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8th winter school on abstract analysis (1980)

Time-space duality and Salam-Weinberg model.

J. