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COMMENTS ON THE FRACTIONAL PARTS
OF PISOT NUMBERS

TOUFIK ZAIMI, MOUNIA SELATNIA, AND HANIFA ZEKRAOUI

ABSTRACT. Let L(0, \) be the set of limit points of the fractional parts {\0™},
n=0,1,2,..., where 6 is a Pisot number and A € Q(#). Using a description
of L(#, ), due to Dubickas, we show that there is a sequence (An)p>o of
elements of Q(6) such that Card (L(0,\n)) < Card (L(6,An41)), V n > 0.
Also, we prove that the fractional parts of Pisot numbers, with a fixed degree
greater than 1, are dense in the unit interval.

1. INTRODUCTION

A well-known theorem, due to Pisot and Vijayaraghavan (see, e.g., [3]), asserts
that if the sequence of fractional parts {\0"}, n =0,1,2,..., where X is a non-zero
real number and 6 is an algebraic number greater than 1, has a finite number of
limit points, then 6 is a Pisot number and A € Q(f). A Pisot number is a real
algebraic integer greater than 1 whose other conjugates are of modulus less than 1,
and the set of such numbers is usually noted S, [I].

From now on suppose 8 € S, A € Q(f) and A # 0. Let 01,09,...,04 be the
distinct embeddings of Q(#) into C, and let

My(z) = (& —01)(x —0) ... (x —0g) = 2% —ag_12% " — - —aq

be the minimal polynomial of 8, where 6; = 01(6) = 0, 03 = 02(0), ..., 84 = 04(0).

Considering the inverse problem, Dubickas showed, in [4], many results about
the set, say L = L(6,)), of limit points of the sequence ({A0"}),>0, and the
first one implies immediately that L(6,\) is finite. Hence, the above mentioned
theorem of Pisot and Vijayaraghavan is a characterization of the elements of the set
{(0,X) | 0 € S, A € Q(#) and\ # 0} among all pairs having a first coordinate which
is a real algebraic number greater than 1, and a non-zero real second coordinate.

Also, Theorem 4 of [4], asserts that for a given 6, there is )\ such that
Card (L(6, X)) = 1, if and only if 6 is a strong Pisot number or |Mp(1)| > 2. Recall
that the Pisot number @ is said to be strong if d = 1, or if d > 2 and 6 has a real
positive conjugate, say 65, which is greater than the absolute values of its d — 2
remaining conjugates [2]; similarly as in [8], we denote by Sy the set of strong Pisot
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numbers. The aim of this note is to collect some partial answers to the following
question:

Let 0 € S and ¢ € N. Does there exist A such that Card (L(6, X)) = c? (Q)

Clearly, by the above mentioned result of Dubickas we have a complete answer
to (Q) when ¢ = 1. Moreover, a simple calculation gives a positive answer to (Q),
when the degree of § is one, as asserted by the following proposition.

Proposition 1. We have L(2,1) = {0}, and if d =1 and (0,¢) # (2,1), then
L(0,1/(0° — 1)) = {1/(6° = 1),0/(0° — 1),...,0°71/(6° = 1)} .

The corollaries below yield also some partial answers to (Q). These corollaries are
deduced from our main result, presented in Theorem [1| together with Proposition
and proved in the next section. To state this result we shall follow the same scheme
as in the introduction of [4], with some modifications. More precisely, for a fixed
0, we associate to each X all pairs (T' = T'(6,\),m) € £y x N, where £y is the
group of linear recurrence sequences with rational integer terms and companion
polynomial My, satisfying mA € Z[0]/My(0) = {B/M,(0) | 8 € Z[0]} (M}(6) is the
usual derivative of My evaluated at 0), and T = (Trace (mA8™)),,>0.

Corollary 1. The quantity Card (L(0, \)) takes infinitely many values when A
runs through the field Q(6).

Another immediate consequence of Theorem [l} is obtained for strong Pisot
numbers.

Corollary 2. Suppose 0 € Sg;. Then, there exists A such that Card (L(0,\)) = ¢
if and only if there is ((gn)n>0,k) € £9 x N satisfying s((gn)n>0,k) = ¢, where
5((gn)n>0, k) is the number of distinct terms of the sequence (g, mod k),>o, occur-
ring infinitely often.

