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Abstract. The paper studies nilpotent n-Lie superalgebras over a field of characteristic
zero. More specifically speaking, we prove Engel’s theorem for n-Lie superalgebras which
is a generalization of those for n-Lie algebras and Lie superalgebras. In addition, as an
application of Engel’s theorem, we give some properties of nilpotent n-Lie superalgebras
and obtain several sufficient conditions for an n-Lie superalgebra to be nilpotent by using
the notions of the maximal subalgebra, the weak ideal and the Jacobson radical.
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1. INTRODUCTION

The nilpotent theories of many algebras attract more and more attention. For
example: In [5], [14], [15], the authors study nilpotent Leibniz n-algebras, nilpo-
tent Lie and Leibniz algebras, nilpotent n-Lie algebras, respectively; D. W. Barnes
discusses Engel subalgebras of Leibniz algebras in [3], and so on. In 1996, the con-
cept of n-Lie superalgebras was first introduced by Yu. Daletskii and V. Kushnirevich
n [11]. Moreover, N. Cantarini and V. G.Kac gave a more general concept of n-Lie
superalgebras again in 2010 in [6]. n-Lie superalgebras are generalizations of n-Lie
algebras and Lie superalgebras. As the structural properties of n-Lie superalgebras
mostly remain unexplored and motivated by the investigation on Engel’s theorem
and nilpotency of n-Lie algebras [4], [8], [9], [13], [15] and Leibniz n-algebras [1],
[5], [7], [12], it is natural to ask about the extension of these properties to the n-Lie
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superalgebras category. As is well known, for n-Lie algebras and Leibniz n-algebras,
Engel’s theorem and nilpotency play a predominant role in Lie theory. Analogously,
Engel’s theorem and nilpotency for n-Lie superalgebras will also play an important
role in Lie theory.

The goal of the present paper is to study Engel’s theorem and nilpotency for n-
Lie superalgebras. We first prove Engel’s theorem for n-Lie superalgebras, which
will generalize Engel’s theorems for n-Lie algebras and Lie superalgebras, then we
research some properties of nilpotent n-Lie superalgebras, and moreover, we give
several sufficient conditions for an n-Lie superalgebra to be nilpotent.

Definition 1.1 ([6]). An n-Lie superalgebra is an anti-commutative n-super-
algebra A of parity «, such that all endomorphisms D(aq,...,a,—1) of A(as,...,
an—1 € A), defined by

D(ala cee ;anfl)(an) = [ala .. '7an71;an]7

are derivations of A, i.e., the following Filippov-Jacobi identity holds:

[a1, ... an_1,[b1,...,by]] = (=1)@l@+FP@n-0)([lq) an_1,b1] ba,. .., by
+ (—=1)pODEla)tetp@n— Dy Tay, ... an_1,ba],bs, ..., bp] + ...
+ (=1) PO+ AP0} (Pla)+AP(@n— D[y by g [an, ..., Gn_1,bn]]).

From the above definition, we may see that p([a1,...,a,]) = a+ > p(a;) and
i=1

(@1, ..y @iy Gig1s oy ap)=—(=1)P@IP@D[ay a1, a4, ... ap)for alla; € A, 1 <
i < n, where p([a1,...,a,]) and p(a;) denote the degrees of [ai,...,a,] and a;,
respectively. Moreover, since the n-Lie superalgebra A is related to «, it is also
denoted by (4, a).

Analogously to the n-Lie algebras (see [13]), we have the following definition:

Definition 1.2. Let A = Ay ® A7 be an n-Lie superalgebra and I a subspace

of A.
(i) I is called a vector superspace, if I = I @ I, where I5 = I N Ag, I = I N A;.
(ii) A vector superspace I C A is called a subalgebra, if [I,1,...,I,I] C I.
(iii) A vector superspace I C A is called an ideal (I < A), if [A,A,..., A, I]C I
(iv) A vector superspace I C A is called a weak ideal, if [A,I,...,I,I] CI.
(v) An ideal I is called abelian, if [A, A,..., A, I,I]=0.
(vi) An ideal I of an algebra A is called nilpotent, if I¥ = 0 for some v > 0, where
I'=1,1" =[A,..., AT

In the sequel, let F be a field of characteristic zero and A a finite-dimensional n-Lie
superalgebra over a field F.
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2. ENGEL'S THEOREM OF n-LIE SUPERALGEBRAS

Definition 2.1. Let A = Ay & A7 be an n-Lie superalgebra over a field F.
A vector superspace V over F is called an A-module if on the direct sum of vector
spaces V @ A = B the structure of an n-Lie superalgebra is defined such that A is
a subalgebra of B and V is an abelian ideal of B.

