems (see [Hel*05; Tur*11; HK12a; HK12b], as well as [HUB05; HG07; RH10]).

The original derivation of the power law (1.1) was given by [And67a], where a non-
interacting Fermi gas in three dimensions is perturbed by a compactly supported
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spherically symmetric single-particle potential. Anderson’s informal computation
uses bounds on the Slater determinant of the two ground states and arrives at

(O, ¥]') = O(L77) (1.2)

in the thermodynamic limit, and he writes the decay exponent y using the (single-
particle) scattering phases (J;) ey, associated with the perturbation, namely

1

= (2€+ 1)(81[1 6()2 (13)
4

M3

)"):

0

In [And67b] later that same year, Anderson derived the exact asymptotics with
an exponent y bigger than the exponent j, stating that »[i]t is interesting that the
main difference from the previous result is to replace sin® § by 82« [And67b), p. 164].

In the decade after 1967, Anderson’s result was the subject of some discussion in
the literature, with [RS71] claiming a different result, but [Ham?71] correcting their re-
sult back to Anderson’s original one, and [KY78] confirming Anderson’s result using
an adiabatic approach.

By now, Anderson’s asymptotics are well-established in the physics commu-
nity. Its mathematical treatment, however, was severely lacking until last year. Al-
though [Ott05] found a limit expression for the overlap involving solutions to a
Wiener-Hopf equation, this expression could not be controlled in the thermody-
namic limit and did therefore not yield any asymptotics - it did, however, shed
some light from a mathematical point of view on the discussion between [RS71] and
[Ham71] regarding the correctness of interchanging of limits. The first mathematical
proof of the orthogonality was given in [KOSI13], where a rigorous version of
the bound in [And67a] was proved for the one-dimensional case. A proof for the
asymptotic bound valid for any dimension was then given in [GKMI14], with a
decay exponent j that reduces to (1.3), the one first given by Anderson, in the case
Anderson considers. That proof uses the same bounds on Slater determinants that
Anderson employed, too: a series expansion for the logarithm of the overlap is trun-
cated after the first term, see Remark [1.3|below.

The aim of this thesis is to consider the full series expansion in order to arrive at a
better asymptotic bound. The methods used are the ones from [GKM14], with some
modifications made necessary by the character of the trace expressions that occur in
the higher terms of the series. In particular, just as in [GKM14], the argument relies
on the smoothing of indicator functions and on the Helffer-Sjéstrand formula (§$[4]
and [s|below). This smoothing necessarily provides just an asymptotic bound on the
overlap, instead of the exact asymptotics, and for technical reasons, the asymptotics
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involves subsequences of length scales; see Theorem for the rigorous statement.
Formally, the result is the asymptotic bound

(@, ¥1) = O(L7?) (1.4)
with a decay exponent y that is given by

1 . 2
y= ;Harcs1n|T/2|HHS, (1.5)

where T is the transition matrix. This is a bigger expression than the decay exponent
y from [GKM14], which can be written as

| 2
Y= ;HT/ZHHS (1.6)

Note how this compares with the quote from [And67b] given above: while Anderson
first gave an expression involving the sine function and then one without, here we
move from an expression without a sine function to one with an arcsine function. In
fact, we expect the asymptotics to hold with the decay exponent y given by (L.3).
The methods employed here, however, only allow for an upper bound on the overlap.
See Remark[10.2]below for a further discussion of open questions regarding the aoc.

The main contents of this thesis will also appear in a forthcoming article [GKMO]
co-authored with Martin Gebert, Peter Miiller, and Peter Otte.

>

OVERVIEW. This thesis is divided into ten sections which follow in a linear fash-
ion. The main result is therefore found in §[10} while the preceding sections contain
propositions leading up to the main result.

§[1] contains a description of the model we investigate, defines the overlap as the
main quantity we are interested in and states a series expansion of that quantity.

S| contains a method for rewriting the nth term of that series expansion in a
different form.

§[3 contains an integral formula going back to R. P. Feynman and J. S. Schwinger,
and its application to the expression of the preceding section.

§[4contains the smoothing argument and the application of the Helffer-Sj6strand
formula as mentioned above.

§[5| contains a proof of the Helffer-Sj6strand formula, as well as a proof of a tech-
nical lemma from the preceding section, which is one of the core elements of the
exposition.

§[6] contains yet another way to rewrite an estimate of the nth term of the series
we started with. In particular, the smoothing done in §[4]is undone in a certain way,
and the smoothed functions replaced by discontinuous ones again.
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§[7] contains a proof of the asymptotic behavior of the expression from the pre-
ceding section. The expression is shown to diverge logarithmically, with a rate given
by the trace of a certain operator times a particular integral.

§[8] contains an evaluation of this integral.

§[o|contains a formula expressing the trace part of the rate from §[7|via quantities
from scattering theory.

§[ro]finally contains the proof of the asymptotic orthogonality (r.4)), which follows
from combining the statements from the preceding sections.

After the ten sections of the main matter of this thesis, three sections follow in
the appendix. The first one states some conditions for the decay exponent y to be
positive, which is necessary for making the asymptotic bound nontrivial. The
second section provides some additional propositions and their proofs. The third
and final section in the appendix gives a proof of the geometric resolvent inequality
in the form needed in §3}

>

A WORD ON NOTATION. This thesis tries to follow certain stylistical and notational
conventions; a list of commonly used symbols can be found in the appendix. On top
of that, certain expressions occur multiple times and give rise to abbreviations or a
certain precedence of operations. For instance, »operator functionals« like traces or
determinants have a lower precedence than multiplication, and thus tr AB = tr(AB)
and tr A" = tr(A"). Terms like »a.e.« (almost every) or »null set« refer to Lebesgue
measure on the appropriate measure space, unless specified otherwise. Components
of vectors from R” are taken cyclically; in particular, x, = x, and x,,; = x; for a
vector x € R". Commonly used functions take +co as their continuation whenever
that is natural, for instance In 0 := —oco and tr A := oo for a positive operator A that
is not of trace class. Integration is denoted in the physics way, i.e., [ dx f(x) is the
integral of f on RR; if no measure is specified, the appropriate Lebesgue measure is
meant. Expressions like f,,d(x, y)f(x, y) for M ¢ X x Y denote integration with
respect to the product measure of appropriate Lebesgue measures on X and Y. The
symbol - is used to denote an anonymous function, for instance f(g(-)) = f o &
the same function could also be written x — f(g(x)); if the domain or codomain
needs to be specified, we write X > x — f(g(x)) € Y. The scalar product (-, - ) on
a Hilbert space is linear in the second argument. The universal quantification v (for
all) is sometimes put after the expression quantified and in parentheses, for instance
g(x) = f(x) (x € M); the quantification statement might be read as »where x € M«.
Further abbreviations are introduced as we go along.
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1 THE seTUP

Let d € N. Let Q, € R? be open and bounded with 0 € Q,. For L > 1, define Q; :=
L-Q.

Let the negative Laplacian —A be supplied with Dirichlet boundary conditions
on Q;. We define two multiplication operators V and V acting on L,(Q; ), corre-
sponding to real-valued functions on R¥ with the properties

max{V;, 0} € Kioc(RY), max{-V;,0} € K(R?) (Vo)
and
Velo(RY), V>0, sptVcQ compact. (v)

Here, K(R%) and Kj,.(R?) denote the functions of Kato class and local Kato class,
respectively, see [Sim82, §a2]; a list of notations used in this work can be found in
the appendix. The finite-volume one-particle Schrodinger operators Hy := —Ap + Vj
and H] := Hy + V are self-adjoint and densely defined in the Hilbert space L,(€)p).
The infinite-volume operators H := —A + V, and H' := H + V are self-adjoint and
densely defined in the Hilbert space L,(R?). Birman’s theorem (see [BE67, Thm. 2]
or [RS79, Thm. x1.10]; the assumptions there are satisfied due to [Sim82, Thm. B.9.1])
guarantees the existence and completeness of the wave operators for the pair H, H'.
In particular, their absolutely continuous spectra are the same, i.e.,

0uc(H) = 0uc(H'). (1.1)

The assumptions (V) and (V) on V; and V, together with [BHLOO, Thm. 6.1 and
Remark 6.2 iii)], imply that the semigroup operators e*F and e~*". generated by
the finite-volume one-particle operators H; and H; are trace class for every t > 0,
and, a fortiori, compact. In particular, H; and H} are bounded from below and have
purely discrete spectra.

Let Al < A} < - and pf < pl < - be the sequences of the eigenvalues of Hj,
and Hj, respectively, counting multiplicities. Let (¢7)jen and (yy)ken be the corre-
sponding normalized eigenfunctions, with an arbitrary choice of basis vectors in any
eigenspace of dimension greater than one.

Let N € N. The induced (noninteracting) finite-volume N-particle Schrodinger op-
erators H; and H, act on the totally antisymmetric subspace /\?’=1 L,(Qp) of the N-
fold tensor product space and are given by

N
Hi’) :=ZI®~~-®I®H§')®I®~-®I, (1:2)
j=1



where the index j determines the position of Hg) in the N-fold tensor product of
operators. The corresponding ground states are given by the totally antisymmetrized
products

1 1
ON = ——oplnnepk and VY = ——yf A Ayk. (1.3)

VN! VN!

Given L > 1 and a Fermi energy E € R, the number of particles is defined as

N (E):=#{jeN; A} <E} e N,, (1.4)
which is the eigenvalue counting function of H at E. The main quantity of interest
is the ground-state overlap

| NL(E) \yNL(E) _ L L
R e ) e o)

in particular its asymptotic behavior as L — co. In (L3)), (-, - )x stands for the scalar
product on the N-fermion space A}, L,(Q;), and (-, -) for the one on the single-
particle space L,(Q; ). The equality in is a consequence of the Leibniz formula
for determinants.

If N.(E) =0, weset S;(E):=1.

1.1 Remark. The particular choice of N1 (E) as an eigenvalue counting func-
tion turns out to be technically useful when conducting the thermodynamic limit,
see Lemma [2.1 below. The particle density p(E) of the two noninteracting fermion
systems in the thermodynamic limit coincides with the integrated density of states

. Ni(E)

p(E) = lim 7210

of the single-particle Schrodinger operator H (which is the same as the integrated

density of states of H’, see Lemma [B.3] on page[57), provided the limit exists. Here,

|| denotes the Lebesgue measure of ; € R¥. Situations where the limit is

known to exist include periodic V;, or V; vanishing at infinity. If the limit does

not exist, there is more than one accumulation point, since assumption (vy)), together

with [Sim82, Thm. c.7.3], imply limsup, ,_ N (E)/L? < oo for every E € R. We

will study the asymptotic behavior of the overlap Sy (E) as L — oo regardless of the
existence of the limit ([1.6).

In order to expand the ground-state overlap as a series, we introduce the orthog-
onal projections

(1.6)

N N
Py =207 )ej and II7 =)y Jyr (N eNo). (17)
j=1 k=1



Using those, we can prove the following lemma.

1.2 Lemma. Assume that §;(E) # 0. Then

SL(E)P = exp( - thr( Moy, (1.8)

n=1 1

where the trace is in the Hilbert space L,(Q;).

Proof. For brevity, set N := N (E). If N = 0, the assertion is true by definition.
Otherwise, define the N x N-matrix M := ({ (97 vk )J iy Then Sp(E) = detM

.....

and S (E)|? = det MM™. For 1< j, € < N, the (j, £)th entry of MM" is

N

(MM*);¢ = ;(%wb(wi)fpe} (¢h, TIY ). (1.9)

By assumption, S;(E) # 0, and therefore M # 0 and MM™ > 0. Moreover, MM" is
unitarily equivalent to PYTINPY ‘hn fohygky TAD PY — ranPY, since
..... oL
(¢]’PNHNPL¢€> <(P]’HL(P€) (MM")je (1<j,£<N). (110)
In particular, since PY and I} are projections, 0 < MM" < 1; it follows that 0 <

1- MM” < 1. This allows us to compute

In(MM*) =In(1- (1- MM*)) = Z (I—MM )" (1.11)

n=1 N

since the series In(1-x) = — Y77, x"/n converges absolutely for |x| < 1. This implies
=1
SL(E)[? = det MM* = exp(trIn(MM*)) = exp(— > - tr(1- MM*)"), (112)
n=1

where the trace is in CN*N. The matrix 1 - MM" is unitarily equivalent to (PY —
PNTIVPY)| , and therefore
lin{gLl,...ok}
tr(chN(l - MM* )n = trranPIL\I(Pi\] - Pi\]Hi\]PIL\])n
= trp,q,)(PL (I - I} )PY)"™. (113)
Using the projection property and the cyclicity of the trace, the assertion follows. [
1.3 Remark. Lemma 1.2 will be the starting point of our estimates for |S; (E)|. Equa-
tion can be written as
131
—In|S.(E)| = 3 Z;tr(PfL(E)(I— HLNL(E)))n. (1.14)

n=1



The trace expressions in are nonnegative, so any truncation of the series yields a
lower bound on - In|S; (E)|, and therefore an upper bound on the overlap. Keeping
only the term for n = 1, one recovers the so-called Anderson integral, which is the
bound used in [GKM14].

In the sequel, we will find an upper bound on |S; (E)| by bounding the individual
terms of from below.



2  TRACE EXPRESSIONS AND SPECTRAL PROJECTIONS

In this section, we rewrite the nth term of in a form more susceptible to replac-
ing the finite-volume operators H; and H; with their infinite-volume variants.

We begin by recasting the orthogonal projections as functions of H; and
Hj in the sense of the functional calculus. The projections in are not necessarily
spectral projections of H; and H7, since the Nth eigenvalues might be of multiplicity
higher than one. The choice of N7 (E) in (1.4), together with a convergence result of
the spectral shift function, allows us to put them into spectral projection form at the
cost of passing to a subsequence of length scales:

2.1 Lemma (Adapted from [GKMI14, Lemma 3.9]). Let n € N. Let (L,,)nen be a
sequence in (0, c0) with L,, - oo. Then there exists a subsequence (L,,, )ken such
that

" Ny, (E) Ny, (E) \n
‘tr(l(_oo,E](HLmk )1(E,<>0)(H£mk )) - tr(PL:lkk (I B HL:lkk ))

=o(InL,,)
(2.1)

ask — oo fora.e. E € R.

