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Abstract. We compare the forcing-related properties of a complete Boolean algebra B with
the properties of the convergences As (the algebraic convergence) and Ajg on B generalizing
the convergence on the Cantor and Aleksandrov cube, respectively. In particular, we show
that A5 is a topological convergence iff forcing by B does not produce new reals and that
A5 is weakly topological if B satisfies condition (%) (implied by the t-cc). On the other
hand, if 4 is a weakly topological convergence, then B is a 2Y-cc algebra or in some generic
extension the distributivity number of the ground model is greater than or equal to the
tower number of the extension. So, the statement “The convergence A on the collapsing
algebra B = ro(<ww2) is weakly topological” is independent of ZFC.

Keywords: complete Boolean algebra; convergence structure; algebraic convergence; forc-
ing; Cantor cube; Aleksandrov cube; small cardinal
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1. INTRODUCTION

The object of our study is the interplay between the forcing-related properties of
a complete Boolean algebra B and the properties of convergence structures defined
on B. In Section 3 we observe the algebraic convergence \g, generalizing the conver-
gence on the Cantor cube and generating the sequential topology O, introduced by
Maharam and investigated in the context of von Neumann and Maharam’s problem.
In the rest of the paper we investigate the convergence A5, introduced in Section 4
as a natural generalization of the convergence on the Aleksandrov cube.

Concerning the context of our research, first we note that the topology O,,. (gen-
erated by the convergence \j5) and its dual O),, generate the sequential topology O, _,

The research has been supported by the Ministry of Education, Science and Technological
Research of Republic of Serbia under grant 174006.
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for the algebras B belonging to a wide class including Maharam algebras [11]. Sec-
ond, we mention some related results. If B is a complete Boolean algebra, let the
convergences \;: B* — P(B), for i € {0,1,2, 3,4}, be defined by

) (ba(2)}  if bi(x) = ba(),
B ) if bi(z) < ba(z),

where © = (z,) € BY, 7, = {(n,2,): n € w} is the corresponding B-name for
a subset of w and

bo(z) = |75 is cofinite| = lim inf x,
bi(z) = ||7» is old infinite||,

(z) =|

(z) = |

ba(x) = ||, contains an old infinite subset||,

bs(z) = ||7 is infinite and non-splitting||,
(z) =|

bs(x) = ||, is infinite| = limsup .

Then, by [10] and [11], A; = Ao and Az = A2 = A3 = A4, where ) is the closure of
a convergence A under (L2). Also A\; < A2 < A3 < A4 and these four convergences
generate the same topology, O,,.. So we have the following diagram (A\* denotes the

closure of a convergence A under (L3), see Section 2).

lime, ,i<4

==
Ais = A2 = A3 = M4y

A3

A1
As = Ao

Now we mention some related results from [10] and [11]. The property that B does
not produce new reals by forcing is equivalent to each of the following conditions:
A= Ao, A1 = Ay, Ao = A3, A2 = Ay, A\ = s, A is a topological convergence.
The property that B does not produce splitting reals is equivalent to the equality
A3 = A4, which holds if the convergence \; is weakly topological.

Our notation is mainly standard. So, w denotes the set of natural numbers, Y ¥
the set of all functions f: X — Y and w'™ the set of all strictly increasing functions
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from w into w. By |X| we denote the cardinality of the set X and, if x is a cardinal,
then [X]" = {A C X: |A] = k} and [X]<" = {A C X: |A] < k}. By ¢ we denote
the cardinality of the continuum. For subsets A and B of w we write A C* B if A\ B
is a finite set and A ¢* B denotes A C* B and B ¢* A. The set S splits the set A
if the sets AN S and A\ S are infinite. S C [w]¥ is called a splitting family if each
set A € [w]* is split by some element of S and s is the minimal size of a splitting
family (the splitting number). A set P is a pseudointersection of a family T C [w]¥
it PC*T foreach T € T. A family T C [w]¥ is a tower if (T,*2) is a well-ordered
set and 7 has no pseudointersection. The tower number, t, is the minimal size of
a tower in [w]¥. If (P, <) is a partial order, a subset D C P is called dense if for all
p € Pexistsd € D, d < p and D is called open if p < ¢ € D implies p € D. The
distributivity number, b, is the minimal size of a family of dense open subsets of the
order ([w]*,C) whose intersection is not dense. More information on invariants of
the continuum can be found in [18].

If B is a Boolean algebra and A C B let AT = {b € B: Ja € A a < b}; instead of

{b}1 we will write bf. Clearly, At = |J at and we will say that a set A is upward
acA
closed iff A = AT. In a similar way we define Al, b] and downward closed sets.

2. TOPOLOGICAL PRELIMINARIES

A sequence in a set X is any function z: w — X; instead of z(n) we usually write
xn and also x = (x,: n € w). The constant sequence (a,a,a,...) is denoted by (a).
If f € w', the sequence y = x o f is said to be a subsequence of the sequence z and
we write y < x.

If (X,0) is a topological space, a point ¢ € X is said to be a limit point of
a sequence x € X% (we will write: z —o a) iff each neighborhood U of a contains
all but finitely many members of the sequence. A space (X, Q) is called sequential
iff a set A C X is closed whenever it contains each limit of each sequence in A.