Definition 2.2. Let A = Ay @ A7 be a vector superspace over a field F and
(A, @) an n-Lie superalgebra over F. We define a multilinear mapping o: AX(*~1) =

AxAx...xA—EndV, (x1,22,...,2n-1) = 0(x1,...,2n—1). Then p is called
—_———
n—1

a representation and V' is called an A-module, if the following relations are satisfied:

(2.1) o(ar, ..., Qix1, .y Qn_1)

= —(=1)P@IP@s) o(ay a1, i, an_1), a; € A.
23 olb)ola) = (~IIO D gla)g(e) + S (~1 PO
i=1
x o(at,...,D(b)(ai),...,an—1),
where a = (a1,...,an-1), b= (b1,...,bp_1), a;,b; € A.
(2.3) olar,...,an—2,[b1,...,b,])(c)

= Z /\iQ(bh ceey I;i, ceey bn)g(al, ceey Qp—9, bi)(C),
=1

where
N\ = (_1)7171'(_1)17(@) 220 s P(0;)H(P(bi)F+a) 22T 4 P(bj)(_1)a(;0(al)+P(¢12)+~~~+P(an—2))7
n—2 .
p(a) = > p(a;), b; denotes b; is omitted, and a;, b;, c € A.
i=1
(2.4) o(a)(Vo) € Voys,
n—1
where a = (a1,...,an-1), 0 € Z2, B=1p(a) = > p(a;), a; € A.
i=1

Remark 2.3. Definition 2.2 is equivalent to Definition 2.1. Definition 2.2 can
imply Definition 2.1. In fact, let ¢ be a representation of A and let V be an A-
module. Then g is a linear transformation on V. We can define on the direct sum
of linear spaces V @ A a skew-super-symmetric n-ary operator

[Z1,. .y Zn2,v1,02] :=0, [21,...,Zpn_1,v] :=0(x1,...,Zpn_1)(v) EV,
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where x1,...,2,-2 € A, v1,v,v € V. For z1,....2p_1,Y1,...,Yn—1 € A, v €V, by
(2.1) we have

[#1, - @t [y, Y1, 0] = 2(2)e(y)(v) = (~1)PPEDFD o (y) o) (v)

i—1 Vo
+ 3 (~1)POES PO gy D (@) (i), - Yn) ()
i=1

= (—1POEEEI g, [21s w0, 0]

n—1 )
+ Z(_l)p(x)(o&Z};} W)y

1y--+5Yi—1, [1‘1, vy Tn—1, y’i]; Yit1,--- 7yn—17v]
n—1
i—1 )
= (_1)p(m)a{ Z(_l)p(m) Zj:l p(y])[yla e Yi-1, [1'1, ceey xn*lvyi]vyiJrlv sy Yn—1, ’U]
i=1

+ (_1)p(z)p(y) [ylv vy Yn—1, [xlv s 7xnlvv]]}a

where p(z) = Z p(z;), ply) = Z p(y:), that is, the above formula satisfies the
Filippov-J acobl 1dent1ty Hence VEBA is an n-Lie superalgebra on the above operator
such that A is a subalgebra of V @ A and V is an abelian ideal of V & A.
Definition 2.1 can also imply Definition 2.2. In fact, for any a1,...,a,-1 € A,
there is a corresponding linear transformation g(as,...,a,—1) of V, where o(as, ...,

an—1)(v) = [a1,...,an—1,v]. Then the operators p(a) satisfy the formulas (2.1), (2.2)
and (2.3). It is clear that (2.1) holds. Further,

e(b)o(a)(c) = [b1,- .. b1, a1, ..., an—1,c]]

n—1 .
= (_:Uap(b){ Z(_l)p(b) Z;:} p(aj)[ala ey Qi—1, [bla R bnfla ai]v Qj41y--+50n—1, C]
i=1
+ (=1)POPD (g g, by, b, c]]}

= (~1)POE@O*Y g(a)o(b)(c)

+ Z(—l)”(b)(zz;i”(“j)”)@(au - D(b)(ai), - - . an—1)(c),

where D(b) = D(by,...,b,—1), that is, (2.2) holds. Finally,

n—2
(_1)0(([)(6)-‘1-21-:1 p(ai))g(ala ey Ap—2, [b17 Y bn])(c)

= (- 1)a(p(6)+ZTffp(ai))[a1 Jan—2,[b1,- - bal, ]

= (=1)*P)+E5 pla e {—( p(C)(a+Z}L PN [ay, L an g, (b, b))}
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n

= —(=1) p(e)(a+327, p(b Z (p(C)JrZZ T plar)) () p(b)

1
7= [bl,. --7bj—1; [al,.. .,an_g,c,bj],bj_,_l,. .. ,bn]

- (_1)n+1+ap(0)+(p(a1)+...+p(an_2))(p(b2)+-..+p(bn))+(p(b1)+a)(p(b2)+...+p(bn))

na [a’la ceeyAn—2, bla C]]
)n+ap )+ (p(ar)+...+p(an—2))(p(b1)+p(ba)+...4p(bn))+(p(b2)+a) (p(b3)+...+p(bn))

Axﬁﬁ

[bl,bg,... bn,[al,.. s Ay — 2,b2, ]]
+ (=)™ 1+ap(c)+(p(ar)+...+p(an—2))(p(b1)+p(b2)+p(ba)+...+p(bn))
X ( 1)(p(b3)+04)(p(b4)+ P ))[bl b27b47" 'abna [a’lv" '7an727b370]] +...
+ (= 1)2+ap +(p(a1)+~~~+p(an—2))(p(b1)+~~~+p(bn—1))[blv bty [an, . Gp—2, b, d]]

(_1)n—i+ap(0) (_1)2?;12 plaj) 327 j2s P(0)+(p(bi)+a) 307 ;1 p(by)

1 ~

X o(b1, ..., by .. bp)o(ar, ..., an_2,b;)(c),

|

7

that is, (2.3) holds.

A special case of the representation is the regular representation a — D(a), where
D(a) = D(a1,...,an-1), D(a)(an) = [a1,...,an-1,ay), a; € A. The subspace
kerp = {z € A; o(A,..., A x) = 0} is called the kernel of the representation g.
It follows from (2.1) that ker o <0 A. If ker p = 0, then the representation p is called
faithful. A subset S C A will be called homogeneous multiplicatively closed (h.m.c.),
if for any x,21,...,2, € S, A € F, we have Az € S, [x1,...,2,] € S. We denote the
linear span of a h.m.c. set S by F(5), it is clear that F'(S) is equal to the subalgebra
generated by the set S.

Theorem 2.4 (Engel’s Theorem). Suppose that g is a representation on an n-Lie
superalgebra A in a finite-dimensional space V', S is a h.m.c. subset of A and the
operators o(ay,...,an—1) are nilpotent for any ay,...,a,—1 € S. Then the algebra
S, generated by these operators is nilpotent. In addition, if the representation ¢ is
faithful, the algebra F'(S) is also nilpotent and acts nilpotently on A.

Proof. By considering the quotient algebra A/ ker p, we may assume with no loss
of generality that p is faithful. With any subset X C S we associate the subalgebra
X, < Aj generated by the operators o(at,...,an—1),a; € X. Suppose that X is
a maximal h.m.c. subset of S and its corresponding algebra X is nilpotent. Our
aim is to prove that X = S.

Suppose (X)* =0. Put C = F(X), Cy = A, Cip1 = [C,...,C,C;] for i > 0. We
introduce an abbreviated notation for certain subspaces of A} :

o(A,...,A,C;) =0(AC;), oC,...,C,A)=0(C,A), oC,...,C)=0o(C),



etc. By induction on k, we will show that for any k > 0,
k .
(2.5) o(C,Ci) € o oFHO).
i=0

In fact, it follows from (2.2) that
o(C, Cri1) = o(C,[C,..., C, Ck]) € 0(C, Cr)e(C) + 0(C)e(C, Cr).

This enables us to complete the inductive passage from k to k + 1 in relation (2.4),
it is trivial for k = 0. It follows from (2.2) that

(26) oA, Cri1) = 0(A,[C,...,C.Ch]) € 0(C, Cr)o(A, C) + o(C)o(A, C).
Again using induction on k and (2.4), we see that for k > 1

0(A4,Cr) C F(Co(A) + D 0 (C)e(C,A)d (C)a(A, C).
itj=k—1

Since p*(C) = 0, we obtain o(A,Cy) = 0 for k > 2s, i.e., Cy C ker g, hence Cy, = 0.
This means that C acts nilpotently on A by left multiplications, in particular, the
algebra C is itself nilpotent.

If S # X, it follows easily from the preceding that S\ X contains an element b
such that

(2.7) [X,....X,b C X.

Then Y = FbU X is a h.m.c. subset of S strictly containing X. We will show that
the algebra Y, is nilpotent, which is contrary to the maximality of X. Any element
of p(Y) lies either in o(X) or in o(X,b). Suppose U € o(Y)™, m > 0. If in the
word U the operators in o(X) occur at least s times, then in view of (2.1) and (2.6),
U can be transformed into a sum of words in which the operators in o(X) appear
consecutively and the number of them is at least s, therefore U = 0.

On the other hand, if in U the operators in o(X) occur I < s — 1 times, then U
has the form Uy 01U202 ...Ui01U+1, where g; € o(X), U; are products of elements
0(X,b), and some of the words U; can be empty.

Let us view A as an (n — 1)-Lie superalgebra A, with operation

[a1,...,an—1]p = [a1,...,an_1,b]
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and V as an A,-module on which the representation g of the algebra
Ap: 0(a1,...,an—2) = o0(a1,...,an_2,b)

acts. It follows from (2.6) that X is a h.m.c. set in Ap. Since the operators in §(X) =
0(X,b) are nilpotent, the induction assumption with respect to n is applicable to the
triple (A, X, 0) and the algebra X7 is nilpotent, suppose that (Xg)t = 0. When
n = 2, since the algebra X7 is generated by the nilpotent operator o(b), X3 is
nilpotent, which provides the basis for the induction.

If the p-length of U; is greater than or equal to ¢, then U; = 0, 1 < i <1+ 1.
Consequently, when m > st all words U € o(Y)™ are zero, ie., (Y;)* = 0 as
required. This contradiction shows that X = S. The second assertion of the theorem
has already been proved, since C = F(X) = F(S). O

Corollary 2.5. Suppose A is a finite-dimensional n-Lie superalgebra in which
all left multiplication operators D(a) are nilpotent, where D(a) = D(ay,...,an-1),
a; € A, 1 <i<n—1. Then A is nilpotent.

Proof. Let ¢ be the regular representation and A =V = S. By Theorem 2.4,
we obtain A is nilpotent. O

3. NILPOTENCY OF n-LIE SUPERALGEBRAS

Definition 3.1. The Frattini subalgebra, F(A), of A is the intersection of all
maximal subalgebras of A. The maximal ideal of A contained in F'(A) is denoted
by ¢(A).

The next proposition contains results analogous to the corresponding ones for n-Lie
algebras, their proof is similar to those for n-Lie algebras (see [2], Proposition 2.1).

Proposition 3.2. Let A be an n-Lie superalgebra over F. Then the following
statements hold:

(1) If B is a subalgebra of A such that B+ F(A) = A, then B = A.
(2) If B is a subalgebra of A such that B + p(A) = A, then B = A.

Lemma 3.3. Let A be an n-Lie superalgebra over F. Then F(A) C AZ%; in
particular, if A is abelian, then F'(A) = 0.

Proof. If A= A% = [A,..., A], then F(A) C A% if A # A% and F(A) ¢ A2,
then there exists * € F(A), ¢ A% and a subalgebra B of A such that A% C B,

x ¢ B and dim B = dim A — 1. Hence B is a maximal subalgebras of A which does
not contain x. This contradicts € F(A). Therefore, F(A) C A2 O
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Lemma 3.4 ([10]). Let f be an endomorphism of a finite-dimensional vector
superspace V over F and let x be a polynomial such that x(f) = 0. Then the
following statements hold:

(1) If x = q1q2 and q1, g2 are relatively prime, then V is decomposed into a direct
sum of f-invariant subspaces V. =U @& W such that ¢1(f)(U) = 0 = g2(f)(W).

(2) V is decomposed into a direct sum of f-invariant subspaces V =V, @ V4, for
which f|y, is nilpotent and f|y, is invertible.

Remark 3.5. Note that, in the case where V is finite-dimensional, we may choose
X to be the characteristic polynomial of f. The decomposition (2.2) is called the
Fitting decomposition with respect to f. Subspaces Vj,V; are referred to as the
Fitting-0 and Fitting-1 components of V', respectively.

Definition 3.6. An n-Lie superalgebra A satisfies condition (*) if the only sub-
algebra K of A with the property K + A? = A is K = A, where A2 = [A, A,..., Al;
an n-Lie superalgebra satisfies condition (xx) if a; € Ag(D(aq,...,an—1)) for some
1 < ¢ < n—1 for arbitrary a; € A, where Ag(D(a1,...,an—1)) = {x € A;
D"(ay,...,an—1)(x) =0 for some r}.

Theorem 3.7. Let A be an n-Lie superalgebra over F. Then the following state-
ments hold:

(i) If A satisfies condition (xx) and any maximal subalgebra M of A is a weak ideal
of A, then A is nilpotent.
(ii) If A is nilpotent, then every maximal subalgebra M of A is an ideal of A.

Proof. (i) Assume that A is not nilpotent. Then there exists a non-nilpotent
left multiplication operator D(ay,...,an—1). Put D(a) := D(a,...,an—1). Since
D(a) is non-nilpotent, the Fitting-0 component satisfies Ag(D(a)) # A. Let M
be a maximal subalgebra of A containing Ag(D(a)). Then a; € Ao(D(a)) C M
for some 1 < ¢ < n — 1 by assumption. Since the maximal subalgebra M of A is
a weak ideal of A, D(a)(A) C M. Since D(a) is an automorphism on the Fitting-1
component A;(D(a)), we obtain that A; = D(a)(A41) = A1 N M. Hence A4; C M.
Then A = Ag ® A; C M # A. This is a contradiction. Thus all left multiplication
operators are nilpotent. Therefore, by Corollary 2.5, A is nilpotent.