Proof. For fixed L > 1and E € R, the definition of N7 (E) in implies

Ao S E <A, (5ya S By )i (2.2)
if we set AL := —oo. This allows us to write
PQIL(E) = 1(-0,£7(HL) (2.3)
and
NL(E)
1-TI ) = 100 (H) - 2 L) () (Wi i = ey (FL) = Q- (2)

The trace norm of the projection Q is the number of nonzero terms in the sum, i.e.,
trQ=#{ke{l,...,NL(E)}; uf > E} = NL(E) - #{k e N; uf <E} =: & (E),
(2:5)

which is the value of the spectral shift function for the pair H;, H] at E. We write the
difference of operator powers on the left-hand side of as

n N; (E N; (E n
(1 ooy (HL)Y(p,o0y (H)) " = (P (1 = TP

n k-1 —k
=S (1 =) TP Q (1o ) (Ho) g0y (H)) - (2.6)
k=1



Equation (22.6)) is a consequence of the algebraic identity

n

n n
[TA;-TIBj=> Bi+Bii(Ak — Bi)Agsr--An (2.7)
j=1 j=1 k=1

for bounded operators A;, Bj for 1 < j < n, where n € N. Estimating the traces of
the operators on the right-hand side of by bounding the operator norms of all
projections except Q by 1, we arrive at né; (E) as a bound. We now use the weak
convergence [HM10, Thm. 1.4]

Jap& ) == [deE) (2.8)

for every bounded interval I € R, where & € Ly o.(R) is the spectral shift function
for the pair of infinite-volume operators H, H'. Thus, given a sequence of diverging
lengths (L, ) men, the sequence of nonnegative functions (&;,,/In L, ),y converges
to zero in the norm of L;(I). By standard arguments, there exists a subsequence
(L, )ken such that (&’Lmk/ln Ly, )Jken converges to zero for Lebesgue-a.e. E € I. Ex-
pressing R as a union of bounded intervals, the claim follows. O

2.2 Remark. (A) In Lemma [2.1, we pass to a subsequence since we don’t know any
good bounds on the finite-volume spectral shift function &; with respect to the vol-
ume. In fact, [Kir87] shows that in the simple situation Q; = [-L,L]¢ for d > 2
and V, = 0, eigenvalues of arbitrary multiplicity occur, which implies that the set
{E e R; sup,, . &1,,(E) = 00} is dense in [0, 00), see [Kir87, Thm. 1].

We also note that since 1 (E) € Ny forall L > 1and E € R, pointwise convergence
of £, a.e. would imply ¢ € Nj a.e.; a much stronger convergence result than is
therefore unlikely to be true. Remarkl[4.7(p) below mentions another idea that might
help to circumvent the lack of known bounds for ;.

In some situations however, better bounds on the spectral shift function are
known. For instance in d = 1, a Dirichlet-Neumann bracketing argument shows

supsup &1 (E) < oo. (2.9)

L>1 EeR
The same is true if one considers not —A on L,(Q;) but the discrete Laplacian on a
subspace of £,(Z%). Whenever a bound like is known, passing to a subsequence
is not necessary.

(B) In following sections, we will repeatedly estimate the trace of the difference
of products of operators, and the algebraic identity will be used at every such
step. The proofs of Lemma4.5/and Lemma 6.7|are examples of this.
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Having established (2.1), we will treat the L — oo asymptotics of the trace expres-
sion tr(l(_oo, £1(Hp)1(5,00) (HY) )n, where no restriction to particular length scales will
be necessary.

The next lemma will be used to get lower bounds of our trace expressions.

2.3 Lemma. Let A, B, A, B > 0 be self-adjoint bounded operators in a Hilbert space
7, and let A < A and B < B. Assume /A is trace class and let # € N. Then

tr(AB)" > tr(AB)" > 0. (2.10)
Proof. From \/AB\/A > /AB\/A we deduce
tr(AB)" = tr(VABVA)" > tr(VABVA)" = tr(BA)", (2.11)

since the eigenvalues of the positive operator \/AB\/A are larger than those of
V/AB\/A, and so are their respective nth powers. In the same manner,

tr(BA)" = tr(\/EA\/E)” > tr(\/ﬁfi\/ﬁ)” = tr(AB)". (2.12)

O

As the final step in this section, we write the trace expression tr(f(H,)g(H 2))”
in a different form.

2.4 Lemma. Let n € N. Let L > 1and E € R. Let f,¢:R — [0,1] be measurable
functions with compact supports spt f € (oo, E] and spt g € (E, o0). Then

n

u(f(H)g(H)) = 2 H(fu Dg(ub)

a,BeN" j=1

(g%, wg)wg] son)) .
2.1
(uf M)k —AL ) ) 0

with the convention «,,.; := «; for multi-indices « € N”.

Proof. We begin by noting that

fHL) =X fA7) {ofs ey g(HL) = 3 g(uid) (vii> - - (2.14)
jeN keN
To ease notation, we employ bra-ket notation, writing (¢, - )¢ = |¢)(¢| for ¢ €

Ly(Qy). Then implies
(res)) = T (108 )stp) Tliok ok h)wh . @9

a,feN” © j=1

and
n

w(F(H)gHD) = X (TTFOL)gw5)) [Tk lvh )b gt ) @as)

a,BeN"  j=1 j=1



where we used the convention «,,; := o for o € N*,
Now, we note that the eigenvalue equations imply

Ni{oi>wi) = (Hopps vi) = o> wi) = (95, V) (217)
for j, k € N, and therefore
(9}> V)
(fvi)=—T—1 (2.18)
’ = Ay

whenever A7 # py. Using this, (2.16) reads

<§Déj’ VW;};)(VIEJ’ Vq)éjurl)
(wg, = A ) (ug, = ALy,
(2.19)
O

w(f(H)g(H)) = 3 (TT70 )s(eh)) 1]

a,BeN" © j=1

2.5 Remark. In [GKM14], the role of Lemma 2.4|here is played by Lemma 3.11, where
a special (finite-volume) spectral correlation measure occurs. It would be possible to
do something similar in our case, for instance by defining

M%n(Al X eee X An X Bl X eee X Bn)
= tr(lAl(HL)VlBl(Hi)V 1An(HL)Van(H£)V) (2.20)

forn e N, L >1andbounded A,,...,A,,B,...,B, € Borel(R). Lemmawould
then read

V)" 2n . f(xj)g(y])
w((H)GEH)) = [ e [T Z e s,
However, for n > 2 the expression is not necessarily nonnegative, and defin-
ing 3" as a signed measure on Borel(R?") might not be possible due to the missing
vector space structure of the two-point compactification [—oo, co] of R. Since writ-
ing the trace expressions using spectral correlation measures is merely a question of
convenient notation, we choose not to do so in our present case.

(2.21)



3 FEYNMAN-SCHWINGER PARAMETRIZATION

In this section, we rewrite the right-hand side of using an integral formula that
goes back to Feynman and Schwinger.

We start with a well-known theorem from integration theory, which we state for
the convenience of the reader. In the whole section, let n € N.

3.1 Theorem (Coarea formula). Let QO ¢ R” be open, g:Q — R continuously differ-
entiable, and grad g(x) # 0 for all x € Q. Then the level set M, := {x € Q; g(x) =r}
is a hyper-surface for all 7 € R. Let f € C(Q), and either f € L;(Q) or f > 0. Then

Jaxfeo=[ar [ dS(€)f(€)|grad L (3.)

where dS stands for integration with respect to the surface measure on M,.
In more specialized situations, Theorem (3.1 can be refined further.

3.2 Corollary. In the situation of Theorem suppose g is positive and positive
homogeneous, i.e., g(x) > 0 and g(rx) = rg(x) for x € Q and r > 0. Then

s o f, G500

3.3 Remarks. (a) In the physics literature, the integration with respect to the sur-
face measure on M, is often written using the one-dimensional Dirac distribution,
namely

ds(é)

JL 4680 - = [ (O 3

We will employ this notation where it is convenient.
(B) We will use Corollary[3.2]in the situation Q = (0,00)" and g(x) = |x|; :=
X1+ -+ x,. Then |grad g(x)| = \/n and

= ~ r ds_(g)rn—l r
f(o,oow dxf(x)_fo d f{EeQ;IEh:l} Vn f(ré). (3-4)

Notice that

ds(¢) 1
f5|1=1 ﬁ B Anl da = (T’I —1)!’ (3'5)




where A,y == {x € [0,1]"7} x; + - + x,_; < 1} is the (n — 1)-dimensional standard
simplex; (3.5) can be seen by parameterizing {& € (0,00)"; |&]; =1} via A, 3> x —
(x,1-|x|;) € R". This implies, using the physics notation,

f d£6(1—|£|1)f(€)=f dx F (Xt ooy Xnts 1= %1 — oo = X1). (3.6)
[0,1]” Ap—1

We now prove the Feynman-Schwinger parametrization formula in a well-
known generalization.

3.4 Corollary (Generalized Feynman-Schwinger parametrization). Let xy,...,x, €
Cand ay, ..., a, € Cwith Rex; > 0and Rea; > 0 for 1 < j < n. Then

-1

1 T+ +a,) TR T

= dud(1-|u )
xf‘l---xﬂ" F(ocl)---l"((xn) [0,1]" ( | |1)(u1x1+...+unxn)m+---+an

(3.7)
Proof. The definition of the Gamma function implies
/ a et - L0 (3.8)
0 xY
for x,y € C with Rex > 0 and Rey > 0. Using for each xj_“j yields

—F(ocla)---l"gocn) = / duuf ™ty @l Zin 4%
xll...xn” (0,00)"

the coarea formula gives

o0
_ f dr / dS(U) rn—lrz;':l Ocj—nuixlfl._.uzn—le—r Z;‘:l Ujx;
0 uh=1 \/n

(o]
_ / dS(u) ulocl—l.”uzn—l / dr TZ;I:I (Xj—le—fz;':l ujxj
uh=1 /1 0

using with y = ¥7, a; yields

dS(u) ,_ I(YXh ;)
B / =1 \/(E)ull 1'“”3"71 n = é’?-la;" (3.9)
b= (S ;) ™"
[l
3.5 Remark. Corollary[3.4/for a; = --- = &, = 1 implies
1 1
o [ dud
XX, (I’l) (0.1]" u ( |u|1)(M'X)n
= / dt t”l/[ ] dud(1- |uf;)e ™= (x €(0,00)"), (3.10)
0 0,1]|"
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where u - x = }77; u;x; is the Euclidean scalar product. For n = 2, this reads

1 (o) e—ta _ e—tb
— = dt —— a,b>0,a+b). 11
= At ) G)
We also mention that the right-hand side of can be written as
/ dt t”‘I/ du |ule” et (3.12)
0 (0,00)"

cf. Lemma|.3} this variant of the Feynman-Schwinger parametrization formula will
be used in the upcoming publication [GKMO] and has the advantage that it needs
no Dirac distribution or surface integration.

We use (3.10) to rewrite the right-hand side of (2.13)).

3.6 Lemma. Let L >1and E € R. Let f, g:R — [0, 1] be measurable functions with
compact supports spt f € (—oco, E] and spt g € (E, o0). Then

te(f(HL)g(Hp)" = [ der 1/01 | 4ev) 801~ July = vl)
x tI’H \/Vf(HL)e(MJ+VJ,1)t(HL—E) Vg(Hi)e—(M]+V])t(Hi—E)\/V’ (3.13)

=1

with the convention v, := v,, for v € R”,

Proof. Let x € (—00,0]" and y € (0, 00)". Then, by (3.10)),

1
de 21 d 6(1- -
f /[O s (u v) ( |u|1 |v| )

H? 1( x])(y] x]+1)
x exp(—t(X7, u;(y; - xj) + Y vi(yi—x41))s (314)

where x,,,; := x; and

n

f ui(yj—xj) + Zn: vi(yj = x1) = 20 ((uj+v))y; = (uj +vja)xj) (3.15)

j:l ]=1 ]:1
for u,v € [0,1]". Now, let a, € N". Using x; = A; — Eand y; = yﬁ — E, we can write
the denominator in (2.13) as
1
[T (pg, = Mg (mg, = A,

f dttz"lf d(u,v) 81— |uli - |vh)
1 0,1]7x[0,1]"

y H e—(”jﬂj)f(ﬂﬁj—E)e(uj“’jfl)t(’\éj_E)_ (3.16)

11



Looking at (2.13), the sum is finite thanks to the compact supports of f and g, and
therefore the summation can be interchanged with the integrals from (3.16)), resulting
in

w(f(H)g(H)" = [ [ ) 80~ ful v

z (uj+vi)t(AL —E) ~(uj+v;)t(ug ~E)
x 3 TI(FOL )™ e gl yer e

a,BeN" j=1
<ok, Vil Nk VoL, ), G17)

from which the assertion follows. O]
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4 SMOOTHING AND INFINITE-VOLUME OPERATORS

In this section, we apply Lemma 3.6| using suitable functions f and g and rewrite
the right-hand side of as a trace expression of the infinite-volume operators H
and H'.

Switching from finite-volume to infinite-volume operators constitutes the core of
the argument. The technical tool to implement this switch to infinite-volume objects
is the Helffer-Sj6strand formula (see Theorem [5.1 below). Since it is applicable to
smooth functions only, we define appropriately smoothed versions of our indicator
functions.

In the whole section, let a € (0,1) be fixed.

4.1 Definition (Adapted from [GKMI14, Def. 3.13]). Given a length L > 1, a cut-oft
energy Ey > 1, and a Fermi energy E € [-E, + 1, Eg — 1], we say that yF € C°(R) are
smooth cut-off functions if they obey

Ipior-a5] S XL S NEsr-ogpy  and 1 gy poor-a] < X7 < (Cgy-1,5-1-0)s (4.1)
and if there exist L-independent constants ¢, > 0 for k € Ny, such that

yi(E£L ™% +x)<clx (4.2)
forall x € [0,L7%), and

k

0

. {ckLak ifo<x <L,

Cr otherwise

for every k € N and x € R. To ease estimates, choose ¢, > 1, then holds for k = 0
as well.

Thus, x; equals one inside [E + 2L™%, Ey| and zero in (-0, E] U [Eq + 1, 00).
Whereas its smooth growth in [E + L%, E + 2L~%] gets steeper with increasing L, we
choose its smooth decay in [ E, E, + 1] independently of L. The properties of y; are
analogous. The following figure illustrates the behavior of y;.

AL X1

e AN

—Ep-1 ~E, E-2L°E-L% E E+L°E+2L° Eo Eo+1

4.2 Remark. We are interested in lower bounds on the terms of (1.14)) (plus
a sublogarithmic error). Using Lemma this is equivalent to bounding
tr(l(,oo,E] (Hp)1(E,00) (Hi))n from below. For this bound, we use the inequalities

oo 2 Xz and  Lgoo) 2 Xf- (4.4)

13



Looking at Lemma 2.3} Lemma 2.4} and Lemma 3.6} this yields
(L (HO ey (H) 2 [T a2 [ () 801 uly~ vl

n
x tr H \/VXZ(HL)e(ujH/J;l)t(HL—E) VXZ(Hi)e_("jwj)t(Hi_E)\/v. (45)

=1

The inequality in is in fact the only place in this thesis where we actually bound
the nth term of instead of computing its exact asymptotics. We know of no way
to bound the error introduced in this step in the general case. In d = 1, the following
approach might yield a bound on this error and therefore the exact asymptotics of
the nth term: Define the smoothed functions y* with (1 - a)L~¢ in place of where
L= is in the definition above, and bound the error introduced by x; via an estimate
on the number of eigenvalues in the interval [E, E + (1- a)L~%], and analogously for
Xz> then perform a coupled a — 1, L — oo limit. Since exact first-order asymptotics
of the nth term by themselves don’t yield the exact asymptotics of the overlap S;(E),
and this approach only seems promising for d = 1, we will not follow it in this thesis.

The following technical lemma is at the core of the arguments in the present sec-
tion. Its proof will be given in the next section.

4.3 Lemma ([GKMI14, Lemma 3.14]). For L >1, ¢t > 0 and x € R, define

fi(x) = xp(x)e'™E) and g (x) = xj (x)e ') (4.6)

and let h! stand for either f} or gi. Let e € (0,1-a). Let M € Nwith M > 2.

Then there is a constant ¢ > 0 and L, > 1 and a polynomial Q,, of degree M +1
with nonnegative coeflicients, with ¢, Lo, and Q) all independent of t, L, and ¢, such
that

H\/v(hi(HE/)) _ hE(H(/)))ﬁH < QM(t/La)(La—M(lfa—s) " Ld+a(M+1)e—cL5)
(4.7)
fort >0and L > L,.

Before we prove the main assertion of this section, we need one more technical
lemma that takes the form of a spectral gap estimate.

4.4 Lemma. There is a constant C > 0 such that

tr(ﬁhi(H(') WV)<Ce ™ (L>1,£>0), (4.8)

(L)
where h! € C*(R) is as in Lemmal4.3|

14



Proof. There is a bounded interval I ¢ R such that h} < 1;e*™ for all # > 0 and
L > 1. Thus,

tr(ﬁhi(HEQ))ﬁ) <e i tr(\/VII(H&)))\/V)
< et gsupl tr(\/Ve_HE% \/7)
<e esupltr(ﬁe‘H(’) \/7) (4.9)

for t > 0 and L > 1. The last inequality and the finiteness of tr(\/v e HO\/V ) can be
seen from [BHLOO, Thm. 6.1]. [l

The next lemma accomplishes the transition from finite-volume to infinite-

volume expressions.

4.5 Lemma. For L >1and t >0, let f{, g! € C=°(R) as in Lemmal4.3| Let # € N and
m € N. Then

sup /O dt t™ tr‘H \/VfL(ujwj’l)t(HL)Vgiujwj)t(Hi)\/V
u,ve[0,1]" j=1
|uh+[vh=1

STIVT RS Vg (W] >0 (40
j=1

as L — oo,
Proof. Letu,v € [0,1]" with |u|; + |v|; = 1. To shorten formulas, we introduce a vector
a € (0, 00)%" via

0pj1:=uj+vjig and @)= uj+v; (4.11)

for 1< j < n, and operators

A(L) o \/fokt(H(L))\/V for k Odd, (4.12)
k \/ng"‘t(HEL))\/V for k even
for 1 < k < 2n. The difference of operator products in is then
2n 2n 2n
[145-114;= kZ Ap A (Af - AR AL AL, (4.13)
=1 =1 1

15



The trace norm of this difference can be estimated via Lemmal4.4t There is a constant
C > 0 such that

2n 2n 2n k-1 2n
tr|[TA5 - TT4,| < A% - Al (TTerlayf)( IT wlat)
j=1 j=1 k=1 Jj=1 j=k+1
2n
< CU Y| AL - Ay el (4.14)
k=1

where |a|; = a; + -+ + &, denotes the 1-norm of « € (0, 00)?", and the definition of «
implies |a|; = 2. We estimate the kth term in this sum. Notice that |a|; — o > 1> ay.
Let e € (0,1-a) and M ¢ N. For L sufficiently large, Lemma 4.3]yields
[ A% = Al < AL = Agfle™
< QM(“k t/La)(La—M(l—a—s) + Ld+a(M+1)e—C];E )e—tL*a, (415)
where Qu(x) = Y55 gex? is the polynomial in Lemmawith nonnegative coeffi-
cients g,. Integrating (4.15) yields

7 dremag - agetebmeon
0
M+1 t€

< (Lan(lfa—s) + Ld+a(M+1)e—cL5) Z q(_"/(; dt tmeftL_“ﬁ
£=0

+ E)L“(m”*l)
Lat
< CMLa(m+1) (Lan(l—afs) + Ld+a(M+1)e—cL5)’ (416)

o\ 2l g,T(2n
_ La—M(l—a—s) n Ld+a(M+l)e—cL ge
( »

with a constant Cj; > 0 depending on Q) and n. For given & < 1 - a, we can choose
M large enough for the L-terms to vanish as L — oo. [

Using Lemma [4.5} we can rewrite the right-hand side of (4.5).
4.6 Corollary. Let n € N. Then

/ dt tz'H/ A, v) 8(1 = |uls - [v]:)
0 [0,1]7x[0,1]"

n

(e TTVVA™ 2 (E) Vg™ ()Y
j=1
3 trH /_VfL(ujo_l)t(H)VgﬁujJer)t(H,) /V) _ 0(1) (4.17)
=1

as L —» oo.
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Proof. After interchanging the integrations with respect to ¢ and (u,v), the claim
follows from Lemma [4.5|and the uniform convergence therein. O

4.7 Remarks. (a) From Remark|[4.2]and Corollary[4.6, we conclude
tr(1( oo (H1)1(5.00) (H! "zfoodttz"‘lf d(u,v) (1= |ul, -
(1w (s (D) oy ) 8 a1

< tr [TVV xz (H) eI HEB vyt () e~ W) H-E)/V 4 o(1)  (4.8)
j-1
as L — oo.

It is possible to rewrite the right-hand side of as tr(x; (H) x; (H'))". This
form is useful for lower bounds, e.g., for the bound tr(l(_w,E](HL)l(E,oo)(Hi))n >

tr (1o 5-1-07 (H)[g+1-9,£0] (H’))n. However, we will not use this form and therefore
omit the proof of this representation.

(B) When comparing the smooth cut-off functions x; with the ones in [GKM14,
Def. 3.13], the difference is that the cut-off functions there have E as the boundary of
their support, while the ones here have distance L~% between E and their support. To
compensate, the ¢t-integral has been cut offat t = L= in [GKM14, Lemma 3.11], which
yields a lower bound for n = 1. For n > 2, it is not immediately clear if the integrand
in (4.18) is positive, so cutting off the integration might not result in a lower bound;
this is the reason we chose the cut-oft functions differently than in [GKM14].

(c) In this connection, we mention the Bessis-Moussa-Villani conjecture
[BMV75], recently proven by Stahl [Stall]: For two self-adjoint matrices A and B,
the function A ~ trexp(A — AB) is the Laplace transform of a positive measure. One
consequence of this is that

f[o - du §(1-|ul,) tr(e“ABe*>*B --- ¢4 Be*+14) > 0 (4.19)

for k € N, see [LS12, Thm. 4]. The expression in is similar to the one in (4.18)),
where we also expect the integration with respect to (u,v) to yield a positive expres-
sion for any ¢. If that was the case, we could adopt the same method as in [GKM14].
However, it is not clear if implies positivity in the context of (4.18), where more
than one operator occurs as exponent.

(D) As a final remark in this section, we mention that the distance L=¢ between E
and the support of y; might give a way of circumventing the lack of known bounds
on the spectral shift function that resulted in the introduction of a subsequence in

Lemma 2.1} see also Remark[2.2} A bound like
VIL\IL(E)H - /\irL(E) =O(L™) (L — o) (4.20)
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on the distance between eigenvalues of H; and H; would imply a version of
Lemmalz.1|for the operators x; (H) and y; (H’) that does not require a subsequence.
However, we did not find a bound like in the literature and will therefore prove
a result involving subsequences in the sequel.
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5 PROOF OF LEMMA A FORMULA OF HELEFFER AND
SJOSTRAND

In this section, we prove Lemmal4.3} The main technical tool to do so is a functional
calculus formula due to Helffer and Sjéstrand [HS89]. We state it here in the formu-
lation of [HS00], see also [Dav95].

5.1 Theorem (Helffer-Sjéstrand formula [HS00, Section IX]). Let A be a self-adjoint
operator in a Hilbert space H. Let n € N and f € C'*(R). Let £ € C>*(C) with the
identification C = R? and £(z) = 1in some complex neighborhood U of spt f. Define
an almost analytic extension f € C2(C) of f via

flx+iy):= f(x+iy)2f(k)(x)( y) (x,y eR). (5.1)
Then
f(A) = —% ‘édx ﬂ%dy (x+iy—-A) 1oz f(x +iy), (5.2)

where 0z = 0, + i0,.

Proof. We prove that the integrand in is absolutely (Bochner) integrable. First
notice that it has compact support. Moreover, dzf(z) = f(**)(x)(iy)"/n! for z =
x + iy € U, and thus there is C > 0 such that |z f (x + iy)| < C|y|" for x, y € R. Since
[(z—=A)7!| < Imz| ™ for z € C\ g(A), the integrand in has no singularities and
therefore exists. It remains to show the equality in (5.2)). For t € R and ¢ > 0, define

fy =g [ [ dyGeiy=n)t oo iy) 53)

The assertion follows once we have established f.(t) - f(t) for t € Rase — 0.
Integrating by parts yields

futy =5 [ dx [ dyde——— f(xriy)

ly|>¢ X+ ly
i
+%./Rd X +ie— f(x+zs)— f(x 15))- (5.4)
The first term is zero due to holomorphy. The second term is, for ¢ small enough,

" (ie)k

Z i 2ﬂfdxf(k)(X) - (_.l)k ) (5.5)

=0 Xx+ie—t x-—ie—t

The integral in (5.5) converges for all k due to the Sokhotski-Plemelj formula, see
below. Thus only the k = 0 term of the sum remains in the limit and yields f(¢). O
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In the proof of Theorem [5.1, we used the Sokhotski-Plemelj formula, which we
state and prove as a convenience for the reader.

5.2 Theorem (Sokhotski-Plemelj formula). Let a < xo < b and ¢:[a,b] - C be
continuous, and differentiable at x,. Then

b b
lim dxﬂ = Fing(xg) + PV dex),

: (5.6)
el0 Jg X —Xgx1€ a X — X

where pv [ ? dx stands for the Cauchy principal value.

Proof. By extending ¢ continuously, it suffices to treat the case xo = (a + b)/2. Then

/ dx _e(x) /hdx<p(x) X — X Fie

X —Xo £ i€ (x = x0)% + &2

gl [ an ZERTIE L [T 0000

(x —x0)? + € X — Xo £ i€

The first integral has two parts: Its real part is zero by cancellation, while the integrand
of its imaginary part has x ~ Fiarctan = as an antiderivative. The second integral
has a pointwise convergent integrand that is dominated by

|<p(x) — ¢(x0)

[<c (as<x<b) (5.8)
X — Xo

for some C > 0. Therefore,

b b _

im [ dr—2) () + / dy 23 = 9(x0). (5.9)

e>o0 J, X —Xox1€ a X = X0
The second term is the principal value pv/ %dx, since

X0—¢€ b xX0—¢& b _
([ ax+ [ ax) o(x) (" ax+ | ax) L) 0%
a X0+e X — Xo a xo+e X — Xo
X0—& d b d 1
" (P(xo)(/a X fx0+e x)x - Xo (5.10)

for € > 0, where the second term is zero due to cancellation. ]

Before we can prove Lemmalg.3, we need one additional technical result, which is
a consequence of the geometric resolvent inequality. We state it here in a formulation
suited for our application and give a proof in Theorem|c.2]in the Appendix for a more
general formulation. The proof is an adaptation of the one in [Sto01].
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5.3 Lemma. Let L > 1 and let A € Q;_; be closed. Take ¢ € CL(Q) with ¢(x) =1
for x € Q;_;. Then U := Q; \ Q; is an open neighborhood of spt Ve and ¢ :=
dist(0Uy, spt Vg) > 0. Let K € C be compact. Then there exists Cgr > 0 depending
on 8, |V¢|w, V,and K such that for all z € p(H'?) n p(H") n K the operator
norm estimate

|ta((z=HO) " = (2= H)) 1| < Canl1a(z - H) Mo, |10, (2- HO) 14
(5.11)

holds, where the indicator functions are understood as their associated multiplica-
tion operators.

