Archivum Mathematicum

Tomas Sala¢
k-Dirac operator and the Cartan-Kahler theorem

Archivum Mathematicum, Vol. 49 (2013), No. 5, 333--346

Persistent URL: http://dml.cz/dmlcz/143557

Terms of use:

© Masaryk University, 2013

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/143557
http://project.dml.cz

ARCHIVUM MATHEMATICUM (BRNO)
Tomus 49 (2013), 333-346

kE-DIRAC OPERATOR AND THE CARTAN-KAHLER THEOREM

ToOMAS SALAC

ABSTRACT. We apply the Cartan-Kahler theorem for the k-Dirac operator
studied in Clifford analysis and to the parabolic version of this operator.
We show that for k = 2 the tableaux of the first prolongations of these two
operators are involutive. This gives us a new characterization of the set of
initial conditions for the 2-Dirac operator.

1. INTRODUCTION

1.1. k-Dirac operator. Let g be the Euclidean product on R™ with an ortho-
normal basis {e1,...,e,}. We denote by R,, the Clifford algebra for (R™, g) with
the defining relation ene3 + €geq = —2¢ap and by M(n, k,R) the affine space of
matrices of size n x k. We assume throughout this paper that £ > 2 and n > 3.
Fori=1,...,k set

(1) Oith = a - Oaith
a=1

where 9 is a smooth R,,-valued function on M (n, k,R). Here 0,; are the coordinate
vector fields on M (n, k,R). We call the operator 0 = (4,...,0%) the k-Dirac
operator in the Fuclidean setting or just the k-Dirac operator. The k-Dirac operator
is an overdetermined, constant coefficient system of PDEs. A solution of 9y = 0 is
called a monogenic function or a monogenic spinor in the Euclidean setting. More
to this operator can be found for example in [3] and [7].

In this paper we will show that the tableau associated to the first prolongation of
the 2-Dirac operator is involutive. This is Theorem [I] This gives new characterization
of the set of initial conditions. See Theorem 2L

We will use representation theory of symmetry group SL(k,R) x Spin(n) of the
operator 9, see [10]. We denote this group by Ggs. The notation for the symmetry
group will be explained later. The group GSS is a semi-simple Lie group with Lie
algebra sl(k,R) @ so(n). We will work with complex representations of G and
its Lie algebra. In particular, we consider the complex spinor representations of
s50(n) rather then the real Clifford module R,,. For n odd, there is only one spinor
module S. If n is even there are two non-isomorphic spinor modules S; and S_. In
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this case we set S := S, & S_. We denote by s the dimension of the corresponding
spinor module S. Thus s =2™ if n =2m + 1 or n = 2m.

1.2. Parabolic k-Dirac operator. The parabolic k-Dirac operator D is an inva-
riant first order operator which lives in the world of parabolic geometries. For the
purpose of this paper we will give a coordinate definition of this operator. Put
U= M(n,k,R) x A(k,R) where M(,n, k,R) is the affine space of matrices of size
n x k while A(k,R) is the affine space of skew-symmetric matrices of size k. We
write coordinates as (Zai, yrs) Where ,;, resp. y,s are coordinates on M (n, k,R),
resp. on A(k,R). We write 0o; = Oz, 0rs = Oy,,. We use the convention that
Ors = —0sy. The set U is isomorphic to an open affine subset of the Grassmannian
of isotropic k-planes in R¥"+# The Grassmannian is a flat model for a particular
type of parabolic geometries. For k = 2 this geometry is refered to as Lie contact
structures, see [2].

Fora=1,...,nandi=1,...,k put Ly; := Oa; — zajﬁﬂ where we sum over

the repeated index. We will call these vector fields left invariant vector fields. Lie
bracket is
(2) [Lai; Lg;] = gap0ij -
These vector fields span a non-integrable distribution on ¢ which is the essence of
the parabolic geometry. The (graded) tangent bundle of the Grassmannian variety
has a natural reduction of the structure group to Gg := GL(k,R) x SO(n). We
get a principal Gg-bundle over U/ which we denote by Gy. This is the notation
commonly used in [2]. We may (uniquely) lift the trivial bundle Gy to a principal
Go = GL(k,R) x Spin(n)-bundle Go. As Gpisa2:1- covering of Go the natural
projection Gy — Go is a 2 : 1-covering. The groups Go, Go are reductive groups
whose semi- blmple parts are isomorphic to G§* ,GO respectively. We extend the
action of Go on S to the action of Go by the choice of a generalised conformal
weight, i.e. we specify the action of the center of GL(k,R), as in [9]. By associating
S to the bundle QO we get the spinor bundle S := QO X &, S over U.

The set of vector fields {Lqi, Orslae = 1,...,n50 = 1,... ;1 <r < s < k}
defines a section of Gy and we lift it to a section of Go. This trivializes the spinor
bundle S over U and thus a section ¢ € I'(S) becomes a spinor valued function

over U. With the choice of the very flat Weyl connection we can write in this
trivialization Dy = (D11, ..., Dg1) where

(3) Diy =Y ca- Laith.
a=1

Comparing this to (1)) we see that we have just replaced each d,; by the corres-
ponding left invariant vector field Lq;. A solution of Dy = 0 is called a (parabolic)
monogenic Spinor.

