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Abstract. Let (H,«) be a monoidal Hom-Hopf algebra and (A, 3) a right (H, a)-Hom-
comodule algebra. We first introduce the notion of a relative Hom-Hopf module and prove
that the functor F from the category of relative Hom-Hopf modules to the category of right
(A, B)-Hom-modules has a right adjoint. Furthermore, we prove a Maschke type theorem
for the category of relative Hom-Hopf modules. In fact, we give necessary and sufficient
conditions for the functor that forgets the (H,a)-coaction to be separable. This leads to
a generalized notion of integrals.
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INTRODUCTION

The present paper investigates variations on the theme of Hom-algebras, a topic
which has recently received much attention from various researchers. The study of
Hom-associative algebras originates with the work by Hartwig, Larsson and Silvestrov
in the Lie case [9], where a notion of Hom-Lie algebra was introduced in the context
of studying deformations of Witt and Virasoro algebras. Later, it was extended to
the associative case by Makhlouf and Silverstrov in [10]-[11]. Now the associativity is
replaced by Hom-associativity a(a)(bc) = (ab)a(c). Hom-coassociativity for a Hom-
coalgebra can be considered in a similar way, see [11]. Caenepeel and Goywaerts [1]
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studied Hom-structures from the point of view of monoidal categories. This leads
to the natural definition of monoidal Hom-algebras, Hom-coalgebras, etc. They
constructed a symmetric monoidal category, and then introduced monoidal Hom-
algebras, Hom-coalgebras, etc. as algebras, coalgebras, etc. in this monoidal category.

The notion of a relative (H, B)-Hopf module, where H is a Hopf algebra over
a field k and B is a right coideal subalgebra of H, was introduced and studied by
Takeuchi in [12]. Later, in [5] (see also [4]), Doi noted that the notion of an (H, B)-
Hopf module works well if B is a right H-comodule algebra, Using this module, he
proved that the existence of a total integral ¢: H — B is equivalent to B being
a relative injective H-comodule, and it is also equivalent to any (H, B)-Hopf module
M Dbeing a relative injective H-comodule in [3]. Also, in [3], using a commutative
assumption for H, he deduced a version of the Maschke type theorem for (H, B)-
Hopf modules which states that every exact sequence of (H, B)-Hopf modules which
splits B-linearly, also splits (H, B)-linearly. Afterwards, Doi proved in [3] that the
commutative condition can be removed and replaced by some technical conditions
involving the center of B. Caenepeel et al. [2] proved a Maschke type theorem for
the category of relative Hopf modules. In fact, they gave necessary and sufficient
conditions for the functor that forgets the H-coaction to be separable. This leads to
a generalized notion of integrals of Doi [3].

In this paper we study the generalization of the previous results to the Hom-Hopf
algebras. In Section 2, we introduce the notion of a relative Hom-Hopf module and
prove that the functor F' from the category of relative Hom-Hopf modules to the
category of right (A, §)-Hom-modules has a right adjoint (see Proposition 2.3). In
Section 3, we introduce the notion of total integrals for Hom-comodule algebras,
which is an effective tool for investigating properties of relative Hom-Hopf modules.
As an important application, we investigate the injectivity of relative Hom-Hopf
modules (see Proposition 3.3), which generalizes the main result in [5]. In Section 4,
we obtain the main result of this paper. We give necessary and sufficient conditions
for the functor that forgets the (H, «)-coaction to be separable (see Theorem 4.2),
and we prove a Maschke type theorem for the category of relative Hom-Hopf modules
as an application. In fact, let (A, 8) be a right (H, «)-Hom-comodule algebra with a
total integral ¢: (H,a) — (A, ). If ¢: (H,a) — (Z(A), 5) (the center of (A4, )) is
a multiplication map, then every short exact sequence of relative Hom-Hopf modules

0 — (M, p) L5 (N,v) L (P,7) — 0

which splits as a sequence of (A, 8)-Hom-modules also splits as a sequence of relative
Hom-Hopf modules.
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1. PRELIMINARIES

Throughout this paper we work over a commutative ring k we recall from [1] some
information about Hom-structures which are needed in what follows.