If X is a nonempty set, each mapping A: X — P(X) is a convergence on X and

the mapping uy: P(X) — P(X), defined by ux(4) = | A(z), is the operator of
TEAY
sequential closure determined by A. A convergence A satisfying |A(z)| < 1, for each

sequence z in X, is called a Hausdorff convergence. If A1 is another convergence on
X, then we will write A < A\p iff A(z) C A\ (z), for each sequence z € X¥. Clearly, <
is a partial ordering on the set Conv(X) = {\: X is a convergence on X }.

If (X, 0) is a topological space, then the mapping limp: X — P(X) defined by
limp(z) ={a € X: x =0 a} is the convergence on X determined by the topology O
and for the operator A = limp we have (see [5]):

(L1) Ya € X a € A({a));
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(L2) Ve € X¥ Vy <z Az) C A(y);

(L3) Ve X Vae X (Vy<z3z<y acA(z)=acAz)).
We will use the following facts which mainly belong to the topological folklore.

Their proofs can be found in [10].
Fact 2.1. If O and Os are topologies on a set X, then

(a) O1 C Oz implies limp, < lime,,

(b) if Oy and O, are sequential topologies and limp, = limp,, then O; = Os.

A convergence \: X“ — P(X) is called a topological convergence iff there is a topol-

ogy O on X such that A = limp. The following fact shows that each convergence has

a minimal topological extension and connects topological and convergence structures.
Fact 2.2. Let \: X¥ — P(X) be a convergence on a nonempty set X. Then

(a) there is a maximal topology Oy on X satisfying A < limp, ;

(b) Ox={0CX:Vze XY ONAx)#0=3ng €wVn=ngxz, €0)};

(c) <X O,) is a sequential space;

(d) Ox={X\F: FCXAux(F)=F},if X satisfies (L1) and (L2);

e) limp, = min{\ € Conv(X): X is topological and A < \'};

£) Olimo, = Ox;

) if Ar: X9 — P(X) and Ay < A\, then Oy C Oy;

) A is a topological convergence iff A = limp, .

If a convergence ) satisfies conditions (L1) and (L2), then the minimal closure of A

(
(
(g
(b

under (L3) is described in the following statement.
Fact 2.3. Let \: X“ — P(X) be a convergence satisfying (L1) and (L2). Then the

mapping \*: X¥ — P(X) given by A*(y) = (1 U Alyo fog) is the minimal
fewte gewt
convergence bigger than A and satisfying (L1)—(L3). Hence \* < limp, .

A convergence \: X“ — P(X) will be called weakly topological iff it satisfies
conditions (L1) and (L2) and its (L3)-closure, \*, is a topological convergence.

Fact 2.4. Let A\: X¥ — P(X) be a convergence satisfying (L1) and (L2).

(a) A is weakly topological iff \* = lime,, that is, iff for each z € X* and a € X
we have: a € limp, (z) © Vy <z 3z <y a € A\(2);

(b) if A is a Hausdorff convergence, then A* is also a Hausdorff convergence and
A* = limp,, that is, A is a weakly topological convergence.

Fact 2.5. Let A: X“ — P(X) be a convergence satisfying (L1) and (L2) and let
the mappings u$: P(X) — P(X), o < wy, be defined by recursion in the following
way: for A C X

> ul(A) = A,

> uf T (A) = ua(ug(A4)) and

> u)(4) = [ u§(A), for a limit v < wy

a<ly
Then uf' is the closure operator in the space (X, Oy).
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3. THE CANTOR CUBE AND THE ALGEBRAIC CONVERGENCE

First we recall that if X,,, n € w, is a sequence of sets, then

liminf X,, = U ﬂ X, ={x: z € X,, for all but finitely many n}

new
kewn>k

and
limsup X, = m U X, ={z: z € X, for infinitely many n}.

new kew n>k

Clearly we have:
Fact 8.1. Let X,,, n € w, be a sequence of sets. Then
(a) hmlan C limsup X,;

(b) 1f Xn =X, forneeau():h n > k, then hmelnf X, = hm sup X,=X.

We remind the reader that if x is an infinite cardmal then the Cantor cube of
weight s, denoted by (2%, 7¢), is the Tychonov product of x many copies of the two-
point discrete space 2 = {0,1}. We will identify the set 2* with the power set P(k)
using the bijection f: 2® — P(k) defined by f(z) = 2~ 1[{1}].

Fact 3.2. Let (x,) be a sequence in 2" and z € 2. Then the following conditions
are equivalent:

(&) (zn) —rc 2,
(b) Va ek Tk e wVn 2 k z,(a) = z(),
(c) hmlann = limsup X,, = X, where X,, = f(z,) and X = f(x).

new
The Cantor cube (2%, 7¢) is a sequential space iff kK = w.
Proof. (a) < (b) is true since the topology on the set 2 is discrete and the
convergence of sequences in Tychonov products is the pointwise convergence (see [5]).
(b) = (c). By (b), for each « € k there is k € w such that X,, Nn{a} = X N{a}, for
each n > k, which, by Fact 3.1 (b), implies that hm mf Xn,N{a} =limsup X,N{a} =

necw
X N{a}. This holds for all « € x so (c) is true.
(¢) = (b). Assuming (c), in order to prove (b) we take a € k. If « € X,
then, by (c), there is k € w such that for each n > k we have a € X, that is

zp(a) =1=z(a). faeckr\X = J () &\ Xn, then there is k¥ € w such that for
kewn>k

each n > k we have o € k \ X,,, that is z,(«) = 0 = z(«) and (b) is true.

