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Abstract. We consider the following quasilinear Neumann boundary-value problem of the
type

N
— i . % p0(1)72 B .
; B (m, 8361‘) + b(x)|ul u= f(z,u) +g(z,u) inQ,
ou
% =0 on 0f).

We prove the existence of infinitely many weak solutions for our equation in the anisotropic
variable exponent Sobolev spaces and we give some examples.

Keywords: Neumann problem; quasilinear elliptic equation; weak solution; variational
principle; anisotropic variable exponent Sobolev space

MSC 2010: 35J20, 35J62

1. INTRODUCTION

Let © be a bounded open subset of RV, with boundary 99 of class C', and let v
be the outward unit normal vector on 0.
Zhao, Zhao and Xie have studied in [15] the quasilinear boundary value problem

—div a(z, Vu) + |u[P~2u = Af(z,u) in Q,
u=20 on 0N.

They have proved the existence of nontrivial weak solutions for this problem under
some assumptions on the Carathéodory function a(z, ) and growth conditions on
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the function f(z,s) with A > 0. In the case of Neumann elliptic equations, Anello
and Cordaro have considered in [1] the following p-Laplacian problem

—Apu+ Az)|ulP?u = a(@) f(u) + B(z)g(w) in Q,
1.1
(1) @ =0 on 0f).
2l
They have shown the existence and multiplicity of weak solutions for this problem
under some growth conditions on functions f(-) and g(-).
In the framework of variable exponent, Fan and Ji have treated in [7] the problem

—Ap(ayu + A@)|uPD e = f(z,u) + g(e,u) in
1.2
(1-2) @ =0 on 0,
O

where A(-) € L*>(Q) is a positive function such that A~ = essinf A(z) > 0. They

zeN

have proved the existence of infinitely many weak solutions W1?()(Q) by applying
the critical point theorem obtained by Ricceri in [13], which is a consequence of a
more general result of variational principle.

In the recent years, the anisotropic variable exponent Sobolev spaces have at-
tracted the attention of many mathematicians, physicists and engineers. The im-
pulse for this mainly came from their important applications in modeling real-world
problems in electrorheological and magnetorheological fluids (see for example [14]).
In [12], Mihailescu and Morosanu have studied the boundary value problem of the

type
N
0 ou .
—;a—xiai(l‘, a—xl> Zf(x,u) m Q,
u=20 on 0},
where a;(z,t) are Carathéodory functions for ¢ = 1,..., N, and the function f(z,s)

on the right-hand side satisfies some suitable growth conditions (see also [2], [3], [4],
[5], [8], [10]).

Our aim is to prove the existence of infinitely many weak solutions to the
anisotropic quasilinear p(z)-elliptic problem

Y9 Ou
3 (a2 28 bR = flew) + glew) im0,
X 8331 81)1'
(1.3) i=1
g—: =0 on JN.
We assume that a;: 2 x R — R are Carathéodory functions for i = 1,..., IV, satis-

fying some assumptions. In the particular case when we take a;(z,s) = |s pi(z)=2g,
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—

we obtain the so-called p(-)-Laplace operator defined by

N ) 8
(1.4) A= Ox; (‘ a;i

i=1

i(#)=2 9
j2 a;)

This paper is organized as follows: In Section 2, we present some necessary prelim-
inary knowledge on the anisotropic variable exponent Sobolev spaces and we recall
some classical existence result. We introduce in Section 3 some assumptions on the
Carathéodory functions a;(z, ;) and the two functions f(z,s) and g(x, s) for which
there are solutions for our problem. In Section 4, we prove the existence of infinitely
many weak solutions for our Neumann elliptic problem, followed by giving some

interesting examples.

2. PRELIMINARIES
Let Q be an open bounded subset of RY (N > 1). We define
C+(Q) = {measurable function p(-): Q — R such that 1 < p~ < p* < oo},
where
p~ =essinf{p(z): z € Q} and p' =esssup{p(z): = € Q}.