Let C be a category. We introduce a new category A (C) as follows: the objects
are couples (M, ), with M € C and p € Aute(M). A morphism f: (M, u) — (N,v)
is a morphism f: M — N in C such that vo f = fopu.

Let .#) denote the category of k-modules. 57 (.#);) will be called the Hom-
category associated with .. If (M, u) € My, then u: M — M is obviously a mor-
phism in #2(.4},). 1t is easy to show that J(.4y,) = (S (M), ®, (I,1),a,1,7)) is
a monoidal category by Proposition 1.1 in [1]: the tensor product of (M, ) and

(N,v) in (M) is given by the formula (M, p) ® (N,v) = (M @ N,u®v).

Assume that (M, p), (N,v),(P,m) € 5 (#). The associativity and unit con-
straints are given by the formulas

an,n,p((m®n) @p) = p(m) ® (n@ " (p)),
Iz ®@m) =y (m @ x) = zp(m).

An algebra in J(4},) will be called a monoidal Hom-algebra.

Definition 1.1. A monoidal Hom-algebra is an object (A, o) € (. #4};) together
with a k-linear map m4: A® A — A and an element 14 € A such that

alab) = a(a)a(b); a(la) =14,
a(a)(be) = (ab)a(c); ala =1laa = afa),

for all a,b,c € A. Here we use the notation m4(a ® b) = ab.

Definition 1.2. A monoidal Hom-coalgebra is an object (C,v) € %’Z(///k) to-
gether with k-linear maps A: C' — C® C, A(c) = ¢y ® ¢(2) (summation implicitly
understood) and v: C' — C such that

A(v(e)) = v(e) @ v(e@); e(v(e) = (o),

and
7 Hew)) ® ey ® Ca)e) = cayn) @ caye) @1 ew),

e(cqy)eq) = ele@)eay =77 (e)
forallce C.
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Definition 1.3. A monoidal Hom-bialgebra H = (H, o, m, 1, A, €) is a bialgebra

in the symmetric monoidal category <%7(//k) This means that (H, o, m,n) is a Hom-
algebra, (H, A, «a) is a Hom-coalgebra and that A and e are morphisms of Hom-

algebras, that is,

A(adb) = a(l)b(l) ® a(g)b(g); Ally) =1y ® 1H,
g(ab) = e(a)e(b), e(ly) = 1g.

Definition 1.4. A monoidal Hom-Hopf algebra is a monoidal Hom-bialgebra

(H, ) together with a linear map S: H — H in J(.#);) such that
SxI=1%xS5=nmne,Sa=asS.

Definition 1.5. Let (A, «) be a monoidal Hom-algebra. A right (A, «)-Hom-

module is an object (M,u) € H#(#4};) consisting of a k-module and a linear map

w: M — M together with a morphism ¢: M ® A — M,¥(m-a) =m-ain € (MAy)
such that
(m-a)-a(b) = p(m) - (ab); m-1a = p(m)

for all @ € A and m € M. The fact that ¢ € J(.#};) means that

u(m - a) = u(m) - a(a).

A morphism f: (M,u) — (N,v) in J€(A}) is called right A-linear if it preserves

the A-action, that is, f(m-a) = f(m)-a. (M) will denote the category of right
(A, a)-Hom-modules and A-linear morphisms.

Definition 1.6. Let (C,v) be a monoidal Hom-coalgebra. A right (C,~)-Hom-

comodule is an object (M, u) € (M) together with a k-linear map op: M —

M ® C notation gpr(m) = mjg) ® myy in J(.#y) such that

mio)o @ (Mg @~ (mpy)) = = (myg) @ Ao(mpy); mge(mpy) = p~ ' (m)

for all m € M. The fact that gpr € S (#3) means that

om (p(m)) = p(mig)) @ y(mp).

