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A Note on Singular Points of Convex Functions in Banach Spaces

L. ZAJICEK

Prague*

Received 14 April 1993

The magnitude of sets A"(f) of points at which the subdifferential of a continuous convex function f
defined on a Banach space with separable dual space contains a ball of finite codimension n is
characterised.

Introduction

Let X be a Banach space and let fbe a continuous convex function (or, more
generally, a proper convex function) on X. For a nonnegative integer n, we denote
by A"(f) the set of all points x € X at which the subdifferential df(x) contains
a ball of codimension 7 (i.e. a ball in a closed affine subset of codimension n). We
investigate how big the set A"(f) can be. If X is finite-dimensional, then a satisfac-
tory characterisation of the magnitude of sets A"(f) is given in [Z] (the case of
a continuous convex f) and in [V] (the case of a proper convex f).

The case when X* is separable was considered also in [V]. In this case A°(f)
is always countable and each set of the form A"(f), n 2 1, can be covered by
countably many of special pieces of some n-dimensional Lipschitz surfaces in X,
which are called 0 -convex fragments.

In the present note we observe that the proof in [V] implicitely contains the fact
that these 0 - convex fragments have an additional property (they are UDC,
— fragments, cf. Definition 2 below).

The second observation is that a slightly modified construction from [Z] gives
that if E C X can be covered by countably many of UDC, — fragments, then
there exists a continuous convex function f on X such that E C A"(f). Thus we
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obtain a characterization of the magnitude of sets A"(f), but it is not too nice,
since the notion of a UDC, — fragment is rather complicated and there is
a natural open question (cf. Problem below) whether it can be simplified.

A quite satisfactory characterisation we have for n = 0 and » = 1 only.

Finally we consider the set A}(f) of points x at which f “has a big singularity
in all directions”, more precisely, d f(x) + d _,f(x) > € for each v, |v| =1,
where € > 0 does not depend on v. It is easy to see that always A°(f) € AY(f).
But the opposite inclusion generally does not hold. Moreover, it is shown (Exam-
ple 1) that A)(f) can be uncountable in .

In the following we shall use the following notations and definitions.

Notation. The open ball with center x and radius r is denoted by B(x, r). The
one-sided derivative of a function f on a normed linear space is defined as
d f(x) = lim ..o, (f(x + tv) — f(x))t ~. For the notion of a proper convex func-
tion see e.g. [P].

Definition 1. (cf. [VZ], p. 45, Problem 10) Let X, Y be linear spaces, A C X
be an open convex set and ) # M C A. We shall say that F: M —~ Y is delta-
-convex on M w.r.t. A if ther exists a continuous convex function f (so called
control function) on A such that for each y* € Y*, | y*|| = 1, there exists a conti-
nuous convex function g, on A such that y*o F = g. — fon M.

Note 1. If M = A, we obtain the notion of a delta-convex mapping on A which
generalizes in a natural way the well-known notion of a d-convex function. The
investigation of delta-convex mappings was started in [VZ] (cf. also [KM], where
2 from 10 problems contained in [VZ] are solved). It is still unknown (cf. Problem
10 from [VZ]) whether or not each F: M — Y which is delta-convex w.r.t. A can
be always extended to a delta-convex mapping on A.

Note 2. A slightly different definition of a delta-convex mapping is used in [V].
Namely, the control function is demanded to be Lipschitz. This difference is not
essential, since each continuous convex function is locally Lipschitz.

Definition 2. Let E be a subset of a Banach space X and n < dimX be
a positive integer. Following [V] (p. 558) we shall say that E is a 6-convex fragment
of dimension n (E € DC,) if there exists a closed subspace Z of X and its
topological complement W of dimension n, M C W and a Lipschitz mapping
@ : M — Z which is delta-convex on M w.r.t. W with a Lipschitz control function
f such that

E={w+ @(w): we M}.

We shall say that E is a uniformly Lipschitz 6-convex fragment of dimension
n(E € UDC)) if E € DC, and, moreover, @ and f can be chosen in such way that
all functions g, from Definition 1 can be K-Lipschitz for some K (independent
ony*).

Fragments with M = W will be called surfaces (curves for N = 1).
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Results

To prove our main result, we shall need the following characterization of the sets
A%(f).
Lemma. Let f be a continuous convex function defined on an open convex

subset C of a Banach space X. Then for each nonnegative integer n the following

conditions are equivalent:

(i) x < A"(),

(ii) There exists a closed subspace Z C X of codimension n, y€ X* and € > 0
such that

d.f(x) 2 (z, y) + € for each z€ Z, |z| -1

Proof. (a) Suppose that (i) holds. Then there exists a closed subspace W C X*
of codimension n, y € X* and r > 0 such that

B(y, nn(y+ W) < of(x).