We define the Lebesgue space with variable exponent LP()(Q) as the set of all mea-
surable functions u: 2 —— R for which the convex modular

0y () == /Q @ de,

is finite. Then
. u
[|ul () = inf {)\ > 0: Qp(')<X) < 1}

defines a norm in LP()(Q) called the Luxemburg norm. The space (LPO)(Q), [|-[l,¢))
is a separable and reflexive Banach space. Moreover, the space Lp(')(Q) is uniformly
convex, hence reflexive, and its dual space is isomorphic to LP (") (), where 1/p(z) +
1/p'(x) = 1. Finally, we have the generalized Holder’s type inequality:

/ uv dx
Q

for all u € LP()(Q) and v € LP’(')(Q)_
An important role in manipulating the generalized Lebesgue spaces is played by

1

1
(2.1) < (F + W) el vl

the modular g,,(.) of the space LP0)(Q). We have the following result.
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Proposition 2.1 (see [11]). If u € LP()(Q), then the following properties hold
true:

. - +

() Nullpey > 1=l < g0 () < ull%p,

.. + -
(i) fullpey < 1= lull%, < epor(w) < [l

The Sobolev space with variable exponent is defined as
WhPO(Q) = {u € LPY(Q) and |Vu| € LPO(Q)},
equipped with the norm
lulltpey = llullpey + IVallpe).

The space (WP (Q), [|-||1 »(.)) is a separable and reflexive Banach space.

Remark 2.1. Recall that the definition of these spaces requires only the mea-
surability of the exponent p(z). In this work, we do not need to use Sobolev and
Poincaré inequality. Note that the sharp Sobolev inequality is proved for p(z)-log-
Holder continuous, while the Poincaré inequality requires only the continuity of p(x)
(see [6], [9])-

Now, we present the anisotropic variable exponent Sobolev space, used for the
study of the main problem.
Let po(z),p1(),...,pn(x) be N + 1 variable exponents in C(Q). We denote

#(@) = (po(),...,pn(z)), D'u=vu and Diu= g; fori=1,...,N.
We define
(2.2) p=min{p,, i=0,1,...,N} (thenp > 1),
and
(2.3) pt =max{p/,i=0,1,...,N}.

The anisotropic variable exponent Sobolev space W17()(Q) is defined as
WhPO(Q) = {u € LP@(Q) and Diu € LP*@(Q) for i = 1,2,..., N},

endowed with the norm

(2.4) [[ul

N
L0 = Y ID"up, -
1=0
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The space (W70 (Q), ||-||1,5)) is separable and reflexive Banach space (cf. [3], [10]).

Lemma 2.1. Let Q be a bounded open set in RN, then the following embeddings
are compact:
> if p < N then Wy ")(Q) s L9(
> if p= N then Wol’ﬁ(')(Q) —— LI
> if p> N then Wy ") (Q) s L°(Q) N CO(Q).

Q) for all q € [p,p*
Q) for all q € [p, 0

[, where 1/p* =1/p —1/N,
[

The proof of this lemma follows from the fact that the embedding W, 7 (')(Q) —
WO1 ’B(Q) is continuous, and from the classical embedding theorems of the Sobolev
spaces.

Now, we introduce the following theorem, which will be essential to establish the

existence of weak solutions for our main problem.

Theorem 2.1 (see [7], Theorem 2.2). Let X be a reflexive real Banach space and
let &, ¥: X —— R be two sequentially weakly lower semicontinuous and Gateaux
differentiable functionals. Assume also that U is (strongly) continuous and satisfies

lim ¥(u) = oo. For each ¢ > igl(f\I/ put

[lullx =00

(2.5) plo)=  inf ®(u) —inf, ===, 2V
UE\I/_l(]—oo“(_)[) Q_ \Ij(u) )

where (¥ —1(]—00, 0[)). is the closure of ¥~1(]—o0, g[) for the weak topology. Then
the following conclusions hold:
(a) If there exist po > igl(f ¥ and uy € X such that

(2.6) W(up) < 00
and

(2.7) ®(uo) —inf, . ®(v) < 0o — ¥(up),

(T~ (]—00,000))w

then the restriction of ¥ + ® to ¥ ~1(]—o0, go[) has a global minimum.
(b) If there exists a sequence {r,} C (i%f\Il,oo) with r, — oo and a sequence