(ii) We assume that A is nilpotent and M is any maximal subalgebra of A. Then R
also acts nilpotently on A for all R € D(A), where D(A) is the vector space generated
by all left multiplications of A. Thus R acts nilpotently on A/M for all R € D(A).
Then there is a v # 0 € A/M such that R(v) = 0 for all R € D(A). This means
R(v) € M and hence v € Ng(M), where Na(M) ={z € A; [x,M,A,..., Al € M},
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but since v # 0 € A/M, we have that v is not in M, hence M C N4(M). By the
maximality of M, then N4(M) = A, i.e., M is an ideal of A. O

Corollary 3.8. Let A be an n-Lie algebra over F. Then A is nilpotent if and
only if every maximal subalgebra M of A is a weak ideal of A.

Remark 3.9. An n-Lie superalgebra with condition (xx) does exist. For example,
let (A, @) be an n-Lie superalgebra with basis {b, c}, A = Ag® A1, A5 = Fe, A7 = Fb,
a = 0, and let its multiplication be as follow: [b,...,b,c] = 0, [b,...,b] = ¢, then
b,c € Ao(D(b,...,b,c)).

Definition 3.10. An ideal I of an n-Lie superalgebra A is called the Jacobson
radical, if I is the intersection of all maximal ideals of A, denoted by J(A).

Proposition 3.11. For any n-Lie superalgebra A, J(A) C A2,
Proof. The proof is similar to that of Lemma 3.3. U

Definition 3.12. The ideal I of an n-Lie superalgebra A is called k-solvable
(2<k<n) if I(") = 0 for some 7 > 0, where I(®) = I,

T6HD = (16) 1) 1) A A
—_—
k n—k

for some s > 0. When A = I, A is called a k-solvable n-Lie superalgebra. Clearly,
if A is nilpotent, then it is k-solvable (k > 2).

Lemma 3.13. Let an algebra A be a k-solvable n-Lie superalgebra (k > 2), then
J(A) =AM,

Proof. According to Proposition 3.11, J(A) € AM). We merely need to verify
AWM C J(A). Let I be an ideal of A. As A is k-solvable, A/I is k-solvable and
does not contain any proper ideal of A/I, hence [A/I,...,A/I] =0, thus A C I,
and by the definition of the Jacobson radical, we have A" C J(A). Then we get
J(A) = AD), O

Theorem 3.14. Let A be a nilpotent n-Lie superalgebra over F. Then F(A) =
AN = p(A) = J(A).

Proof. Since A is nilpotent, by Theorem 3.7 (ii), any maximal subalgebra T is
an ideal of A, A/T is a nilpotent n-Lie superalgebra, and A/T has no proper ideal,
thus [A/T,...,A/T] =0, A®) C T, and A C F(A). By Lemma 3.3, F(4) = AWM.
Since A is nilpotent, A is k-solvable, and by Lemma 3.13, J(A) = A, Therefore,
F(A) = p(A) = J(A) = AN, The proof is complete. O
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Theorem 3.15. Let A be an n-Lie superalgebra over F. Then the following
statements hold:

(1) If A satisfies conditions (xx) and (), then A is nilpotent.
(2) If A is nilpotent, then the condition () holds in A.

Proof. (1) Suppose that the condition (x) holds in A. Let M be any maximal
subalgebra of A. Since M + A? # A, A2 C M, and M is an ideal in A. It follows
from Theorem 3.7 (i) that A is nilpotent.

(2) Suppose that A is nilpotent. By Theorem 3.14, we have A2 = F(A). Then
K + A? = K + F(A) = A implies K = A by Proposition 3.2. O

Corollary 3.16. Let A be an n-Lie algebra over F. Then A is nilpotent if and
only if the condition () holds in A.

Definition 3.17. A subalgebra T of an n-Lie superalgebra A is called subinvari-
ant if there exist subalgebras T; suchthat A=Ty >DTh D12 D ... DT, 1 DT, =T
where T; is an ideal in T;_1 for ¢ = 1,2,...,n. It is also denoted by T' = T,, <
Tho1<T, 2<...<1T1 <Ty = A.

An upper chain, Cy, of length k consists of subalgebras Uy, Uy, ...,U; in A such
that Uy = A and each U; is maximal in U;_; for ¢ = 1,2,..., k. The subinvariance
number of C, s(Cj), is defined to be the number of U; # Uy = A which are
subinvariant in A; the invariance number of C, v(Cy), is defined as k — s(Cy) if
s(Ck) # 0, and as k otherwise. Then the invariance number of A, v(A), is the
maximum of v(CYy) for all Cj of A.