The Cantor space 2“ is sequential, since it is metrizable (see [5]).

Let K > w and let A C 2" be the family of characteristic functions of at most
countable subsets of k. By (a) and since the limit superior of a sequence of countable
sets is countable, the set A is sequentially closed. But A is dense in 2" and, hence,
not closed. Thus (2", 7¢) is not a sequential space. O
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Let the convergence As on the power set P(x) be defined by

M) = { {X} %f l%m%nf X, = l%msup X, =X,
] if liminf X,, < limsup X,,.
Fact 3.3. Let f: 25 — P(k) be the bijection given by f(z) = 7 '[{1}]. Then
(a) Tg(ﬁ) = {f[O]: O € 7¢} is a topology on the power set algebra P(k);
(b) f: (2%, 7¢) — <P(I€),Tg(ﬁ)> is a homeomorphism;
(c) As = limTéa<K> = limp, , thus ) is a topological convergence;

(d) Oy, = Tg(ﬁ) iff Kk =w. If K > w, then Tg(l{) G O,,.

Proof. (a)and (b) are evident. Let us prove (c). By Fact 3.2, X € \((X,,))

iff (v,) =+ @, which is, by (b), equivalent to X € lim_r«) ((X,)). Now, the second
C

equality follows from Fact 2.2 (h). (d) follows from Fact 3.2 and Fact 2.2 (c). O

The convergence A\s on power set algebras is generalized for an arbitrary complete
Boolean algebra B defining the algebraic convergence A\ on B by

{z} ifliminfx, =limsupz, = z,
As({zn)) = {

0 if lim inf x,, < limsup z,,

where liminfz, = \/ A z, and limsupz, = A V z,. By Fact 2.2, there is
kewnzk kewnzk
maximal topology O,, on B such that A\s < limp,_, called the sequential topology,

traditionally denoted by 7. It played a significant role in the solution of von Neu-
mann’s [14] and Maharam’s problem [13] presented by Talagrand [15], [16] (see also
papers of Balcar, Gléwczyniski and Jech [1]; Balcar, Jech and Pazak [2]; Balcar and
Jech [3]; Farah [6]; Todorcevié¢ [17] and Velic¢kovié [19]).
It is known that the convergence \s is weakly topological. Namely we have:
Fact 3.4. Let B be a complete Boolean algebra. Then
(a) As is a Hausdorff convergence satisfying (L1) and (L2);

(b) As is a weakly topological convergence.

Proof. Clearly, \s is a Hausdorff convergence and satisfies (L1). Since for each
z,y € B, y < z implies liminf z < liminfy < limsupy < limsup z, it satisfies (L2).
(b) follows from (a) and Fact 2.4. O

By Fact 3.3 (c¢), on each power set algebra the convergence As is topological. In
general, by Fact 2.2 (h) and Theorem 2 of [9] we have:
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Theorem 3.5. For each complete Boolean algebra B the following conditions are
equivalent:
(a) As Is a topological convergence;
(b) As = limo,_;
(c) the algebra B is (w, 2)-distributive;
(d) forcing by B does not produce new reals.
If an algebra B is not (w, 2)-distributive but

(h) Ve € B¥Y Jy <z Vz <y limsup z = limsupy,
then the convergence limo,  is characterized in the following way (see [9]).

Theorem 3.6. If a complete Boolean algebra B satisfies condition (h), then for
each sequence x € B* and a € B we have: a € limo,_ (z) © a, = b, = a, where

/\ \/ /\xn and bxf\/ /\ \/xn

A€[w]* BE[A]* neEB Ag[w]w BE[A]» neB

The implication “=-” holds in each complete Boolean algebra.

We note that, by [9], condition (k) is related to the cellularity of complete Boolean
algebras: t-cc = (h) = s-cc. By [12], {x € Card: k-cc = (h)} is either [0,h) or
[0,5] and {k € Card: (%) = k-cc} = [s, 00).

4. THE ALEKSANDROV CUBE AND THE CONVERGENCES Ay AND Ay

We remind the reader that the Aleksandrov cube of weight k, here denoted by
(2%, 7T4), is the Tychonov product of k-many copies of the two-point space 2 = {0, 1}
with the topology O4 = {0,{0},{0,1}}. It is an universal Ty space of weight &
(see [5]).

Fact 4.1. (a) Let (x,) be a sequence in 2% and x € 2%. Then (x,) —,, z iff

(4.1) limsup X,, C X,

new

where X,, =z }[{1}], for n € w, and X =z~ [{1}].

(b) (2%,74) is a sequential space iff Kk = w.

Proof. (a)In the space (2,04) the point 0 is isolated and the only neighbor-
hood of the point 1 is {0,1} so, a sequence (a,: n € w) converges to a point a iff
a =1, or a = 0 and there is k¥ € w such that a,, = 0, for all n > k. Now as in
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Section 3 we conclude that, in the space (27, 74), (z,) —,, x iff for each a < &,
(xn(a)) o, z(a), which is equivalent to

Va <k [z(a) =1V (z(a) =0A Tk € w Vn = k z,(a) = 0)],

which means that for each a < kK we have « € X V-Vk € w In > k a € X,,, that is,
«a € limsup X,, = a € X.

(b) (<) (2¥,74) is a first countable and, consequently, a sequential space.