{un} C X such that for each n

(2.8) U(up) < 1
and

(2.9) O (uy) — inf

e @ Ty 2(0) < 7n = U(un),
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and in addition

(2.10) liminf ¥(u) + ®(u) = —oo,
lluf|—o0
then there exists a sequence {v,}, of local minima of ¥ + ® such that
U (vy,) — 00 as n — oo.
(c) If there exists a sequence {r,} C (igl(f\ll, 00) with r, — igl(f\ll and a sequence
{un} C X such that for each n conditions (2.8) and (2.9) are satisfied, and in
addition

(2.11) every global minimizer of W is not a local minimizer of ® + W,

then there exists a sequence {v, } of pairwise distinct local minimizers of ® + ¥

such that lim ¥(v,) = igl(f U and {v,} weakly converges to a global minimizer
n—oo

of .

3. ESSENTIAL ASSUMPTIONS

Let  be a bounded open subset of RY (N > 1) with boundary 9 of class C*,
and let v be the outward unit normal vector on 0€). We assume that

(3.1) p> N.

Proposition 3.1. Since W'?()(Q) is continuously embedded in W'2(Q) and
W2(Q) is compactly embedded in C°(Q) (the space of continuous functions), thus
the embedding of W'P()(Q) in C°(Q) is continuous and compact, we set

(3.2) Co = sup M

weWLFC) (Q)\{0} el )

—

We counsider the quasilinear p(-)-elliptic problem of the type
Au+b(@)[u?* @2y = f(z,u) + g(z,u) in Q,
0
a—: =0 on 012,

where A is a Leray-Lions operator acted from WP()(Q) into its dual W‘l”;'(')(Q)
defined by the formula
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where a;: 2 x R — R are Carathéodory functions which satisfy the following
assumptions:

(A1) The growth condition:

Jai(e, )| < yildile) + s fori=1,...,N

)

where d;(-) is a nonnegative function in L?:()(Q) and ~; > 0.
(A2) The coercivity condition: there exist two constants «, 5 > 0 such that

Pi®) < ay(x, s)s < BAi(, s),

als

where the function A;: Q x R — R is defined by

S
Az, ) :/ a;(z,t)dt.
0
(A3) The monotonicity condition:
(ai(z,s) —ai(z,t))(s —t) > 0.

Clearly as a consequence of (A2) and the continuity of the function a;(x,s) with
respect to s, we have
ai(z,0) = 0.

The Carathéodory functions f,g: 2 x R — R satisfy condition

(3.3) sup |f(x,t)] € LY(Q) and sup |g(x,t)] € LY(Q) for any r > 0,

t<r lt<r

and we set

(3.4) F(a:,t):/o f(z,s)ds and G(x,t)z/o g(x,s)ds.

The function b(-) € L*°(2) and there exists a constant by > 0 such that b(z) > by
a.e. in Q.
We introduce the functionals J(-), ¥(-), ®(-): WP (Q) — R by

N
Oou ) | pole
(3.5) J(u) = ;/QAZ(%&—%) dx—l—/ﬂ%M @) dg,

Polx

3.6) W) = J(u) — /Q Glz,u)dz and ®(u) = /Q F(a,u) dz.
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4. MAIN RESULTS

Definition 4.1. A function F(z,t) satisfies condition (S) if for each compact
subset E of R there exists £ € E such that

(4.1) F(z,£) =sup F(x,t) for a.e. x € Q.
teE

Definition 4.2. A measurable function « € W) (Q) is called a weak solution
of problem (1.3) if

Z/ai 8x (% d +/b ) u[Pol®)= qudm—/fa: uvdx—l—/ g(x,u)vdx

for any v € WHPO(Q).

It is clear that u € WP1)(Q) is a weak solution of (1.3) if and only if u is a critical
point of the functional ¥ + .

We take ug and u, in Theorem 2.1 as the constant value functions &, and &,. We
consider the assumption

. b(®) | o 1po(a _
(4.2) hmmf/ (po(x) E[Po@) — G, ) — F(x,g)) da = —oo,
and the condition

() |10 (@) Py
(4.3) /on(x) €7@ da / Gla,€)dz < €7 +ds VEER,

where d; and dy are two positive constants.
We assume that

(G1) There exists M > 0 and two measurable functions §(-),0(:) € Ll(Q) with
16()I[ 21 (@) > 0 such that

015(1))

Gz,t)  —5————
P CalsO)lice

[tl24 0(x) a.e.in  for any |t| > M,

with Cy < pd /(N + )2~ min{a/ 3, bo/pd }.
(G2) There exist M > 0,  €]0,1] and 6'(-) € L*(Q) such that

G(z,t) < MMPO(”) +6 () a.e.in  for any |t| > M
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It is easy to see that condition (4.3) is satisfied if assumption (G1) or (G2) hold true.
Our two main results are as follows.

Theorem 4.1. Assume that (A1)-(A3) hold true and the Carathéodory func-
tions f and g satisfy (3.3), (4.2), with F(x,-) satisfying condition (S), and G(z,-)
satisfying (G1) or (G2).

Suppose that {y,} and {z,} are two positive sequences such that

e
(4.4) lim 2, =00 and lim =5 =0.
n—o00 n—oo -

If there exists a positive function h(-) € L*(Q) with ||h(:)||11q) # 0 such that for
each n we have

h(m) Zn \P p+ .
4.5) F(z,yn)+ ———— (do| = | —diyn® —d2) = sup F(x,t) a.e. in(,
(45) Fam) + iy () -kt ) > s Ft)
h(x) Zn \2 bt
4.6 Flz,—yn) + ————(do| = | — diyn® — d
> sup  F(z,t) a.e inQ,
tE[—zn,—Yn]

where dy is a positive constant, and the inequalities (4.5)—(4.6) are strict on a subset

of Q with positive measure. Then there exists a sequence {v,} of local minima of

U+ & such that lim ¥(v,) = co. Consequently, problem (1.3) admits an unbounded
n— oo

sequence of weak solutions.
Theorem 4.2. Suppose that (A1)-(A3) hold true, and the function G(z,t) satisfy
(4.7) VteR G(z,t) <0 a.e. in{,
and there exist two positive constants M and € such that
(4.8) —G(x,t) < M|t|Po for t < ¢ and a.e. in Q.

The functional F(x,-) satisfies condition (S) with F(z,0) = 0 and

(4.9) lim sup

dz.
l€]—0 13

Jo F(z,&)dx+ [, G(x,&) dx b(x)
g /Q po(z)
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Suppose that there exist two positive sequences {y,} and {z,} such that

Po
(4.10) lim 2z, =0 and lim 2 =0,
n— 00 n— oo zﬁ

and there exists a positive function h(-) € L*(Q) with [|h(-)||f1(q) # 0 such that for
each n we have

(4.11) F(z,yn) + _Nz) (d4(zn) +— dsyn? ) > tEsup F(z,t) a.e. inQ,

1A lzr@) N\ Co [Yn>2n]
h(x) Zn\P' Py .
4.12) F(x, —yn) + —————(dal =) —dsyn’ | = sup F(x,t) a.e. in (),
(412) Flo o) + iy (4G k) > w0 P
and the inequalities (4.11) and (4.12) are strict on a subset of Q with positive measure,
where
b(x) 1 . (a by
d: :/ dx + M|Q)| and d :fmm{—,—}.
17 oty MR R

Then there exists a sequence {v,} of pairwise distinct local minima of ¥ + ® such
that v, — 0 in WHP()(Q). Consequently, problem (1.3) admits a sequence of nonzero
weak solutions which converges to 0 in W1 P()(Q).

Proof of Theorem 4.1.
Step 1: Technical Lemma.

Lemma 4.1 (see [4], Lemma 1). The functionals ¥(-) and ‘IJ( ) are well-defined
on WHP0)(Q). In addition, ¥(-) and ®(-) are of class C*(WP()(Q), R) and

Z/al 8331 oz, dx—f—/ (x)|u|p°(””)*2uvdx—/Qg(x,u)vdx,

@ﬁmwz—[ﬁ@wnm

for all u,v € WP0)(Q).

Under assumptions (A1)—(A3) and (3.3), the functionals ¥(-) and ®(-) are sequen-
tially weakly lower semicontinuous (see [4], Lemma 3).

Step 2: Coerciveness of the operator U(-).

Proposition 4.1. Assume that G(x,t) satisfies (G1) or (G2). Then the func-
tional ¥(-) is coercive, i.e.

U(u) = oo as |ulip.) — o0 forue WP (Q).
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Proof. (i) Assume that condition (G1) is satisfied,

G(z,t) < erc#(x)mﬁ—i— f(x) a.e.in Q for any |t| > M.
Po ColldC)llLr @)

In view of (A2) and since C; < pg (N + 1) 2min{a/B, by /pg },

(4.13) Z/ d +/Qp0(())| ot dx—/Gxu)
BZ/ ‘axz r da:—i—;—gr/ﬂmv’o(x)dx

/ il x—/@(x)dx
p(J)r C— I6() L@ Q

ﬁZ(Hm oY)

Cy
# 0l ) ~1) = gl gy = 100 s
Po o

1 . « bo P
> -
- (N +1)27! mm{ }<Z Hé)xz pi(9) |u|p0(_)>

C aN
piHuHm() 10C) 220 —7—60

1 . [a by Ch P
>(—— 2200V gB
z ((N F1e T mm{,@’ p+} p;)r) llly 5.

alN
—N0C) 1) — e bo.

(ii) Under condition (G2), we have

(1 —¢)b(z)
G(z,t) < (@)

tPo) + ¢/ (z), a.e. in Q for any [t| > M

Thus

(4.14)  W(u) > iv:/QAi(x,g—Z)dx+/ b)) gy

po()

_ (1 — E)b(l‘) upo(;c) T — "(2) dx
/97() @) d /Qemd

Du i) by
BZ Sl ameegi oo a0
[

a Na
> N L1\ -1 —_b - 9’ . 1 .
(N+1)_ mm{g e }” ully ) = 5 b 100l

253



Thanks to (4.13) and (4.14), we conclude that ¥(-) is coercive. Moreover, there exist
two positive constants dg and o( such that

(4.15) U(u) > dolulf 5., for [[ullyz) > o0.

Step 3: A priori estimates. For r > inf U(u) we define
weEWLT0) (0)

(4.16) K(r) = inf{o > 0 such that ¥~ '(]—o0,r[) C B(0,0)},

where B(0,0) = {u € WHPO)(Q): ||lul|; 5.) < o} and B(0,0) denotes the closure of
B(0,0) in WP0)(Q) for the norm topology. We have that ¥: W17()(Q) — R is

coercive, then 0 < K(r) < oo for each r > inf U(u). In view of (4.15), we
ueWwhr)(Q)

have
p
V() < dolull® 5, = [lullz1) < 0.

Thanks to (4.16), we have U=1(]—oo,r[) € B(0,K(r)), then (V=1(]—o0,7[))w C
B(0,K(r)), and using (3.2), we get

HU,HLDC(Q) < C’0||u||1’5(_), then B(0, K(r)) C {u € C’(ﬁ): HU,HL@C(Q) < CoK(r)}.
It follows that

(4.17) inf D(v).

e P (V) = inf d(v) > inf
ve@ s ) [olly, ) <K (r) ) [0l oo 2y <Co K ()

By taking ug and w, as constant value functions &, and &, in Theorem 2.1, and
using (4.17), we conclude the following Theorem 4.3, that relies on Theorem 2.1.

Theorem 4.3. Assume that (A1)—(A3) hold true, the Carathéodory functions f
and g satisfy (3.3), and consider that V() and ®(-) are defined as in (3.6). When ¥(-)
is coercive, then