There is a strong and very interesting link which leads from the operator
to . First of all, a parabolic monogenic spinor 1 which does not depend on
y-coordinates can be naturally viewed as a solution of 9y = 0. A bit of work shows
that there is a (unique) locally exact sequence of invariant operators starting with
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the operator D. We can do the same move for the whole sequence as we did with
the monogenic spinors, i.e. we work only with the real analytic sections which in
the preferred trivialization do not depend on y-coordinates on which we act by the
invariant operators. Then we get a new sequence of operators which is still locally
exact and thus descends to a resolution of 0. This can be found in [§].

1.3. Motivation and summary of results. Motivation for this paper is hidden
in the set of initial conditions for these two systems of PDEs. It is not hard to see
that any monogenic spinor (in the Euclidean setting) ¢ is uniquely determined by

its restriction to the set M (n — 1,k,R) = {z11 = 212 = ... = z1;, = 0}. Moreover
on this set the restriction t|as(n—1,x,r) has to satisfy for each 4,5 = 1,..., k:
(4) (03, 931 | Ar(n—1,4m) = 0

where 9; = 2222 €404 This is a consequence of the fact that the coordinate vector
fields commute. On the other hand given a real analytic spinor valued function ¢ on
M(n — 1,k,R) converging on open neighbouhood of x € M(n — 1, k,R) and which
satisfies then there is a unique monogenic spinor on M (n, k,R) converging on
some open neighbouhood of z whose restriction to M (n — 1, k,R) coincides with .

Conjecture 1. Given arbitrary real analytic spinor ¥ in z,;-variables with a > 2
converging on some open subset V of M(n — 1, k,R) there is a unique (parabolic)
monogenic spinor ¥, i.e. DU = (, converging on some open neighbouhood of V
in Y whose restriction to the set M(n — 1,k,R) 2 {x1; = -+ = 215 = Y12+~ =
Yr—1,k = 0} coincides 1.

If Conjecture (1] is true then the system will have a nicer set of initial
conditions then . Starting with the k-Dirac operator in the Euclidean setting
and looking for a new system of PDEs such that any quadratic real analytic spinor
on M(n — 1,k,R) extends to a unique solution of the new system then one can
derive the Lie bracket (2) and the right dimension of the set Y. This is already a
link from the operator to the operator . The only question is how good this
link is?

I hoped this result would follow from the Cartan-Kéahler theorem. Unfortunatelly
it does not. Nevertheless the Cartan-Kéhler theorem gives us some other interesting
results. In this paper we show that both systems are involutive after the first
prolongation if k& = 2. These are Theorems [I] and [3] For & > 3 this is no longer
true and one has to continue on prolongating. I do not know when the involutivity
is attained. A closer look on the proof of involutivity for the parabolic 2-Dirac
operator also explains why the Cartan-Kéhler theorem does not give Conjecture [T}
We will comment more on this in Remark [I] at the very end of the paper.

In the next section we cover basic machinery and terminology needed for the
Cartan-Kéhler theorem. This short summary is taken mostly from [5]. For more on
the Cartan-Kéhler theorem and exterior differential systems see [J.

We will simply refer to the k-Dirac operator if it is clear from the context
whether we mean D or 0. Similarly we say just a monogenic spinor v whether it is
clear if we mean 0v) = 0 or Dy = 0.
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2. EXTERIOR DIFFERENTIAL SYSTEMS

We assume throughout the paper that all structures are real analytic. Then we
can apply the machinery of the Cartan-Kéhler theorem.

Let M be a manifold. An exterior differential system (EDS) on M is a graded
differential ideal Z C Q*(M). Recall that Q*(M) is naturally graded by the degree
of differential forms. A graded differential ideal is a graded ideal closed under the de
Rham differential. We denote the k-th homogeneous piece by Z¥. We are interested
in integral manifolds of Z. These are submanifolds ¢ : N < M such that i*a =0
for any a € Z. Many interesting problems can be formulated in the language of
EDSs and integral manifolds. For a fixed x € M, the set of integral elements for 7
of rank k at x is the set {E C T, M : dim(E) =k, Va € I* : a|p = 0}.

We will be interested in EDSs with independence condition. An independence
condition for 7 is given by a set of 1-forms {w!, ... ,w"}. We consider only those
integral manifolds of Z for which i*(w! A ... Aw™) is a non-vanishing form on N.

We will be interested only in the differential ideals with an independence
condition which are (locally) generated as differential ideals by a set of linearly
independent 1-forms. We will call such a differential ideal a Pfaffian system. Let
7 be a Pfaffian system with a generating set of linearly independent 1-forms
{0%,...,6%}. We denote by I the subbundle of T* M spanned by these forms. We
may assume that {w!,... w™ 0 ... 6%} is aset of everywhere linearly independent
1-forms on M. This set spans a subbundle of 7% M which we denote by J. So I is a
subbundle of J. Let {m!,..., 7'} be a set of 1-forms such that the set {w®, 67 7€}
withi=1,...,n,j=1,...,8,e = 1...,r gives a basis of T M for each x € M.
Let us now fix z € M. We put V* := (J/I),, W* := I,. We write v' = wi w/ = 6
and denote the dual elements by v; and w;. We call the Pfaffian system Z a linear
Pfaffian system if

(5) do* = A% AW+ Thw' Aw

holds for some functions A%, T modulo the algebraic ideal in Q*(M) generated by
I. The tableau at the point z is equal to A, := (A%v' @ w, C V' @ W|1 <e <r).
Here ( ) denotes the linear span. We drop the subscript « and write A instead of
Ag.
Let 6: V'@ V' @ W — A2V* ® W be the natural projection. Set H%2(A) :=
A2V @ W/§(V* @ A). The torsion of (I,J) at z is defined as the class [T, :=
[Ti‘}(x)vi AvI ®w,) € HY2(A). If [T,] = 0 we say that the torsion is absorable
at z. This means that we can replace ¢ by new forms 7n’¢,e = 1,...,t such that
{w?, 67, 7%} is still a basis of T M for each x € M and T/ =0 for all a, 4, j at the
point = with respect to the new basis. Later on we will need the following lemma.