Morphisms of right (C,~)-Hom-comodule are defined in the obvious way. The cate-

gory of right (C,~)-Hom-comodules will be denoted by J#(.#;)¢.
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2. ADJOINT FUNCTOR

Definition 2.1. Let (H,«) be a monoidal Hom-Hopf algebra. A monoidal Hom-
algebra (A, j3) is called a right (H, a)-Hom-comodule algebra if (A, 8) is a right (H, «)
Hom-comodule with coaction g4: A = A® H, ga(a) = ay ® apy) such that the
conditions

ea(ab) = ajo)bpo] @ apbpy,
0a(la) =14® 1y

are satisfied for all a,b € A.

Definition 2.2. Let (H,«) be a monoidal Hom-Hopf algebra and (A, ) a right
(H, o)-Hom-comodule algebra. A relative Hom-Hopf module (M, p) is a right (A4, 5)-
Hom-module which is also a right (H, «)-Hom-comodule with the coaction structure
ov: M — M®H defined by oar(m) = mgy@m1) such that the following compatible
condition holds: for all m € M and a € A,

om (ma) = myo) - aj) ® mpjar.

A morphism between two right relative Hom-Hopf modules is a k-linear map which
is a morphism in the categories S (.#},) o and (M) at the same time. ()%
will denote the category of right relative Hom-Hopf modules and morphisms between

them.

Proposition 2.3. The forgetful functor F: J(M)% — (M) has a right

adjoint G: 3 (My)a — (M) . G is defined by
GM)=M®H,
with structure maps

(m®h)-

=m - ajo ® hapy,
ocny(m @ h) = (=" (m) ®@ hqy)) ® alhz)

for alla € Aand me M, h e H.

Proof. Let us first show that G(M) is an object of J#(.#})%. Tt is routine to
check that G(M) is a right (H, a)-Hom-comodule and a right (A, 5)-Hom-module.
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Now we only check the compatibility condition, for all a € A. Indeed,

ocn((m @ h) - a) = oc(an (m - ajg) @ hayy))
= p~H(m) - B (ag) ® hayapy @ alheane)
= p~H(m) - ap)o) @ hayagn © alhe))ap
= (m®h)g - ajg ® (M h)yap
=o(m®c) - a.

This is exactly what we have to show.
For an A-linear map ¢: (M, u) — (N, v), we put

Glp)=p®idg: M@ H - N ® H.

Standard computations show that G(¢) is a morphism of right (A, 8)-Hom-modules
and right (H, a)-Hom-comodules. Let us describe the unit  and the counit ¢ of the

adjunction. The unit is described by the coaction: for (M, ) € ()Y, we define
nv: M — M ®@ H as follows: for all m € M,

1z (m) = mpo) @ mpyj.-

We can check that ny € (). For any (N,v) € 5(My)a, we define dy:
N®H — N for allm € N and h € H by

dn(n® h) =e(h)n;

we can check that dy is (A, §)-linear. It is easy to check that ny € 5( 4 )F. We
can check that 1 and § defined above are all natural transformations and satisfy

G(ON) ona(ny = Ta(nys
Spoy © F(nar) = Ipar

for all M € (M) and N € (M) a. O

3. STRUCTURE TYPE THEOREM AND INJECTIVE TYPE PROPERTIES FOR
RELATIVE HOM-HOPF MODULES

Definition 3.1. Let (H,«) be a monoidal Hom-Hopf algebra and (A, ) a right
(H, o)-Hom-comodule algebra. The map ¢: (H,«) — (A, B) is called a total integral
such that the following conditions are satisfied:
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Lemma 3.2. Let (H,«a) be a monoidal Hom-Hopf algebra and (A, () a right
(H, o)-Hom-comodule algebra with a total integral ¢: (H,«) — (A, 8) and (M, pu) €
%(-///k)g;

A M@H = M, m®he p(mg) - o(S(mp))a(h)).