(=) Let k > w. The set S = {z € 2%: |z7'[{0}]| < No} is dense in the space
(2%, 74) and, hence, it is not closed. In order to show that S is sequentially closed we
take a sequence (z,: n € w) in S and show that lim, ((z,,)) C S. The corresponding
sets X,, = z,,}[{1}], n € w, are co-countable subsets of x, thus X,, = x \ C,,, where

Cy, € [k]S™0 and the set limsup X,, = x\ |J () C, is co-countable as well. By (a),
kewnzk

if x € lim,, ((x)), then limsup X,, C X, which means that X is a co-countable set
and, consequently, z € S. ]

Let the convergence A\js on P(k) be defined by
AIS(<Xn>) = (hm sup Xn)T

Theorem 4.2. Let f: 2% — P(k) be the bijection given by f(x) = x~[{1}].
Then
(a) Tf(n) = {f[0]: O € 75} is a topology on P(k);
(b) f: (2%, 7a) — <P(I€),T§(H)> is a homeomorphism;
(¢) Mg =lim_pw = lim(gAl and A Is a topological convergence;
TA s
(d) Ox, = T:(H) iff k =w. If K > w, then T:(H) G Ox.s
(e) Ox. & Tg('i), ifk>w.

Proof. (a)and (b)areevident. (c) and (d) follow from Fact 4.1 and Fact 2.2 (h).
(e) As in Fact 4.1 we consider the set F' = {k\ C: C € [x]S¥}, which is dense
in the space <P(f£),7'g(ﬁ)> and, hence P(k) \ F ¢ Tg(ﬁ). If (X,) is a sequence

in F, where X,, = k\ C,, then limsupX,, = «\ | () Cn € F and, clearly,
kewn=k
As((Xn)) = (limsup X,,)1 C F, thus uy, (F) = F. By (c), A satisfies (L1) and

(L2), so, by Fact 2.2 (d), P(k) \ F € O,,.. O
Now we generalize this for an arbitrary complete Boolean algebra B defining the
convergence \jg by
As((zn)) = (limsup )t
and Fact 2.2 provides the topology O, on B. We will also consider the dual con-
vergence A; on B defined by A;((x,)) = (liminf z,)] and the corresponding topol-
ogy Ox,,.
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If Ay and A\, are convergences, by A\; N Ay we will denote the convergence defined
by (A1 N A2)(x) = Ar(x) N Ag(x). Similarly to Fact 3.4 we have:

Theorem 4.3. Let B be a complete Boolean algebra. Then
(a) Ais and \i; are non-Hausdorff convergences satisfying (L1) and (L2);
(b) As = Ais N A and, consequently, As < Ais, Aii;

() Ox,sOn; C O
() A

(e) )\* =\ N /\11 and, consequently, AF

Is»

Als < limp, —and Aj; < limo, 5
A
1i*

Proof. (a) Since a € at = (limsup(a))T = As((a)), for each a € B, A
satisfies (L1) and it is not Hausdorff because 0,1 € A\j5((0)). For a proof of (L2) note
that y < « implies limsupy < limsup z, so we have (limsup )1 C (limsup y)T, that
is, /\15( ) C /\15( )

(b) If a € As(x), then ¢ = limsupz € (limsupx)t = A\js(x) and, similarly, a €
Aii(z). Conversely, if a € Ajg(z) N Aji(x), then limsup 2z < @ < liminf z, which implies
limsup x = liminf 2 = a, that is, a € As(x).

(c) follows from (b) and Fact 2.2 (g).

(d) follows from Fact 2.3.

(e) By (b) and by the minimality of A* (see Fact 2.3) we have AY < A, ;. So,
it remains to be proved that A\, N Aj; < AY. Let 2 € B and a € A (z) N Aj(x).
If y < «, then there is z < y such that a > limsup z and there is ¢ < z such that
a < liminf¢. But then limsupt¢ < limsup z < a < liminf ¢, which implies a € As(x).
Thus for each y < x there is ¢ < y such that a € As(x), that is a € A¥(x). O

By the previous theorem and Fact 3.4, the relations between the convergences
considered in this paper are presented in the following diagram.

limOMs o olimok“
Ais& limoe, AL Ali
As
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In the sequel we will use the following characterization, where the families of
closed sets corresponding to the topologies O, and O), are denoted by F)_ and
Fay, respectively.

Theorem 4.4. Let B be a complete Boolean algebra. Then:
(I) For a set F C B the following conditions are equivalent:
(a) FeF Als s
(b) F is upward closed and limsupx € F, for each sequence x € F*;
(¢) F is upward closed and A xz, € F, for each decreasing x € F*.

new
(IT) For a set F' C B the following conditions are equivalent:

Fe .7:)\“,‘

(a)
(b) F is downward closed and liminf x € F, for each sequence x € F*;

(¢) F is downward closed and \/ x, € F, for each increasing v € F“.
new

(III) The mapping h: (B,O,) — (B,Ox,) given by h(b) = ¥, for each b € B, is
a homeomorphism.

