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Algorithm for the complement of orthogonal operations

IRYNA V. FRyz

Abstract. G. B. Belyavskaya and G. L. Mullen showed the existence of a comple-
ment for a k-tuple of orthogonal n-ary operations, where k < n, to an n-tuple of
orthogonal n-ary operations. But they proposed no method for complementing.
In this article, we give an algorithm for complementing a k-tuple of orthogonal
n-ary operations to an n-tuple of orthogonal n-ary operations and an algorithm
for complementing a k-tuple of orthogonal k-ary operations to an n-tuple of
orthogonal m-ary operations. Also we find some estimations of the number of
complements.

Keywords: orthogonality of operations; retract orthogonality of operations; com-
plement of orthogonal operations; block-wise recursive algorithm

Classification: 05B15, 20N05, 20N15

Introduction

Often in quasigroup theory, the term “orthogonality” refers to several different
notions which are generalizations of orthogonality of binary operations. Here,
we will follow the definition of orthogonality of n-ary operations from [3]. For
a description of various notions of orthogonality, see also [4], [5] or [6] and the
references therein.

The detailed review of the theory of orthogonal binary operations, i.e., for
n = 2, is considered in [10]. But if n > 2, then many questions remain beyond
attention, especially those which do not have analogues in binary case. One of
these questions is orthogonality of retracts of operations which was given in [9]
and described in [8]. Another important question is finding the complements of
a k-tuple of orthogonal n-ary operations to an n-tuple of orthogonal n-ary oper-
ations, where k& < n. In binary case, this problem has been solved. Besides, it
has been shown that an operation has an orthogonal mate (an orthogonal com-
plement) if and only if it is complete, therefore every method for constructing an
orthogonal mate for an operation is a method of its complementing. In addition,
if an operation is invertible (quasigroup), then it has an orthogonal quasigroup
mate if and only if this quasigroup is admissible, see [10].

G.B. Belyavskaya and G.L. Mullen in [3] proved that for every k-tuple of
orthogonal n-ary operations, where k < n, there exists a complement to an n-tuple
of orthogonal n-ary operations. They proposed an algorithm for constructing
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an n-tuple of orthogonal n-ary operations, however, no method for complementing
was given. Also, other methods known to the author (see [2], [7], [13]) do not allow
to find an orthogonal complement for a given tuple of orthogonal operations. The
author and F. M. Sokhatsky in [9] suggested a generalization of G. B. Belyavskaya
and G.L. Mullen’s algorithm, namely a block-wise recursive algorithm. This
algorithm gives a possibility to construct a complement for a k-tuple of orthogonal
n-ary operations to an n-tuple of orthogonal n-ary operations.

In Section 2, we give an algorithm for complementing a k-tuple of orthogonal
n-ary operations to an n-tuple of orthogonal n-ary operations (Algorithm 1).

In Section 3, we describe retract orthogonality concept for hypercubes and
illustrate the construction of orthogonal complements for orthogonal hypercubes
(operations).

In Section 4, we prove necessary statements for finding some estimations of the
number of complements for orthogonal operations of finite order, in particular,
we find the number of all i-invertible n-ary operations (Lemma 8).

In Section 5, we find estimations for the number of trivial complements of
a k-tuple of d-retractly orthogonal n-ary operations, where |0| = k, to a (k 4 r)-
tuple of orthogonal n-ary operations (Theorem 11, Corollary 12, Corollary 13,
Corollary 14), where 1 <r <n — k.

In Section 6, we give an algorithm for complementing a k-tuple of orthogonal k-
ary operations to an n-tuple of orthogonal n-ary operations (Algorithm 3) and we
find the lower bound of the number of complements constructed by Algorithm 3.

1. Preliminaries

Throughout the article, all operations are defined on the same arbitrary fixed
set which is called a carrier and is denoted by Q.

An operation f is called i-invertible, if for arbitrary elements aq, ..., a;_1, b,
@it1, ---, Gn there exists a unique element x such that
(1) f(al,...,ai_l,x,ai+1,...,an):b.
If f is i-invertible for all i € 1,n := {1,...,n}, then it is called an invertible or

a (quasigroup) operation.
For each invertible operation f, a o-parastrophe °f is defined by

af(-rlzﬂ ce 7-1'710) = x(nJrl)a < f(-rla cee )‘/L‘TL) = Tn+1,

where o is a permutation of the set 1,n + 1. In particular, a o-parastrophe is
called

o an ith division, if o = (i,n+ 1);

o principal, if (n+ 1)o =n + 1.
It is clear that a principal o-parastrophe can be defined by

(2) F(x1, . oy xn) = f(X10-1, oy Tpo—1).
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Definition 1 ([3]). A tuple of n-ary operations f1,..., fi defined on @, where
n>2 k<n,and m:=|Q), is called orthogonal, if a system

fl(zla' ..,l‘n) == b17
(3) :

Jr(@, ... xn) = by

has exactly m™ ¥ solutions for arbitrary by,...,bx € Q. If n = k, then the system
(3) has a unique solution. For k > n, the operations are called orthogonal, if every
n-subtuple of fi,..., fx is orthogonal.

If £k =1, then orthogonality concept coincides with completeness concept, i.e.,
an operation fi is called complete, if an equation

fi(ze, .. @) =b
has m™~! solutions for all b; € Q.

It is well known that an operation has an orthogonal mate if and only if it is
complete.

Theorem 1 ([3]). Every k-tuple of orthogonal n-ary operations (k < n) can be
embedded into an n-tuple of orthogonal n-ary operations.

Definition 2 ([3]). Let ¥ < n < s. An s-tuple of n-ary operations is called
k-wise orthogonal, if every k-tuple of distinct n-ary operations from this tuple is
orthogonal.

Theorem 2 ([3]). Let 1 < k < n. If k-tuple of n-ary operations is k-wise
orthogonal, then the tuple is ¢-wise orthogonal for all ¢ such that 1 < { < k.

Let f be an n-ary operation defined on a set ( and let
(SZ: {il,...,ik}gl,_n, {jl,...,jn,k}::l,_n\& a = (ajl,...,ajnik).

An operation f(g,s) which is defined by

f(ﬁ,(s)(zilﬂ"'ﬂzik) = f(yla"'ayn)a

where y; 1= {zz :fz;g is called an (a, d)-retract or a d-retract of f.
Operations f1,(a,,s), f2;(az.6)s - - - » fhi(an,s) are called similar d-retracts of n-ary
operations f1, fa, ..., fr, if a1 = a2 = - = ay.

Definition 3 ([9]). A k-tuple of n-ary operations, where k > n, is called ¢-
retractly orthogonal, if all tuples of similar d-retracts of these operations are or-
thogonal.

If 6 = {i}, then d-retract orthogonality of operation f; degenerates into its -
invertibility. If § = 1, n, then retract orthogonality of f1, ..., f, is orthogonality.
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The symbol S4 denotes the set of all permutations of the set A C 1,n, but S,
refers to the set of all permutations of the set 1,7, where n is a natural number.
For 7 € S,,, the symbol (X )7 denotes the image of a set X under transformation r,
ie, (X)r:={zr:z € X} and

SA = {reS,: (AT ={1,...,|A]}}.

Composition algorithm ([9]). Let 6 C 1,n, n >k, and let hy,..., h; be k-ary
operations, p1,...,pr be (n — k + 1)-ary operations, o € S,,.

Operations %7, ..., % are constructed by the following items:
1) operations fi, ..., fi are defined by
fi(ze, o mn) = pr(ha(@n, . Th), Thg1s - -5 T,

fe(@i, o on) = pr(he(zr, o Tk), Theg1, -5 Tn);
2) operations %1, ..., % are obtained from f1, ..., fx using (2).
Theorem 3. Let p1, ..., pr be l-invertible (n — k + 1)-ary operations and let
h1, ..., hi be k-ary orthogonal operations, c—' € Sfl. Then operations °f1, ..., %fn

being constructed by composition algorithm are d-retractly orthogonal.

m-block-wise recursive algorithm ([9]). Let m := {m, ..., 1} be a partition
of T,n and f1, ..., fn be n-ary operations, 71 € Sx,, T2 € S Umgs -++»> Tho1 €
Sﬂ—lu...uﬂ—k71 .

Operations g, ..., g, are constructed by the following items:

1) the first block of the operations is
gi(z1,. .., xn) = fi(x1,. .., 2n), j € m;
2) for every i = 2,...,k, the ith block of the operations is
gi(z1,...,zn) = fi(t1,...,tn), j € my,

where

b= gsri,l(l‘l,...,l‘n) ifsemU---Um_q,
. T otherwise.

A tuple of operations fi, ..., f, is called w-block retractly orthogonal, if for all
i €1,k atuple {f;: j € m} is m-retractly orthogonal.