Then the following assertions hold:

(1) Ao = ida;

(2) An is a morphism of right (H, a)-Hom-comodules, and the right (H,«)-Hom-
coaction on M ® H is given by o(m @ h) = (u(m) @ h(1y) @ o~ *(h(z)) for any
m € M and h € H;

(3) if ¢: (H,a) = (Z(A), ) (the center of A) is a multiplication map, then Aps is
a morphism in jfiﬂv(/// ).

Proof. (1) For any m € M, we have

/\MQM(m) = )\M(m[o] ® mm) = H_l(m[o][o]) . ¢(S(m[0][1])a(m[1]))
=myo] - o(S(mpy))mpuy2)) = M) - dle(mpy)) = p=t(m) 14 = m.

(2) For any m € M and h € H, we have

o An (m @ h) = opr (™ (myg)) - ¢(S(m ) (h)))
= p~(myoyo) - ¢(5(m[1](2 Jahy)) ® ( mo1)) (S(mpyy)ehz)))
= p~*(my) - ¢(04(3(m[1](2)(2)))a(hu))) “Hmpyay)a(Smpye)ay))eh)
= p~(mpg)) - d(S(mpj2))alh))) @ mp (1)(1)( (S(mpujye)))alhe))
= 2 (my) - B(S(mpy2))(br))) @ (almpaya)a(S(mpa)@))he)
= 2 (mypg) - pla” (S(mp)))alha))) @ a(hz)

(v @ idp) (™" (m) @ hay) @ alh))
()\M ®1dH)QM®H(m®h).

(3) For any m € M, h€ H and b € A, we have

h) - b) = )\M(m . b[o] ® hb(l))
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1= (myo) - biojgo) - d(e(S(mp))[(@ (S (bjoyay))bpay)ew(R)]))
=(u 1( ) b[o]) (O‘(S(m[l)[( 1(5(5[1](1)))04 l(b[l]@)))a(h)]))
= (u 1(m[o) BTHD) - (S (mpy)a®(h)))

|- (B7H(0)(S (mpy)ax(h)))

myo) - (e (S(mpy))a=?(h))B~1 (b))

¢
¢

m

= (n~ (myo)) - #(S(mp))e(n))) - b
Am (m®h) b.

O

Proposition 3.3. Let (H,a) be a monoidal Hom-Hopf algebra and (A, ) a right
(H,«)-Hom comodule algebra with a total integral ¢: (H,a) — (A,B). Then
(M, p) € H(My)H is injective as a right (H, a)-Hom-comodule.

If H is a Hopf algebra, then we obtain the main result of [5], Theorem 1.

Corollary 3.4. Let H be a Hopf algebra and A a right H-comodule algebra. If
there is a right H-comodule map ¢: (H,a) — (A, ) such that ¢(1y) = 14, then
every relative (H, A)-Hopf-module is injective as a right H-comodule.

Let M be a relative Hom-Hopf module, and let
Mo ={m € M; on(m) =p~'(m)® 1u}
be an invariant subspace of M and a right (C, 8)-Hom-module, where
C={beA; pa(b)=B""(b)®1u}
is a subalgebra of A.

Proposition 3.5. Let (H,«) be a monoidal Hom-Hopf algebra and (A, ) a right
(H, o)-Hom-comodule algebra with a total integral ¢: (H,a) — (A, 8) and (M, pn) €
H (M) . Assume that ¢ is a multiplication map and let

s (M) — (M, p)
be the trace map defined by

m — myg) - ¢(S(mp)).
Then the following assertions hold:
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(1) TM(m) € My and 7'|]\/[O = id,’

(2) 7a: (A,8) — (C,B) defined by b+ bjo)(S(by1))) is a morphism of left (C, (3)-
Hom-modules, so that (C,f) is a direct summand of (A, ) as a sum of left
(C, B)-Hom-modules;

(3) if Im¢ C Z(A), then Tpr: (M, ) — (M, p) is a morphism of right (C, §)-Hom-
modules.