For example, if Mg(x) = 2> — 3z + 1, then § = (3 +/5)/2 € S, and V
((gn)n>0,k) € £9 x N the sequence (g, mod k), >¢ is purely periodic, because 0
is a unit (for more details see the next section). By considering, for instance, the
element (g )n>0 € £¢ defined by the relation (go, g1) = (2, 3) (and gny2 = 3gn4+1 —
gn), we obtain (g, mod1),>o = 0, (g, mod?2),>9 = 011, (g, mod3),>o = 2010,
(grn mod 6),,>0 = 231053435013, (g, mod 7),>¢ = 23045403 and (g, mod 10),,>0 =
237873, where the equality (g, mod k),>0 = T1 ..., for some p € N, means that
Gignpmodk = x;41 Vi € {0,...,p— 1} and V n > 0. Hence, s((gn)n>0,1) =
L, 5((gn)n>0,2) = 2, s((9n)n>0,3) = 3, 5((gn)n>0,6) = 6, s((gn)n>0,7) = 5
5((gn)n>0,10) =4, and so by Corollary for each ¢ € {1,...,6}, there is A such
that Card (L(6,\)) = c. To obtain an element A such that Card (L(6,))) = ¢,
where ¢ > 7, we have to consider the sequence (g, modk),>o, where k > 11,
since (g, mod4),>¢ = 233, (¢, modb),>0 = 23, (g, mod8),>¢ = 237273, and
(gn mod9),,>0 = 237026762073, or another element (g}, )n>0 € £¢ (by modifying
the initial conditions) having ¢ residues mod k, for some k > 7. We are unable
to prove that for any ¢ > 7 there is ((g),)n>0,k) € £9 X N, such that sequence
(gr, mod k)p>0 has exactly c residues.
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We may also use Theorem [I] and Proposition [2] to obtain another proof of
Theorem 4 of [4].

Corollary 3 (Dubickas). For a fized Pisot number 0, the following assertions are
equivalent.

(i) There is a non-zero element \ of the field Q(0) (or equivalently of the field
R) such that Card (L(6,\)) = 1.

(ii) 6 € Sy, or |[Mp(1)] # 1.

It is easy to see, from the computation in the beginning of Section [ that
L(0,\) ={0,1} VA e Z[#]/My(0), except when 6 € Sg; in this last case we have,
by Corollary [2} Card (L(#, A)) = 1. Moreover, we may deduce from Theorem [1| the
following consequence.

Corollary 4. If 0 € Sy, and |My(—1)| > 3, then there is A € Q(0) such that
Card (L(6, 1)) = 2.

To complete this last result we have to consider the case where 6 € Sy and
|Mo(—1)| € {1,2}, or to prove the inequality |My(—1)| > 2 for all § € Sy. It is
easy to verify that |[Mp(—1)| > 3 when the degree of the strong Pisot number 6 is
less than 4, or when 6 belongs to the families defined by Theorem 2 of [8]. Also,
we are unable to find 0 € Sy with |My(—1)| € {1,2}.

Among a large amount of the structure of the set of Pisot numbers is understood
(see for instance [I]), the following result seems to be unknown.

Theorem 2. Let d be a rational integer greater than 1. Then, the fractional parts
of Pisot numbers with degree d are dense in the unit interval.

A Salem number is a real algebraic integer greater than one whose other conju-
gates are of modulus at most 1, and with a conjugate with modulus one [2]. It is
well known that the powers of a Salem number are dense modulo one [I]. Hence,
if 0 is a Salem number with degree d, then the fractional parts of Salem numbers
which belong to the field Q(A), with degree d, are dense in the unit interval. In
the proof of Theorem [2] we shall show an analogue of this last mentioned assertion
only for quadratic Pisot numbers. This proof and the ones of the corollaries are,
respectively, exhibited in the last and third sections.