Lemma 1. For a linear Pfaffian system on M with an independence condition,
the necessary and sufficient condition for vanishing of the torsion [T] at a point
x € M is that there is an integral element over x € M satisfying the independence
condition.

Proof. See Proposition 5.14. from [IJ. O
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If follows from Lemma [I] that the torsion is a primary obstruction for existence
of integral manifolds. Suppose that [T] = 0 on an open neighbouhood of z. Put
Ay = AN @ oM @Wfor k=1,...,n. Put AN = 2V @ WNV*® A.
We call A the (first) prolongation of the tableau A. Then we have the inequality

(6) dim(AM) < dim(A) + dim(A;) + - - 4 dim(A4,_1) .

We say that the tableau is involutive if the equality holds for some choice of a basis
of V*. It is convenient to introduce the Cartan characters s1,..., s, of the tableau
by requiring that dim(A) — dim(A) = s1 +--- + sg holds for each k =1,...,n.
Then the inequality @ becomes

(7) dim(AM) < sy + 259 + -+ + nsy .

If the tableau is involutive then the Cartan-Ké&hler theorem applies. The
Cartan-Kahler theorem guarantees existence of n-dimensional integral manifolds
passing through x satisfying the independence condition. Moreover we can read
from the Cartan characters “how many” such local manifolds there are.

If the tableau is not involutive one has to start over on the pullback of the
canonical system on the Grassmann bundle to the space of integral elements. In
calculation this means that we add elements from A() as new variables and add
new forms 0 := A%,n° — p%wj where p;»‘jvi @ v @ w, € AM to the ideal I.

EDSs naturally arise with PDEs. Suppose that we are given a system of PDEs
of order k. Then we take M to be the space of k-jets of solutions of the PDE and
we pull back the canonical system which lives on the space of jets of vector valued
functions.

Computation simplifies in the case of a constant coefficient system. The torsion
vanishes and in the case of a linear, constant coefficient, homogeneous system of
PDEs the tableau A is at any point isomorphic to the space of linear solutions of
this system. The first prolongation of the tableau is naturally isomorphic to the
space of quadratic solutions. Set A(®) := A and inductively for j = 1,2,... put
AU) = SIV* @ WNV* ® AU=D. Then AY) is naturally isomorphic the to space of
homogeneous solutions of the system of homogeneity j + 1 and AU+ = (40))(1),
For more see [5].

3. k-DIRAC OPERATOR (IN THE EUCLIDEAN SETTING) AND THE
CARTAN-KAHLER THEOREM

For this paper we will need to understand the space of linear, quadratic and
cubic monogenic spinors. Recall that S is the complex spinor representation of so(n)
defined in Section 1. There is an isomorphism M (k,n,R) @g S = M (k,n,C) ®c S.
We will work with complex representations of Lie algebra of C}(S)s and take tensor
product over complex numbers. We will denote the Cartan product by X. This is
the irreducible subspace with the highest weight in the tensor product of irreducible
representations.

Let E, resp. F be the defining representation of sl(k, C), resp. of so(n,C). We
choose a basis {e1,...,e;} of E. We denote by {e1,...,&,} an orhonormal basis
of F. Let g be the SO(n, C)-invariant scalar product on F. If n = 2m is even we
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denote by {vi,...,Um,w1,..., W} anull basis of F such that g(v;, w;) = 6;;. If
n=2m+ 1 is odd we denote by {v1,...,Um,W1,...,Wn,u} a basis such that the
relations on v;, w; are same as for n = 2m and g(u,u) = 1, g(u, w;) = g(u,v;) = 0.

In the case of the k-Dirac operator we have that (V,)c := (V) @k CEZE®F
and W, = S for each z € M(n, k,R). The tableau is isomorphic to 4, T E® T
where T =2 F X S is the Cartan component. We will drop the subscript . We call
T the twistor representation of so(n). The subspace T is invariantly defined as the
kernel of the canonical projection 7 : F ® S — S which is on decomposable elements
given by the Clifford multiplication m(¢ ® s) = € - s. By induction on i we get that
A is the intersection of S"t(E ® F) ® S with the kernel of the projection

i+1

where M = E®" @ F®'.

3.1. The space of polynomials on M(n, k,C) as a GL(k, C) x GL(n, C)-module.
Let us consider the action of GL(k,C) x GL(n,C) on the space of polynomials on
M (n, k,C) given by ((g, h)-f)(x) = f(hxg”) where g € GL(k,C),h € GL(n,C),z €
M(n,k,C) and f is a polynomial on M (n, k,C). The space of linear polynomials
is isomorphic to E' ® F’ where E',F’ is the defining representation of GL(k, C),
resp. of GL(n,C). The space of quadratic polynomials is then isomorphic to
S%E @F) =2 S?E' @ S*F' @ A’E' @ A’F'. The set {e; O e; ®eq Oeg, e;Ae; @eq A
egli,j=1,...,k;a,8=1,...,n} is a basis of S?(E' ® F'). Here we are using the
bases introduced in the previous paragraph. The corresponding polynomials are
Tailgj + T3iTaj € S?E' @ S2F', resp. TailBj — TBiTaj € A’E @ AF.