(a) If there exist po > inf U(u) and & € R such that

weW () (Q)
b
(4.18) / ﬂ|go|po<x> dz —/ G(z,&) dx == eo < 0o
a po(z) Q
and
(4.19) / F(z,&)dz + (00 — €0) > sup / F(z,v(z)) dz,
Q2 vEC(Q), ||v]| Loo (2) <Co K (00) /2

then the restriction of ¥ + ® to W ~1(]—o0, go[) has a global minimum.
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(b) If there exist a sequence {r,} C ( inf U(u), oo) with lim r, — oo and
ueWwhL7() (Q) n—»00

a sequence {&,} C R such that for each n

b(z)
4.20 / &n Po() qg —/ Gz, &) de :=ep < 1y
(4.20) A po(x)l | A (,&n)
and
(4.21) / F(x,&,)dz + (r, —ep) > sup / F(z,v(z))dz,
@ veC(Q), [[v]| oo () SCo K (r5) /2

and in addition (4.2) holds, then there exists a sequence {v,} of local minima
of U + ® such that lim ¥(v,) — oo.
n—oo

(c) If there exist a sequence {r,} C ( inf \Il(u),oo) with lim r, =
ueWbLr() (Q) n—00

inf  ®(u) and a sequence {£,} C R such that for each n conditions
wEWLFC) (Q)

(4.20) and (4.21) are satisfied, and in addition, condition (2.11) is satisfied,
then there exists a sequence {v,} of pairwise distinct local minima of ¥ + ®
such that nlingo U(v,) = ueW%{}f(»>(Q)\Il(u) (i.e, the sequence {v,} converges
weakly to the global minimizer of ¥U(-)).

Proof of Theorem 4.3. In view of (4.18), assume that gg > inf U (u)
wEW 70 (Q)

and & € R such that

b(x
/ L|€0|p0(x) dz —/ G(x,&)dz:=ey <00 = ¥(&) < 00
o Po(®) Q
Then (2.6) holds. On the other hand, thanks to (4.19), we have
/ F(x,&)dz + (00 — €g) > sup / F(z,v)dz.
Q veC(Q),||v] oo () SCo K (00) ¥ €
Then
- V&) > - [ Flg)dot s o).
Q2 veC(Q),||v]l oo () <CoK (00)

Using (4.17), we deduce that

00 — ¥(§0) > (%) — inf , cg=rgmss oy P (0)-

Therefore the hypotheses (2.6) and (2.7) of Theorem 2.1 (a) are satisfied. Thus, the
restriction of ¥ 4+ & to U~1(]—00, gg[) has a global minimum.

Assuming that the hypotheses of Theorem 4.3 (b) and Theorem 4.3 (c) are sat-
isfied, using the same steps, we can prove that the assumptions of Theorem 2.1 (b)
and Theorem 2.1 (c) are satisfied, which concludes the proof of Theorem 4.3. g
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For condition (4.19) in Theorem 4.3 (a) we state the following proposition.

Proposition 4.2. Assume that oo > 11nﬂf( y )\Il(u) and & € R such that (4.18)
ueWLr() (Q

hold true. If there exists a positive function a(-) € L'(Q) with ||o(-)|| 1 () # 0 such
that

a(z)

(4.22) F(z, &)+ (0o —€0) = sup  F(x,t) fora.e x €,

o)l 210 It|<CoK (00)

and inequality (4.22) is strict on a subset of ) with positive measure, then (4.19)
holds.

Proof. Integrating (4.22) over {2 and noting that

/ sup  F(x,t)dz > sup / F(z,v(z))dx,
Q [t|<CoK (00) veC(Q),||v]| Loo (2) SCo K (00) ¥ 2
we obtain (4.19). O

Step 4: Proof of statements (4.20) and (4.21).

Proposition 4.3. Assume that U(-) is coercive and (4.15) holds. Then for
T 2 d00-0£7

(4.23) K(r) < (—

Proof. Let r > doog and u € WHP0)(Q) such that W(u) < r. When
lull1 5.y = oo, by (4.15) one has

P> W) > doflull? .

which implies that [[ul[; z.) < (r/do)"/2.
When ||ull15.) < 0o, it is clear that |lull;z.) < (r/do)*/2. By the definition
of K(r), inequality (4.23) holds. O

Now, we set r,, = do(z,/Co)E, then li_>m rp, — 00, and thanks to (4.23) we obtain
n—oo

(4.24) K(ry) < 2—" and then CoK (rn) < zn.
0

Since F'(z,-) satisfies condition (S), for each n there exists &, € [—yn, Yn] such that