2. THE MAIN RESULT

As mentioned in the introduction for a fixed 6, we associate to each A all elements
(T =T(0,\),m) of the set £9 xN, defined as follows. Let m = m(\,6) € N be
such that mMy(0)\ € Z[6]. Then, mA € Z[0]/M}(6), and so by Lemma 2 of [7], we
obtain

t, = Trace (mA\0") € Z, ¥n >0.
Since 0" = qg_10"T9=1 ... 4 qg0™, we see that

mA" T = qy_1mAO"TET 4 aomAO™
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and

tptd = Gd—1tntd—1 + -+ aoly, Vn > 0;

thus T := (tn)n>0 € £9. Moreover, as
d d
Trace (mA\") = Z o;(mA™) =m Z o (N0,
i=1 i=1

we have

ln

1) AR IO

where [-] is the integer part function.

Recall also that for every ((gn)n>0,%k) € £¢ x N, the sequence (g, mod k)n>0
is eventually periodic (there are k possible values mod k, for each component of
the vectors (gn,Gn+1s---,9nt+d—1)) and so there are two rational integers p =
P((gn)n>0, k) > 1 and ¢ > 0 such that g,4+p = g, modk, for all n > g¢.

Setting b1by...b, for the period of (g, modk),>o, we deduce that the set R =
R((gn)n>0,k) := {71, -, Ts((gn)n=0.k) } Of distinct terms of the sequence

(9, mod k),,>0, occurring infinitely often, satisfies R = {by,...,b,} € {0,1,...,
k—1}.

Finally, notice that in a similar manner as in the proof of Theorem 2 of [4],
which uses a result of Smyth [6], saying that the conjugates of a Pisot number with
the same modulus are complex conjugates, we easily obtain from the following
assertion.

Proposition 2. With the above notation, where R = R(T,m) and R/m =
{ri/m,... .50 m)/m}, the relations below are true.

(i) If r € R\{O}, then r/m € R/m, and so 0 ¢ R = L = R/m.

(ii) 6 € Sq¢ = L = R/m or L = R/m U {1}\{0}.

(iii) Suppose 6 ¢ Sg¢, 0 € R and p is even with r; = r; = 0 = i = jmod 2,
V(i,7) € {1,...,p}? (resp. and p is odd, or p is even with r; = r; = 0 for some
(i,5) € {1,...,p}? satisfyingi # jmod2). Then, L = R/m or L = R/mU{1}\{0}
(resp. Then, L = R/m U {1}).

It follows, in particular, that L equals R/m or R/m U {1} or R/m U {1} \ {0},
and so
(2) 1< s(T,m) < Card (L(6,))) < s(T,m)+1<min{m+ 1, p(T,m) +1}.
The result below yields that the converse of the above defined correspondence
between the elements of the field Q(#) and the pairs of the set £ xN holds too.
Theorem 1. If (G,k) € £9 x N, then there is A € Q(6) such that
G = (Trace (kA0™))n>0 and kX € Z[0)/M}(0). Moreover, we have

Card (L(0,))) € {s(G, k), s(G,k)+1}.
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Proof. It is clear that Z[f]/M,(0) and £y are, respectively, subgroups of the
additive groups Q(#) and Z". Let ¢ be the mapping defined from Z[6]/M}(6) to
£9, by the equality

o(7) = (Trace (v6™)), ., ¥ € Z[6]/M;(9)

Then, we claim that the isomorphic image of Z[6]/M,(0) by ¢ is £g. Indeed, by
the above, the mapping ¢ is well defined and is a group homomorphism, since
the function Trace is linear. Moreover, for each (g, ),>0 € £g there are complex
numbers 71, ..., Y4 such that

d
gn =D by ¥n=>0,

i=1

and again by Lemma 2 of [7] we have that v, = o0;(7y), Vi € {1,...,d}, where
v =y € Z[0]/M}(8); thus (g, )n>0 = ¢(7) and ¢ is onto. Finally, if v € ker ¢, then
(Trace (v0™))n>0 is the zero sequence, and the equalities Trace (v6™) = 0, where
n €{0,1,...,d — 1},, yield to an homogenous linear system whose determinant,
namely det[0;7"']1<; j<q, is non-zero, as the quantity Ag := (det[0;7]1<; j<d)?
is the discriminant of the polynomial My; thus v = 0 and the claim is proved. It
follows when (G, k) € £9 xN, that G = (Trace (v0™)),,>0 for some v € Z[0]/My(6),
and so