Theorem 4 ([9]). Let operations fi, ..., fn be m-block retractly orthogonal.
Then the operations g1, ..., g, constructed by m-block-wise recursive algorithm
are orthogonal.
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Theorem 5 ([8]). If for some § C 1,n a tuple of n-ary operations is d-retractly
orthogonal, then the tuple is orthogonal.

Proposition 6 ([8]). Let k < n. Then there exist k-tuples of orthogonal n-ary
operations such that for some § C 1,n, |§| = k, they are not d-retractly orthogonal.

2. Construction of complements for orthogonal operations

Theorem 1 and Theorem 2 mean that for every k-tuple of orthogonal n-ary
operations f1,..., fi there exists an (n — k)-tuple of orthogonal n-ary operations
fi+1,- -, fn such that n-tuple f1,..., f, is orthogonal. By virtue of Definition 1,
every complete n-ary operation can be embedded into an n-tuple of orthogonal
n-ary operations. For the complement of orthogonal operations, the method pro-
posed in [3] can be used, but only in the case k = 1 and this complete operation
has to be n-invertible. An algorithm for complementing a k-tuple of orthogonal
n-ary operations is unknown. However for a k-tuple of retractly orthogonal n-ary
operation, the algorithm from [9] is successfully applicable. Remark that the dif-
ference between orthogonality and retract orthogonality is described in Theorem 5
and Proposition 6, namely, retract orthogonality implies orthogonality, but the
inverse statement is not true.

An arbitrary k-tuple of d-retractly orthogonal n-ary operations, where |§| = k,
can be complemented to an n-tuple of orthogonal n-ary operations using a block-
wise recursive algorithm.

Algorithm 1. Let § = {41,...,ix} C 1,n, |6| = k and g;,, ..., g, be d-retractly
orthogonal n-ary operations.
Operations g;, ., ..., gi, are constructed by the following items:
1) choose arbitrary n-ary operations f;, ..., fi, such that for every r € 2, ¢
a tuple {f;: j € m} is m.-retractly orthogonal, i.e., the corresponding
partition of 1,n is 7 := {0, m2,..., 7y}, and permutations 71 € Ss, T2 €
Sumss ++ s Tg—1 € SeUmpU--Umg_1}
2) for every j € ma, the operation g; is constructed by
(5) gj(-rlv---al‘n) = fj(t17-"7tn)7
where

b Gsr (X1, ) if s €,
o T otherwise;

r) for every j € m,, 7 = 3,...,¢, the operation g, is constructed by (5),
where

o sy (X1, yxy) M s€0Um U Ump_y,
° Ts otherwise.
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Theorem 7. An (n — k)-tuple of n-ary operations g, ,, ..., gi, constructed
by Algorithm 1 is a complement of a k-tuple of §-retractly orthogonal n-ary
operations ¢i,, - .., gi, to an n-tuple of orthogonal n-ary operations.

PrOOF: The proof follows immediately from Theorem 4, if we take § as the first
block of a defining partition of the set 1, n for a block-wise recursive algorithm. [

Note that Algorithm 1 gives a possibility to complement a given k-tuple of
o-retractly orthogonal n-ary operations to a (k + r)-tuple of orthogonal n-ary
operations for all r € 1,n — k. This follows from Theorem 2.

3. Orthogonal complements for hypercubes

It is well known that to every m-ary operation of order m there corresponds
an n-dimensional hypercube (n-cube) of order m, i.e., an n-dimensional array on
m distinct symbols; and to a k-tuple of orthogonal n-ary operations there corre-
sponds a k-tuple of orthogonal n-cubes, k < n, i.e., under their superimposition,
each of the m™ ordered k-sequences of symbols occurs exactly m™~* times, see [3].

Let § C 1,n and |0| = k. A k-cube Hj is called a §-subhypercube of an n-
cube H, if it is obtained from H by fixing the n — k coordinates with indices
from 1,n\d. To every k-ary retract of an n-ary operation there corresponds a k-
dimensional subhypercube of the corresponding n-cube. If § = {i,j}, then Hj is
called an {4, j}-slice of H. If 6 = {i}, then a d-subhypercube is called an i-line.
For each i € 1, n, there are m™~! i-lines. If an i-line is a permutation of 1, n, then
the line is called Latin. If each of the i-lines of a hypercube is Latin one, then the
corresponding operation is i-invertible.

For example in a square, 1-lines are columns and 2-lines are rows. There are
m rows and m columns in a square of order m. In a cube, 1-lines are obtained
when the second and the third coordinates are fixed, 2-lines when the first and the
third coordinates are fixed and 3-lines when the first and the second coordinates
are fixed. The number of i-lines is m? for every i € {1,2,3} and the number of
{1, 2}-slices ({1, 3}-slices, {2, 3}-slices) is m.