With respect to the usual choices on Lie algebra of the semi-simple part of
GL(k,C) x GL(n,C), i.e. the Cartan subalgebra consists of diagonal matrices
and positive roots span the strictly upper triangular matrices, the polynomials
Z11,T11%22 — T12T21 are highest weight vectors of E' @ F/, resp. of A2E’ @ A2F’. If
k = 2 then Theorem 5.2.7 on GL(k, C) x GL(n, C)-duality from [4] shows that any
highest weight polynomial of an GL(k, C) x GL(n, C)-irreducible subspace is up to
a scalar multiple a product of 17 and z11229 — T12%21.

3.2. Non-involutivity of the tableau of the k-Dirac operator. Recall that
we have denoted by {e1,...,e,} an orthonormal basis of C". We consider it also
as an orthonormal basis of R” and {ej,..., ey} as a basis of R*. Then {e; ® £,}
is a basis of V*. Let us order it by {e; ® €1,...,e1 ® e, €2 ®€1,...,€, Q&g }. Let
{s*|u=1,...,s} be a basis of S. Then {e, @ s* + &, ® £,.€4.5*|a < n} is a basis
of T. In particular dim(T) = s(n — 1). The Cartan characters with respect to the
ordered basis of V* are equal to 51 = ... = Sk(n—1) = 8 Sk(n—1)41 = - - - = Snk = 0.
It is clear that these characters minimaze the right hand side of . So the right
hand side in is equal to s(k("_;)"'l).

We now have to compute the dimension dim(A™®)). We know that A is
naturally isomorphic to the space of quadratic monogenic spinors.
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Lemma 2. The dimension of AV is equal to s(k("_;)“) - s(’;) In particular
dim AM < s(k(”_;)H) and the tableau associated to the k-Dirac operator is not
involutive.

Proof. First let us consider the piece AV N S?E @ S?F ® S. Let aﬁfjag e C

with «, 8 > 1 be artibrary such that ai.‘jaﬁ = afjﬁa = a?mﬂ Consider the element

ats 0 3€i0€;® (€4 OEpR M +e0OE1 Qe €55 +egOE1®E1 Eq -5 —20%Pe1 ®E1 @ 5H).
Then from it follows that this is an element of S?E ® S?F @ SN AM) with
prescribed components afjaﬁei ©e; ®eq ©®eg ® s where o, 3 > 1. On the other

hand any element of S2E® S2F @SN AM is uniquely determined by the coefficients
aln € C with o, 8> 1. This shows that dim(S?E ® S?F@Sn AW) = s(4) (*1).
As a sl(k,C) @ so(n, C)-module this piece is isomorphic to S?E ® S2F X S where
S2F denotes the trace-free part of S?F.

Let aj;,5 € C with a, 3 > 1 be such that aj;, 5 = —aj;5, = —a};,5- Then the
element a’i‘jaﬂei/\ej ® (ea Neg®@s! +eqg Ne1@ey-eg-st —egNep ®er-€q - SH)
belongs to AM iff for all i, j =1,...,k: > ap UjapEa - €p - s* = 0. These are s(g)
linearly independent equations. This shows that dim(A’E @ A’F @ SN AM) =
s((g) " - (;‘)) As a sl(k,C) @ so(n,C)-module this piece is isomorphic to
A’E® A?’FIXS. This space is irreducible if n > 4. If n = 4 it is the direct sum of two
irreducible pieces. Summing up we get that dim(A®M)) = s(k("_;)ﬂ) — s(g) . O
3.3. Involutivity of the tableau of the first prolongation for k = 2. Now
we show that the tableau associated to the first prolongation is involutive when
k = 2. We replace A by A® and AM) by A®) and repeat the algorithm. This
means that we have to compare the sum of the Cartan characters with respect to
a suitable filtration on the space of quadratic monogenic spinors (right hand side
of ) to the dimension of the space of cubic monogenic spinors.

According to Section [3.1] the space of homogeneous polynomials of degree 3
on M(n,2,C) decomposes into S°E’ @ S°F' & (E' K A’E') ® (F' K A’F') as a
GL(2,C) x GL(n,C)-module. If we restrict SF’ to so(n,C) then it decomposes
into SF @ F where S3F is the trace-free part of S®F. The trace-free part is
the kernel of the canonical contraction. If n > 4 then A?F’ is irreducible also
under the action of so(n,C). If n = 4 then s0(4,C) = 50(3,C) ® s0(3,C) and
the defining representation C* is isomorphic C* = C? ® C? where we use that
50(3,C) = s1(2,C). The space A2C* decomposes into A2C? @ S?C? @ S?C? ® A2C2.
This is a splitting of 2-forms into self-dual and anti-self-dual part. The spinor
representations are S; &~ C2®@C, S_ = C® C?, i.e. it is the defining representation
of one summand times the trivial representation of the second summand. The
projection m: (C? ® C?) ® S; — S_ is then the obvious skew-symmetrization in
the first factor times the identity on the latter factor. Similarly for S_.

Lemma 3. Let us write n = 2m if n is even and n = 2m + 1 if n is odd.
The space of cubic monogenic spinors contains the following list of irreducible
sl(2,C) @ so(n, C)-modules
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n>3: SPE @ (SSFKS) 2 (ntLn(n=1)

n>5: (ERA’E)® (A2FRF)RKS) 2 (b))
where on the right is the dimension of the module. For n = 4 there is also the
module (EX A?E) ® (C? ® S1C? & S1C% @ C?).
Proof. Let v; € F be the first basis element introduced in Section [3] Then v; is
null and we may assume that it is a highest weight vector in F. Let s € S be a
highest weight vector. Then v - s = 0. This shows that S°E ® (S°FRS) ¢ AW if
n > 3. If n = 4 then F ® AF contains two unique pieces C?> ® S3C? @ S2C? ® C2.
Then S3C? @ C2 XS, = S*C% @ C? is in the kernel of the map . Similarly
for S_. This shows that (2,1) ® (C? ® S*C? @ S*C? ® C?) belongs to AWM. If
n > 4 and vy € C" is the second basis from Section [3] Then with the usual
convention vy A vy € AF is a highest weight vector and v - s = 0. This shows that
(EXA’E) ® (A’FRF)XS) ¢ AW, This proves the first part of the lemma. Now
we use the Weyl dimension formula to compute the dimension of each module from
the list.

The Weyl dimension formula works for semi-simple complex Lie algebras. We

denote by ®1 the set of all positive roots, by p the lowest form. Let Vy be an
irreducible module with highest weight A. The Weyl dimension formula is

Hae@"*' <p+ >‘7O‘>

[loco+ (o)

We will use the same notation as in [2]. Suppose that n = 2m. Then &+ =
{eitej|l <i<j<m}and p=(m—1,m—2,...,1,0). The denominator is
[locor (o) = (2m — 3)1(2m — 5)!...3!11!(m — 1)!. Suppose that m > 3. The
highest weight of V), = S?FX S, is (3 + %, %, ceey 2) Thus the nominator is
[Tocos (A+p,a) = (2m+1)!1(2m — 4)!(2m — 6)! ... 2. So we get that dim(S*F X
Sy) =22 (2m + )( m)(2m — 1). The highest weight of V, = FRA2F K S, is
w=(2+ ;,1 + 3.8, 5). Then [T, cor (0 + p, ) = $(2m + 1)(2m — 1)1(2m —
3)!(2m — 6)!(2m — 8)!...2!. This gives that dim(V,) = (2m+1)(2m7?(2m73)2m71.

Let us now consider the case n = 2m+1. Then ®T = {e; £e;,¢;|1 < i < j <m}

(9) dim(V)) =

and p = (m— 1, m — %7...,%,%). The denominator is [], cqe+(p,a) = (2m —
2) (2m—4)!...2/(m—3)(m— %) 1. Suppose that m > 2. The highest weight of

= S3FXSis 3+3,%,...,3). Thub the nominator is Haeq>+ (0+p,a) = :(2m+
2) (2m—3)!(2m—>5)!...3!1!. So we get that dim(S?*FKS) = (2m+2)(2m+1)2m

The highest weight of V, =FXAFXSisv = (2+ %,1 + 3,%:---»3). Then
[Toco+ (v +p ) = 2(2m +2)(2m)!(2m — 2)!(2m — 5)!(2m — 7)! ... 3111 This gives
that dlm(VV) _ (m,+1)m(7;,—1)2m+3 . 0

Now we need to find the Cartan characters.

Lemma 4. Let k =2 and n > 3. Then the sequence of Cartan characters is equal
o (2n —2)s,(2n — 3)s,...,3s,2s5,0,0,0.

Proof. Let us first consider the case n = 3. Let us choose the ordered basis ¢; ® €1,
es ® e, (61 +e2) ®es, (61 —e2) ®es, ea ®eq, €1 ® 3 of V', The corresponding
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affine coordinates are

t1 5

(10) (t1,...,tg) — te to
Ttz +ts) (s —ta)

We have to show that the corresponding Cartan characters are 8, 6, 4, 0, 0, 0.
The proof of Lemma [2] shows that the space of quadratic monogenic spinors is an
irreducible sl(2, C) x s0(3, C)-module isomorphic to S?E ® (SF X S). The complex
dimension of this module is equal to 18. From the description of this module given
in Lemma [2] follows that the first two Cartan characters are equal to 8, 6. It
suffices to show that the last three Cartan characters are zero. That is: there is no
monogenic quadratic spinor in the variables t4, t5, tg.

The description of the basis of S?E ® S?F given in Lemma [2| shows that a
polynomial f € S?E® S2FNC[t4,ts,ts] is necessarily of the form f = at3 +bt2 +ct2
for a,b,c € C. So we have to consider a spinor of the form (a*(e; —e2) ® (€1 —
62)®€3®€3+b“62 ®ea®er ©®er +C/‘L61 ®er ®62®€2)®5# where o= 1,2 This
element belongs to the kernel of the map iff all coefficients a*, b*, c* are zero.
This proves the claim for n = 3.