(4.25) F(z,,)= sup F(x,t) a.e. in .
tE[~yn,yn]
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By (4.3), one has

b
en — / bl@) 1 po@) g / G, &) dx < dyenl? + dy < da g PF + .
on(ﬂ?) Q

It follows from (4.4) that for n large enough

P
dilyn|?S + dz < do(z—n>7 =Tn,
Co
and consequently e,, < 7, that is (4.20) holds. Without loss of generality we may
assume that (4.20) holds for all n.
On the other hand, thanks to (4.25), we obtain

h(x) (1 —en) = sup F(z,t) a.e. in Q.

F(z,&n) + 75—
1R()zr () It <yn

Therefore, having in mind (4.5) and (4.6), we deduce that

Mz) (rn —en) = sup F(z,t) a.e. in ),

4.26 Flz, &) + —)
(4.26) (:6n) + (IO FARSS: It <on

and inequality (4.26) is strict on a subset of { with positive measure. Using (4.24)
and Proposition 4.2, we obtain (4.21).

Therefore all hypotheses of Theorem 4.3 (b) are satisfied, so the proof of the
Theorem 4.1 is concluded.

Proof of Theorem 4.2.  Let us verify all the hypotheses of Theorem 4.3 (c).
Using (A2) and (4.7) we have

U(u) = J(u) — A G(x,u)dx

Y ) b .
>Z/S2Ai<x,a—ai) d:c—i—/Q (z) [P da

po(w)

. (o by p alN
> Wmm{ﬁ’ ]5_+}HUHT’5(') T3 bo,

then the functional ¥(-) is coercive, and there exist positive constants ds and oy such
that

(4.27) U(u) > dsflullf 5., for [[ullz) > o1
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Using (4.7) and (4.8), we have inf U(u) = ¥(0) = 0 and 0 is the unique
wEWLTC) (0)

global minimizer of ¥(-). Thanks to (4.9), we obtain

lim sup{ W (€) + ()} zlimsup{/ﬂ b >) €[ (®) da /G 2,6)de — /QF(a:,f)dx}

e |€]—0 Po(

im (x }
glfi%p{/ﬂpo( € d /Gﬂljf )dz — /QF(Q%E)dJ?

< 0=U(0)+ B(0).

Then 0 is not a local minimizer of the functional ¥ + @, so (2.11) is satisfied.
For u € W70 (Q) such that [lul|; 5.) < 1 we have

1

. [a by
v > Gy e I > AT

For r» > 0 sufficiently small the condition W(u) < r implies that [jull;z.) <
(r/ds)Y/P", this shows that K (r) < (r/ds)/?".
Take 7, = dy(2,/Co)P". Then

(4.28) CoK(ry) < zp.

In view of (4.8) there exists a sequence (&), C R with &, € [—yn,yn| such that for
each y, sufficiently small

e = [ 22 @ gy - [ (e ) de
@) o= [ Thjera- [ G

b(x - _ _
S </ - dx+M|Q|>|€n|p0 = d3|&n " < dafynl
o Po(T)

It follows from (4.10) that for n large enough

S+

dslyn|Po < d4(é‘_Z)p =r,.

Then (4.20) is obtained.
Noting that F'(x, -) satisfies condition (S), and thanks to (4.11), (4.12) and (4.25),
we can obtain that

Mz) (rn —en) = sup F(z,t) a.e. in ),

4.30 Flz, &) + —)
(4.30) (:6n) + (LG FAYES: It <zn
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and the inequality (4.30) is strict on a subset of ) with positive measure. Thanks
to (4.28) and Proposition 4.2, we obtain (4.21). Therefore all the hypotheses of
Theorem 4.3 (c) are satisfied.

Consequently, there exists a sequence {v,} of pairwise distinct local minima of
U + @ such that ¥(v,) — 0, which implies ||v,[1 5.) — 0, thus, the proof of Theo-
rem 4.2 is complete. O

Proposition 4.4. Assume that (A1)—(A3) and (3.3) are satisfied, the function
G(z,-) satisfies (G1) or (G2), and let F'(z,-) satisfy condition (S).

If there exist two positive constants gg > inf U(u) and & € R such that
ueWha(=) ()

(4.31) eo = ¥(6o) < 0o

and

@32 [ Feg)do+ - e > sup [ Flavia) da.
Q veC(Q),||v]| oo () <CoK (o) Y/

then the restriction of ¥ +® to ¥~ !(]—o0, go[) has a global minimum. Consequently,
problem (1.3) has at least one weak solution u € W) (Q).

Proof. The proof of Proposition 4.4 can be deduced from Theorem 4.3 (a), and
using the same steps in the proof of Theorem 4.1. O

Examples 4.1. Let p > N. Taking b(-) = 1 and g(z,-) = 0 in problem (1.3),
we obtain

N oo ou
- Z %a/’i (J), 87> + |u|po(x)—2u = f(x,u) in Q7
i=1 ¢

g—:=0 on 0f).

(4.33)

We have G(z,t) =0, and the operator ¥(-) is coercive, i.e.

1 alN

. 1
V() = J) > e min { 5. Pl )~ 5

—1 =00 as|ullyz.) = oo,

with do = ds = (2(N +1)27") "' min{a/B3,1/p"} and di = d> = |Q|/p, also we have

_—t
U(u) = dal|ull} 5y for [luflyz) < 1.
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(a) Taking f(z,t) = h(z) € LY(2), we have F(x,t) = h(x)t satisfying the assump-
tions of Proposition 4.4. Then in view of Proposition 4.4 the problem

S ou
- Z 72, (x, 8_%) + |u[Po® =2y = h(z) in Q,
(4.34) i=1
@ =0 on 0,
oy
has at least one weak solution u € W2() ().

(b) Now, we set f(z,t) = a(z)fi(t), with a(-) € L*(Q) being a positive function
such that [la(-)||z1q) # 0, and let fi(-) be a continuous function such that
f1(t) = F{(t) and Fi(—t) = Fi(t). We have F(z,t) = a(x)Fi(t). Choose two
positive sequences {y,} and {z,} such that y; > 1, zo = nyh’, and yp41 > 2z

+
for every n. Define Fi(y,) = y»° 1 and Fi(zy) such that

(4.35) Fi(yn) < Fi(zn)

< W (e B

s |2

(Iynl?S + 1)) + Fi(y).

Take 7, = (N + 1)' 2min {a/B,1/pd }(20/Co)? and &, = y,,. Since

1 [o - L
po(®) qp — F de < 22y, |Po — ) e _
/Q Po(z) Y| x /QOK(JJ) 1(Yn) dz » [y [lex( )HLl(Q)yn - —00

as n — oo, conditions (4.2) and (4.4) hold true. Taking h(z) = a(z), and in

view of (4.35) we can conclude conditions (4.5) and (4.6).

The hypotheses of Theorem 4.1 are satisfied, so the problem (4.34) admits a

sequence of weak solutions (u, ), in W?)(Q) such that nl;rgo lwnl1,5¢) = oo
(c) Take f(x,t) = a(x)fi(t) defined as in (b), and choose two positive sequences

{yn} and {z,} such that yﬁa = n~ 127" and Zn+1 < Yn. We define the func-

n

tion Fy(-) such that F1(0) =0, Fi(yn) = gt and

(4.36) Fi(yn) < Fi(zn)

=+

<ol (e {5 s (G) bl ) + o)

By taking r,, = (N + 1)' 2min{a/B,1/p{ } (2n/Co)2 and &, = y,, we have

1 — 0 _
/F(x,yn)da:—/ —|yn|3dm>/a(m)yﬁ0 +1dm—g|yn|p0 —0 asn— oo,
Q o po(x) Q Po
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[5]
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[9]

[10]

[11]

[12]

[13]

[14]

therefore (4.7)—(4.10) hold true. By taking h(z) = a(z) and using (4.36) we
conclude conditions (4.11) and (4.12). Thus, all the assumptions of Theorem 4.2
are satisfied, so the problem (4.34) admits a sequence of weak solutions (uy)n
in WP0)(Q) such that nlin;o lunllr 5y = 0.
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