Proof. We prove (I). The proof of (II) is dual.
(a) = (b). Let X \ F' € O,,,. Then, by Theorems 4.3 and Fact 2.2 (d) we have
F =u),(F)= | (limsupx)t and, hence, F' is upward closed. Also, if © € F¥,
rEFw
then limsupz € (limsupx)t C F.
(b) = (c¢). If z € F¥ is a decreasing sequence, A z, =limsupx € F.

new

(c) = (a). Assuming (c), by Fact 2.2 (d) we show that uy (F) = F. If b € uy_(F),
then there is € F“ such that b > limsupz. Since the set F' is upward closed and

xn, € F, for k € w we have yp, = bV \ z, € F and, clearly, y = (yx: k € w)
n=k
is a decreasing sequence. So, F'> A yr = A (b\/ V xn) =bVvV A V z, =
kEw kew n=k kEwn>k

bVlimsupz = 0.

(III) h is a bijection and for a proof of its continuity we take F' € F, and show
that h=Y[F] = {V/: b€ F} € F.. Ifa > b € h71[F], then o’ < b € F and, by
(I), o’ € F, which implies a € h~*[F]. Thus the set h~![F] is upward closed. Let

/
n

/
and, by (II) again, \/ z] = ( A xn) € F, which implies A z, € h~1[F]. By (1),
new new new

h~![F] € F\.. The proof that h is closed is similar. O

(z,,) be a decreasing sequence in h~![F]. Then (z/,) is an increasing sequence in F’
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5. THE ALGEBRAS WITH TOPOLOGICAL Ajg

In this section we prove the following characterization of complete Boolean algebras
on which the convergences A\ and \j; are topological.

Theorem 5.1. For each complete Boolean algebra B the following conditions are
equivalent:
(a) s is a topological convergence;
(b) i is a topological convergence;
(¢) B is an (w,2)-distributive algebra;
(d) forcing by B does not produce new reals.

The following three lemmas will be used in our proof.

Lemma 5.2. Let B be a complete Boolean algebra. Then
(a) for each a € B the function f,: (B,O,.) — (B,O,,.) defined by f,(z) =x Na
is continuous;
(b) limo, # A iff there is a sequence x in B such that 0 € limo, () \ Ais(2);
(c) ifz,y € B* and z, < Yy, for each n € w, then limo, (y) C limo, ().

Proof. (a) By Theorem 4.4 we show that for a closed set ' C B the set
[ F] = {z € B: x Aa € F} is upward closed and contains the infimum of each
decreasing sequence in f, '[F]. First, if z1 >z € f![F], then z1 Aa >z ANa € F
and, since F' is upward closed, z1 A a € F, that is, x1 € f }[F]. Second, if (z,) is
a decreasing sequence in f; ![F], then (z, A a) is a decreasing sequence in F and,

since F' is closed, A\ =, Aa € F,thus A z, € f;'[F].
new

new
(b) Let y € B and b € limo, (y) \ Ais(y). Then limsupy £ b and, hence,
¢ = limsupy AbY > 0. Let * = (y, Ac: n € w). Since ¢ < limsupy we have

¢c= A V ynAc=limsupz, which implies 0 & Ais(z). Since b € limo, (y) and,
k€wn>k ®
by (a), the function f.: B — B defined by f.(t) = t A ¢ is continuous, we have

O0=bAc= fC(b) € limom (<fc(yn)>) = hm@xls (l‘)

(c) Let a € limp, (y) and a € O € O,,,. Then there is ng € w such that for each
n = ng we have y,, € O, thus, since by Theorem 4.4 the set O is downward closed,
zn € O, for n > ng. So a € limp, (). O

If x € B, then 7, = {(R,z,): n € w} is the corresponding B-name for a subset
of w and, by Lemmas 2 and 6 of [9],
liminf o = |@ C* 7;

limsupz = |||72| = @||;
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az = VA € (([w]*)) 3B € ([A]*)") B € 7ll;
=34 € (W)") VB € (([A1)") | N B| = w]|.

Lemma 5.3. Let B be a complete Boolean algebra and x a sequence in B. Then
(a) liminfz < a; < b, < limsupz;
(b) if B is (w, 2)-distributive, then a, = liminfz and b, = limsup z;

() bu=V AV 2m

Y=< z<y mew

Proof. (a) Thisis Lemma 7 of [9].

(b) Let B be (w, 2)-distributive. By (a), it is sufficient to show that limsup z < b,
that is 1 IF || = @ = JA € ([W]*)V)VB € (([A]*)Y)|r= N B| = @. Let G be
a B-generic filter over V' and let |(7;)g| = w. Then, by the (w,2)-distributivity we
have (7,)¢ € ([w]*)V and A = (7,)¢ is as required. Thus b, = limsup z. The proof
of a; = liminf z is similar.

(c) Clearly we have

VAVa=V A V=V A Vem

Y<T z<Yy mew fewTw z<zof mEw fewtw gewtw mew

=V A V=

fewr gewt ne flgw]]

and we prove that in each generic extension Vg[G] the conditions

(5.1) JA € ([w]*)Y VB € ([A]*)V BN (12)a # 0
and
(52) 3f € (@W™)" Vg € (@™) flglw)] N (12)a # 0

are equivalent. Let (5.1) hold and let f4 be the increasing enumeration of the set A.
Then fa € (W)Y and for any g € (W)Y we have fa[g[w]] € ([A]*)Y, thus, by the
assumption, falglw]] N (72)g # 0.