For n > 3 we choose the ordered basis e; ® €1, e2 ® €1, €1 ® €9, ..., €3 ® &p_3,
€1 Qep—2, 2Q€n_1, (€1+€2)Vey, (61 —€2) Vey, €2 Rep_2, €1 @€,_1. The affine
coordinates are then

t1 to
t3
(11) (tl’t2>t37-~~7t2n)’_’
ton—5 ton—1
t2n t2n—4

$(tan—3 +tan—2) %(tan—3 — tan—2)

The claim follows from the description of the space of quadratic monogenic spinors
in the proof of Lemma [2| and the case n = 3. O

Theorem 1. The first prolongation of the tableau associated to the 2-Dirac operator
1s involutive.

Proof. By the previous lemma the right hand side of the Cartan test is equal
to s 32V i(2n — 1 —d) — 2s(n — 1) = s(3) — 2s(n — 1).

We used that 1 i(n+1—1i) = (”;2) Now we use the lower bound on
dim(A™M) from Lemma (3| Recall that s = dim(S; @ S_) = 2™ where n = 2m
if n is even while n = 2m + 1 if n is odd. For n > 5 we have that dim(A(l)) >
2m+1(n+1)n(n—1)+2;”*1(n+1)(n—l)(n—3) —9m (23n) _9. 2m(n _ 1) Thus we have the
equality in the Cartan test and the tableau is involutive. Let us consider n = 4.
The module S3F XS, is isomorphic to S3C? @ S3C? K S, = S*C? @ S3C2. The
dimension is equal to 20. The dimension of the latter piece from Lemma [3]is clearly
40. Since dim S°E = 4 we get that dim(A(M) > 4-40 + 40 = 200. On the other
hand the sum of Cartan characters is equal to 4(2) —2-4-3 =200 and this is again
an involutive tableau. This completes the proof for n even.
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The last remaining case is n = 3. Recall that s[(2,C) = s0(3,C) and S = C%, F &
5l(3,C). Then dim(S?E ® S3F X'S) = 32. The sum of the Cartan characters is
24+2-343-2)=32. O

3.4. Initial conditions for the 2-Dirac operator. We now use the Cartan-Kéahler
theorem to characterize the set of initial conditions for the 2-Dirac operator. Let
us first consider the case n = 3. Already on the lowest dimensional case we can
illustrate the power of the Cartan-Kéahler theorem. The general case will be given
below.

Let us recall that we chose in the proof of Lemma an ordered basis of M(3,2,R)
with affine coordinates in . Let us now denote the natural coordinates on the

n

space J2S of 2-jets of spinors by {ti,s”,uj ,p%} so that the canonical contact

system is 0/ = dst — ufjw;, 0" = duj’ — pj;w; where w; = dt;, pj; = pl;, p = 1,2,
i,j =1,...,6. Let ¥ be the subset of J2S of 2-jets of monogenic spinors. Then
local solutions of 9f = 0 are in 1 — 1 correspondence with integral manifols in ¥ of

the pullback of the canonical system satisfying the independence condition given by

wi, - .+, we. On such manifold we can consider s*, ¥, p; as functions of ¢1,...,ts.
Forpy=1,2,v=1,2,3and j=14,2+1,...,4 let fi’;- be arbitrary real analytic

functions of variables t1,...,t;. Now the proof of the Cartan-Kéahler theorem gives

that there is a unique integral manifold of the canonical system satisfying the

independence condition passing through the point t; = -+ =tg =s* =uf =--- =

uf = 0 such that the following set of equations

(12) pﬁbj(tl,O,O,O,O,O):f{‘j(tl);j:172,3,4

pgj(tl,tg,0,0,0,0) = fgj(tlat2)§j =2,3,4
pgj(t17t27t3703050) - fél‘](tl,tQ,tg),] = 3,4

holds on the integral manifold. Recall that this gives existence of a monogenic
spinor which satisfies the system of initial conditions on an open neighbouhood
of the given point.

Since the k-Dirac operator is a constant coefficient system it suffices to unders-
tand homogeneous parts of monogenic spinors. The system of equations is
equivalent to the following: given arbitrary homogeneous spinors f1, fo of homo-
geneity 7, resp. r — 1 where r > 2 in variables ¢, t2, t3 then there is a unique
monogenic spinor f1 + t4fo + g where g is a homogeneous spinor of degree r such
that the sum of degrees of the variables t4, t5, tg of each monomial appearing in a
component of g is at least equal to 2.

For example consider quadratic monogenic spinors. The space of quadratic
monogenic spinors is naturally isomorphic to the vector space {ai‘jtitj + b)'taty}
where a}; € C,b)" € C are arbitrary constants symmetric in i, j,1 = 1,2,3. Note
that the dimension of this space is 2((;1) + 3) = 18 which agrees with the previous
computations. Cubic monogenic spinors are naturally isomorphic to the space
{aijtitjti+ b4, tatyt, } where affy; € C, by, € C are arbitrary constants symmetric in
1,7,,u,v =1,2,3. The dimension of the space of these coefficients is 2((2) + (3)) =
32.
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For general n we use the same coordinates as in . Let g1, g2 be homogeneous
spinors on M(n,2,R) of homogeneity r, resp. r — 1 with » > 2 in variables
t1,...,tan—3. Then there is a unique monogenic spinor g; + te,_2gs + g where g is
a homogeneous spinor of degree r such that the sum of degrees of the variables
ton—2, tan—1, ton, of each monomial appearing in a component of g is at least equal
to 2. We have proved the following theorem.