The exact sequence
(M, 1) 2 (Mo, p) — 0

thus obtained splits as a sequence of right (C, 3)-Hom-modules.

Proof. (1) For any m € M, we have

o(tar(m)) = o(m)¢(S(mpy)))
=m 0][01¢(5(m[1](2))) ®@ mo)1A(S(m1)1)))
) e(a(S(mpy2)2))) ® mpy$alS(mpe)a))))
= 1 (mi)d(S(mpy2)) © c(mpy) ) dle(S(mpyaye)))
= 1(m[o])¢(04 1(5( 1)) @ 1u
(

-1

-1

T (m)) ®
For any n € M,
T (n) = n¢(S(npy)) = p~ (n)1a = n.
(2) For any c € C and a € A,
Ta(ca) = (cojag)o(S(cpan)) = (B~ (e)ap))d(a(S(ap))))
= c(ap - ¢(S(ap))) = crala),

thus, 74: (A,8) — (C,p) is a morphism of left (C,5)-Hom-modules, and by (1),
(C, B) is a direct summand of (A4, 5) as a sum of left (C, §)-Hom-modules.
(3) For any c€ C and m € M,

T (m - ¢) = (myg) - eo)) (S (mpyey)) = (mypy - B~ (e))d(a(S(mpy)))
= p(myg)) - (B~H(©)¢(S(mp)) = plmy)) - 6(S(mp)))B~" (e)
= (myo) - #(S(myy)))) - ¢ = TM(m) c.
Thus, a7 is a morphism of right (C, §)-Hom-modules, and by (1), the exact sequence
(M7M) TM (Mo, )—> 0

thus obtained splits as a sequence of right (C, 8)-Hom-modules. [l
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4. A MASCHKE-TYPE THEOREM FOR RELATIVE HOM-HOPF MODULES

In this section, we give necessary and sufficient conditions for the functor F' which
forgets the (H, a)-coaction to be separable, and we prove a Maschke type theorem
for relative Hom-Hopf modules as an application.

Definition 4.1. Let (H,«) be a monoidal Hom-Hopf algebra and (A, 8) a right
(H, a)-Hom-comodule algebra. A k-linear map

0: (H,a)® (H,a) = (4, 5)

such that 6 o (& ® a) = B 00 is called a normalized (A, 8)-integral, if 6 satisfies the
following conditions:

(1) For all h,g € H,

(4.1) 8(a™(9) @ b)) @ a(h(z) = BB(92) @ @ (h))10) @ 9y B(g2) @ @' (h)) ).
(2) For all h € H,

(4.2) 0(h(1) @ h(z)) = 1ae(h).
(3) Forallae A, h,g € H,

(4.3) B (agoy0)0(a” (9)apm ® o~ (h)a™ (apuy)) = (g ® h)a.

Theorem 4.2. Let (H,«) be a monoidal Hom-Hopf algebra and (A, ) a right
(H, o)-Hom-comodule algebra. Then the following assertions are equivalent:
(1) The left adjoint F' in Proposition 2.3 is separable.
(2) There exists a normalized (A, 8)-integral 0: (H,«) ® (H,«a) — (A, B).

Proof. (2) = (1). For any relative Hom-Hopf module (M, 1), we define

vy M H — M,
var(m @ h) = p(mye))8(mp) © a~(h)),

for all m € M and h € H. Now, we shall check that vy € S(4),)H. In fact, for all
m e M, h € H and a € A, it is easy to get that

va (p(m) © a(h)) = p(va (m @ h)).
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We also have

= (u(mp)) - Blayo))0(mpmapm @ o~ (h)a™ (ap)))
= 12 (myo)) - (Blago)o)) B~ (O(mpjay ® o~ (h)a™ (ap)))
= 1 (my)) - (Blag)o))0(a™" (myn)a™ (ao)n) ® a~*(h)a*(apy)))
2 (mpg)) - (O(mpy © a7 (1) (@)
= (u(my)) - 0(mpy ® o™ (1)) - a
(var(m @ h)) - a.