Let (5.2) hold. Then A = fw] € ([w]*)V and, if B € ([A]*)V, then f~[B] €
(w]*)Y and gp-1p € (w'™)Y, where gs-1(p] is the increasing enumeration of
the set f~'[B]. By the assumption we have f[g;-1;p)w]] N (72)c # 0 and, since
flas-1(m)[w]] = FIf 71 [B]] = B (because B C f(w]), we have BN (7.)a # 0. O

A sequence z in a complete Boolean algebra B will be called lim sup-stable (or
lim inf-stable) iff limsup y = limsup « (or liminfy = liminf ), for each subsequence
y of x.
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Lemma 5.4. Let x = (x,,: n € w) be a sequence in a complete Boolean algebra B.
(a) If x is a lim sup-stable sequence, then in the space (B, O,,.) we have

(5.3) {zn: n € w} = (limsupz)t U U xnT.

new

(b) If z is a lim inf-stable sequence, then in the space (B, O,,) we have

(5.4) {zn: n €w} = (liminfz)|{ U U Ty

new

Proof. We prove (a) and the proof of (b) is dual. Let X = {x,,: n € w}. First
we prove that

(5.5) ur, (X) = (imsup )t U | zat.

new

Since (limsupz)t = As((xn: n € w)) and 2,7 = As((zpn, Zn, .. .)), for each n € w,
the inclusion “D” in (5.5) is proved. By Theorems 4.3 (a) and Fact 2.5 we have
X =u}! (X) D uy,(X) and the inclusion “3” in (5.3) is true as well.

In order to prove the inclusion “C” in (5.5) we takey € X“. If y has a constant sub-
sequence, say (Tp,Tn,...), then x, < limsupy and, hence, A\js(y) = (limsupy)t C
x,T and we are done. Otherwise, by Ramsey’s Theorem, there is H € [w]“ such that
y | H is an injection. Let the function f: H — w be defined by f(k) = min{n €
w: yp = Tn}. Then for different ki, ks € H we have Typ,) = Yk, 7# Uko = Tf(ky)
and, hence, f(k1) # f(k2). Thus f is an injection, so, by Ramsey’s Theorem again
and since w is a well-ordering, there is Hy € [H]“ such that f [ Hj is an increas-
ing function. Now we have y = (yx: k € Hi) = (wyp): k € Hi) < = and, since
x is a limsup-stable sequence, limsupy > limsup(yx: k € Hy) = limsupz, which
implies A\is(y) = (limsup y)t C (limsup x)t and (5.5) is proved.

Now, we prove that

(5.6) ux,, (X) = ux,, (un, (X))-

The inclusion “C” holds, since Ajs satisfies (L1). In order to prove “D”, for y €
ux,. (X)¥, we show that Ais(y) C ux(X). By (5.5) we have

Vk € w (yg = limsupa V In € w yi = xy).

If there exists G € [w]* such that y; > limsupz, for each k € G, then limsupx <
limsup(yx: k € G) < limsupy, which implies \s(y) = (limsupy)t C (limsup x)t
C U, (X)
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Otherwise, there is kg € w such that for all k¥ > kg there is n € w such that
Yk = Tpn. Let f: w\ ko — w be defined by f(k) = min{n € w: x, < yi}. Then
Ty < Y, for ke w )\ ko.

If there are Hy € [w \ ko]¥ and n € w such that f(k) = n, for each k € Hy, then
limsupy > limsup(yy: k € Hy) > x,, which implies \s(y) = (limsupy)t C z,T C
ux, (X). Otherwise, by Ramsey’s Theorem, there is Hy € [w \ ko]“ such that f | H
is an injection and, by Ramsey’s Theorem again, there exists Hy € [H1]“ such that
f I Ha is an increasing mapping. Now (yx: k € Ha) < y, which implies

(5.7) limsup(yx: k € Ha) < limsupy
and (xf): k € Ha) < x, which, since  is a lim sup-stable sequence, implies
(5.8) limsup(z k) : k € Hz) = limsupz.

Since xfy) < yr we have limsup(zsy: k € Ha) < limsup(yr: k € H) and, by
(5.7) and (5.8), limsupz < limsupy, so Ais(y) C ux, (X) again.

Since the convergence \js satisfies (L1) and (L2), by Fact 2.5 we have X = uy! (X)
and (5.3) follows from (5.5) and (5.6). O

Proof of Theorem 5.1. (c) < (d) is a well known fact (see [7]).

(a) & (b). Assuming that Ay = 1im(gAls we prove that A\ = limom, that is,
limo, () C Ai(x), for each sequence z in B. So, if a € limp, (), then, by Theo-
rem 4.4 (III), we have a’ € limo, ((27,)) = Ais({27,)), that is, @’ > limsup ;,, which
implies a < liminf z,, and, hence, a € Aj;(z). The proof of the converse is similar.

(a) = (c). If A is a topological convergence, then \j; is topological as well. By
Theorem 4.3 (c) we have Oy, Oy, C Oy, and, by Fact 2.1, lime, | < lime, ,limo,
so, since A5 and Aj; are topological, limp, < A, Aj, which, by Theorem 4.3 (b),
implies limp, < AsNA;j = As < lim(gks. So, As = 1im(gks, that is, \s is a topological
convergence and, by Theorem 3.5, the algebra B is (w, 2)-distributive.

(¢) = (a). Suppose that the algebra B is (w,2)-distributive and that Ay is
not a topological convergence. Then, by Lemma 5.2 (b), there exists a sequence
z in B such that 0 € limp, (z) and 0 ¢ Ag(z) = (limsupx)?, which implies
limsupx = b > 0. By Lemma 5.3 (b) and (c) we have b, =band \/ A V z,=0.