Every cube on @ can be presented by its {i,j}-slices for fixed 4,5 € {1,2,3}.
Let G(f1,2},qa) refer to the {1,2}-slice of G when the third coordinate is fixed by
a € Q. For example, let us present cube G on the set {1,2,3} by {1, 2}-slices:

G({1.2).0) G({1.2.1) G({1.2),2)
G: R 021 002
11112 21210 11210
21012 1101 1121
Subhypercubes Hi 5, ..., Hy s of order m of hypercubes Hy, ..., Hy, are called

similar, if each of them is defined by fixing all coordinates from 1,n\§ by the same
elements.
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Definition 3 can be reformulated for hypercubes: hypercubes Hy, ..., Hy are
called §-retractly orthogonal, if all their similar subhypercubes H; 5, ..., Hy s are
orthogonal. For example, cube H on {1, 2,3} with its {1, 2}-slices:

H: 0122 010]0 1101
0111 1121 210
0(1]2 21211 0121

and G are {1,2}-retractly orthogonal. Indeed, let us superimpose the similar
{1, 2}-retracts of G and H:

00 | 0212 00| 20| 10 01]00 |21
10 11] 21 2112201 12 120 | 02
20| 01 | 22 12102 | 11 10 122 | 11

In each of these squares, every pair occurs exactly once, i.e., the similar {1,2}-
slices are orthogonal, therefore G and H are {1,2}-retractly orthogonal. G and
H are orthogonal because in all these squares of pairs every pair occurs exactly
thrice. Their orthogonality follows from Theorem 5 as well.

Note that all given statements can be reformulated for hypercubes. Thus,
Algorithm 1 is applicable for the complement of orthogonal hypercubes. In the
following example, we illustrate the construction of a complement for a pair of
orthogonal cubes to a triplet of orthogonal cubes.

Example 1. Let G and H be the given {1, 2}-retractly orthogonal cubes. In order
to complement this pair to a triplet of orthogonal cubes according to step (1) of
Algorithm 1, we have to choose an arbitrary cube, each of its 3-lines is Latin, for
example, cube L with its {1, 2}-slices:

L: |(0]0]2 1121 21110
112 1)1 2 2
21111 0122 11010

Since G and H are {1, 2}-retractly orthogonal, the first block of the corresponding
partition for the algorithm is {1,2} and then the second one is {3}, i.e., 7 =

{{1,2},{3}}.

Then by step (2) we have to construct cube K by cube L using the formula

K(ma Y, Z) = L(G(x,y, z), H(CB, Y, Z)? Z):
K 01210 11010 1 0
1121 21212 21110
21011 11111 2 0
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Let us superimpose cubes G, H, K:

000 | 022 | 120 001 | 200 | 100 011 | 002 | 210
101 | 112 | 211 212 | 222 | 012 122 | 201 | 020
202 | 010 | 221 121 | 021 | 111 102 | 220 | 110

In the obtained cube, every ordered triplet occurs exactly once. This means
orthogonality of G, H, K. By Theorem 7, they are orthogonal as well.

4. Additional statements

Let us define the function p on pairs of positive integers:
p(1,s):=11-21.30. ... sl

We can rewrite it in the following way

(6) p(l,s) =2"1.372. ... (s—1)2-s.
Thus, we have
123 sl =[5t
j=1
Then
plk,s) =kl-(k+1)!-....4
=5kt TR (k)R (s 1) s,

Consequently,

k s
(7) k'(k’—f—l)'Sl:H.jsfk‘Jrl H j57j+1.
J=1 j=k+1

Formula (6) is a partial case of (7). If k =1 in (7), then

1

HjsflJrl - 1.

j=1
Lemma 8. For every i € 1,n, the number of i-invertible n-ary operations on

a set Q of order m is (m!)™" ', wherem > 1 and n > 1.