G = (Trace (kA0™))

where A = v/k € Q(0) and kXA € Z[A]/M}(0). The second assertion in Theorem [1fis
an immediate corollary of Proposition [2] (or the relation (2))).

n>0"’

Remark. Since each element of the subgroup Z[6] of Z[#]/M}(8), can be written
ko + -+ kg_10971, for some (ko, ..., kq_1) € Z¢, and (ko + - -+ + kq_10971) =
(kosn+- - +kd—15n+d—1)n>0, Where s,, := Trace (™), we deduce that the isomorphic
image of Z[f] by ¢, is a subgroup Dy of £9, whose elements are those (gn)n>0 € £¢
satisfying the following equalities:

koso + k1s1 + -+ + ka—184-1 = go

(3) :
kosa—1 +kisq + -+ kqa—1524-2 = ga-1,

for some (ko, ..., kq_1) € Z%. Since the determinant of the the system satisfies

det([sitj—2]1<ij<da) = Ag > 1, [B], we see immediately that Dy & £4. However, it

is easy to see that {(g, modm),>0 | (gn)n>0 € Do} = {(gn modm)n>o | (gn)n>0 €
£o} for any m € N satisfying ged(Ag,m) = 1.

3. PROOF OF THE COROLLARIES

Proof of Corollary First we claim that there exists (gn)n>0 € £¢ such that
0 < gn < gn+1, Yn > 0. Indeed, consider the element (hy,),>0 of £ which is
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defined by the equation (hog,...,hq—2,h4—1) = (0,...,0,¢), where ¢ € {—1,1} and
satisfies

e(—1)4(det[07 1< j<a) H 0; —6;)>0

2<i<j<d
Similarly as in the proof of Theorem |l !, we have that there is v € Q(6) such that

Since det[&{ 71]19— j<d is the determinant of the linear system

Zo—l 00 ne{0,1,...,d—1},

we see that the product y(det[0;”~1]1<; j<a) equals

ho 1 1 ... 1 1 1 ... 1

hy 6y 03 ... by 0 63 ... by
det ) . . . = (—=1)% e det

hay 0371 05t ... 94! 0372 0572 ... 42

=t I 640,

2<i<j<d

and so v > 0. Hence, there is N; € N such that h, > 0 for all n > N, because
the relation (4) yields lim,, .o h,, /0" = 7. Also, if Ny € N and satisfies V2 >

230, |os(7)])/7(0 — 1), then we have, by (@

Pyt — hy =70"(0 — 1) + Z oi(y)( T —07)

> ~0N2 (9 Zaz )OTTE —01) Vi > Ny,

and so

d
hn+1—hn>2(2|ai( )+Zal )OrH — gy > 0
=2

thus (hn)n> N, is strictly increasing, the sequence G = (gn)n>0 := (hn)n>max(N:,Na)
satisfies the desired property, and the claim is proved.

Now define the numbers k,, inductively by k; := ¢1, and k,4+1 := gx,,, for all
n > 1. It is clear that 2 < s(G, k1) < ky,

kn + 1 S S<G7kn+1) S kn+1
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and so

$(G,ky) <kn <kn+1<s(G kni1).

It follows by Theorem [1} that there are some elements A1, A2, Ag, ... of Q(6) such
that Card (L(0, A\,)) € {s(G, ky), s(G, k,)+1}, for all n > 1, and the result follows
immediately by considering (for instance) the sequence (Card (L(6, A2n+1)))n>0,
since the sequence (s(G, ky,))n>1 is strictly increasing. O

Proof of Corollary [2| Let 6 € Sy and ¢ € N. Suppose that there is A € Q(6)
such that Card (L(0, \)) = c¢. We have already seen that there is an element (7, m) €
L9 x N, satisfying mA € Z[0]/M}(0) and T = (Trace (mA0")),>o. Moreover, by
Proposition 2] (ii), we have L(0,\) = R(T,m)/m or L(6, ) = R(T,m)/mU{1}\{0}
and so ¢ = s(T,m). The converse follows trivially from the first assertion in
Theorem [Il O