Lemma 3.18. Let A be a nonzero n-Lie superalgebra and V' a maximal subalge-
bra of A. If V is not an ideal in A, then v(A) > v(V).

Proof. Suppose C,,: V=V, DV; DVa D... DV, is an upper chain of length
ninV. Then ADV =V, D>V, DV, D... DV, is an upper chain C,,4+; of length
n+1in V. If V;, 1 <14 < n, is subinvariant in A, then we have

A:U()DU1DUQD...DU]€:V¢,
where U; is an ideal in U;_; for i = 1,2,... k. We also have
V=AnV=0nNnVoOUiNnV2...2U,NV=V,.

Since U; is an ideal in U;_1, U; NV is an ideal in U;_1 NV and V; is subinvariant
in V. Hence, if V;, 1 < ¢ < n, is subinvariant in A, then it is subinvariant in V.
Since V is not an ideal in A, s(Cp11) < $(Cyp). If s(Cpy1) > 0, then v(Cpi1) =
n+1)=3(Chy1) = (n+1)—3s(Cp) >n—s(Cp) = v(Cyp). If s(Cpy1) = 0, then
v(Cpt1) =n+1>n>v(C,). Hence, v(A4) > v(V). O
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Theorem 3.19. Let A be an n-Lie superalgebra over F. Then the following
statements hold:

(1) If A satisfies condition (xx) and v(A) = v(U) for every proper subalgebra U
in A, then A is nilpotent.
(2) If A is nilpotent, then for every proper subalgebra U in A, v(A) = v(U).

Proof. (1) Suppose that dim(A) = n. Let V be any maximal subalgebra of A
such that v(V) = v(A). Then by Lemma 3.18, V is an ideal in A. It follows from
Theorem 3.7 (i) that A is nilpotent.

(2) If A is nilpotent, then every subalgebra of A is subinvariant. Hence v(A) = 1.
Since every subalgebra of A is also nilpotent, v(V) = 1, hence v(A4) = v(V). O

Corollary 3.20. Let A be an n-Lie algebra over F. Then A is nilpotent if and
only if v(A) = v(U) for every proper subalgebra U in A.

Theorem 3.21. Let U be a subinvariant subalgebra of n-Lie superalgebra A
and K an ideal of U such that K C F(A). If U/K is nilpotent, then U is nilpotent.

Proof. We have a chain of subalgebras U = U, < U,_1 < ... QU < Uy = A.
Let a; € U, 1 < i < n—1, and D(a) = D(as,...,an—1). Then D(a)U;—1 C U;
since U; <0 U;—1. Hence D"(a)A C U. But U/K is nilpotent, so D*(a)U C K for
some s. Thus, if dim(A4) = ¢, we have D!(a)A C K. Moreover, A = 3(D%(a)) @
) ) 00

Ker(D!(a)). In fact, we set I := () D%a)(A) and B := |J B;, where {B; =
i=1 i=1

x € A; D%(a)(x) = 0}. Since D(a) is a linear transformation of A, we have

ADD()(A)2...2 D™(a)(A)D....

As dim A < oo, there exists a positive integer s such that D*(a)(A) = D5t (a)(A),
and one gets I = (| D%(a)(A) = D*(a)(A) and I = D(a)(I). Similarly
i=1

0CB C...CB;C....

There exists a positive integer k£ such that By = By4+1. Thus B = By. Let m =
max{s,k}. Then I = D™(a)(A), B= B, = {x € A; D™(a)(xz) = 0}. It is clear that
INB =0, and for any x € A, if D™ (a)(z) = 0, then D™ (a)(x) € I = D*"(a)(A).
There exists y € A such that D™ (a)(x) = D*™(a)(y), hence D™ (a)(z— D™(a)(y)) =
0. Put z := 2 — D™(a)(y), then z € B. Therefore A = I ® B. In particular, we may
take m =t. We get A = 3(D*(a)) ® Ker(D!(a)).

So A = K 4+ E4s(D(a)), where E4(D(a)) = {z € A; D"(a)(z) = 0 for some r}.
But K C F(A), so this implies that F4(D(a)) = A. Thus every D(a) for all a; € U,
1 <4< n—1,is nilpotent and U is nilpotent by Corollary 2.5. 0
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Example 3.22. Let (A, a) be an n-Lie superalgebra with basis {b,c}, A = Az ®
A1, Ag = Fe, A7 = Fb, a = 0, and let its multiplication be as follow: [b,...,b,c] =0,
[b,...,b] = c. Then A is nilpotent, however dim(A/A?) = 1.

The above example shows the definition of the S* algebra for an n-Lie superalgebra
is analogous to the case of a Leibniz algebra, thus we give the following definition:

Definition 3.23. An n-Lie superalgebra A is called an S* algebra if every proper
non-abelian subalgebra H of A either has dim(H/H?) > 2 or is nilpotent and gen-
erated by one element.

