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Abstract. Let FG be a group algebra of a group G over a field F and % (F'G) the unit
group of FG. It is a classical question to determine the structure of the unit group of
the group algebra of a finite group over a finite field. In this article, the structure of the
unit group of the group algebra of the non-abelian group G with order 21 over any finite
field of characteristic 3 is established. We also characterize the structure of the unit group
of F'A4 over any finite field of characteristic 3 and the structure of the unit group of FQi2
over any finite field of characteristic 2, where Q12 = (z,y; =1 y =23 Y =2~ >
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1. INTRODUCTION AND NOTATIONS

Let FG be a group algebra of a group G over a field F and % (FG) the unit
group of the group algebra F'G. It is a classical question to determine the structure
of the unit group of the group algebra of a finite group over a finite field. Recently
there are quite a few papers which characterize the structures of unit groups of group
algebras of certain small groups over finite fields (see for example [3], [5], [4], [6], [7],
[9], [8], [10], [11], [15], [2], [16]). Most recently, in [2] Tang et al. determined the
structures of unit groups of group algebras F'G of any groups of order 21 over finite
fields except for the case when G is the non-abelian group of order 21 and F' is a field
of characteristic 3. The first goal of this paper is to study this remaining case. We
shall determine the structure of the Jacobson radical for this group algebra and then
establish the structure of its unit group.

This research was supported in part by a Discovery Grant from the Natural Sciences
and Engineering Research Council of Canada, the National Science Foundation of China
(11161006, 11171142), the Guangxi Natural Science Foundation (2011GXNSFA018139)
and the Guangxi New Century 1000 Talents Project.
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There are three non-abelian groups of order 12: Ay, Dio and Q1. In 2007,
R. Sharma, J. Srivastava and M. Khan ([15]) characterized the unit group of F'A4 over
a finite field. In the case when the characteristic of F' is 2 or 3, they provided only
a preliminary description of the unit group. In [8], J. Gildea established a complete
characterization of the unit group of F'A, over a finite field of characteristic 2. In [11],
Gildea and Monaghan established the structure of unit groups of F D15 and F Q12
over a finite field of characteristic 3. Our second goal is to determine the structure of
the group algebra F'A4 over a finite field of characteristic 3 and establish a complete
characterization of the unit group of this group algebra. In 2011, Tang and Gao
([16]) described the structure of the unit group of the group algebra FQi2. We
shall determine the structure of the Jacobson radical of F'QQ12 over a finite field of
characteristic 2 and provide a better characterization of the unit group of F'Q15. We
note that other unit groups of group algebras of the groups of order 12 have been
completely characterized (see [11], [15], [16] for details).

Throughout this paper, A4 denotes the alternating group of degree 4, Q12 =

3 a¥ = 271, O, denotes the cyclic group of order n, F is a finite

(r,y;20 =1,y =2
field of characteristic p of order p™, and F* is the multiplicative group of F'. We also
denote by M(n, F) and GL(n, F') the ring of all n x n matrices over a field F' and
the general linear group of degree n over a field F, respectively. Denote by Z(FQG)
the center of F'G.

Recall that the ring homomorphism ¢: FG — F given by
(X)) =X o
9€G e

is called the augmentation mapping of F'G and its kernel, denoted by A(G), is called
the augmentation ideal of FG. For a subgroup H of G, we shall denote by A(G, H)
the left ideal of F'G generated by the set {h —1; h € H}. That is,

A(G, H) = {Z an(h—1); ay € FG}.

heH

If H is a normal subgroup of G, then A(G, H) is a two-sided ideal. Note that the
ideal A(G,G) coincides with the ideal A(G).
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2. THE UNIT GROUP OF F3.(G OVER THE NON-ABELIAN GROUP OF ORDER 21

In this section, we characterize the structure of the unit group of the group algebra
FG of the non-abelian group G of order 21 over a finite field of characteristic 3, where
G = (z,y;27 = 3> = 1,2Y = 2?). We first state a useful definition and establish
a lemma regarding the Jacobson radical of a group algebra.