Proof of Corollary [3} It is clear, by Proposition 2| that Card (L(6,\)) =1 =
(s=1and 0 € Sy) or (s =1 and R # {0}), where s = s(Trace (mA8™),m) and
mA € Z[0]/M}(0), because s =1 = p =1 = p odd and so Card(L) =2 > 1
when R = {0} and 0 ¢ Ss. Since, the condition R = {r} # {0}, implies that
m > 2 and (¢, modm),>, = T, for some ¢ > 0, it follows by the relation r =
aq—17 + -+ - + apr mod m, or equivalently rMpy(1) = 0modm, that |My(1)| # 1, as
0 < r < m. Conversely, a simple calculation gives L(6, —1) = {0} when 0 € Sq;.
Suppose |Mp(1)] # 1, set m = |Mp(1)| and consider the element (g, )n>0 of £g
defined by the equalities: g9 = -+ = gq—1 = 1. Then, g4 = aq—1 + -+ + a9 =
1— Mpy(1) = 1modm, and a simple induction gives that g, = 1 modm for all n > 0.
Now, by the first assertion in Theorem [1| and Proposition [2| (i), we immediately
see that there is A € Q(0) such that L(0,\) = {1/|My(1)|}, as (g, modm),>o = 1,
and 1 # 0. O

Proof of Corollary [} It is clear that Corollary[d]is true when d = 1. Suppose d >
2, set m = |My(—1)| and consider the element (g, )n>0 of £¢ defined by the relations
g2 = 1, (resp. gary1 = m — 1) where k € {0,...,(d—1)/2} (resp. k € {1,...,(d—
2)/2}). Then, a simple calculation shows that the sequence (g, mod m), > is purely
periodic, and takes alternatively the values 1 and m — 1. It follows by the first
assertion in Theorem [1] and Proposition [ (i), that there is A € Q(#) such that
L(,)\) = {1/ |Mp(—1)|,1 — 1/ [My(—1)|}, and so Corollary [4] holds. O

4. PROOF OF THEOREM [2]
Consider the polynomial
M(z) =2 — (bn+ D' +nb—a)z? 2 +1,

where the rational integers a, b, d and n satisfy the inequalities 1 < a < b, 3 <d
and 2 < n. Then, the relations

‘(bn—&-l)zd_l’ =bm+1>2+nb-—a)> |zd+1+n(b—a)zd_2‘ ,
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where z is a complex number with modulus one, yield, by Rouché’s theorem, that the
roots of the polynomial M are all of modulus less than one, except one, say 6. A short
computation gives, for n sufficiently large, M (nb+%) = ¢(nb+4%)*"2($—1)+1 < 0,

a 1 a 1 4.9 a 2 a 1.1
42 = — 4= Z(Z — . (= — 1
M(nb+b+n) (nb+b+n) (b+b(n 1+b)+n(n 1))+1>0
and so
(5) nb+g<0<nb+g+l'
b b n’

thus, the algebraic integer 6 is a Pisot number and the minimal polynomial of 8
is M. Furthermore, we see by that we may, again, choose n sufficiently large,
in a way to make the fractional part of 8 arbitrarily close to a/b, and the result
follows immediately, when the fixed degree d is greater than 2, since the rational
numbers a/b are dense in the unit interval. To complete the proof of Theorem [2} it
remains to consider the quadratic case. In fact it is easy to show that the following
proposition is true: If K is a real quadratic extension of Q, then the fractional
parts of quadratic Pisot numbers, belonging to K, are dense in the unit interval.
Indeed, set K := Q(\/E), where D is a square-free positive rational integer. Then,
for each y € N, there is € Z such that z +yvD > 1 and -1 <z —yvVD < 1
(choose for instance z = [yv/D]), and so the element 6, := x + yv/D of K, is a
quadratic Pisot number such that {6,} = {yv/D}. Since the fractional parts of the
numbers of the form yv/D, when y runs through N, are dense in the unit interval,
the above cited assertion follows immediately.
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