Proof of Lemmal4.3] The proof is an adaptation of [GKMI4, Proof of Lemma 3.14].
We use the identification R? = C and choose £ € C*(C) with &(z) = 1for z €
spth} x [-1,1] and &(z) = 0 for z with distc(z,spth}) > 3forallt > 0 and L > 1.
Since spth! c [E, Ey + 1], the function & can be chosen independently of L and t,

with |€] e =1and ||€|e < 1. For 1 € N, define an almost analytic extension /! of h%
as in Theorem 5.1} i.e.,

@)= 103 I Toh ) (mxripeO) 522)

Let T; and T stand for either H; and H or H; and H'. By Theorem 5.1}

B (Ty) - hi(T) = %T f(cdz((z— 1) - (2~ 1) )achi (2). (5.13)

In (5.13), we consider the bounded operators occurring there as mapping from
L,(Qr) to L,(R?) by restricting and embedding canonically.
Now, note that there is a constant C > 0, independent of L and ¢, such that

n+l k

- d .
ochi ()| < ClI" Y| T3hi(x)|  (z=x+iyeC) (514)
k=0

and the bounds and imply, by the Leibniz rule,

dx IAVERY,
‘whi(x)‘ < Lb* JZ(:) (])(ﬁ) Ck—jl[—EO—l,Eo+1](x) (5.15)

for t >0, L >1,and x € R. Notice that is true for both f/ and g!, since the
exponential part of both functions is bounded by one and their supports are subsets
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of [-Eq — 1, Eq + 1]. From (5.15), we conclude that there is a polynomial Q, over R of
degree n + 1 with nonnegative coeflicients such that

n+l

0<)

forall t > 0, L > 1, and x € R. We are looking for a bound on H\/V(hi(TL) -
hi(T))
and define
D)= o= [ deVV((z-T)" - (e~ 1) VT b (o),
271 ly|<L~ 1“

D3 (t) = fmm 2VV((z- 1) = (2= T) )V ashi ().

—hf(x)| < Qu(t/L)LA D gy gy (%) (5.16)

(5.17)

Then /V(h(T;) - hi(T))VV = D<(t) + D7 (t) and we can bound Dj () using
the boundedness of \/V and estimates ( and (5.16) and the norm bounds of the
resolvents:

IDE(8)] < 5 /|| _lgzmnfn 9:ht ()]

n+l dk
STVl [ el ] o)

| L—l+£ = 0

2C n+l dk
=%||V|| L= 1+e)fdxk Od k L(X)|

< C.Q,u(t/LY)L¥rlrera) (1> 0,1 > 1), (5.18)

with C. := (4C/nn)(Ey +1)| V||eo < o0 and the convention z = x + iy € C.

We turn now to D;(t), which we bound using Lemma 5.3} estimate (5.14)), the
properties of £, and the norm bound for one of the resolvents:

CGR
DI < S2 VI [ de Ty (e=To) M s, (e=T) e 13555 <)

CCGR o n+l dk
Vs Azt (2= 1) M) 2| i ()] (509)

Ll+||

for t > 0 and L > 3, where Uy := Qp \ Q;_;, and the constant Cs; depends only
on Ey, & and the potentials V; and V. To bound the operator norm in (5.19)), we
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employ a Combes-Thomas estimate for operator kernels of resolvents of Schrodinger
operators, which implies

C . /
< g cendist(A AT (|x| < Eo + L |y < 3), (5.20)

by
where A and A’ are cubes of side length 1, see [GK03, Thm. 1] or [Sto0L, Thm. 2.4.1
and Rem. 2.4.3]. The constants C.; and c.; in depend only on E, the space
dimension d, and the potentials V and V;. Thus, by covering spt V and U} with cubes
of side length 1, we can find a constant C>0, independent of L and t, such that
CCer
A
for L > Ly, where Ly depends on spt V and Q. Let n > 2. Applying and
to (5.19) gives
ID7(2)] < C(Eo +1)Qy(#/L*)LA+e0D dy|y|?ecrbit/?
L-1*e<|y|<3

< C,Q,(t/L*)LA+a(n+D) gmcerl®/2 (5.22)

for t > 0and L > Ly, with C, :=2-3""1/(n - 1)C(E, +1).
Combining the estimates (5.18) and (5.22), we arrive at

V'V (R (1) = ki (T))VV| < IDi(8)] + |D;(1)]

< (C< + C>)Qn(t/Lu)(Lu+n(—l+e+u) + Ld+a(n+1)e_C°TL£/2), (5.23)

1A (x + iy = T) a0

[Vllool1u, (2 = T) Mipev | < CLYy[emecrbitl2 (5.21)

which implies the assertion for n = M. O
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6 INFINITE-VOLUME TRACE EXPRESSIONS

Let n € N. In (4.18)), we gave a lower bound on the nth term of in which only
infinite-volume objects occur. In order to control the errors in that step, it was nec-
essary to introduce smoothed versions of indicator functions in (4.4). In the present
section, our aim is to replace these smoothed functions with discontinuous ones,
which will allow us to determine the asymptotics of the resulting expression.

We introduce the measures u!, v': Borel(R) — [0, oo] defined via

p(A) = tr(\/VIA(H)\/V) and v!(B):= tr(\/VIB(H’)\/V) (6.1)

for A, B € Borel(R). The expressions in are finite for bounded Borel sets as a
consequence of [Sim82, Thm. B.9.2].

The absolutely continuous parts of the measures y! and +! will turn out to be
important. To define their densities in an applicable manner, we use a convergence
result due to Birman and Entina. This statement is known as the limiting absorption
principle [Yat10a, Chap. 6].

6.1 Proposition ([BE67, Lemma 4.3]). There exists a Lebesgue null set N, c R such
that the limits

1
A(E) = hm —\/VI(E_&E_,,e)(H)\/V,
e—0 215 (62)

B(E) := lim ZJVl(E_e,EH)(H')\/V
exist in trace class for all E € R \ 9N, and define nonnegative trace class operators
A(E) and B(E).

We state a simple consequence of Proposition [6.1] that follows directly from the
definitions.

6.2 Corollary. The functions E ~ tr A(E), respectively E ~ tr B(E), are locally

integrable Lebesgue densities of the absolutely continuous parts of y!, respectively

Yl

We will need two auxiliary propositions.

6.3 Lemma. Let u be alocally finite Borel measure on R. Let ¢y > 0 and 0 < § < co.
Then for a.e. x; € R there is a constant C, depending on x, ¢y, and y, such that

1-e 10
/ du(x)e !> < C
(xo,xo+8)

The exceptional set of values of x, for which the assertion does not hold does not
depend on ¢, or .

(t>0). (6.3)
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Proof. The constant defined by

1
C:= sup —u([x0,x0 +€]) (6.4)
e(0,c0) €

is finite for a.e. xy € R. We compute using Tonelli’s theorem

du(x) e tx—x0)
—/[xo,x0+5] ‘u( )
/ d _t8 tfx0+5 dg —t(.f—x ))
= —+ 0
[x0,x0+08] ‘u(x)(e x ¢
1 xo+5
= 6e’t55y([x0,xo +4]) + t/x d¢ «/[x . du(x) et

<Ce ! 4 t/x0+6 dfe—t(f—xo)?‘u([xo’ g])

X0 — Xo
1-¢e 0
t

8
<Cle™"+ th détet=C (6.5)
0

]

6.4 Corollary. In the situation of Lemma let 0 < € < §. Then for a.e. x; € R the

bound
_ —t8)2 —te/2
/ du(x) e tC0) < el Y <t “
(x0+&,%0+0) t/2 t/2

holds, with C > 0 from Lemma [6.3] The exceptional set of measure zero does not
depend on ¢y, ¢, or 6.

(t>0) (6.6)

Proof. The assertion follows from e~*(*x0) < e=te/2g=#(x=x0)/2 for ¢ < x — x, < 6 and

Lemmal6.3| O
6.5 Definition. (A) For n € N, we define
1
I, f dud(1 - |uh) =, (6.7)
[o,1]" ( | |1)Hj=1(uj+uj+1)

where u,.; := u; for u € R,

(B) We define discontinuous L-independent functions y*:R — [0,1] by

x =max{y;,1g.p} and x*=max{x;, gz} (6.8)

6.6 Remarks. (a) The integral I,, will be discussed further in § in particular, I, is
finite for every n € N.
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(B) The functions x;7 converge pointwise to y* as L — oo. They are obtained from
replacing the smooth L-dependent part by a discontinuous step at E. The following
figure illustrates the behavior of y*.

e

—E() -1 —E() E E() E() +1

- +

X X

The next lemma is the main result of the present section.

6.7 Lemma. There is a null set N € R such that for E € R \ N,
[ arem [ d(u,v) 8(1— [ul; - [v])
0 [0,1]"x[0,1]"
n
X (tr H\/VXz(H)e(“ﬁVj—l)t(H—E) VXZ(H’)e—(MjH/]—)t(H’—E)\/V

Jj=1

_ i trH /_VX—(H)e(ujH/j_l)t(H—E)VX+(HI)6—(uj+vj)t(H'—E) /_V) =0(1)
j=1
(6.9)

as L — oo,

Proof. First notice that if f;, g; are bounded measurable functions of compact sup-
port for 1< j < n, then

trﬁ|ﬁﬁ(H)ng(HI)ﬁ| < ﬁtr(ﬁ FHEWY) (N Vg (H)WVV)

n
- [ 4w ) [ &) T80, (610)
j=1
where we wrote y” and v" for the n-fold product measure of u' and v!, respectively.
For brevity, set 8 := L=%. We introduce a vector « € (0, c0)?" via
Orj1:=uj+vjiy and  apj=uj+v; (6.11)
for 1< j < n, and operators

4D {ﬁ Xy (H)esWE/V for k odd,
kT

, 6.12
VY Ky (H)e =DV for k even -
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for 1 < k < 2n. The difference of operator products in is then

2n 2n 2n 2n 2n

[14:-eT]4- e-fé(HAg - I‘[Aj) +(1-e )AL, (6.13)
j=1 j=1 j=1 j=1 j=1

where as in (4.13),
2n 2n 2n
nAg— HAJ- = ;A A (A - Ap) AL, AL, (6.14)
Jj= j= =

We will treat the two terms on the right-hand side of (6.13)) individually. For the
first term, we estimate the kth term in (6.14]). We will carry out the argument in the
case where k is even. The argument is similar for odd k. Since 0 < x* - x7 < 1ig 2575

(6.10) implies
tl“Al Ak I(AL Ak)Ak+1 AIin
g/ du"(x) L 4O g ()
[Eo lE E o+

xexp(—l‘zn:((uj""’j)(y] E)-(u jtVi- 1)( E)))

j=1
2,11 _p-2d (1 — g—2t(Eo+1) )211—1 1

t t l'[;?:l(uj+vj)(uj+vj_1)’

<C

(6.15)
where the last inequality follows from applying Lemma|6.3] The classical formula

/ dte 20 insefs) (8,65 0) (6.16)

now implies

oo 2n 2n
dttz'H/ d(u,v)8(1—ul, - v e Ptr|]TTAL =TT A;
fo [0,1]"x[0,1]" (uv) 31~ [t = [v}) H J ﬂ J|

[y 20
t [0,1]7x[0,1] 17 (uj +v) (uj +via)

=2nC*"I,,1n3, (6.17)

1- e—2t5

<2nC2”f dfe®'——

with I, < oo from (6.7).
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The trace norm of the second term on the right-hand side of (6.13)) is

(1-e7%) tr|g A§J| <(1-e7'0) /[ du"(x) : dv'"(y)

—Eo—l,E—a]" E+5,E0+1]"

X eXp<—t Z((ul + VJ)()/J - E) - (u] + Vj—l)(xj _ E)))

j=1

< CZn(l B e-tﬁ) n e_(uj+1/j—1)t5/2e—(uj+1/j)t5/22 _ (25)27‘(1 . e‘t‘s)e—mt—Z” |
i (i vi)(ui+vi)(8/2)> T (uy+v) () +vjm)

(6.18)

where the second inequality is a consequence of Corollary[6.4] Integration yields

00 . (1 _ e—té)e—t5t—2n
/ dt £ / d(u,v) 81~ [uly— v} == - I, In2,
0 [0,1]x[0,1]" szl(uj+vj)(uj+vj_1)
(6.19)
where we used formula (6.16)) again. O

6.8 Remark. From Equation (4.18) in Remark[4.7](a) and Lemma|6.7} we conclude
tr(1(—o0,5) (H1) (5,000 (HL))
> / dt f2rle L / d(u,v) 8(1 - |uly - |v])
0 [0,1]*x[0,1]"

n
xtr]] VVy (H) et H-E) o+ (H) et H=E) /7 L O(1)  (6.20)
j=1

as L — oo, for a.e. E € [—Ey, E ], with the exceptional set not depending on a, n, and
Ey. In the next section, we determine the asymptotics of the right-hand side of (6.20).
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7 THE LOGARITHMIC DIVERGENCE

Let n € N. In this section, we determine the asymptotics of

f det2rle / d(u,v) 8(1 = |u, - |[v]))
0 [0,1]"x[0,1]"

x tr H \/VX_(H)e(“j+Vj—l)t(H—E) VX*(H’)e_(“J'*"j)t(H/_E)\/V, (7.1)

j=1
and therefore the asymptotics of a lower bound of the #nth term of (1.14), when taking

an appropriate subsequence of length scales - see Remark[6.8|and Lemma 2.1}
We start with a lemma.

7.1 Lemma. For a.e. E € [—E,, E; |, the limits

A(E) =V Vte" Dy (H)VV - A(E)  (t - ),

, (7.2)
B/(E) ==V Vte "W By (H)WV - B(E)  (t— )
exist in trace class. Moreover,
sup|A:(E)| < suptrA((E) < oo,
t>0 t>0 (73)

sup|B:(E)| < suptrB,(E) < oo.
t>0 t>0

Proof. We follow [GKM14}, Lemma 3.16] and treat the operator B,(E); the assertions
for A;(E) can be proved using analogous arguments. Recall that B,(E) is nonnega-
tive. For (7.2)), we show (1) convergence of the trace norms and (2) weak convergence
of the operators. Together, this implies convergence in trace class via [Sim05, Adden-
dum H].