Definition 2.1. Let p be a prime number and let S, denote the set of all p-
elements of a group G including the identity, i.e., S, = {g € G; ¢ is a p-element}.
Define amap T: G — F by T(g) =1 1if g € Sp and T'(g) = 0, otherwise. We now
extend T linearly to a map from F'G to F' given by T'(a) = > a;T(g;) = > aigi € FG
for all o, which is the sum of all coefficients of p-elements including 1 in «. Define
KerT ={a € FG; T(ag) =0Vg € G}.

Lemma 2.2. Let F' be a finite field of characteristic p > 0, G be a finite group,
and T be the function defined above. Then
(1) J(FG) CKerT.
(2) KerT = Ann(c), wherec= Y g=5,.
(3) J(FG) C Ann(c). 9€5p

Proof. (1) Let a € J(FG). Since ag € J(FG) for all g € G and J(FG) is
nilpotent, «g is nilpotent. By Passman [13, Lemma 3.3], we have T(ag) = 0 for all
g € G. Thus a € KerT and so J(F'G) C Ker T, proving the first statement.

(2) This follows from the proof of [1, Lemma 3.2] that Ker T' = Ann(c).

(3) This follows immediately from (1) and (2) that J(FG) C Ann(c). O

We now state our main result in this section.

Theorem 2.3. Let G be the group of order 21 described above and let F' be a finite
field of characteristic 3 of order 3". Then either FG = M(3,F) ® M(3,F) © FCs
when n is even, or FG = M (3, F3) ® FC3 when n is odd, where F; is the degree 2
extension field of F. Therefore, either % (FG) = GL(3,F) x GL(3, F) x F* x C3"
when n is even, or % (FG) = GL(3, F2) x F* x C3" when n is odd.

Proof. Let H=(z) and e = ﬁﬁ Since H is a normal subgroup of G, e = e?

is a central idempotent. Thus F'G = FG(1 —e) ® FG(e) = A(G,H) @ FC5 since
FG(1 —e) = A(G,H) and FG(e) = F(G/H) = FC3 (see [14, Proposition 3.6.7]
for the details). We next show that A(G,H) = A(G)/J(FG) is semisimple and
determine the structure of A(G, H). To do so, we compute the Jacobson radical
J(FG) of FG. By Lemma 2.2 (3), we know that J(FG) C Ann(c) where ¢ =

S g =53, so we first compute Ann(c).
gESs
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A direct computation shows that G has five conjugacy classes as follows:

bO = {1}7 bl = {l‘,l‘Q,ZA}, b2 = {x37x57x6}5

b3 = {yv xy, xzyv £L‘3y, x4ya (E5y, xGy} = <£L‘>y7

and

by = {y? 2y®, 2%y%, 23y, 2ty 2Py, 2%} = (a)yP

Now we have ¢ = 1+ b3 + by = 1 + #y + 2y, which is the sum of all 3-elements
4

including 1. Let a = Y «; € Ann(c) where supp(«a;) C b; for i = 0,1,2,3,4. Then
i=0

ac = 0, and thus (i}ai)(l + iy + dy?) =0, s0 0 = i}ai + (o + a1 + ao)iy +
3@y + agdy + (ap +ag +a)dy? + aziy?® +asdy? = (ao + a1 + oo +audy +aziy?) +
(az + (o + a1 + a2)2y + asdy?) + (g + azdy + (o + a1 + a2)iy?) = (o + a1 +
oz +e(az +aa)d) + (as +e(ap + o1 + az + as)dy) + (as + (oo + ar + az + az)Ey?).
This gives that ag + a1 + as = —e(ag + a4)F, as = —e(ap + a1 + ag + aq)iy and
ay = —e(ag+ar+ag+az)iy?. Set a; = —e(az+ay) and az = —(ag+ai+as+ay).
Since e(a) = e(ap + a1 + a2 + az + a4) = 0, we have —e(ag + a1 + a2 + a3) =
e(ag) = —(a1 + az). Thus Ann(c) = {a1 + a2dy — (a1 + a2)2y?; a1,a2 € F} and
dimp(Ann(c)) = 2.

We now show that Ann(c)® = 0, so Ann(c) € J(FG). This together with
Lemma 2.2 gives that J(FG) = Ann(c). Note that (a1% +asdy — (a1 +a2)2y?)(c12 +
cady — (c1 + €2)2y?)(did + dody — (dy + d2)3y?) = (a1 — a2)(c1 — 2)G(d1 3 + dady —
(di + dy)@y?) = (a1 — az)(c1 — c2)(dy + da — (dy + d2))G = 0 (as char F = 3). Thus
Ann(c)® = 0 and J(FG) = Ann(c).