Theorem 2. The vector space of homogeneous monogenic spinors of degree r > 2
for the 2-Dirac operator in dimension n > 3 is naturally isomorphic to the direct
sum of vector spaces of homogeneous spinors of degree r and r — 1 in the variables

t1,ta, .. tan—3 from (11).
4. THE CARTAN-KAHLER THEOREM FOR THE PARABOLIC k-DIRAC OPERATOR

4.1. The canonical linear Pfaffian system on J2S. Let us recall that we are
working on the affine set U/ from Section We write coordinates on M (n, k, R)
as To; and on A(k,R) as y,s. Then 0,; and 9,; = —0g, stand for the coordinate
vector fields. We use convention dy,s(0;;) = 0;r0;5 — ;r0;5. Then we can write
dyrs = —dys,.. We set Lo; = Oni — %,Iajaij and call them left invariant vector fields.

As in the case of the Euclidean 2-Dirac operator we will need the first pro-
longation of the canonical linear Pfaffian system living on the space of 1-jets
of monogenis spinors, i.e. we will need to work on the space of 2-jets of mo-
nogenic spinors on U. We write coordinates on the space J2S of 2-jets of spi-

nors over U as {Tai, Yrs, S" u’al,vfb,amﬁj,b’;m, ck .o} with the relations v, =
Iz — H H — ol — M —
UQT’ oczﬁ_] a’ﬁ]az’ baws - bozzsr? rsuv - cum’s - Csruv - crevu The canomcal

Pfaffian system 7 is generated by 1-forms 0/ = ds* — ul dza; — $vFdyys, 04, =

dugi — Mﬁ]dxgj zb(médym,ﬂl‘ = dvk, — bmuvdxm — ; ct . sdyrs. Here we are
summing over all 7, s = 1,...,k and so the factor 1 5 appears there.

We will need to introduce new coordinates Wthh are more adapted for the
operator D. In the first place we have to find the dual 1-forms to the vector fields
Ly, Ors, i.e. we are looking for 1-forms such that wa;(Lg;) = 0agdij, Wai(Ors) = Wrs
(Lai) = 0, wps(055) = 0irdjs — 0is0;r. These forms will give for each € U an
isomorpism T;U = E ® F & A2E where A?E is isomorphic to the span of all
(wrs)z and E ®@ F is the span of all (wai).. We will not distinguish between
complex and real representations as carefully as we did in the previous sections.
The meaning should be clear from the context. We find that w,; = dz.; and
Wrs = dYrs — %(;vlgrd;vlgs — xgsdapy). We have dwq; = 0, dwrs =Y, Was N War-

Substituting wq;, wrs into the formula for 0* we obtain 6# = ds* — o ,wai —

m o=l o1
erswm where ot = uf 2xajv . We set AazB] Upigj — 3 (Jcmbﬁ]zs —|—ac5tbmjt) +
I i _ I [ _
4xa5xﬁt6ri33 (Saﬁvzﬁ Baz]s b(mys QxOétCztjs’ Crekl = Crsi Then Aozzﬁj
1 H u M —_
Aﬁ]m = 6a5v This is compatible with ( . The forms 67, 6% are then 6, =

dO'(” —+ 2£TJQJ9” Aaiﬁjwﬁ] B'u Wrs,y o

anrs

1
- dvﬁs - Bﬁﬂswﬂj Cﬁsuvw

rs

4.2. Vanishing of torsion. In this section we argue that the torsion of the linear
Pfaffian system associated to the k-Dirac operator and to its prolongation vanishes.
We state a necessary lemma from [8] and set the notation. We define a grading
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on the space of polynomials C[z;, yrs]. The weighted degree of linear polynomials
is deg,, (zqi) = 1, deg,, (yrs) = 2. We extend this to the space of monomials such
that deg,, is a morphism of (Clx a4, Yrs],-) — (Z,+). Then deg,, (f) =r iff fisa
sum of monomials of the weighted degree r. We say that a spinor 1) on U is of the
weighted degree r if each component of ¢ is a weighted polynomial of degree r in
the preferred trivialization.

Lemma 5. Let ¢ be a homogeneous monogenic spinor (in the Euclidean setting)
of degree v on M(n,k,R), i.e. 0 =0. Let g € Cly,s] be an arbitrary homogeneous
polynomial of degree I. Then there is a parabolic monogenic spinor ¥ homogeneous
of weighted degree r 4+ 2l on U, i.e. DV = 0, which is of the form ¥ = gy + l.o.t.
where l.o.t. stands for a spinor on U whose components are polynomials which are
of degree strictly smaller than 1 in y-variables.

Proof. This is Lemma 8.6.2 from [§]. O

Let us choose k € {1,2}. We denote the space of k-jets of monogenic spinors
by ¥. The lemma implies that there is an integral manifold passing through any
point in the fibre of the canonical projection ¥ — U over the origin 0 € Y. The
tangent space of the integral manifold is an integral element and so by Lemma []
the torsion [T'] = 0 vanishes identically in the fibre over 0 € U.

The flow of (the projection of) a right invariant vector field X on the homogeneous
space is symmetry of the operator D. By flows of such vector fields we can move
any point x € U to any given point 2’ € U. The induced action on ¥ is compatible
with the canonical projection to U. The flow of the field X preserve the ideal I and
thus also the tableau and the torsion is invariant along the flow lines. Since the
torsion vanishes in the fibre over 0 € U it has to vanish everywhere on X.