Chose a n-dimensional ¥V C X* such that V® W= X*and letn,: X* - W
be the projection in the direction of V. Put ¢ =}r|nw| ~'and Z = * V. It is well
known that codim (Z) = n. Choose z € Z, ||z = 1. We know (cf. e.g. [P]) that

M df(x) = sup{(z s):se€df(x)
Find u € X*, |u|| = 1 such that (z, ) = 1 and denote w = ntw(u). Then obvi-
ously (z, w) =1, |w|| = |nw| and y + Z—w € df(x). Therefore by (1)

2)wi

r r
d.f(x) 2 (z, y)+(z,mw)—(z, y)+m;(z, y)+e

(b) Now suppose that (ii) holds. We can suppose without any loss of generality
that y = 0 (if y # 0, we can consider the convex function f(x) = f(x) — (x, y)).
Choose an n-dimensional T C X such that Z® T= X and put E= T*,
F = Z*. 1tis well-known that E® F = X*and dim F = n.Letnz: X* - Ebe
the projection in the direction of F. We shall show that

ng(df(x)) @ E » B(0, ¢).
In fact, let p € E n B(0, €). Since y = 0, (ii) implies that

(z, p) = df(x) = f(x + 2) — f(z) for eachz€ Z.

Therefore by the well-known version of the Hahn-Banach theorem (cf. e.g. [RW])
there exists g € df(x) such that p/Z = q/Z and consequently p = nz(q). Now
let n, be the minimal nonnegative integer for which there exists a closed subspace
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W of codimension n, such that a linear projection of df(x) on W has a nonempty
interior in W. We have proved that n = n,. If n, = 0, then (3f(x))’ # 0, ie.
x € A’(f). Thus suppose n = n, = 1 and choose a closed subspace W of codi-
mension n,, a linear projection my : X* —~ W and a (relatively) open ball B in
W such that B C ny(df(x)).

At first we shall show that () (W) N 9f(x) is a singleton for each w € B.
Suppose on the contrary that there are u' # u’ from 9f(x) and ye€ B for
which my(u') =ay(¥®) =y Put u=u’—u', Z=n3'({0}) and choose
a ((ny — 1)-dimensional) subspace U such that U @ Lin{u} = Z. Further let
L= W® Lin{u}andt , : X* = L be the projection in the direction of U. Clear-
ly A:m;(9f(x)) is convex and bounded. Therefore

a(w)i=sup{t: w+ tuc A}
is a bounded concave function on B and
B(w) :=inf{t: w+ tue A}

is a bounded convex function on B. Therefore u and / are continuous on B. Since
clearly a(y) > B(y), we easily obtain that A has a nonempty (relative) interior in
L, which is a contradiction with the definition of n,.

Thus we know that wy;'(w) N 9f(x) is a singleton, say {¢(w)}, for each w € B.
Let {u,, ...,u,} be a basis of Z. Considering for each i € {1, ...,n} and u:= y;

U, L, A, a;, B; defined as above,

we obtain that a(w) = B,(w) are continuous and affine on B and therefore also
¢: B —~ X" is continuous affine on B and consequently has a unique continuous
affine extension §: W - X*. It is easy to prove that ¢(W) is a closed affine
subspace of codimension n,, df(x) C W) and ¢(B) C 9f(x)is open in g W),
which proves (i).

Theorem. Let X be a Banach space with a separable dual space X* and T C X
be a set. Then the following assertions are equivalent:
(i) There exists a continuous convex function F on X such that T C A"(F).
(ii) There exists a proper convex function F on X such that T C A"(F).
(iii) T can be covered by countably many of uniformly Lipschitz 6-convex frag-
ments.

Proof. The implication (i) = (ii) is trivial. The proof of the implication
(if) = (iii) is implicitely contained in [V]. In fact, it is sufficient to observe that
each function H, constructed in [V] (p. 564) is Lipschitz with the constant
X(m + r).
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To prove the implication (iii) = (i) consider at first a fragment E € UDC,
which is determined by W, Z, ¢ : M — Z and a control function f as in Definit-
ion 2. We can suppose that ¢, f and all g. are K-Lipschitz. Remember that by
definitions

@) 2°(@W)) = gw) = f(w) for "€ Z*,|z*] =1 and we M.

Now define the function ¢ on W X Z (equiped with the maximum norm) by the
formula

o(w, 2) = sup {g(w) — 2*(9) ¢ | "] = 1}

All functions g.(w) — z*(z) are obviously convex and (K + 1)-Lipschitz on
W X Z. On account of (2) we have

() o(w, 2) = sup {z*(@(w)) + f(w) — z*(2): |z*| = 1} forwe M and z€ Z
and consequently

o(w, (w)) = f(w) for we M.

Consequently c is a finite (K + 1)-Lipschitz convex function on W X Z. Fur-
ther (3) implies that

o(w, p(w) + h) = f(w) + |h| for each we M and he Z.

Identifying X and W X Z, we obtain a Lipschitz convex function ¢ on X such that
dyc(x) =1 for each x€ E and he€ Z, |h| = 1. Therefore Lemma gives
E C A"(c).

Now suppose that T C U r=1 Ex € UDC . For each natural k find a Lipschitz
convex function ¢, on X such that E, C A"(c,) and then a sequence {a,}, a, > 0
such that F(x):= >,_, a;c,(x) is a convex Lipschitz function on X. It is easy to
prove that T C A"(F).

Note 3. Since the nature of UDC,-fragment is not sufficiently known, we
cannot be satisfied with the characterization of the magnitude of the sets A°(f) for
n > 1. The case n = 0 is easy (each countable set is a subset of some A’(f)) and
for n = 1 our Theorem and results from [V] give that the following assertions are
equivalent:

(i) There is a continuous convex function F on X such that T C A\(F).
(ii) T can be covered by countably many curves with finite convexity (i.e. LFC-
-curves in the terminology of [V]).
(iii) T can be covered by countably many of 6-convex curves.
The case n > 1 is unclear, since the following problem (analogical to Problem 10
from [VZ], cf. Note 1 above) is open.
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Problem. Is it true that each uniformly Lipschitz 6-convex fragment of dimensi-
on n > lis a subset of a (uniformly Lipschitz) 6-convex surface of dimension n?

Note also that I do not know, whether each J-convex fragment of dimension
n > 1 can be covered by countably many of uniformly Lipschitz é-convex fragments
of dimension 7. The following example which shows that AJ(f) can be uncountable
in /, was suggested to me by P. Holicky, J. TiSer and L. Vesely.

Example 1.
Let
C={x)el:|x,| =1/n} and A ={(x,) € ,:|x,| = 1/n}.

Clearly C is a compact convex subset of /, and A C C is uncountable perfect. Let
f(x) = dist(x, C) be the distance function determined by the set C.
It is well known that f is a convex 1-Lipschitz function and obviously
d.f(x) 2 0 for each x € C.
Now let a vector v € [,, |v|| = 1 and x € A be given. Consider the sets
I'={n:x,=1/nv,20, P={n:x,=1/n, v, <0},
P={n:x,=—1/nv,20, P={n:x,= —1/n, v, <0}

Since N = [Ji-; I*, we can choose k€ {1, 2, 3, 4} such that }{(v,)*:
ne€ Y¥ 2 1/4. We claim that d,f(x) 2 1/2if k€ {1, 4} and d_ f(x) = 1/2 if
k € {2, 3}. Let, for example k = 3. Now choose ¢ > 0 and consider the size of
f(x — vi) = dist(x — vt,C). If c€ Cand n€ 1 ;we have

(x—vt—¢),=—1/n—vt—c,S —v,t
and therefore |(x — vt — ¢),| 2 tv,.

Consequently

lx— vt —¢] 2 JS{A(v):ne L}z t/2
and therefore '

f(x— v — f(®)

t

1
= Efor each ¢ > 0.

The cases k = 1, 2, 4 are quite similar. Thus we have proved that
d.f(x) + d - f(x) 2 1/2 whenever x € A and ||v| = 1.

Example 1 implies that A}(f) does not coincide with A°(f) in /,. The following
simpler example illustrating this phenomenon was shown me by L. Vesely.
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Example 2,
Let

C={x={x}el:x,20|x] =1}.

Then the support function

f(x) i= a(x) = sup{x, y):ye )

is a continuous convex function on J with df(0) = C. Consequently 0 ¢ A°(f).
On the other hand, 0 € A}(f). In fact, for each v = {v;} € [,, |v| = 1, the num-
bers d,f(0), d_,f(0) are clearly nonnegative, but one from them is at least 3, since
vt:={v}}e C v :={v]} € C (v, v* — v7) = 1 and therefore one from the
numbers

(v v*), (—v V")

is at least ;

References

[KM] KoPECKA E. and MALY J., Remarks on delta-convex functions, Comment. Math. Univ. Caroli-
nae 31 (1990), 501 —510.

[P] PHELPS R. R., Convex functions, monotone operators and differentiability, Springer-Verlag, 1989.

[RV] ROBERTs A. W. and VARBERG D. E., Convex functions, New York and London, 1973.

[V] VESELY L., On the multiplicity points of monotone operators on separable Banach spaces,
Comment. Math. Univ. Carolinae 27 (1986), 551—570.

[VZ] VESELY L. and ZAJCEK L., Delta-convex mappings between Banach spaces and applications,
Dissertationes Mathematicae CCLXXXIX (1989), 1—48.

[Z]) ZAJCEK L., On the differentiation of convex functions in finite and infinite dimensional spaces,
Czechoslovak Math. J. 29 (1979), 340—348.

185



		webmaster@dml.cz
	2012-10-06T02:03:12+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