PROOF: Let @ be an arbitrary set, m := |Q| < co and Sg be a group of all
bijective mappings of @ upon Q. Therefore |Sg| = m!. If f is an i-invertible
n-ary operation on (), then the transformation «; such that

ai(z) = flar, ..., a4i—1,%,Gi41,- .., an)
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is a bijective mapping of @ upon @, i.e., every bijection from Sg has this form.
Define a mapping \;: Q"' — S in the following way:

)\i(l'l,. s L1, T4 1y - - ,l‘n)(l‘) = f(l‘l,.. 5 Li—15 Ly Lit1, - ,l‘n)

This relationship establishes biunique correspondence between i-invertible n-ary
operations on @ and mappings of Q"' — Sg. It is clear that Q" | = m"~ 1.
Therefore [A;| = (m!)™" ", where

Ai = {)\1 )\z anl — SQ}

We have shown that the number of all bijections from A; and the number of
i-invertible n-ary operations on () are the same and it is (m!)mnfl. O

Example 2. For some cases, the truth of the statement of Lemma 8 is evident.
In the case when m is an arbitrary and n = 1, every invertible unary operation
is a bijective mapping of @ upon @, so their number is m!. In the case m = 2
and n = 2, there exist exactly 6 complete binary Boolean operations (complete
squares of order 2). There are 4 left (right) invertible operations among them,
including 2 quasigroups. In the case m = 2 and n = 3, every slice of a cube of
order two is a square of order two, therefore we can find all ternary 1-invertible
Boolean operations using binary 1-invertible operations. Since their number is 4,
the number of all 1-invertible ternary Boolean operations is 42 = 16.

Note that intersection of all sets of 1-; 2-, ..., n-invertible n-ary operations
on (Q is a class of all n-ary quasigroups on Q.

A k-tuple of n-ary operations f1, ..., fr, k < n, constructed by (4) is called
prolongation of a k-tuple of orthogonal k-ary operations hq, ..., hi to a k-tuple
of n-ary operations, where p;, ..., pi are arbitrary l-invertible (n — k + 1)-ary
operations. Besides, it is proved that each of the prolongations is a k-tuple of
orthogonal n-ary operations, see [8].

Lemma 9. For every s-tuple of orthogonal k-ary operations on a set () of order m,,
n—k

k>2 s<k, k<n,m>2, there exist exactly (m!)*™ different prolongations

to an s-tuple of orthogonal n-ary operations.

In the case kK = n, we obtain orthogonal k-ary operations again.

PROOF: In order to prolong s-tuple of orthogonal k-ary operations on ) of order
m by (4), we have to take an s-tuple of 1-invertible (n — k 4 1)-ary operations,
besides some operations of this tuple can coincide. By Lemma 8, the number
of 1-invertible (n — k + 1)-ary operations is (m!)mnfk, therefore the number of
s-tuples of 1-invertible (n — k + 1)-ary operations is (m!)smnfk. O

If s = k, then there are (m!)k’”"fk different prolongations of a k-tuple of
orthogonal k-ary operations to a k-tuple of orthogonal n-ary operations.
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5. Estimations of the number of complements of i-retractly orthogo-
nal operations

The number of complements of a given tuple of orthogonal n-ary operations to
an n-tuple of orthogonal n-ary operations is unknown, but we can find some of
its estimations.

Two complements of the same tuple of orthogonal operations will be called
different, if they differ in at least one operation. For arbitrary o € S,,, k-tuples of
operations f1, ..., fr and fis, ..., fro are assumed to be the same.

Trivial complements. The simplest and the most studied complements of or-
thogonal operations are trivial complements. To construct trivial complements,
it is enough to have only operations which are one-sided invertible in all different
places not belonging to 6 and we add exactly one operation for every step. Recall
that if # = {{n},{n—1},...,{1}} in Algorithm 1, then we have an algorithm for
complementing an n-ary n-invertible operation to an n-tuple of orthogonal n-ary
operations which trivially follows from the algorithm for construction of orthog-
onal operations from [3]. Some modifications of this algorithm were considered
in [11], i.e., for all other trivial partitions of the set 1,n. All these algorithms are
partial cases of a block-wise recursive algorithm when the partitions are trivial
and they are called trivial recursive algorithms.

Combining Algorithm 1 with a trivial recursive algorithm, we formulate an
algorithm for trivial complementing.

Algorithm 2. Let g;,, ..., g;, be d-retractly orthogonal n-ary operations, where
0 ={i1,...,ix} C1,n.
Operations g;, ., - .., gi, are constructed by the following items:
ro) choose arbitrary n-ary operations f;, ., ..., fi, such that for all r €
1,n — k the operation finsr 18 iggr-invertible and permutations 71 € Ss,
T2 € Séu{ikﬂ}a cevy Tn—k € Séu{ikﬂ}uuu{in,k};

1) the first operation g, ,, is constructed by

g’ik+1(x17 .- '5zn) = f’ik+1(t17 s 7tn)7

where
b= {9871(x17---7$n) if s€d,
Ts otherwise;
r) the operation g, , 7 =2,...,n — k, is constructed by
gikw(xla ey Ty) = fik+r(t1) cestn),
where

te = gSTr—l(‘f'L‘l) s ,l‘n) if sedU {ik+1} U---u {’ik+7._1},
o T otherwise.