Next we show that A(G) = A(G,H) & J(FG). Note that both A(G,H) and
J(F'G) are contained in A(G), and dimp A(G, H) + dimp J(FG) = 18 +2 = 20 =
dimp A(G). We now show that A(G, H) N J(FG) = 0. Let 8 € A(G,H) N J(FG).
Then 8 = a(x — 1) where @ € FG (as § € A(G,H) and H = (z)), and also
B = a1® + asdy — (a1 + a2)@y? for some ar,az € F (as f € J(FG)). Thus B3 =
a(r —1)Z = 0. On the other hand, 3% = (a1 + asdy — (a1 + a2)2y?)d = B as
#% = &. So we have 8 = 8% = 0, showing that A(G, H) N J(FG) = 0. Therefore,
A(G) = A(G,H)® J(FG) and thus A(G, H) 2 A(G)/J(FG). Since FG/J(FG) is
semisimple and A(G)/J(FQ) is an ideal of FG/J(FG), we conclude that A(G, H) =
A(G)/J(FG) is semisimple as desired.

Now we show that Z(A(G,H)) C Z(FG) and compute Z(A(G,H)). Let o =
ar(z—1) € Z(A(G,H)). Then a(z — 1) = (z — 1)av, s0

(*) ar = xa.
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We next show that « also commutes with y, and therefore, « is in the center of
FG. Note that ay(x — 1) = y(z — 1)a as y(z — a) € A(G,H). By (%), we have
(ay —ya)(xz—1) = 0. Similarly, we have (x —1)(ay—ya) =0as (z— 1)y € A(G, H).
Thus ay — ya € Ann(z — 1) = Ann(A(G, H)) = (FG)Z, so ay — ya = BZ where
B € FG. Since ai = ay(x — 1)& = 0, we conclude that (ay — ya)Z = ady —yaz = 0.
On the other hand, (ay—ya)i = fi& = B = ay—ya. This gives that ay—ya = 0, so
ay = ya, implying o € Z(FG). Thus Z(A(G, H)) C Z(FG). Let a« € Z(A(G, H)) C
Z(F@). Then a = ag + a1by + asby + azbs + asbs. Since ai = 0, we obtain that
ar = (a0+3a1 +3a2)£+7a333+7a4l34 = aofﬁ+a3l33+a4l34 =0,s0ap =a3 =ay4 =0.
Thus Z(A(G,H)) = {(a1b1 + asbs) | a1; az € F} and dimp Z(A(G, H)) = 2.
Note also that for all o € Z(A(G,H)), o® = (allA)l + a252)3 = a%l;g + agl;l, SO
oa?" = allAﬁ’” + agl;gn. If n is even, then " = a; if n is odd, then P «, but in
general

(%) 3" #£a.

Finally, we determine the structure of FG. Since A(G,H) is semisimple,
dimp(A(G, H)) = 18, and dimp Z(A(G,H)) = 2, by (xx) we conclude that ei-
ther A(G,H) = M(3,F) @ M(3,F) when n is even, or A(G, H) = M3(F>) when n
is odd, where F5 is the degree 2 extension field of F'. This gives that either FG =2
A(GH)®FC3 2 M(3,F)®M(3,F)® FCs when n is even, or FG = M3(F2)® FC3
when 7 is odd. Therefore, either % (FG) =2 GL(3, F) x GL(3, F) x F* x C2" when
n is even, or % (FG) = GL(3, Fy) x F* x C2" when n is odd. This completes the
proof. O

3. UNIT GROUPS OF F3n Ay AND Fon(Qq2

As mentioned in the introduction, in 2007, R. Sharma, J. Srivastava and M. Khan
provided a preliminary characterization of the unit group of F'A4 over a finite field of
characteristic 3. In this section, we first determine the structure of the group algebra
F Ay over a finite field of characteristic 3. As a consequence, we establish a complete
characterization of the unit group of this group algebra. Our first main result is as
follows:

Theorem 3.1. Let F be a finite field of characteristic 3 with order 3" and
Ay the alternating group of degree 4. Then FA; = A(A4,Ky4) @ F(Ay/Ky) =
M(3,F) ® FC3 where K, is the normal subgroup of order 4 in A4. Moreover,
U(FAy) 2 GL(3,F) x F* x C3n.
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Proof. Note that Ay = K4 x Cs, where K4 = {1,(12)(34), (13)(24), (14)(23) }
and Cs = (y) = ((123)). A direct computation shows that A4 has 4 conjugacy classes:
b = {1}, by = {(12)(34),(13)(24),(14)(23)}, b3 = {(123),(134),(142),(243)} =
K4(123) = Kuy, by = {(132), (143), (124), (234)} = K4(123)? = K42. Since K is
a normal subgroup of Ay, e = (1/|K4|)Ks = € is a central idempotent. Thus we
have the decomposition FAy = FA4(1 —e) ® FAs(e) 2 A(Ay, Ky) @ FC3. We next
show that A(Ay, K4) is semisimple and determine the structure of A(Ay, K4). Our
proof is similar to that of Theorem 2.3 and we shall include a complete proof for the
convenience of the reader.

We first compute the Jacobson radical J(F A4) of this group algebra. As mentioned
before, J(FA;) C Ann(c) where ¢ = 1+ by + by = 1+ Kgy + Kay?. Let o =
i a; € Ann(c) where supp(a;) C Kqy®, i = 0,1,2. Since ac = 0, we obtain that
i=0
(a0 + o1 + ) (1 + Kuy + Kgy? = (0 + e(on + ) Ky) + (a1 + e(oo + ) Kay) +
(a2 +e(ap + al)K’4y2) = 0. Thus ap = —e(a1 + ag)K];, a1 = —¢e(ap + cm)f%];y and
oy = —e(ap + a1)Kay?. Let ay = —e(a; + az) and ag = —&(ap + ag). Since £(a) =
e(ap+ a1 + az) = 0, we conclude that —e(ag+ 1) = e(az) = —(a1 + az2). Therefore,
Amn(c) = {a1 Ky+asKyy—(a1+a2)Kuy?; a1,a0 € F} = {(a1(1+y)+a2y)(1—y) Ky
ai,az € F}. We now show that Ann(c)® = 0. Indeed, for all a,’,a” € Ann(c),
ad’a” = ((a1(1+y)+azy) (1 —y)Ka)((af (1+y) +aby) (1 —y) Ka) ((a (1 4y) + afy) x
(1= y)K4) = (a1 (1 + y) + azy) (@) (1 + y) + aby) (a{ (1 + y) + a5y) (1 — y)* (K4)* = 0
as (1 —y)2 =1—y> = 0. As before, we obtain that J(FA4) = Ann(c), J(FA4)?> =0
and dimp J(FA4) = 2.

Next we show that A(A4y) = A(Ay, K4) B J(F Ay). First we show that A(Ay, K4)N
J(FAy) = 0. Let a € A(Ay,K4) N J(FAy). Since a € A(A4,Ky), we have
aK, = 0. On the other hand, since a € J(FA4), a = (a1(1 + y) + a2y) x
(1 —y)Ky4, so Ky = a. Thus o = aKy = 0, proving A(Ay, K4) N J(FA) = 0.
Since both A(A4, K4) and J(FA4) are contained in A(A4), dimp A(Ag, K4) +
dimp J(FAy) = 9+ 2 = dimp A(A4) and A(Ay, K4) N J(FAs) = 0, we conclude
A(Ay) = A(Ag, K4) D J(FAy), s0 A(Ay, Ky) =2 A(Ay)/J(FAys). Since FAy/J(FAy)
is semisimple and A(A4)/J(FA4) is an ideal of FA4/J(FA4), we obtain that
A(Ay, K4) = A(Ay)/J(FAy) is semisimple as desired.