For the trace norms, we compute

tr B,(E) = tr(V Ve By (H)VV)
- [ @l [ ) p ()0, ()
[E>E0] [Eo,Eo-H]

where the second term converges to zero as t — oo for E < E,, while the first term
can be written as

[ @) e 0B = (o, + p)(B), (75)
[E.Eo]

where we introduced the finite measure v, (M) = v!(M n [~Eo, Eo]) for M €
Borel(R) and the approximation of the identity x — p,(x) = te™1(_c0)(X). As

1

ddvg = tr B(E), see

t — oo, the convolution in (7.5) converges for a.e. E € [—Ey, E¢] to
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e.g. [MSI3, Subsec. 2.4.1]. Thus, the trace norm of B,(E) converges to that of B(E)
as t — oo. This, together with the continuity of [0, c0) 5 t ~ tr B;(E), which can be

seen from ({7.4)), implies (7.3)).
For the weak convergence, take some dense countable set D ¢ L2(R¢). Then by
a similar delta-argument as above,

lim (¢, B,(E)y) = (¢, B(E)y) (7.6)

for all ¢,y € D and all E € [-E,, Ey] outside a null set depending on D. Together

with (7.3), this proves weak convergence to B(E) for a.e. E € [—Ey, Ey], see [Wei80,

Thm. 4.26]. ]
The following quantity will enter the asymptotics we set out to prove.

7.2 Definition. For E, ..., E,, € R, define

7" (Ess . .., Ezn) = tr(A(E)) B(E,) - A(E2u-1)B(Esn)) (7.7)

if the operators exist, and zero otherwise. In addition to the function #?":R?" — C
defined via (7.7), define #%": R — [0, 00) via the diagonal values

n*"(E) := i (E, ..., E) = tr(A(E)B(E))" (7.8)
if the operators exist, and zero otherwise. The nonnegativity of can be seen by
the cyclicity of the trace, cf. Lemmal|2.3|

7.3 Remark. The function #?": R?" — C can be viewed as the density of the (infinite-
volume) spectral correlation expression

U (Arx o x Ay x Byx - x B,) = tr(1a,(H) Vg, (H)V -+ 14,(H) Vg, (H)V)
(7.9)
for n € N and bounded A;,...,A,,Bi,...,B, € Borel(R), which can be thought
of as the limit measure of the measures 7" mentioned in Remark However, it
is not immediately clear if in fact defines a measure, and if so, it is not nec-
essarily nonnegative for n > 2. However, its density #?" is defined on the diagonal
(E,...,E) e R* for a.e. E € R and is nonnegative there.

The next corollary will show that the trace expression in (1), times an appropri-
ate power of ¢, converges to #?"(E).

7.4 Corollary. Let oy, ..., a,,B1,..., B, > 0. Then

n
2" tr H \/V)(‘(H)ocje“ft(H‘E)VX+(H’)ﬁje‘ﬁft(H/‘E)\/V - n*"(E) (7.10)
j=l
ast — oo,
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Proof. By Lemma|7.} tr|A,:(E) — A(E)| — 0 and tr|Bg ;(E) - B(E)| » 0 as t — oo,
while sup,,|A:(E)| and sup,.,||B;(E)| are finite. Writing the difference of operator
products in as in (4.13)), this proves the corollary. O

7.5 Remark. Using similar arguments as in Lemma [7.1] and Corollary [7.4] one can
show that t — A,(E), t— B,(E), and

t 2t [[VVy (H)aes BV (H) e Pt -D/ v (7.11)
j=1
are continuous maps from [0, o0 ) into the space of trace class operators.

We will need the following classical result, which is known as the »final value
theorem« in control theory. As a convenience for the reader, we give a proof. The
statement and proof can also be found in [Doe74, Thm. 34.3].

7.6 Lemma. Let f € L;}o.(R) and suppose lim,_,, f(t) exists. Then
lim £(£) = lim.s f T dre £ (1), (712)
s 0

t—o0

Proof. Lete> 0. Set y :=lim, f(t) and write h(t) := f(t) — y. Choose T > 1 such
that |h(t)| < /2 for t > T. Then

F(s) := /(;oodte_“f(t)

=3 T [
-y / dt e + / dte ' (f(£) - y) + f dt e~*h(t) (713)
0 0 T
for s > 0. The first term on the right-hand side of is y/s. The others are
0 €
dte”"h(t)| < — .
/T e *h( )‘ <% (714)
and
T T
[ are (0 )| < [ aelf@l T = C (715)
for s > 0, with C independent of s. Thus
7 £
F(s) ; <C+ 5 (s>0), (7.16)
and therefore
|sF(s) - y| <sC+ g (s>0). (717)
For s < ¢/(2C), this is smaller than . O
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7.7 Corollary. Let f € L;j,.(R) and suppose lim;_, ., f(t) exists. Then

11mf(t)——hm—f dette™ f(t). (7.18)

slo In's

Proof. Take a compact interval [s, ¢] € (0, o0). Then

d [e9) oo
= /1 dt e f(£) = - /1 dt e (1) (719)

for s € [so, c], since | tle=s f(£)| < e=*!| f(¢)], which is integrable on [1, o). There-
fore holds for all s > 0. Set y := lim;o f(#). If limo f,” dt t"Te~s f(¢) exists,
then y = 0 and the assertion holds. Otherwise,

—hm—/ dete " f(t) —hm—f dte ™' f(t)

s10 In's slo 1/
= limsf dte™*' f(1)
= lim £(¢) (7.20)
by Lemmal.6| O

We are now ready to compute the asymptotics of (7.1).
7.8 Theorem. For a.e. E € [—E,, Ey],
lim

dttz”l‘f“f d §(1-
quOML/ Y. CROLIC RIS D

x tr H \/VX_(H)C(Hj-*-Vj—l)t(H_E) VX+(H,)€_(uj+Vj)t(H,_E)\/V = IZnﬂzn(E)'

j=1

(7.21)

Proof. Let u,v € [0,1]" and define
Z(u,v) H(uj+v] 1) (uj+v;). (7.22)
Using the notation of Lemmal7.1}

Z(uv) " ][]V Vx (H)el+vim)HH-E) VX+(H/)e—(uj+vj)t(H’—E) %
i=1
=tr [ T Ausv, ) (E)Buyjen)e(E)s  (7.23)
i=1
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where

|trHA(ujwjfl)t(E)B(ujwj)t(E)| < (sup tr A,(E) sup trBt(E))n < oo. (7.24)
j=1 t>0 t>0
By Corollary(7.4}
lim tr [T A, s, (E)Buysve(E) = 1" (E) (7.25)
j-1

for all u,v € (0,1]". By Remark[6.6]

I, = f d(u,v) 8(1 - 26
2= [ A 8= =) s < (726)
Equations (7.24)) to (7.26)) supply the assumptions of the dominated convergence the-
orem, which ylelds the convergence
lim (£) = L™ (£) 27
for
f@y= [ A v)8(1- fuh - vl)
[0,1] x[0,1]"
x 12" tr H ﬁX—(H)e(uj+vj,1)t(H—E) VX+(Hl)e—(uj+v]-)t(H’—E)\/V
j=1
O(1—fuh ~[vh) A~
- d(u, tr T Agysw. 1(E)Bey 1oy (E) (t>0).
/[0,1]"x[0,1]” (w.v) Z(u,v) rg s ]I)t( ) (J ])t( ) (£>0)
(7:28)

The assertion (.21 - ) then follows from
-1 _,—-tL™%
- fim ln(L D) f det=e™™ f(1) = lim f(1), (7.29)

which is a consequence of Corollary[7.7]and

1
sup [ dtt e ™ f(t) < oo. (7.30)
L>1 Y0

7.9 Remark. Continuing from Remark|[6.8} we have proved the asymptotic bound
tr(1(—co,5] (HL) (5,00 (Hi))n >al,n*"(E)InL +o(InL) (7.31)

as L — oo for every 0 < a < 1, with an a-dependent error term. From this, one can
infer that holds with a = 1 as well. We will defer this argument to the proof of
the asymptotic bound on the full ground-state overlap |S; (E)| in Theorem
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8 THE INTEGRAL Jioape du 8(1 = |ualy) TT5 (uj + ajin) ™!

In this sectionf| we compute the coefficient of #2*(E) in the asymptotics in Theo-

rem[7.8} ie.,

Inz/ dud(1-|u}) =—— (8.1)
[0,1]" (1 Jul ) I 1(”] +Uj)
from Definition[6.5} We will prove the following theorem.
8.1 Theorem. Let n € Ns,. Then
2
r(z
I, = (271)”‘2( (2)) . (8.2)

I(n)

In particular, Theorem|8.1/implies the finiteness of I,. We begin with two elemen-
tary lemmas.

8.2 Lemma. For n € N,,, define

1
T = f du 5(1 - |uly) — . (8.3)
(0.1]" ( | |1) j:ll(uj+uj+1)
Then
n
IL,=—=],. .
n= T (8.4)
Proof.
1 2|M|1
I, = —f dud(1-|u T ()
2 Jrouye 4400~ ) T (s + 5,0)
1 1 / Uk + U
- dud(1-|u
2 kZ:: 01 (- |1)H7=1(“j+”j+1)
n (1~ [u)
== d —Jn 8.
> Jow Gy vy 2 )
[]
8.3 Lemma. Let n € N,, and let f € L;(0, 00) with [, dt f(t) # 0. Then
S(ul) *
Jom [ du— [ atr. (.6)
0oy TTH (uj + 1) / o G0

1 The main results of this section, which lead to the proof of (8.2), were communicated to me by Dr. Pe-
ter Otte of Bochum University.
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In particular,

du el
TS i+ ) S T (u + ujn)

JFLAT

where A, is the n-dimensional standard simplex.

Proof. For t > 0, define

_ S(t = Jul)
() = f(o,oo)" N 175 (uj + ujr) ®.8)

Then J, = J,(1) = J,.(t), where the last equality follows using the substitution u ~ tu
and the scaling property of the Dirac distribution. Therefore,

. = S(t-[uh)f()
]n/o dr f(t) = (O,w)nd“/o dtn;;;(uj+uj+l)

_ f du f(Juh) (8.9)
(0,00)"

H;’z_ll(u] + uj+1) .

]

In the sequel, we will need the Rosenblum-Rovnyak integral operator
T:Ly(0,00) - L,(0, 00), see [Ros58] and [Rov70], defined via

(TN = [ dy f()  (xe(000), feLy(0,00)).  (8.10)

This operator can be explicitly diagonalized: Following [Yaf10b, Sec. 4.2], we define
the unitary operator U: L,(0, c0) — L,(0, c0) via

(Uf)(k) = n'\/ksinh(27k) |T(1/2 - ik)| fooo dox x ' Wo i (x) f (x) (8.11)

for f € L,(0,00) and k € (0, c0), where W ;x denotes the Whittaker functions, see
[DLMEF, Sec. 13.14]. The spectral representation of T due to Rosenblum reads

(VTN = qom NG (ke (0.00).f e Lo(0,00)), (8.12)

see [Yat10b, Prop. 4.1].

e-(xy)/2

Xty

Proof of Theorem[8.1} Let n € N,,. From (8.10) and the second form in (8.7), we see
that

Jn = {90, T" " 90), (8.13)
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with @ (x) := e*/2. From (8.13) and (8.12)), we obtain

0o n-1

o= (Ugo, UT"90) = [ dklgo(R)P (=) 8.

Jn = {Ugo, UT" g0} = [ dklgo(RP( S 3 is) (8:14)
where @ := Ugy. In order to compute ¢,, we employ the classical formula

r(1/2-ik) = ——— k eR), 8.

2= P = s (keR) (8315
which is a consequence of the reflection formula for the Gamma function, and

Cdex Wo(x)e = —L— (k>0), 8.16
fo x X Woir(x)e cosh(km) (k>0) (8.16)

which follows from the special case z = 1/2 and v = k = 0 in [DLMF, eq. 13.23.4].
From (8.11), (8.15)), and (8.16)), we deduce

\ 5 sinh (k)
= 2 —_—
[90(k)l 7chosh(kﬂ)z

In (8.14), this yields

], =272 /oodkk
0

(k> 0). (8.17)

i n-2 oo
sinh(k) 27 / d 1 (8.18)
0

cosh(k)"™!  n cosh(k)"’
where we applied the substitution k ~» k/m and integrated by parts. This integral can
be evaluated using the substitutions y = cosh(k)™' and x = y?, one after the other:

2 n-2 1 n-1 n-2 1 n-2
Jo= 2 f dy J . f dx x"*71(1-x)7/? = ﬂ—B(n/Z,l/Z),
0 2 n 0 n

n N

(8.19)

since k’(y) = —y'(1 - y?)~"/2, where B(x, y) = fol dt t*71(1 - t)»~! denotes the Beta
function. The claim then follows by expressing the Beta function via the Gamma
function and then applying the classical duplication formula. O

8.4 Remark. (a) The Rosenblum-Rovnyak operator is the special case T = H, in
[Ros58, eq. (2.3)] and is unitarily equivalent to the Hilbert matrix H: £,(N) - £,(N),

[ee]

X .
(Hx); :=,;,j+kk—1 (jeN,x € £,(N)). (8.20)
In analogy to (8.13), the representation
In = g(el, anlel> (8.21)

holds, where e, := (1,0,...) € £,(N).
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(B) Equation (8.2) implies other nontrivial integral identities. For instance, from
I = 3]s = £n* one can deduce

2
! u-L 17,
/O du (le( ” )) = 1807T , (8.22)

where Liy(z) = Y7, i—z denotes the dilogarithm. To prove (8.22)), start from the first
form in and parameterize the simplex using the Jacobi map [Kon93, Sec. 9.3],
then evaluate four of the five resulting integrals.

It is also possible to prove without using (8.2)). It follows for instance by us-
ing the more complicated integral identities of Freitas [Fre05, Table 3]; the expression

for fol dx Li3(x) there implies (8.22)), which in turn implies (8.2) for the case 1 = 6.

As the last step in the current section, we determine the even part of the generat-
ing function of (J,) -

8.5 Proposition. For n € N,,, let ], be given by (8.3)). Then

> Jonx™ = 71‘2(arcsin(7rx))2 (Jx] < 1). (8.23)

n=1
Proof. The well-known power series of arcsin,

2n+1

arcsin(x) = Z ( )4ﬂ(xzn .y nz;)a x2nl (Ix| < 1), (8.24)
implies

(arcsin(x))" = Y bax™™2 (lx] <1), (8.25)

n=0

with

b zzn:aa :ZZ”Hﬂ (neNy) (8.26)

n P kYn—-k (27’1 N 2)' 0)> .

as can be shown by induction (or looked up in a table of series, e.g., [GR07,
eq. 1.6452]). By Theorem 8.1}

I (271)2”& (neNy) (8.27)
2n+2 = (Zn N 1)! 0 27
and thus J5,,, = Z,,%Izmz = *"b,,. This implies
, & o0 X\ 2142
(arcsin(x)) =Y byx™=n? ) ]2n+2(—) (|x| < 1). (8.28)
n=0 n=0 T
O]
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9 RELATIONS TO SCATTERING THEORY

In this section, the coefficient #2"(E) in Definition[.2} which entered the asymptotics
in Theorem 7.8} is given a scattering theoretic interpretation.

We fix some notation: Let H,. and H/_ be the absolutely continuous parts of H
and H'. Let H := L,(R?) and let #, := 1(H,.)H be the absolutely continuous sub-
space of the operator H. Let ( f,) be an orthonormal basis of H, such that

L :=lin{fy;neN}cH (9.1)
is dense. We begin with a definition.

9.1 Definition. Let 6 ¢ o(H) be a core of the spectrum of H in the sense of [Yaf92,
Def. 1.3.8], i.e., a measurable set 6 € R that

(1) has full measure with respect to the projection-valued measure A — 1,(H)
and
(11) has the property that for any other set Z ¢ R of full measure with respect to
A~ 14(H), the set ¢ \ Z has Lebesgue measure zero.

9.2 Remark. Note that o(T) itself need not be a core of the spectrum of a general
self-adjoint operator T: There is an open dense set G € [0,1] with |G| < 1, where
|G| denotes the Lebesgue measure of G. Taking (Tf)(x) := 1(x) as a self-adjoint
operator in L,(0, 1), its spectrum is ¢(T) = G = [0,1], but ¢(T) \ G does not have
Lebesgue measure zero, even though G has full measure with respect to A — 14(T).

Next we mention four statements from the literature that we will use in the sequel.
The first one can be found in [Yaf92, §1.5].

9.3 Proposition. For a.e. A € ¢, there is a Hilbert space H, such that #,. is decom-
posed into a direct integral on which H acts as a multiplication by A ~ A; i.e., there
is a unitary operator between

.. and / AL, (9.2)

such that a vector f € H,. corresponds to a vector-valued function A — f; € H)
that is defined for a.e. A € 6, and for f € D(H) n H,, the vector Hf corresponds to
A = (Hf)) = Afy. By extending the unitary mapping in by zero to H, every
f € H corresponds to a function A — f; € H).

If f, g € H, then for a.e. A € &, with a null set depending on f and g, one has

81w (D) = (g1 il 3
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9.4 Remark. In (9.2)), one could also take a core of the absolutely continuous spec-
trum as the domain of integration. This is because for any such core 6, € 0,.(H),
the set ¢ \ 0, has Lebesgue measure zero, i.e., ¢ itself is a core of the absolutely
continuous spectrum of H.

In the special case V, = 0, the direct integral in can be made more explicit
using the Fourier transformation; namely in that case

H Lz((o) 00);L2(Sd—1)) = L5(0,00) ® Ly(S4-1)» (9-4)

where S;_; is the unit sphere in R9. See [Yafl0a, §1.2] for details; a similar computa-
tion is done in Appendix|[a]

The second statement is a part of [Yaf92, proof of Lemma 1.5.1].

9.5 Proposition. There is a null set N, such that
vA e~ Ny:{fa; feL}cH, isdense. (9.5)

The third statement we take from [BE67, Lemma 4.3, 4.4, and 4.5]; part (B) was
already mentioned in Proposition

9.6 Proposition. (a) For fixed f € # there is a null set Ny such that the derivative

d
aﬁl(,m,A)(H)f (9.6)

exists for all A € R \ Ny
(B) There is a null set N; such that the derivative

S VVICaon ()W = AQL) (9.7)

exists in the sense of convergence in trace class for all A € R \ ON;.
(c) There is a null set N; such that the limits

lgl()l\/V()Li ie- HO)"W/V (9.8)
exist in operator norm for A € R \ 9V}, and

lim VV(A-ie-H)WV - lim VV(A+ie—H)Y'WV =27miA(M), (9.9)

lim VV(A-ie-H)V - lim VV(A+ie-H) WV =2miB()). (9.10)

Here, lim, .o f(z) denotes the limit lim, o f(A + ie). We also define the operator
norm limit

D= hf(l;l([ + \/V(A +ie— H’)‘I\/V). (9.11)
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The fourth and final statement we quote from the literature is from [BE67, §7 and
formula (7.14)]

9.7 Proposition. Let S be the scattering operator of the pair H and H’, which ex-
ists since the wave operators exist, and is a unitary operator on H,.. Then the corre-
sponding operator on H), the scattering matrix S), exists for a.e. A € 6. Moreover, for
f> g € Hyc there is a null set Ny, depending on f and g such that

(g1, ($1 = 1)), = {8 1wty ()(S = D))
= —2ﬂi<%\/71(_00,1) (H)g, Dy+io %\/Vl(_oo,k) (H)f) (9.12)

holds for A € 6 \ N ,. Here, I, stands for the identity on ).

Using Propositions 9.3 to we are now able to prove the following lemma,
which is at the core of our arguments relating #%"(E) to objects from scattering the-
ory. The general idea of the proof is taken from [BW83, Lemma 6, p. 388], adopted
to our more concrete setting.

9.8 Lemma. Define

Ly:=1 +1in{\/7fn; n e N} =lin{f,, \/Vf,,; n € N}. (9.13)
Then there is a null set N, such that for A € 6 \ N, the set

D(Gy) ={fis feLv} S H (9.14)
is dense and there is an operator G, : D(G,) - H such that

G = VWi (H)f  (f e Ly). (0:5)
Moreover,

(&Gf) = (VV i), (frgeLy). (9.16)

Proof. By Proposition|9.5, { fi; f € Z} € D(G,) is dense in H) for A € 6 \ N,. By
Proposition i V1(_oo)(H) f exists for f € H outside of a null set depending
on f. By countability and linearity, one can find a common null set N 2 2N such that
%\/Vl(_oo)h)(H)f exists forall fe ZyandAd e 6\ N.ForAe 6~ Nand f,ge Ly,
we can compute

(8 2V VI (B)F) = 2 (8 V VI oy (B)) = o (VT 1y (D).

(9.17)
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Looking at (9.3), we find a bigger null set N, 2 N such that the right-hand side of
is equal to

(8 SV VI ()] = (/T i (9:19)

forevery f,ge Ly and A € 6 \ N,. Let A € 6 \ N,. For fixed g € Ly, the expression
on the right-hand side of only depends on f), and therefore the expression on
the left-hand side only depends on f,. This renders

L% DG 3 (8 1) = (8 2p VI () (919

well-defined. Since Ly ¢ H is dense, this defines G, : D(G,) - H. H

We state an immediate consequence of ((9.16).

9.9 Corollary. For A € 6 \ N, the adjoint G} : D(G;) — H), satisfies L, € D(G}) <
H and

Gig=(VVen  (gelv). (9:20)
9.10 Corollary. Let A € 6 \ N,. Then D(G}) = H and G;*G; = A(A).

Proof. The adjoint G; is densely defined. The biadjoint G}* is an extension of G;, the
operator G;*Gj is positive self-adjoint and

D(G;*G;) = {f € D(G}); G;f € D(G}")} (9.21)
is a core of G}, see [Wei80, Thm. 5.39]. Let f € 7. Then G} f = (\/Vf)l € D(G)) ¢
D(G;*). Thus f € D(G;*Gy), and

Gi*Gi = G (VV ) = GV s = =V VI (VY f = AV,

(9.22)
The bounded linear operator A(1) acts on Z as the closed densely defined operator
G1*Gj does. This implies G;*G} = A(A). In particular, D(G}) = H. O

9.11 Theorem. As in Proposition let S) be the scattering matrix and @), be
given by for A € 6 \ N with some null set N. Then there is a larger null set
N3 2 N such that for A € ¢ \ Nj; the transition matrix

T)L = S,\ - I,\ (9-23)
satisfies
Ty = —27miG; @), ;0G}* (9-24)
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and is unitarily equivalent to

Ty = —2min/A(L)Dp,i00/A(L), (9.25)
which is an operator on H. This operator can be viewed as the pullback of T into H,

cf. [BW83, Remark after Lemma 12, p. 394].

Proof. From Proposition[9.7} we deduce that there is a null set )V 2 N, such that

(g0 (Sh— ) fi)a, = —2mi(Gagn, Pavio Gafi) = —2mi(gr, Gy Povio G5 i),
(9.26)

forall f,g € Zyand A € 6 ~ N. Since {g); ¢ € Z} ¢ H, is dense for such A, we
conclude

(S,{ - I,{)f)t = —ZﬂiG;{q),H,'o G:{*f,\, (9.27)

which implies (9.24). To see (9.25), we take the polar decomposition G} = U)|G;| =
Ux\/A(A). Then U, :ran(y/A(A)) - ran(G}) is an isometry and

T,\ = —ZﬂiU)L\/A(/\)(D)Hio\/A(/\)U;. (9.28)

]

Using Theorem we can prove the following identity relating the operators
A(1) and B(A) from Proposition|[6.1]to the transition matrix.

9.12 Corollary. Let A € 6 \ N;. Then

[ Ty = 2m)* AL B(O)VA(R). (9-29)

In particular,
ITall3 = (27)*" te(A()B(Y))" = (271)*" " (A) (9:30)

for n € N, where | T)||,, := X/tr|Ty|*" is a Schatten norm of T. By setting T) := 0
whenever A(1) =0 or B(1) =0, is true for all A € R \ Nj.

Proof. The definition of T implies
[y Th = (27) AV D3, 10A(D) PrioV/ A(L), (9.31)
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where @ . = ®)_jp, as can be seen from (9.11). For z € C \ R, we abbreviate the
resolvents with R()(z) := (z = H())~1, Then (9.9)) implies

D i0AL) Prsio = ﬁ 13{61((1 +VVR (A - is)ﬁ)
x VV(R(A = ie) - R(A+ i) WV (I + VVR (A + ie)VV))

1
=5 lim VV(I+R'(A-ig)V)(R(A~ie) ~R(A+ie))(I+ VR (A+ie) V'V,
i ¢
(9.32)
For fixed & > 0, define R := R()(A + i¢). Then the middle part of is
(I+R.V)(R_.-R,)(I+VR))
~R_-R,+R_VR'-R,VR.+R'VR_-R'VR,+R . VR_VR,-R'VR,VR.
=R -R, (9-33)
where we used the second resolvent identity R}, — R. = R, VR, = R, VR/, several
times. Together with (9.10), this implies
1
D1, 0AN) Do = T lifg \/V(R’(/\ —ie) - R'(A+ is))\/v = B(A). (9.34)
&

From this and (9.31), (9.29) follows. The unitary equivalence in Theorem then
implies (9.30)). O

46



10 THE CATASTROPHE

The bound we set out to prove was proven in §[7} In §$[8|and[o} we examined the right-
hand side of that bound. What remains to do is to gather the individual statements
into a final one and discuss this result. This we do in the this final section.

10.1 Theorem (Orthogonality Catastrophe). Assume conditions and (v) from
page[il Let (L) men be a sequence in (0, oo) with L,, — oco. Then there exists a subse-
quence (L, )ken, @ null set N € R, and a function y: R N\ N — [0, c0) such that for
E € R \ N the ground-state overlap obeys

St ()P < exp(-y(E)InL,, +o(InL,,)) = L;n’;(E)m(l) (10.1)

as k — oo. The decay exponent y is given by

y(E) = — Harcsm|TE/2| H (10.2)

HS’

where Ty = Sg — I is the transition matrix for the energy E defined in §@

Proof. Let0 < a <1.Let M € N. Let N be the union of the null sets from Lemma 2.1
and Theorem Let E € R \ N. We start from Lemma[1.2]and Lemma 2.1, which

imply

Lon L o€ (B \
-In|S;,, (E)| 2 EZ_U( L: k (I HLi k )) (10.3)
n=1 1 k k
141 BN
) > " tr(l(—w,E](HLmk )I(E,oo)(HLmk ))" +o(InL,,)
n=1

as k — oo, for a subsequence (L, )ken, and with an M-dependent error term
o(InL,,,). Looking at Remark|[6.8|and Theorem [7.8} this is

M
> g S 2 (A(E)B(E)) In Ly, + 0(In L)
n

n=1

as k — oo, with an M and a-dependent error term o(In L,,, ). Using Corollary[9.12}
this is

“(2) " tr(|Tel*") In Ly, + o(In Ly, )

P M=
:|K7

NIQ R

M
Z Jon| Te/(27) )" In L,y + o(In Ly, ). (10.4)
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Propositionyields Y M Jon|Te/(27)[2" — m2(arcsin|Tg/2|)? in operator norm as
M — o0, and therefore

tri}2n|TE/(2n)|2” - 71‘2Harcsin|TE/2|H;s (M - o0) (10.5)
monot(_)nically. We find M e N such that
tr§]2n|TE/(2ﬂ)|2” > aﬂ’zHarcsin|TE/2|H;S. (10.6)
=1
There;ore, continuing from (10.4)),
~In|S.,, (E)| 2 ;—;Harcsin|TE/2\HZHS InL,, +o(InL,,)

2
= %y(E)lank +o(InL,,) (10.7)

as k — oo, which implies

InfSt,, ()] a2
-——F— > —y(E 1 .8
w2 (B o) (108)

as k — oo, and therefore

In|Sy, (E)| 1

lim sup < _EY(E)' (10.9)

k— o0 ln Lmk
Let & > 0. By the definition of the limit superior there is ko € N such that
In[Sp, (E)| 1

nl, < _EY(E) +e (10.10)
for k > ko, which implies (10.1). O

10.2 Remark. In [GKM14], a similar statement to Theorem[10.1lwas proven, but with
the smaller exponent

n*(E) = tr(A(E)B(E)) = %HTE/ZH;. (10.11)

In the special case he considers, this exponent is exactly the one that Anderson ini-

tially gave as a bound in [And67al, except for a factor 3 which seems to be an over-

sight on Anderson’s part. Anderson considers the case d = 3 with a spherically sym-

metric perturbation, and in that case #?(E) can be written as
I & 2

n*(E) = = > (2¢+1)(sin 8,(E))

5 (10.12)
° =0
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with the scattering phases (3,(E))een,. Later that same year, Anderson suggested a
larger exponent for the exact asymptotics, mentioning that » [i]t is interesting that the
main difference from the previous result is to replace sin* § by 82« [And67b), p. 164].