Algorithm for the complement of orthogonal operations

Corollary 10. Every k-tuple of §-retractly orthogonal n-ary operations, where
|6| = k, is trivially complementable (i.e., by Algorithm 2) to an n-tuple of orthog-
onal n-ary operations.

Proor: If in Algorithm 1, blocks 7a, ..., m, are singletons, then ¢ =n — k + 1.
Denoting 7 := {igt1}, ..., Tn—k41 = {in}, we have a defining partition 7’ =
{6,{ix+1},.-.,{in}} of the set 1,n. Algorithm 2 is obtained by reformulating
Algorithm 1 for 7/. By virtue of Theorem 7, a tuple of operations constructed by
Algorithm 2 is a complement of a given k-tuple of d-retractly orthogonal n-ary
operations to an n-tuple of orthogonal n-ary operations. Since for any integer n

and for any k € 1,n there exists an (n — k)-tuple of ixy1-, ..., i,-invertible oper-
ations, every tuple of d-retractly orthogonal n-ary operations is complementable
by Algorithm 2 to an n-tuple of orthogonal n-ary operations. ([

Estimation. Let €,(k,s;m) refer to the number of all different complements
constructed by Algorithm 1 of a k-tuple of d-retractly orthogonal n-ary operations
on () to an s-tuple of orthogonal n-ary operations, and c,(k, s;m) denote the
number of all different trivial complements of a k-tuple of §-retractly orthogonal
n-ary operations on a set () to an s-tuple of orthogonal n-ary operations, where
Ql=m, |6| =k, k<s<n.

Theorem 11. Let m = |Q, k = |6], k> 1,n>2 m>2and 1 <r <n—k.
Then

om—1 mn—1 k k+r
(i)™ I G D - -
. < ep(k,k+mr;m) < k=) H] H J .
j=1  j=k+1
PROOF: Suppose § = {i1,...,it} and (gi,,..-,0:,) is an arbitrary fixed ordered

k-tuple of d-retractly orthogonal n-ary operations on ). By Theorem 5, this tuple
of operations is orthogonal.

Let us find the lower bound of ¢, (k, k + r;m), where 1 < r < n — k. Suppose
for every g € 1,7,

A:=6U{igg1t U U {ikyg—1}-
Note that if ¢ = 1, then 4444—1 = k. Therefore i, € § implies A = 4.
For arbitrary i, 4-invertible n-ary operation f;, +q0 We construct n-ary opera-
tion g;, . . by
(8) gik+q(z17"'7xn) = fik+q(t1""5tn)5 qil,...,T,

where i1 € 1,n\6 U {igr1} U - U{ifsq—1} and

YUl ifi¢ A
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By Algorithm 2 and Corollary 10, the tuple (gi,, .-, giys Gipirs-- - > Giny,) S OI-
thogonal. Remark that for every ¢ € 1,7, we add exactly one operation using an
ix+q-invertible n-ary operation.

SUppose (Giy s - - - s Jiy> Giyrs - - - s Gty ggkﬂ) is another tuple of orthogonal op-
erations, where gng is constructed by (8) from another i o-invertible operation

tera’
g;kﬂ (X1, 2p) = filkﬂ (t1y. .y tn).
Show that
(Girs s Gin> Ginsrs > Ginsgrs Jinsg)
+ (gil,...,gik,gikﬂ,...,gik+q71,g§k+q)

if and only if f;, . # filkﬂ'
Indeed, suppose

(gila s 7gikagik+17 s 7gik+q71agik+q)

- (gzla"'agzkagzk+1a'"7gzk+q71agik+q)a

SO Girpy = Gipiyr 1€ fip (b itn) = fi, (t1,...,tn). Because the tuple
(Girs- -+ Gin> Gingas -+ Giry,) 15 orthogonal, it takes all values from Q*t9. This
means that the tuple (ti,...,t,) takes all values from Q™. Therefore, f;,, =

!
ktq -
Thus for every ¢ € 1, r, the number of all different complements of a (k+¢—1)-
tuple of orthogonal operations constructed by (8) via iy 4-invertible operation is

equal to the number of all 5 4-invertible n-ary operations on @) of order m and it
1

. The inverse statement is evident.

is (m!)™""" according to Lemma 8. Consequently, there exist at least (m!)™"
different complements of a (k + ¢ — 1)-tuple of orthogonal n-ary operations to
a (k + ¢)-tuple of orthogonal n-ary operations.