Y=<z 2=y n€w

Consequently, there exists y < x and ¢ € BT such that A \/ 2, = ¢, which implies
zZ2<y nEw

(5.9) Vz%y\/anC

Claim 1. {y, A c: n € w) is a limsup-stable sequence.
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Proof of Claim 1.  First, by (5.9) and since (y,: n > k) is a subsequence

of y, we have limsup{y, Ac: n € w) = A (\/ yn) ANe= N\ ¢ =c Now we
kew ‘n=k kEw
prove the same for an arbitrary subsequence (y) Ac: k € w) of (y, Ac: n € w),

where f € w'. Clearly, z = (Yray: k € w) is a subsequence of y and for each
I € w we have (yrp): k > ) < y, which, by (5.9), implies \/ ysux) = c. So,
k>l

limsup(yray Ac: k€w) = A V yry Ac= A (\/ yf(k)) ANe= A\ c¢=c. Claim 1
lew k>l lew k2>l lew

is proved. O

Claim 2. The set M = {n € w: y, A c= 0} is finite.

Proof of Claim 2. Suppose that M € [w]¥. Then (y, Ac: n € M) is a subse-
quence of the sequence (y, Ac: n € w) and, clearly, limsup(y, Ac: n € M) =0 <,
which is impossible by Claim 1. Claim 2 is proved.

By Claim 2, without loss of generality, we suppose that y, Ac > 0, for each n € w.
By Theorem 5.4 we have {y, Ac: n € w} = ctU |J (yn A c)t and this set is closed

new
in the space (B, O,,,), does not contain 0, but contains each element of the sequence

(yn Ac: m € w). This implies 0 ¢ limo, (yn A €).

On the other hand, since y < z and 0 € limo, (), by (L2) we have 0 € limo, (y).
Since y, A ¢ < yp, for each n € w, using Lemma 5.2 (c) we have limo, (y) C
limo, (yn A c) and, hence, 0 € limo, _ (yn A c), which is a contradiction. O

6. THE ALGEBRAS WITH WEAKLY TOPOLOGICAL M\

By Theorem 5.1, if a complete Boolean algebra is not (w, 2)-distributive, the con-
vergences A5 and Aj; are not topological. Now we show that they are weakly topolog-
ical in algebras satisfying condition (%). The reader will notice that if in condition
(h) we replace “limsup” by “liminf”, we obtain an equivalent condition, because
(limsup z,,)’ = liminf 2, for each sequence z in B.

Theorem 6.1. If B is a complete Boolean algebra satisfying condition (), then
Ais and Aj; are weakly topological convergences.

Proof. We prove the statement for A\js. The proof for A; is dual. We show
that for each sequence = in B and each a € B we have a € hmohs & Vy <z
Jz < y limsupz < a. The implication “<” is Theorem 4.3 (d). In order to prove
“=" suppose that a € 1irnoAls z,y < x and limsup z € a, for each subsequence z < y.
By (h), there is a lim sup-stable sequence z < y. Then the set K = {n € w: 2, < a}
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is finite, since otherwise we would have limsup(z,: n € K) < a. Thus, without loss
of generality, we can suppose that z, € a for each n € w. By Lemma 5.4 we have

{zn: n € w} = (limsup z)T U U znT.

new

Thus a € O = B\ {2,: n €w} € Oy, and, since O N {z,: n € w} = 0, we have
a ¢ limp, 2, which is a contradiction, because z < z and a € limp, _z. O

Example 6.2. If B is a ccc complete Boolean algebra such that forcing by B
produces new reals, then, by Fact 3.4 and Theorems 3.5, 5.1 and 6.1, the convergences
As, As and Aj; are weakly topological, but not topological. In particular this holds for
the Cohen algebra Borel(2¥)/ M and random algebra Borel(2*)/Z, where M and Z
are the o-ideals of meager and measure-zero Borel sets, respectively.

In the sequel, using the following lemma, we show that on complete Boolean
algebras belonging to a large class the convergence \js is not weakly topological.

Lemma 6.3. Let B be a complete Boolean algebra, x = (z,,: n € w) a sequence
in B and 7, = {(7,x,): n € w} the corresponding B-name for a real. Then:
(a) If A is an infinite subset of w and fa: w — A is the corresponding increasing
bijection, then |||7, N A| = &|| = limsupz o fa.
(b) The following conditions are equivalent:
(i) Vf € w™¥ 3g € wM*limsupz o fog = 0;
(ii) Yy < ¢ 3z < ylimsup z = 0;
(iii) VA € [w]® 3B € [A]* |||r= N B| = || = 0.

Proof. (a) Since A ={fa(n): n € w} and f4 is a bijection, limsupz o f4 =
ANV 2wy =IVkew3In2k fa(n) € ml| = ||| NA| = &|.
kewn=k

(b) The equivalence of (i) and (ii) is obvious.

(i) = (iii) Let A € [w]*. By (i), there is g € w'™ such that limsupz o f4 0 g = 0.
Clearly B = falglw]] € [A]* and fp = faog, so, by (a), |||t N B| = @| =
limsupzo fg0og=0.