We now show that Z(A(A4,K4)) C Z(FA4) and determine the structure of
Z(A(Ay4, Ky)). Let a € Z(A(A4, Ky)). Then a(z —1) = (z— 1), for all z € K,y (as
r—1¢€ A(Ag, Ky)), so ax = za. Recall that y = (123) and y(z—1) € A(A4, K4), for
all x € K4. Hence ay(x—1)—y(z—1)a = (ay—ya)(1—z), so ay —ya € Ann;(z—1),
for all x € K4. Similarly, since (x — 1)y € A(Aq4, K4), as before we can show that
ay—ya € Ann,.(z—1), for all z € K4. Thus ay—ya € Ann(A(Ay, Ky)) = (FA4)K4,
so ay — ya = BK,, implying ay — ya = (ay — ya)f%};. On the other hand,
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(ay — yo)Ky = aKyy — yaKy = 0 (as oK, = 0 because o € A(Ay, K4)). Thus
ay — ya = 0, implying a € Z(FA4) and Z(A(A4,K4)) - Z(FA4) Let o €
Z(A(A4,Ky)). Then o = ag +agbg+a3b3+a4b4 =a +a2b2+a3K4y+a4K4y where
a; € F. Since aK4 = 0, we have a1K4 + a3K4y + a4K4y =0,s0a; =a3=a4 =0.
Hence Z(A(Ay4, K4)) = {agbs; az € F}. Finally, since A(Ay, Ky4) is semisimple with
dimension 9 and dimp Z(A(Ay4, K4)) = 1, we conclude that A(Ay, Ky) =2 M (3, F).
Therefore, FAy = A(Ay4, Ky) @ F(A4/K4) = M(3,F) @ FC3. Consequently, we
obtain that % (FA4) =2 GL(3, F) x F* x C3". This completes the proof. O

As mentioned earlier, in [16] Tang and Gao described the unit group of FQ;a,
S av =271 It
was shown that the group V3 = 1+ J(FQ12) is nilpotent of class at most 2; however,
the structure of the Jacobson radical J(F'Q12) was not established. In what follows,
we shall establish the structure of the Jacobson radical J(F@12) and show that the
group V4 = 1+ J(FQ12) is, in fact, abelian. As a consequence, we provide a better

where F is a finite field of order 2" and Q12 = (z,y;2% = 1,y? = =

characterization of the the unit group of F'Q1so.

Theorem 3.2. Let F be a a finite field of order 2™ and G = @12 be the group of
order 12 defined above. Then FQ12 = A(Q12,Q%5) ® FC4. Moreover,
(1) % (FQ12)/Vi =2 GL(2,F) x F*, where Vi = 1+ J(FQ12) = C3" x C}.
(2) % (FQ12) =2 % (A(Q12, Ql2))®% (FCy) where % (FCy) =2 Can_1 xCH xC} and

U (A(@r2,@52))/ (1+(A(Qu2, Q1)) = GL(2, F) where 14+ J(A(Q12, Q1)) =
i

Proof. Let H = Q}, = {1,2%, 2%} = (2?) and e = f[/|H| = H which is
a central idempotent. Then FQ12 = FQ12(1 — e) ® FQ12(e) = A(Q12, H) ® FCy.
We remark that unlike the case discussed before A(Q12, H) is no longer semisimple.
It is routine to check that Q2 has six conjugacy classes: by = {1}, by = {2?, 2},

= {, 2%}, by = {2}, bs = {y, 2%y, 2"y} = Hy, bs = {zy, 2%y2’y} = Hzy.

We first compute the Jacobson radical J(FQ12). As before, we can show that
J(FQ12) = Ann(c) where ¢ = 1 + by + bs + bg. Let a = i a;z" 1+ i aireri Ty €

i=1 i=1

6
Ann(c). Rewrite o = ) «; such that supp(a;) C b; fori=1,2,...,6, i.e.,, a1 = ay,
i=1

4 a3 = agx + agx g = a4x3 a5 = a7y + agx y + aux y and

g = ag,x + asx”,
ag = agxy + a102>y + a122”y. Since ac = 0, we obtain ac = o + ax® + ab5 + ab6
(a1 +ag+az+ay)(1+23) +e(as +ag)(1 —l—a:)H) + (a5 + agz® + ey + a4+ az +

a4)B5) + (g + asr® + e(ag + g +az + a4)36) = 0. Thus

(a1 + ag 4+ az + as)(1 + 2%) + e(as + ag) (1 + 2)H = 0,
as + agr® + elan + as +ag + a4)B 0
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and

ag + a5x3 + 6(a1 + oo+ a3+ 044)36 =0.