We iterate these steps r times until we reach a (k-+r)-tuple of orthogonal n-ary
operations and therefore the number of tuples of the form

(fiu-~-;fikagik+1ﬂ"'ﬂgik+r)

is (m!)’”mnfl. Suppose among constructed tuples of operations there exists one
more tuple (ggkﬂ, ... 7gz’-k”) such that

(g;kJrla cee 5.g'lik+r) - (gi(k+1)aa v 5gi(k+r)a)7

where o € S, i.e., we obtain the same complement twice. The maximal number
of all possible repetitions is r!. Consequently,

(m!)wnn* !

en(k, k4 rm) > '
T
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Now we consider the upper bound of ¢, (k,k + r;m). Using permutations
from the sets Ss, SsUfi,,i}s « - S6ULiri1}U--U{irsr_1}> We also receive orthogonal
operations by the block-wise recursive algorithm. Since

|85| = k|7 |S5U{’ik+1}| = (k + 1)" ] |S5U{ik+1}u~~~u{ik+T71}| = (k +r— 1)')
we have also
7 k k+r .
Kok (ktr— 1) 2 11 11 7
j=1  j=k+1

ways for constructing the complements.

For every q € 1,7, ix+q € 1,n\A, therefore there exist n—k—g+1 ways to
choose iy44, i€,
(n—k)!

(n—k)'-~-'(”*k*r+1):m

ways to choose a tuple (ix41,...,%k+r) Without repetitions of its elements. Since
for every i,j € 1,n, i # j, the classes of i-invertible and j-invertible n-ary opera-
tions have a nonempty intersection, we have inequality

-1 k k+r

. (n — k)!(mh)™" - hetr—j
(kb +mm) < k=7 H] H J :
Jj=1 j=k+1

O

The following corollary gives estimations for the number of complements of a k-
tuple of §-retractly orthogonal n-ary operations to a (k + 1)-tuple of orthogonal
n-ary operations if k 4+ 1 # n.

Corollary 12. Let m=|Q|, k=], k>1,n>3, m >2 and k+ 1 # n. Then
(m)™ " < en(k k+ 1;m) < (n— k)kI(m)™ .

PRrROOF: By Theorem 11, if r = 1, then

k k+r k k+1

er H jhrT=i = ]._.[j H (k+ 1)k+17(k+1) — Kl

j=1  j=k+1 j=1 j=k+1
Therefore,

(m!)wn"*l B \ -
rl = (m!)
and
(n—Kk)l(ml)y™" " & M

I IT #7 = o st

I AAY
(n—k—r)! e

147
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For complementing an (n — 1)-tuple of o-retractly orthogonal n-ary operations,
where [§] = n — 1, to an n-tuple of orthogonal n-ary operations, we find more
precise estimations in the following statement.

Corollary 13. Let m = |Q|, m > 2, n > 2 and |6| =n — 1. Then
(9) (m)™"" < Culn — 1,nym) < (n— D(m)™"

PrOOF: In Theorem 11, the equality k =n — 1 impliesr =n— (n—1)=1. In
this case, any possible complementing is a trivial complementing. That is why
tn(n—1,m;m) = €,(n — 1,n;m). By Corollary 12, its lower bound is (m!)mnf1
and its upper bound is (n — 1)!(m!)™""

From the proof of Theorem 11, an n-ary operation g;, is uniquely constructible

by an i,-invertible operation f; . Consequently, an ordered tuple (g;,, ..., ¢:,) is
uniquely complementable by (8). Therefore, we have non-strict inequalities for
Co(n—1,n;m). O

Example 3. Consider complements of binary Boolean operations. Putting n = 2
and m = 2 in (9), we have
consequently, €5(1,2;2) = 4.

This can also be easily verified using superimposition of the corresponding
squares: every left (right) invertible binary Boolean operation has 4 complements.

Since there are 4 left (right) invertible Boolean operations, these complements are
constructible by Algorithm 2.

Also we specify Theorem 11 for estimations of the number of complements of
a k-tuple of §-retractly orthogonal n-ary operations to an n-tuple of orthogonal
operations.

Corollary 14. Let m=|Q|, k=1d], k> 1,n >3, m > 2 and k < n. Then

(m!)(nfk)m”’71

N . n—k)ym" ! n—k
= h) <cn(kyn;m) < (n—k)!(m!) HJ H §n
j=k+1
PRrROOF: By Theorem 11, if k 4+ r = n, then

k+r

n— k)(mhrm"""
( (n)(k)r)! H II 3+

j=1 Jj=k+1

_ (= k)i Hjn T

Y
(n—n)! Pl

( k’) (m| (n kymn~1 Hjn k H ]

Jj=k+1
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and

n—1

(m|)7m (m!)(n—k)nL"71
7l - (n—k)!