Lemma 3.24. Let A be a non-abelian nilpotent n-Lie superalgebra. Then we
have either dim(A/A?%) > 2 or A is generated by one element.

Proof. Since A is nilpotent, by Theorem 3.14 one gets A? = F(A). It is clear
that dim(A/A?) # 0 since A is nilpotent. If dim(A/A?) = 1, then A is generated by
one element. Otherwise dim(A4/A42%) > 2. O

Lemma 3.25. Let A be a non-nilpotent n-Lie superalgebra. If all proper subal-
gebras of A are nilpotent, then dim(A/A%) < 1.

Proof. Suppose that dim(A/A?) > 2. Then there exist distinct maximal subal-
gebras M and N which contain A%2. Hence M and N are nilpotent ideals, A = M+ N
is nilpotent, which is a contradiction. O

Theorem 3.26. An n-Lie superalgebra A is an S* algebra if and only if it is
nilpotent.

Proof. If A is nilpotent, then every subalgebra of A is nilpotent, so A is an S*
algebra by Lemma 3.24. Conversely, suppose that there exists an S* algebra that
is not nilpotent. Let A be the smallest dimensional and non-nilpotent. All proper
subalgebras of A are S* algebras, hence they are nilpotent. Thus dim(A4/A42%) < 1
by Lemma 3.25. Since A is an S* algebra, it is generated by one element and it is
nilpotent, which is a contradiction. O

Theorem 3.27. Let (A, a) be an n-Lie superalgebra and D a derivation of A.
For zy,...,z, € A, then D¥[zy,...,2,] = > a® [D(21), ..., D" (x,)],

i1,000in

i1+...+in=k
k
where a\® ., €F.

L1 yeeesln

Proof. We proceed by induction on k. If £ =1, then

Dixy,xa,. .., 2]
= (=1)PDD(x1), 20, ..., 2n] + (—1)PPICEI+O ) D), 23, ..., 2]
4.+ (_1)p(D)(p(z1)+...+p(xn)+a)[xhxz, e Zp_1, D(zp)]
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and the base case is satisfied. We now assume that the result holds for k and consider
k+ 1. Then

DRy, ..z,
k i in
—D< > al” . [D"(z1),...,D (xn)]>
i1+...+in=k
k @ 7 in
= Y d? L A)PPR D (), D (ay))
1t...tin=~k

T4 (1P PEDF AR @)tk (it A )P(D)Y Dt (1), LDt ()]}

— S dMY DI (), DI ().
Jit..+in=k+1

The last equality holds because if we suppose that the array (ji,...,Jn) satisfies
j1+ ...+ Jn = k+ 1, then there must exist an array (i1,...,4,) such that i; +

...+ in, = k and for m € {1,...,n} it satisfies i1 = j1, ..., Im-1 = Jm—1, im +
1= jm; im—i-l = jm-‘rlv ceny p = jnv that iS, (ila"'aim—him + 17im+17---7in) -
(J1s- -y Jm—1,JmsJm+1s - - Jn). This proves the theorem. O

Theorem 3.28. Let A be an n-Lie superalgebra over F. Suppose that B is an
ideal of A and C is an ideal of B such that C C BN F(A). If B/C is nilpotent,
then B is nilpotent.

Proof. Take any element x; of B, 1 <i<n — 1. By Remark 3.5, A = Ag + A;
is the Fitting decomposition relative to D(z), where D(z) = D(z1,...,Zpn—1) is
nilpotent in Ay and D(x) is an isomorphism of A;. So A; C B. Since B/C is
nilpotent, there exists an integer n such that A; = D™(z)(A1) C C. Then A =
Ao+ F(A). If Ay is a subalgebra of A, by Proposition 3.2 it implies that A = Aj.
Hence, D(x) is nilpotent for any element x; € B, 1 < ¢ < n — 1. Therefore, B is
nilpotent by virtue of Corollary 2.5.

It remains to show that A( is a subalgebra of A. For zi,...,2, € A, by Theo-
rem 3.27 we have

k 7 in
D(@)far,. oo = Y ay) D@ (01).... D(@)" ()]
i1t tin=k
If 21,...,2, € Ag, then D(x)*[xy,...,2,] = 0 for an integer k big enough, hence
[Z1,...,25] € Ag. O
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Corollary 3.29. Let A be an n-Lie superalgebra with B <1 A such that B C F(A).
Then B is nilpotent. In particular, ¢(A) is a nilpotent ideal of A.

Definition 3.30. A nilpotent n-Lie superalgebra A is said to be of class t if
Al =0 and A' # 0. We also denote cl(A) = t.

Put AN* =[A,...,A,N|and AIN? = [A, ..., A, A7~ N] for some j > 1.