Comparing the smaller exponent #%(E) in to the larger exponent y(E)
in (0.2)), the only difference is the arcsin function in the definition of y(E) where
#*(E) has the identity function. This is somewhat analogous to the difference be-
tween [And67a] and [And67b]. It should be noted that the particle number N
in [And67b|| refers to the number of s-orbital states below the Fermi energy, see
[Ham71], and therefore N ~ L in that publication - in contrast to [And67al], where
N ~ L3. This accounts for the absence of the dimension factor % in [And67b].

Since is also just a bound instead of an exact asymptotic, the exact decay
of the overlap S, (E) might be faster still. We conjecture that this is not the case, i.e.,
that

[SL(E)]P = L7E*® (L > o0) (10.13)

for a.e. E € R. For d = 1, some headway towards (10.13) has been made by [KOS13]]
using explicit computations. For V; = 0 and a slightly different class of perturbations
V, the statement there can be rendered as

tr(PgL(E)(I - HIL\]L(E))) =n*(E)InL +o(1) (L > o0); (10.14)

thus the exact asymptotics of the first term of has been treated in that case.
Since Theorem [7.8|for n = 1yields

tr(PIL\’L(E)(I — HIL\]L(E))) >n*(E)InL +o(InL) (10.15)

as L » oo with L € {L,,; k € N}, we know that for d = 1 this bound on the n = 1 term
is asymptotically exact in the setting considered in [KOS13|. (For d = 1, it might be
possible to prove the equivalent of for any n € N using the methods of this
thesis: in the d = 1 case the subsequences in L are not necessary as per Remark 2.2}
and the error introduced by smoothing could be controlled as per Remark[4.2]) It
is therefore reasonable to expect the equivalent of the bound to be asymptoti-
cally exact for any n € N, and for V, and V satisfying (v,) and (v]). However, this alone
would still not imply (10.13), since the bounds on the individual errors we proved in
this thesis are not summable in n € N. The methods we employed seem unlikely to
yield summable bounds even when further refined.

Another approach would be to establish upper bounds on the terms of (1.14)). But
there the errors would need to be summable if we want to deduce something about
the overlap, since truncating the series like we did in Theorem always yields a
lower bound on —In|S;|. In the case considered there, [KOS13|] give a nonoptimal
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lower bound on the overlap of the form |S; (E)| > CL¢. The catastrophe therefore is
not qualitatively worse than L to some negative power.

Yet another problem, and probably a much harder one, is to include interactions
in the model. Judging from the physics literature, the catastrophe should then still
occur, and probably with the same behavior in first order. There seem to be no math-
ematical results in that direction.
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APPENDIX

In the main matter of the text, we proved an upper bound on the overlap |S;| under
the assumptions given in Theorem In Section || of this appendix, we will give
a result regarding the strict positivity of the decay exponent y(E); this is of interest
since Theorem[1o.1]is a trivial statement whenever y(E) = 0. In Section|B} we state and
prove some additional propositions mentioned but not needed in the main matter
of the text. Finally, and as a convenience for the reader, we give a proof in Section
of the geometric resolvent inequality as we used it in §[5}

A POSITIVITY OF THE EXPONENT

In this additional section, we give conditions for the decay exponent y(E) in
to be strictly positive. Intuitively, one might hope that

y(E) >0 < E € 0,.(H), (a.1)

at least for a.e. E € R. It is not clear if this in fact holds for the general type of
Schrodinger operators H = —A + V;, we consider. However, is true for almost all
E > 0in the case V; = 0, which we treat below. At the end of the section, we comment
upon the case V; # 0.

In the whole section, we assume that V is one fixed representative of a function
satisfying (v]), with the property that 0 < V(x) < oo for all x € R4 and V # 0 in the
a.e.-sense.

A.1 Theorem. Let V; = 0. Let E > 0. Then the operator A(E) from (6.2) has the
integral kernel

df2-1 ,
A(Bsx,y) = f(z—ﬂ)d\/vm\/vm [ as@eVEe (xyerd)
(A.2)
51



(The surface integral can be evaluated, see Theorem [B.4] However, we will not need
its value.)

Proof. For f € Ll(Rd ), denote the Fourier transform by

F(f)(E) = W [ dxe ). (a3)

Lete > 0. Let f € L,(R?) and x € R?. Then

(m(E_S,EH)(—A)ﬁf)(x) VIO [ 41-ano (B F TN

@0

(2n)d /Rd f dyl(-epa (87N V () F(9)
(Zﬂ)d / dVV ) f()/)/ drr- 1/ dS(E) Lp_c,pre) (7))

Sa-

S [T [ are [ as@ e,

- 2(2m)d

and therefore

(%gﬁl(Es,EJre)(_A)\/Vf)(x) 0,
\/W f HVVOIER fs . dS(&) eVEECD) | (a5)

2(2m)%
since the integrand in (A.4) is continuous in r. This implies (A.2)). O

A.2 Corollary. Let d > 2. Let V; = 0. Then for any E > 0 the operator A(E) from
has infinite rank.

Proof. We first show that the set of functions
{Rd >x >/ V(x)elt; Ee Rd} (A.6)

is linearly independent in the sense of equality almost everywhere. For this, notice
that {C 5> z — e/%; s € R} is linearly independent, since for z = —ix, these functions
have different asymptotic behavior for x — oco. Given a finite nonempty set M ¢ R
and ¢; # 0 for s € M, the analytic function C 3 z — Y, c;e™s? is therefore not
identically zero, and thus R 5 x — ¥, c;e"** is zero only on a discrete subset of R.

52



Given another finite nonempty set M € R? and ¢ # 0 for £ € M, define F:R¢ —
C via F(x) = Ygpcee’®*. We show that F1({0}) ¢ R is a null set. Since F is
continuous, it is measurable, and its measure is

L&d dx lp—l({o})(x) = /Sd_l dS(ﬂ) fomdrrd—l 1{0}(]-7(7';7)) =0, (A.7)

where the r-integral is zero, since for 4 € S, fixed the function r — F(ry) =
Y eem Ce€M is zero only on a discrete subset of R, as shown above. To show that
the set (a.6)) is linearly independent, it suffices to show that

{xeRE\/V(x)F(x) 20} ={xeRE V(x) 0} n{x e R%; F(x) #0} (a.8)
has positive measure. This is the case, since the first set in the intersection has positive

measure and the second set is the complement of the null set F~1({0}).
Now, let f € ker A(E). Then

/-1 .
0=(f, A(E)f) = zbé—ﬂ)d fs dS(£)|fRd dxr/V (%) e VEE £(x)
and therefore

fRd dxy/ V(x)eiﬁf’xf(x) =0 (A.10)

fora.e. £ € S;_;. Since the left-hand side of is continuous in &, the orthogonality
in holds in fact for all £ € S;_;. Since f € ker A(E) was arbitrary, we conclude
that

{RY5x V(x)eVEET £ e Si-1} < (ker A(E))*. (a.11)

Since S;_; is an infinite set for d > 2, the set of functions on the left-hand
side is infinite and linearly independent, and thus dim(ker A(E))* = oo. Since
the coimage (ker A(E))* of the linear map A(E) is isomorphic to ran A(E) (the
restriction A(E)| (ke ACEY) (ker A(E))* — ran A(E) being bijective), this shows
dimran A(E) = oo. H

2
>

(A.9)

A.3 Remark. () The second part of the argument in Corollary[a.2]can be made in a

more abstract way. A preliminary form would be the following: Given an inner prod-

uct space H, let M c H be a linearly independent countable set with the property
that the series

Kf =2 (9. flo (a12)
peM

converges for all f € H and defines a linear operator K: # — H. Then dimranK =
#M.
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Still more abstract formulations could be devised using Bochner-integrable func-
tions on a measure space. The argument in Corollary[a.2]can be seen as the applica-
tion of such an abstract result. We remark upon this since this can be a useful way to
determine the rank of an integral operator.

(B) For background potentials V; with suitable decay, a generalization of Corol-
larythat uses generalized eigenfunctions due to Ikebe-Povzner (see [Sim82, §cs]
and references therein) in place of e’VE¢* might hold.

The infinite rank of A(E) implies the positivity of y(E) |

A.4 Theorem. Let d > 2,let E > 0 and let Sg be the scattering matrix corresponding
to the pair H = —A and H' = —A + V. Then the transition matrix Tp = Sg — Ig
has infinite rank for a.e. E > 0. In particular, it is nonzero, and therefore the decay

exponent y(E) = 2 |arcsin| Ty /2| H;s from is strictly positive in the case V; = 0
fora.e. E > 0.

Proof. By Theorem it suffices to show that Ty = —2mi\/A(E)®g,i0\/A(E)

has infinite rank, with ®g_;, = limew(I + \/V(E +ie — H’)‘l\/V). We show that
its imaginary part In Tz = (T — T;) has infinite rank. For brevity, set R :=
lim,_g.i0 V' V(z - H)"W/V. Recall that by the limiting absorption principle, this
limit exists in operator norm for a.e. E > 0. In particular, R is compact. Then

Im T = %(—Zni\/A(E)CDEHO\/A(E) - 2mi/A(E)®s_0\/AE)
=-2m\/A(E)(I + ReR)\/A(E). (A.13)

Since Re R is compact, we can write it as Re R = R; + R,, where |R;| < 1/2 and R, has
finite rank. Thus

—%Im Ty = VA(E)(I + ROV A(E) + 4, (a.14)

where A is a finite rank operator. Now, since I + R; > I — 21 =21, we get

VA(E)(I+R)\VA(E) > JA(E). (A.15)

By Corollary|[a.2} this operator has infinite rank. O

The argument in Theorem!was communicated to me by Dr. Alexander Pushnitski, for which I am
very thankful.
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A.5 Remarks. (a) Theorem [a.4shows positivity of y(E) in the case Vo = 0 and d > 2.
The argument of Theorem [A.4{does not work for d = 1, since in that case A(E) has
finite rank - its rank being not more than points on the sphere Sy = {-1,1} in R.
However, we expect that using a direct computation it is nonetheless possible to treat
the d =1 case as well.

If the background potential Vj is present, the situation is more complicated and
we know of no argument that yields (a.1). In fact, for the most general case of two
self-adjoint operators differing by a perturbation, is not necessarily true for all
energies: Let T be a self-adjoint operator with spectral measure p (in the sense of
[Sim82, §cs5]; see also the discussion in [Yaf92, §1.3] of elements of maximal spectral
type). Then the density of the absolutely continuous part of p need not be strictly
positive almost everywhere on g,.(T). This fact gives rise to the concept of the core
of the spectrum, see Definition[9.1, and see Remark[9.2] for an example of such a T.
The absolutely continuous part of p corresponds to the trace of the operator function
E ~ A(E) from Proposition[6.1} For general self-adjoint operators, one can therefore
not expect a statement analogous to to hold for a.e. E € R. The situation for
Schrodinger operators might be different; in many cases, y could possibly even be a
continuous function. We don’t know of any results in that direction.

(B) Looking at the definition of y(E) in and the definition Ty = Sg — I
of the transition matrix, the question of strict positivity of y(E) is equivalent to ask-
ing whether Sg = I, i.e., whether Sg has any eigenvalue different from one. A series
of papers by Pushnitski (see [Pus08], [Pusl0], and references therein) gives another
equivalent statement: The operator D(E) := 1(_cog)(H) — 1(—c0,g)(H’) is compact
if and only if Sg = Ig. This result, however, seems more useful for extracting infor-
mation about the spectrum of D(E) from information about S than the other way
around.

Since the scattering matrix S has some relation to the spectral shift function & of
H and H’, one could also ask for conditions when ¢ is nonzero. Since V is not trace
class, £ is not integrable on all of R, so the support of £ is unbounded. However, we
know of no concrete condition for some E € R to be in spt .

(c) The question of strict positivity of y has some relation to the unique contin-
uation property (ucp) of H as defined in [Sim82, §co; see also the open question on
page 510]: Every distributional solution u of Hu = 0 in an open connected set Q with
the property that u vanishes near some x, € Q is identically zero. This is the case
for instance if V¢ is locally —A-form bounded, in particular if V is in Kjoc(R9) (see
[Sim82, Theorem c.9.3] and the references therein). It can be shown that if H satis-
fies the ucp, the operator A(E) is nonzero on a dense subset of g,.(H). This does
not imply strict positivity of y(E) though, since the operator @, ;o in Theorem

55



(or equivalently B(E) in Corollary[9.12) might map into the null space of A(E). It
is, however, possible to proof that {E € g,.(H); y(E) > 0} is not a null set if the
perturbation V is sufficiently small.
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B MISCELLANEOUS PROPOSITIONS

In this additional section, some additional statements mentioned in the main matter
of the text are proven. In the whole section, let H and H’ be as defined in $fi}

We begin with two statements regarding trace class properties of combinations
of functions of the infinite-volume operators.