O

As noted in the proof of Theorem 11, we cannot even calculate the number of
trivial complements directly. If we suppose that for different parameters, some
complements of the same tuple of operations coincide, then this leads to series
of functional equations. Remark that solutions of some functional equations are
given in [1] and on arbitrary set in [12].

In order to find the number of all complements of a k-tuple of J-retractly
orthogonal n-ary operations to an n-tuple of orthogonal n-ary operations, we
have to calculate the number of complements for all possible partitions of 1,7,
where the first block is §, and then to omit all repetitions.

Since Algorithm 1 is a partial case of Algorithm 2, Theorem 11 and its corol-
laries give also the lower bound of the number €(k, k + r;m) of all complements.

6. Complements of orthogonal operations to greater arity and their
estimation

In view of the composition algorithm, an algorithm for complementing a k-
tuple of orthogonal k-ary operations to an n-tuple of orthogonal n-ary operations
can be formulated. Note that additional restrictions on a given k-tuple are not
imposed.

If 6 = {i1,...,ix} C 1,nand o € S,,, then

70 = {(11)0—717 SRR (ik)o—il}'

Algorithm 3. Let § C 1,n and hg, ..., h; be k-ary orthogonal operations, where
k> 2.

Operations g, ,,, ..., gi, are constructed by the following items:
1) choose 1-invertible (n—k+1)-ary operations p1, ..., pi and a permutation
o €8S, such that "6 =1, k;
2) operations fi, ..., fi are constructed by (4);
3) operations g;,, - .., gi, are obtained from fi, ..., fi in the following way:
9o =1, oy G =T

4) implementation of Algorithm 1.

Theorem 15. Algorithm 2 constructs a complement for a k-tuple of orthogonal
k-ary operations to an n-tuple of orthogonal n-ary operations. Besides, every
k-tuple of orthogonal k-ary operations is complementable by Algorithm 3 to an
n-tuple of orthogonal n-ary operations.
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PROOF: Steps 1)-3) of the Algorithm 3 construct a tuple of d-retractly orthogonal
operations. By virtue of Algorithm 1 and Theorem 7, we can find a complement
of this tuple to an n-tuple of orthogonal n-ary operations.

The second part of the theorem follows from the existence of a k-tuple of
(n — k + 1)-ary l-invertible operations and Theorem 10. O

Lemma 9 and Corollary 14 of Theorem 11 imply the following statement.

Theorem 16. Let k < n, k > 2, n > 3 and m > 2. The number of all comple-
ments constructed by Algorithm 3 of a given k-tuple of orthogonal k-ary opera-
tions to an n-tuple of orthogonal n-ary operations is greater than

(TH!)(nfk)m,"’*1Jrk7n"’7lC
(n—k)!

PROOF: In order to obtain d-retractly orthogonal operations from 1, k-retractly
orthogonal operations by step 3) of Algorithm 3, we have to apply o € S,, such
that “1,k = 6. Suppose fi, ..., fx are 1, k-retractly orthogonal n-ary operations
and g1, ..., g are d-retractly orthogonal n-ary operations. The equality

{fh---;fk}’ = {ogl,...,ogk}

establishes biunique correspondence between the class of 1, k-retractly orthogonal
n-ary operations and the class of d-retractly orthogonal n-ary operations. Conse-
quently, the number of 1, k-retractly orthogonal n-ary operations and the number
of d-retractly orthogonal n-ary operations are the same.

By Lemma 9, the number of different k-tuples of n-ary operations constructed
by step 2) of Algorithm 3 is (m!)kmnfk. According to Corollary 14 of Theorem 11,

the lower bound of the number of complements of retractly orthogonal operations
(m!)(nfk)mﬂfl

is GE] . These imply the truth of the theorem. ([
Conclusion. The found estimations can be improved in further research. Note
that if n — k = 1, then more precise estimations are found in Corollary 13. For
arbitrary k < n — 1, the problems of finding the upper bound of the number of
all complements of
o a given k-tuple of d-retractly orthogonal n-ary operations to an n-tuple
of orthogonal n-ary operations,
o a given k-tuple of orthogonal k-ary operations to an n-tuple of orthogonal
n-ary operations

remain open.
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