Lemma 3.31. Let A be an n-Lie superalgebra with N <I A and let A/N? be
nilpotent. If A™*! C N? for some minimal m, then A*N™ C N"*! for r > 0 where
u=(r—1)m-1)(m-1)+m.

Proof. We proceed by induction on 7. If 7 = 1, then Ad—D(=Dm=1)+m 1
A™N C A™*T1 © N2 and the base case is satisfied. We now assume that the result
holds for r and consider r + 1.

Let s=r(n—1)(m—1)+m and u = (r —1)(n—1)(m—1)+m. By Theorem 3.27,
we obtain

AN = A*INT NJA, L Al= Y [AMNT ARN ABA, L ATA
s1+...+s5p,=5

Suppose that s; > u. Then by the induction hypothesis, A1 N" ¢ N"*! and
Z [ASTNT A®2N A% A, ... A" Al C [N"T} N, A,...,A] c N"™2,
S1+...+Sp=s

Suppose that s; < u. We claim there exists s, > m. Assume that s; < m for all j.
We obtain s = (s1)+ (s2+...+sp) <u+(n—1)(m—-1)=(r—-1)(n—-1)(m—-1)+
m+(n—1)(m—-1)=r(n—1)(m—1)+m = s. But this is impossible. Hence there
exists s, > m for some k. As a result A* N C N? and using the Filippov-Jacobi
identity and skew super-symmetry, we obtain

[ANT, AN, A% A, ..., A% A, ... A" A

=[N",N,A,...,A,N* A ... A
=[N",N,A,...,AA,...,A N?

=[N A A A, AN,...,N]
=

[N",N,A,...,A,N,],N,...,N]+[N,[N",N,A,...,A,N,],N,...,N]
+...4+[N,...,N,[N",N,A,...,A N,]

C[N"™ N,N,...,N]

C[N™ N, A,... A

— NT2.

This proves the lemma. O
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Theorem 3.32. Let A be an n-Lie superalgebra with N <1 A. If N**! = 0 and
(A/N?)m+1 =0, then cl(A) < tm+ St(t —1)(m —1)(n — 1).

Proof. Using Lemma 3.31, we observe that A”t! ¢ N2, Am+®-1m-1)N2

N3, ..., Ant-DE-Dm-h) Nt « N+l — (. By summing the exponents on the
left-hand side, we see that A“ = 0, where w = tm + £t(t — 1)(m — 1)(n — 1) 4+ 1.
The proof is complete. O

Definition 3.33. Let A be a nonzero n-Lie superalgebra and S a subset of A
such that S O {0}. The normal closure of S in A, S4, is the smallest ideal in A
containing S.

Theorem 3.34. Let A be a nonzero n-Lie superalgebra over F. Then:

(i) If A satisfies condition (%), then there exists a nonzero nilpotent subalgebra
N in A such that N4 = A.
(ii) A is nilpotent if and only if the subalgebra N in (i) is A.

Proof. (i) If A is nilpotent, then we may take N = A and N4 = A4 = A
Consider the case that A is not nilpotent. We use induction on the dimension
of A. A non-nilpotent n-Lie superalgebra of lowest dimension is two-dimensional,
namely, A = A; @ A7, Ag = Fx, A; = Fy, with a bilinear skew super-symmetric
bracket multiplication [z,z,y] = y defined on A. The normal closure of the one
dimensional subalgebra Fz is L. Assume that the theorem holds for all non-nilpotent
n-Lie superalgebras whose dimension is less than n. Consider the case that A is an
n-dimensional non-nilpotent n-Lie superalgebra. Then by Theorem 3.7 (i), there
exists a maximal subalgebra M in A such that M is not an ideal in A. Since the
dimension of M is less than n, by our inductive hypothesis there exists a nilpotent
subalgebra N in M such that N™ = M. We claim that N4 D M. Since N4 is
an ideal in A, [A,..., A, N4] C N4. In particular, [M,..., M,N4] C N4. Since
M is a subalgebra, [M,...,M,NAN M] C NN M and N4 N M is an ideal in
M containing N. Since N™ is the smallest ideal in M containing N, we have
NANM D NM ie., we have N4 D N4 N M DO NM = M. Since M is not an ideal
of A and N4 is an ideal of A, N4 > M. Now N4 = A follows from the fact that M
is a maximal subalgebra in A.

(ii) If A = N and N is nilpotent, A is nilpotent. Conversely, suppose that {0} #
N # A. Then either N is a maximal subalgebra of nilpotent n-Lie superalgebra
A or N is contained in a maximal subalgebra M of A. By Theorem 3.7 (ii), every
maximal subalgebra in A is an ideal, N4 C M # A. This is a contradiction. Hence
N = A. The proof is complete. O
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