4.3. Non-involutivity of the tableau associated to k-Dirac operator D.
The space of 1-jets of spinors on U is the set J'S = {(zai, Yrs, s*, 05y, vE) } with
canonical linear Pfaffian system generated by the forms 6# and the indepence
condition wy;, wys. The structure equations are df* = —dot, Awa; — %dvﬁ‘s AWps —
%U’T‘dem. We use abstract index notation and the Einstein summation convention.
We can then write (¢4-) : S — S, (¢ - s)# = (e-)ks” for any spinor s¥ € S and € € F.

Then a 1-jet from J1§ is a 1-jet of monogenic spinor iff 37 (q)},0h; = 0 for all
i=1,...,k. We may take 7° to be the forms do’,;, with o > 1 and dv¥, with r < s.
For each z € U : Vi 2 E® F @ A’E and W, = S. The tableau is at any point
isomorphic to EQ T®A?E®S while the torsion is represented by [— 1 v¥ dw,]. From
the discussion in the previous section follows that the torsion vanishes identically.

The Cartan characters with respect to the ordered basis e; ® €1,...,e1 ®
Ehyvor el ®EL, Cp1 DER 1 NCo,y... 1 NChy € DEL,...,en Qe of V' are
si=s,8;=0fori<k(n—1)+ (]2“) < j and so the right hand side of is equal

k
to s(k("_l);(Q)'H). The first prolongation is clearly isomorphic to

(13) AV =2MoAEQE®T® S*(A’E)®S



k-DIRAC OPERATOR AND THE CARTAN-KAHLER THEOREM 345

where M is the space of the quadratic monogenic spinors (in the Euclidean setting)

described in the proof of Lemma The dimension of the prolongation is dim(A™)) =
k(n—1)+(5)+1y _ _(k

s o(h)

We see that we do not have equality in the Cartan test and thus the tableau
is not involutive. We have to prolong this system as we in the case of the 2-Dirac
operator 0. The interpretation of the tableau and its prolongations is the following.
Let JiM be the space of i-jets of monogenic spinors at a point x € X. The
tableau is isomorphic to the kernel of the canonmical projection JIM — JIM,
the first prolongation of the tableau is isomorphic to the kernel of J2M — JIM,
the prolongation of the first prolongation is then isomorphic to the kernel of
J2M — J2M and so on.

4.4. Involutivity of the first prolongation of the parabolic 2-Dirac opera-

tor D. The structure equations on J2S are dor = 0, b, = Sx,;d0;; — dAL5; N
wgj — 1dBonrs N Wrs — azrsdw’rs’ deﬁs = dBﬁgrs A wgj — 7dc'rsu'u N Wyy —

ic

Hwwdwyy all modulo I .

The space of 2-jets of monogenic spinors is the subset of J2S where the following
set of relations holds. In the first place: Y  (eq-)hok; = 0,3 (ca-)iBY;s = 0
holds for all 4,r,s. From the variables AZW only those with «,3 > 1 are free.
There is one more system of equations ), ;- [(ea")s, (€5)0] A% 5, = (=1 + 2)vf;

We find that for any 2 € U4: V- 2 E®F, WX E® T® A?’E®S and that the
tableau A is isomorphic to the first prolongation from the previous section.
The torsion vanishes identically on ¥ by the same argument as in the previous
section.

Lemma 6. The Cartan characters of the tableau A are (2n —1)s, (2n —2)s, (2n —
3)s,...,3s,25,0,0,0.

Proof. Let us choose the origin x = 0 € X. Let us order basis of V* by putting the
vector e; A es € AE in the first place and then we put the basis of E ® F ordered
in the same way as in Lemma [4] Then the first Cartan character is equal to the
dimension of S?(A?E) ® S & A2E ® E ® T. This number is equal to s(1 + 2(n — 1)).
The other Cartan characters clearly coincide with the Cartan characters from
Lemma [4 O

Lemma 7. The first prolongation A is isomorphic to the direct sum of the
corresponding irreducible s1(2,C) @ so(n)-modules from the table and A>°E ®
M S?2(A’E) @ E@ T & S3(A2E) ® S where M is the module isomorphic the space
of quadratic monogenic spinors (in the Euclidean setting) from Lemma .

Proof. This follows from the definition of A ;= V*® AN S2V* @ W. O

Theorem 3. The tableau of the first prolongation of the parabolic 2-Dirac operator
is involutive.

Proof. The right hand side of the Cartan test (|7) is s Z2n Yi(2n—i)—(2n—1)s =
(2" U (4n2% + 2n — 6). The left hand side is equal to dim(AM) = s(%") — 2s(n —
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1)+ s((2(”;1)+1) —1)+2s(n—1)+s =s(2n— 1)4"24#. Here we have used
that dim(M) = s((2<n721)+1) — 1) proved in Lemma |1| and that the dimension of
the space of cubic monogenic spinors (in the Euclidean setting) is 5(2;) —2s(n—1)
which was shown in the proof of Theorem [T}

Remark 1. Thus we conclude that the machinery of the Cartan-Kéhler theorem
reproves that the set of initial condtitions for the 2-Dirac operator D is the one
stated in Lemma [5] This follows directly from Lemma[6} knowing that the tableau
is involutive. So we see that the set of initial conditions from Conjecture [I] cannot
be obtained from the machinery of the Cartan-Kéhler theorem but a modification
of the Cartan-Kéhler theorem for weighted differential operators is needed. See [6].
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