(iii) = (i) Let f € w™ and A = f[w]. By (iii), there is B € [A]“ such that

7. N B| = &| = 0. Since f~'[B] € [w]*, there exists an increasing bijection
g: w— f7YB]. From B C f[w] it follows that f[g[w]] = f[f~'[w]] = B. So, by (a),
limsupz o fog=|||7N flglw]] | = @] =0 and (i) is proved. O

We remind the reader that a set 7 C [w]® is called a base matriz tree iff (T,*D)
is a tree of height h and 7 is a dense set in the pre-order ([w]“, C*). By a theorem
of Balcar, Pelant and Simon (see [4]), such a tree always exists. Clearly the levels of
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a base matrix tree 7 are maximal almost disjoint families and maximal chains in 7

are towers.

Theorem 6.4. If B is a complete Boolean algebra satisfying 1 15 (") < t and
cc(B) > 2", then \j is not a weakly topological convergence on B.

Proof. Let 7 be a base matrix tree and Br(7) the set of all maximal branches
of T. Since the levels of 7 are of size < ¢ and the height of T is b, for k = |Br(7)|
we have x < ¢/ = 2" and we take an enumeration Br(7) = {T,: a < k}. Since

1IF (§Y) < t, for each a < k we have 1 I+ |T,,| < t and, consequently, 1 IF 3X €
[0]* VB € T, X C* B, so, by the Maximum Principle (see [8], page 226) there is
a name o, € VP such that

(6.1) 1oy €W AVBET, 0,C*" B.

Let {bs: @ < Kk} be a maximal antichain in B. By the Mixing Lemma (see [§],
page 226) there is a name 7 € V® such that

(6.2) Va < k by IF 7= 04,

and, clearly, 1 I 7 € [@0]“. Let us define z,, = || € 7|, n € w. Then for the
corresponding name 7, = {(f, z,): n € w} we have

(6.3) 17 =1,

Claim 1. 0 € M\ (z).
Proof of Claim 1. We prove that -Vy < = 3z < y limsup z = 0, that is, by
Lemma 6.3 (b), 3A € [w]* VB € [A]“|||7. N B| = &|| > 0. In fact, we show more:

(6.4) VB € [w]* ||| NB| =] > 0.

Let B € [w]¥. Since T is a dense subset of ([w]¥,C*), there is C' € T such that
C C* B. Let T, be a branch in T such that C' € T,,. Then, by (6.2) and (6.3) we
have by IF 7, = 04, and by (6.1) 11F 0, C* C, 50 by < |||72 N B| = @]

Claim 2. 0 € limo, (z).

Proof of Claim 2.  On the contrary, suppose that there are F' € F)_ and
A € [w]¥ such that 0 ¢ F and {x,: n € A} C F. Since T is dense in ([w]¥, C*),
there is C € T such that C C* A and, clearly, there is @ < x such that C € T,,. T,
is a tower of type A < B, so Ty = {B¢: £ < A}, where By C* Be, for £ < { < A. Let
C = B, and, for n € w, let

D, = B€o+n \B§o+n+1-
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By Lemma 6.3 (a), for each n € w we have |||7, N D,,| = @|| = limsupz o fp,. Since
D, C* A, almost all members of the sequence x o fp are elements of F' and, by
Theorem 4.4 (1), |||7. N D,| = &|| € F. So, by the same theorem, lim sup |||7, N D,,| =
@|| € F. Since limsup |||7, N D,,| = &|| = |||7x N Dy| = & for infinitely many n € w|],
we will obtain a contradiction when we prove that

(6.5) |72 N D,| = & for infinitely many n € wl|| = 0.

Let G be a B-generic filter over V. Then there exists 8 < x such that bg € G and,
by (6.1), (6.2), and (6.3),

(6.6) (t3)e C* B, for each B € Tg.

First, if 8 = a, then, by (6.6), |(72)¢ N Dyn| < w, for each n € w.

Second, if 8 # «, we have two cases.

Case 1. 3E € T3 VYn € w E C* Beyyn. Then (75)¢ C* E and for each n € w we
have |(73)¢ N Dy| < w.

Case 2. VE € Tg 3n € w E ¢* B¢y4pn. Then, since T is a tree, there is the
C*-maximum of the set Ts \ Ty, say E’ and, by the assumption, there is ng € w
such that Bg,4n, C* E' or |Beytn, N E'| < w. Since E' & Ty, Begtn, CF E' is
impossible, so |Bgy4n, N E'| < w and, hence, |Bgy+n N E'| < w, for each n > ng.
Since (13)¢ C* E' and Dy, C Bg¢y4n, we have |(72)q N Dy| < w, for all n > ng.

Thus |(75)¢ N Dy| < w, for all but finitely many n € w and (6.5) is true. O

The following example shows that there are very simple Boolean algebras such
that the question “Is the convergence A\ on B weakly topological?” does not have
an answer in ZFC.

Example 6.5. The statement “The convergence A\ on the collapsing algebra
B = ro(“ws) is weakly topological” is independent of ZFC. Since w5 = ws, the
algebra B is ws-cc and collapses w2 to w in each generic extension.

If in the ground model V' we have 2¥ = w; and 2“' = w9 (in particular, if V' |
GCH) then in V we have h = wy, cc(B) = w3 > wy =29 and 1 I |(h")]| = @. Thus,
by Theorem 6.4, the convergence \s on B is not weakly topological.

On the other hand, if in V' we have t > w3 (in particular, if V = MA + ¢ > ws),
then B is t-cc and, hence, satisfies condition (%) which, by Theorem 6.1, implies that
the convergence A5 on B is weakly topological.
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