B.1 Lemma. Let f € C=(R). Then f(H’) — f(H) is trace class.

Proof. Let T and T" be self-adjoint operators on a Hilbert space H with the property
that T” — T is trace class. Then h(T’) — h(T) is trace class for every h € C>(RR) by an
argument involving the spectral shift function of T’ and T [Yat92, Thm. 8.3.3], see
also [HM10, Sec. 5]. Moreover, e~*"" — e~tH is trace class for every t > 0 [Hun*06,
Remark after Thm. 1]. Set T := e~H and T’ := e H' as well as

-1 if x >0,
h(x) := {f( n(x)) ifx (B.1)

0 ifx<0.
Then T’ — T is trace class, h € C*(R), and h(T(")) = f(H®). This implies that
h(T")-h(T) = f(H") - f(H) is trace class, proving the assertion. O

B.2 Corollary. Let f € C*(R) and g, g1, 9 € Loo(R) with spt f nsptg = @ and
sptgi € [c,E — €], sptgs € [E + & ¢,] for some ¢; < E < ¢; and ¢ > 0. Then the
operators f(H)g(H'), g(H)f(H'), and g(H)g,(H') are trace class.

Proof. The first assertion follows from f(H)g(H') = —(f(H’) - f(H))g(H’) and
Lemma The second assertion follows in the same way. For the third assertion,
one finds fi, f, € C=(R) satisfying spt f; € [c1, E) and spt f, € (E, ¢1], as well as

g < fiand g < f,. Then f,(H) f,(H") is trace class by Lemma [B.1} and Lemmal|2.3]
implies the third assertion. O

Lemma [B.1)allows us to prove that the integrated densities of state of H and H’
are the same if they exist at all, which was mentioned in Remark 1.1}

B.3 Lemma. For ¢ >0 and f € C>(R),

lim Li tr(lo, f(H) - 1o, f(H')) = 0. (8.2)

Moreover, there is a set N € R of measure zero, such that if E € R \ N and if either
the integrated density of states of H or of H’, given by

1
() = lim —— ()
pr(E) = Il,l—{lc;lo LA Q| tr(lQLl(_oo’E)(H , ))) 3

57



exists, then the other exists and

p(E) = /(E) = Jim T2

(B.4)

Proof. The statement in is an immediate consequence of Lemma(.1} If it exists,
the integrated density of states is the distribution function of the density of states
measure, which is represented by the functional

FO(f) = lim o tr(lo, f(H?))  (f € C2(R)). (8.5)

LdK)\
If E € Ris a continuity point of this distribution function, the limit in exists and
is equal to the distribution function at E, see [Sim82, Prop. c.7.2]. Since distribution
functions are monotone, the set of discontinuity points is countable. From (B.2]) we
infer that if F(f) exists, so does F'(f), and vice versa, and F(f) = F/(f) in that
case. This proves the first equation in (B.4). The second one follows from [Sim82,
Thm. c.7.4]. [l

We also compute the integral from Theorem
B.4 Theorem. Let a € R?. Then

& Jajp-1(|al)
ila _ dj2
[, @@= amy P RantE, (5.6)
where the Bessel function J, of order v = d/2 — 1 is given by
(1)
]v(x X) Z( m (X > 0), (B7)

and the right-hand side of (B.6)) is understood as its analytic continuation for a = 0.

Proof. For d =1, the left-hand side of is 2 cos a, and so is the right-hand side
since J_i/2(x) = (& )Y2cosx. Solet d > 2. For a = 0, the analytic continuation of

(B.6) is
Zﬂd/z
(%)

which is the surface volume 0,_; of S;_;. For any other a € R9, there is an orthogonal

matrix U such that a = |a|Ue;, where e, is the first unit normal vector. Since the
surface measure on S,;_; is orthogonally invariant,

Jooas@ete = [ as(g)elven— [ as() el (5.9)

Sd*l Sdfl Sd*l

= Ud—1> (B.S)
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Parameterizing the sphere, we arrive at
ila|&-e - ik|a|k k
[ ds(@yeen =S 0L [ ds(e) (-
Sa-1 k=0 k! Sa-1

X ikalk k d-2+k
_kz:;) 0 ‘/_ﬁ de, /(_n/z,n/z)dz d(@2, ..., Q4-1) cos® @+ cos ¢4-1. (B.10)

For odd k, the integration with respect to ¢, yields zero. For even k, the integration
yields

/ de, f( /i d(@a,...,04.1) cos* - cos® K @y = 2¢pcqaix (BI1)
=7 —TT[24,TT -

with
/2
Cy = f d¢ cos* ¢ (k e Np). (B.12)
-n/2
An elementary computation shows that
Wa-_2+k d/2 k!
k' *Cd-p+k = =7 , B.1
G2k = FPNT(E L) (B.13)
where
dj2
Wi = (5.14)

is the volume of the unit ball. Inserting this back into (B.10]) proves the assertion. [
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C THE GEOMETRIC RESOLVENT INEQUALITY

In this section, we state and prove the geometric resolvent inequality. The formu-
lation and the proof are an adaptation from [Sto01], generalized to allow for Kato
decomposable potentials and complex points in the resolvent set.

Let M > 0 and let a:R¢ — R4 be measurable with M~! < a(x) < M for all
x € R? in the sense of positive semidefiniteness.

Let V. € Kioc(R?) and V_ € K(IR?) be positive. By [Sim82, p. 459], V_ is relatively
—A-form bounded with relative bound zero, i.e., for € > 0 there is C(¢) > 0 such that
(0, V_9) < €| Vo|?+ C(¢)|l@|? Consequently, we can define a self-adjoint operator
H in L,(R%) that is formally given by

H=-V-avV+V (ca)

via its form, where V := V, — V_. Choosing Dirichlet or Neumann boundary con-
ditions, we can also define a corresponding self-adjoint operator Hq in L,(Q) for
some open set Q) ¢ R4,

Before we can prove the geometric resolvent inequality, we need a technical
lemma.

c.1 Lemma ([Sto0l, Lemma 2.5.3]). Let Q c Q ¢ R? with dist(9€, 0Q) =: § > 0. Let
R > 0and z € Cwith |z]| < R. Let g € L,(Q). Let u € W)(Q) be a weak solution of
(H+z)u=gin Q,ie,

(aVu, Vo) +(Vu,9) +(zu, ) = (g, 9) (9 CZ(Q)). (c.2)
Then there exists a constant C only depending on §, M, V_, and R, such that

IVulza) < Clulz) + [€l@))- (c.3)
Proof. By density, the condition is satisfied for all ¢ € W, (). Thereis y €

C2(Q)with0 <y <1, y=1onQand |[Vy|. < C/3, where C depends only upon
the dimension d. For w := uy? € W] (Q), it follows that

(aVu, Vw) + (Vu,w) + (zu,w) = (g, w), (c.4)
and since Vw = y2Vu + 2uyVy,
(aVu, Vw) = (aVu, y*Vu) + (aVu, 2uyVy)
= (ayVu,yVu) + 2{(ayVu,uvy). (c.5)
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Now,

(yVu, yVu) < M{ayVu, yVu) = M({aVu, Vw) - 2(ayVu, uvy))
M((g,w) - (Vu,w) — (zu, w) - 2{ayVu, uvy))
M(|(g,w)l + (V_yu, yu) + R|yu|? + 2/(ayVu, uvy)|)
< M([[gllull + (V-yu, yu) + Rlyu|? + 2] a] |y vul|u||Vy]s). (c.6)

IN

Using the —A-form boundedness of V_ with relative bound zero, we set ¢ = 71— to

conclude

1
M(V_yu, yu) < ZHV(W)HZ +C(M)|lyul?
1 1
< EHWuH2 + EHuWH2 + C(M) |lyul?
<EHWuH“QZHuH”C(M)HuHZ (c.7)
2 262 '

and therefore

1 C?2
Slyvul? < Milglul + (555 + CM) + R) [ul + 2MC/8 | a| o[y Vul [u]. (c.8)

This is a quadratic inequality for ||y Vu|, which implies that there exists C(8, M, R)
with

lyvul < (8, M, R)([[ul + |g])- (c.9)

Taking the supremum over y proves the lemma. ]

We are now ready to prove the geometric resolvent inequality. To shorten formu-
las, let us write Ry (2z) := (z— Hy)7Y, for A € R open and z € p(H,).

c.2 Theorem (Geometric resolvent inequality, [Sto0l, Lemma 2.5.2]). Let A ¢ A’
be open sets, A € A and B ¢ A’. Let ¢ € C}(A) and Q an open neighborhood of
spt Vo with ¢ := dist(0Q, spt Ve) > 0and O n A = @. Let K ¢ C be compact. Then
there exists C = C(3, M, |V¢||e, V, K) such that forall z € p(Hx) np(Hp/) N K the
operator norm estimate

[1a(@Rar(2) = Ra(2)9)1s] < C[1aRA(2)1a][1aRA (2)1s] (c.10)

holds, where the functions are understood as their associated multiplication opera-
tors.
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Proof. We use the geometric resolvent equation (see [Sto0l, Prop. 2.5.1], the proof
there holds for Kato decomposable potentials and arbitrary open sets A ¢ A’) to
write

|L4(pRA(2) = Ra(2)9)15] = [La(Ra(2) (V@) - a V + V - aV)Ra(2) )15
< 1aRA(2)(V@) - aVRA(2)15][1aRA(2)(V-)aVeR,:(2)15]. (c.11)

We estimate the second factor of (Ca1). Choose O ¢ Q with sptvVe ¢ Q and
dist(9Q), Q) = 2. Then the second factor is, since spt ¢ € A,

[1aRA(2)(V-)1qaV @Ry (2)1g]
< LuRA(2) (V)1 al oo [Vl oo [1aRA (2)15] . (c22)
By adjoining, the first factor is |15 VR (Z)14 . We claim that

Let f € L,(A) and set u = Rp(z)14f and ¢ = 14f. Then u is a weak solution of
(H-Z)u = gin A and, in particular, in Q n A. Using Lemmal[c.jand Q n A = @, we
arrive at

vl < (8 M, V. K)uliagay = €8 M, V. K)l1qu.
This proves equation (c.13)). The first factor of can be treated similarly. O

In the main text, we did not use Theorem [c.2|in its most general formulation
stated here. We used it in the formulation of Lemma [5.3} which we state here as a
corollary.

c.3 Corollary. Let L >1and let A € O be closed. Take ¢ € C1(Q) with ¢(x) =1
for x € Q. Then Uy := Qp \ Qy_; is an open neighborhood of spt V¢ and § :=
dist(0Uy, spt Vg) > 0. Let K € C be compact. Then there exists Cgr > 0 depending

ond, |V¢|w, V,and K such that for all z € p(Hi')) N p(H") n K the operator
norm estimate

HIA((Z _ H(/))—l _ (z _ HEI))_I)IAH
< Canlla(z = H) My, |10, (z - HO) 4| (ca4)

holds, where the indicator functions are understood as their associated multiplica-
tion operators.

Proof. Let a(x) = I be the identity matrix. As the potential, take either V; or Vo + V.
In Theorem choose A = Q; and A’ = R4, as well as A = Band Q = U;. Then
149 = ¢l,, and therefore implies the assertion. O
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NOTATION

ker T
ran T

lin M

HL:—AL+V0
H =H +V
L L

Aj> 5

scalar product on some Hilbert space; antilinear in the first and
linear in the second argument

asymptotic equality; f(x) ~ ¢(x) asx - ¢ <
F()/g(x) > Tasx — ¢

kernel (null space) of the linear operator T
range (image) of the linear operator T
linear span (hull) of the set of vectors M
length parameter

{Lx; x € Oy} = L- Q, where Q; € R? open and bounded with
0e)

Kato class

locally Kato class

support of a function f

number of elements in the set M; #M € Ny u {0}
background potential, see on page
perturbation potential, see (V) on page
unperturbed finite-volume Schrodinger operator
perturbed finite-volume Schrédinger operator

jth eigenvalue of H; and H/, counting multiplicities
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95 y;
H=-A+V,
H=H+V

N.(E)
SL(E)

PN IV
O(g(x))

o(g(x))

14

33
Lijoc(R)
Borel(X)
ds

p(T)

66

normalized jth eigenfunction of H; and H}
unperturbed infinite-volume Schrodinger operator
perturbed infinite-volume Schrédinger operator
Fermi energy
number of particles, see on page
ground-state overlap, see on page
/

orthogonal projections on the first N eigenvalues of H and H7,
see on page2]

Bachmann-Landau symbol; f(x) = O(g(x)) asx — oo <
3C,x0 2 0 yx > x0 1 |f(x)] < Clg(x)]

Bachmann-Landau symbol; f(x) = o(g(x)) as x — oo for
nonzero g(x) <= f(x)/g(x) > 0asx - oo

indicator function of the set A

spectral shift function

locally integrable functions

o-algebra of all Borel sets of the topological space X
integration with respect to the surface measure on a manifold
Euklidean scalar product of x, y € R”

Dirac distribution, used in an abbreviation for integration with
respect to the surface measure, see Remark[3.3Jon page o]

1-norm on R”

n-dimensional standard simplex; = {x € [0,1]"; |x|; <1}
Euler’s Gamma function

Euler’s Beta function

{f € C>=(Q); spt f kompakt}

smooth cut-off functions, see Definition |4.1 on page
discontinuous cut-off functions, see Definition [6.5/on page

resolvent set of a linear operator T



j'[ac

SE’ TE
[REER
Sa-1
wq

041

one-dimensional trace measures, see on page

an integral related to the Hilbert matrix, see §

coefficient in the asymptotics, see Definition|7.2|on page
set of natural numbers greater than or equal to n
dilogarithm function; Li;(z) = Y32, i—i

absolutely continuous subspace of H

core of the spectrum of H, see Definition|9.1 on page
scattering matrix and transition matrix, see §|§
Hilbert-Schmidt norm

unit sphere in R4

volume of the unit ball in R%; w, = 74/2/T (£ +1)

volume of the (d-1)-dimensional unit sphere in R%; 0, ; = dw,
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