Hence it is a morphism of (A4, 5)-Hom-modules. Next, we shall check that v, is
a morphism of Hom-comodules over (H, «). It is sufficient to check that

ov ovy = (va ®idm) o om
holds. For all m € M and h € H, we have

o o var(m @ h) = o (p(myg))0(mp; @ a~' ()

= (u(mp)f(may © o= (h))i) © (u(mye)0(mp © ™' (h)))p)

= p(mgj0)0(mp @ o' (7))o ®04(m[01 )9(m(1 ®a” ' (h)y

= mg)f(a(mpyz) ® o ()0 ® a(mp))0(a(mpye) @ o™ (b))

g1 0mpy @ hay)) © alhe)

= mygf(a™" (my) ® a™ (b)) ® alhz)
= (v ®idg) o gy (m @ h).

For all m € M, we have
v o v (m) = var(mig) ® mpy) = p(mio)jo))(mig)n) © o (my))
(4.2)

= myo)f(mpj) ® mpyz)) =" m.

So the left adjoint F' in Proposition 2.3 is separable by virtue of Rafael theorem.

(1) = (2). We consider the relative Hom-Hopf module A ® H, and the (A, §)-
actions and (H, «)-coaction are defined as follows:

(a®h)-b= ab[o] & hbm
oagr(a®h) = (871 (a) @ hay) ® a(ha)),

for any a,b€ A and h € H.
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The retraction v of the unit of the adjunction in Proposition 2.3 yields a morphism
vag: (AQH)@ H— A® H
such that, for all a € A,h € H,
vaga((a® ha)) ® heg)) = B(a) @ h.
It can be used to construct 6 as follows:

0: HR H — A,
O(h @ g) =ra(ida ®@e)ragu((1a®h) ® g),

where r means the right unit constraint. For all h € H we have

0(h(1) @ h(z)) = ra(ida ®e)vaga((1a ® ha)) @ hz))
=ra(ida ®e)(1a ® h) = 14e(h).
Hence condition (4.2) follows. It can be seen to obey (4.3) by naturality and the
(A, 8)-modules map of v.

The verification of (4.1) is more involved. For any right (H, «)-Hom-comodule
M, we consider the relative Hom-Hopf module M ® A, the (A, 8)-action and (H, «)-
coaction are defined as follows: for all m € M and a,b € A,

{ (m®a)-b=p~"(m)®ab(d),

omeA(m @ a) = (mj ® ag) @ mpyap;-

In particular, there is a relative Hom-Hopf module H ® A and a map

& HRA—A®QH
f(h ® a) = ﬂ(a[o]) ® Ofl(h)a[l]'

Since £ is both right (A4, 5)-linear and right (H, a)-colinear, we have
(4.4) §(vapa((h®a) ®g)) =vagu((§ ®idu)((h®a) @ g))

= vawu((B(ag) @ a™ ' (h)ap) @ g).

It is not hard to check that GF(H ® A) = (H ® A) ® H € 18 ()%, and its left
(H, o)-Hom comodule structure is given by

(h®a)@ g~ alha)) @ (b ® B~ (a)) ® a™'(g)).
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Also, H® A € H (), and the left (H,a)-coaction of H ® A is given by
h®a— Oé(h(l)) & (h(g) ® ﬂfl(a)).
We also get that vgga: (H®A)® H — H® Ais a Hom morphism in Hﬁ///k)f,
which means
(4.5) vapa((h®a) ® g)i—1 ® vuga((h ® a) @ g)
= a(h@) @ vasa((he) © 871 (a) ® a™(g)).

Thus we conclude that vgyg 4 is both left and right (H, a)-colinear. Taking h,g € H,
and putting
vagu((la®h) ®g) = Zai®%’ €cA®H,
i

vaea((h®1a) @g) = pi@b € H® A,

7

we obtain

BO(h) @ a™(g))(0]) @ hyf(he) ® o™ (g9))
= B(ra(ida ®e)vapn (14 ® h(z)) ® o (9))0) ® hq)
x (ra(ida ®e)vagu((1a ® b)) ® o' (9)))y
I8 (ra(ida 0e)evnaa((he © 14) ® ™ (g))o) @ hay
x (ra(ida ®e)évaga((hey ®14) ® o' (9))))

LS 5(ralida ©2)6i © 571 00) )

7

© iy (raida ®2)E(pigzy @ 871 (b)) )
= Z B(ra(ida ©e) (i) ® a™ ' (pi(a))bip))o))

(2

® pi(1)(ra(ida ®e)(big) ® a_l(pi(z))bi[l])[l])
= Zﬁ(bi[o]) ®pi(1)5(pi(2))(bi[1])

- Zf(pi ®b;) = E(vaea((h®14) ® g)).

Using the fact that vagy is a morphism of right (H,«)-Hom comodules, we also
have

0(a ' (h) ® g1)) ® a(g(2))
=ra(ida ®@e)vagu((1a ® o' (h) ® g1)) @ alge)
= Z ra(ida ®e)(B~ " (ai) ® qiq1y) @ algi(a)
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:Zai®Qi:VA®H((1A®h)®g)

(2

e (vrea((h® 14) @ g)).

Hence, we can get condition (4.1). O

We will now investigate the relation between the total integrals and the normalized
(A, B)-integrals. This will explain our terminology, and we will also prove that the
forgetful functor is separable if and only if there exists a total integral ¢: (H,«a) —
(4, B) such that the image of p4 o ¢ is contained in the center of H ® A.

Proposition 4.3. Let (H, «) be a monoidal Hom-Hopf algebra and (A, 3) a right
(H, o)-Hom-comodule algebra. If : (H,a)®(H, ) — (A, 8) is a normalized (A, j3)-
integral for (H, A, H), then the k-linear map

for all h € H is a total integral.

Proof. Notice first that ¢(1y) =0(1g @ 1g) =eu(lg)la = 14. Hence

8 (9) ® a” (b)) ® alh)
= (0(algez) ® o' (h))0) ® alg)) (B(alge)) @ o (h))))-

It follows by taking g = 1y that
01y @ a ' (h)) @ alhg) =01y @ a (W) @ (01 @ o (7)),
and applying a ® a~! to the above identity, we have
01 ®@a " (h)) @ hy =0(1g @ a () ® 01y @ o (b))

So we obtain
$(h1) ® ha = ¢(h)j0) @ ¢(h)p)-

It is easy to check that ¢a = S¢. So ¢ is a total integral.
Let ¢: (H,a) — (A,B) be a total integral for the right (H,a)-Hom-comodule
algebra (A4, ), and define

0: (Ha a) ® (Hv a) - (Avﬂ)v 9(g ® h) = ¢(hsil(g))

for all g,h € H. (]
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Theorem 4.4. Let (H,«) be a monoidal Hom-Hopf algebra and (A, ) a right
(H, a)-Hom-comodule algebra, and ¢: (H,a) — (A, 3) a total integral. If

go(h)p) @ ¢(h)jo) = (h) g ® (h)),  d(h) € Z(A),
then 6 is a normalized (A, §)-integral.