Simplifying these equations gives

a1 + as + e(as + ag) = 0,
as + a5 + e(as + ag) =0,
as + ag + e(as + ag) =0,
a7+ ap+e(ar +as +as+aq) =0,
ag + a1 +e(ar + g +az+as) =0,
ag + a1z +e(ar + g+ az +ayg) = 0.

Further simplification gives a5 = a1 + as + a4, ag = a1 + az + a4, a9 = a1 + a4 +
ar, a;1 = a1 + a4 + ag, and a12 = a1 + ag + ag. Thus, J(FQ12) = Ann(c) =
{(a1 + agx + az2® + ary + agzy + agz?y) (1 + 23) + (a1 + aq)(z® + 2* + 2°)(1 + y);
ai,as,as,aq,a7,as,a9 € F} and dimp J(FQ12) = 7.

We next show that J(FQ12)* = Ann(c)* = 0. Let a = (a; + agw + azx® + ary +
agry+agz?y)(1+2%)+ (a1 +aq) (23 +2* +25)(1+y) and B = (dy +doz +d32® +d7y +
dszy+doz?y)(1+2) + (d1 +dy) (2 + 21 +2°)(1+y) be any two elements of J(FQ12).
Then aff = ((a1 +a4)(d1 +do+ds+d7 +ds+dy) + (d1 +da) (a1 + a2 +as+ a7 +as+
a9))Q12 + (a1 + as)(dy +ds)z (as (1+23)2 =0, (23 + 2* + 25) (1 + ) (1 + 2%) = Q1a,
and (23 + 2% + 2°)(1 + y)(2® + 2* + 2°)(1 + y) = #). Thus o = Ba, implying
J(FQ12) is commutative. Since &% = 0, Q12 = 0, Q12012 = 0, we have afys = 0,
for all o, 3,7, s € J(FQ12), so J(FQ12)* = 0.

Finally, we determine the structure of the unit group of F'Q12. Note that for all a €
J(FQ12), if a®> = 0, then a3 +a4 = 0, so a = (a1 +asx+azx? + a7y + agry +agz?y) x
(1+23). Thus the number of elements in J(FQ12) with this property is |F|® = 26"
So the number of elements « in J(FQ12) for which a = 0, but o? # 0, is |F|"—|F|® =
27 —26n This together with the fact that J(FQ12) is commutative and J(FQ12)* =
0 gives that 1+J(FQ12) = an X C;f Since Fng/J(Fng) = A(ng)/J(A(ng))@
F, we conclude that dimp A(Q12)/J(A(Q12)) = 4, so A(Q12)/J(A(Q12)) =
M (2, F) as it is non-commutative and semisimple (note that in A(Q12)/J(A(Q12)),
(1 +22) + J(FQ12), (1 + 2?)y + J(FQ12) do not commute). Note also that since
FQuz = A(Q12,Q12) ® FCyy FQu2/J(FQ12) = A(Q12,Q12)/J(A(Q12,Q13)) @
FC4/J(FC4) = A(Q12,Q'12)/ T (A(Q12, Q) B F', s0 A(Q12, Q1) / J(A(Q12, QY2)) =
A(Q12)/J(A(Q12)) =2 M(2,F). Thus FQ12/J(FQ12) =2 M(2,F) ® F. Therefore,
U(FQ12)/Vi =2 % (FQ12/J(FQ12)) = GL(2,F) x F*, where Vi = 1 + J(FQ12) =
C3" x C}, proving (1).

156



Since F@Qio = A(ng, /12) & FCy, %(FQH) = %(A(ng, ,12)) X %(FC4)
and J(FQ12) =2 J(A(Q12, Q%)) ® J(FC4). It follows from [12, Theorem 3.3] that
U (FCy) = Con_y x CF x CP. As before, % (A(Q12,RQ12))/(1 + J(A(Q12,Q)s))) =
U (A(Qu2, Q12)/J(A(Q12,Q1,))) = GL(2, F). Since J(FQi2) = J(A(Q12,@12)) &
J(FCy), 1+ J(FQ12) = C" x CF and 1 + J(FCy4) = CF x O}, we conclude that
1+ J(A(Q12,Q5)) = (1 + J(FQ12))/(1 4+ J(FCy)) = C3™, proving (2). O
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