Proof. For any h,g € H and a € A, we have

B (aoo)b(a (9)an @ o~ (R)a (ap))

oo (h)ap)S~ (o™ (9)apa)))
p(hl(a (ap)2)S™ (a  amm)))S ™ (@ (g))
= ag(hS~}(g9)) = (g ® h)a,

and

B(0(92) @ @~ (h))0) @ 9(1)0(9(2) @ @ (h))y
= B(o(a™ (h)S™ g2))) @ dla™ (W) S (92))m9a)
= ¢(h1yS™alg)2)) @ (@™ (hi2))S ™ (92)1))901)
(h1yS™(92))) ® (@ (h2))S ™ (9my2))lgyay)
( Y
(

h 1)5 92))) ® by (S 91y 2)901)(1))
hayS™ a7 (g))) © alhz)
(o ( ) @ h(1)) @ alhz)),

¢
Y
¢
0

9(]11 X hg) = (p(hQS_l(hl)) = 5H(h)1A-
It is easy to check that ¢a = B¢. So 0 is a normalized (A, 3)-integral. O
Since separable functors reflect well the semisimplicity of the objects of a cate-

gory, by Theorem 4.2, we will prove a Maschke type theorem for relative Hom-Hopf
modules as an application.

Lemma 4.5. Let (H,«) be a monoidal Hom-Hopf algebra and (A, ) a right
(H, a)-Hom-comodule algebra with a total integral ¢: (H,a) — (A, ) and (M, p),
(N,v) € (M) and a Hom-morphism f: (N,v) — (M, p). Let

fRidy

for N2 NoH'EY Mo H T M,

that is,
fo(n) = = (f(n) o)) - (S(f (npop) ) e(npyy)),

for any n € N. Then the following assertions hold:
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(1) fs is a morphism of right (H, a)-Hom-comodules,

(2) if f: (N,v) — (M,u) is a morphism of right (A, )-Hom-modules and ¢:
(H,o) = (Z(A), ) is a multiplication map, then fy is a morphism of right
(4, 8)-Hom-module.

Proof. (1) For any n € N, we have

om(fo(n)) = on (™' (f
= M_l(f(n[o]

nio)op) - ¢(S(f (nop) ) e(nyy)))
]
Ra n[o}
]
]
]

(S(
A(S(f (nyo) )[11(2 Ja(npy)))
)(S(f (no))pay)e(npy2))

~—~

ojjo]) - ¢

:M_Q(f(n[o])[o n[O])[l](Q)(Q))) (n[l](l)))
@a (f(n[o

= 72(f(n[o])[o

® f(no)) iy (@S f(nm)[ }<1><2>)) (n2))

2(f(no))) - (S (o) ) e(npya)))

( a(f (no) 1) e(S(f (o)) nie)

“2(f (o)) - (o (S(f (o)) @ alnpye)

=p 1(f(n[o][ Dioy) - S(S(f (ngojo)) ) (ngo)))) @ npy

= (fp ®@idu)on(n).

(
(

(2) For any n € N and b € A, we have

fo(n-b) = = (F(no)0) - brorgor) - #(S(f (o)) ybjojay)e(npagbpay )
= u (f (no)0] - brojroy) - @ ([S(f (myo) [1]b )by ed(npy)])
= u (f (no)o] - brojpoy) * @ (a(S(f (ngo)) 1) [S (joja)) (bruyma)]))
=1 (f (o)) - broor) - @(a(S(f (o)) ) [ (S (byoyuy))byay)ex(nyy)]))
= (' (f (ngo)10)) - broy)

BTHD) - (als ( ("[o)[l ))a? (npy))
L) (S(f(nop) ) a(np)))
o(S(f(noppy)enpy) ) L))
= (0~ (f(no)o)) - H(S(f (i) ) e(np))) - b = fy(n) - b.

)ioy) - b
x ¢ (a(S(f (no) ) [ (S(buyay))a (buye))alna)))
o)) -
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Theorem 4.6. Let (H,«) be a monoidal Hom-Hopf algebra and (A, ) a right
(H, a)-Hom-comodule algebra with a total integral ¢: (H,a) — (A,B). If ¢:
(H,a) — (Z(A),B) is a multiplication map, then every short exact sequence of
relative Hom-Hopf modules

0 — (M, p) L5 (N,v) L (P,7) — 0

which splits as a sequence of (A, §)-Hom-modules also splits as a sequence of relative
Hom-Hopf modules.
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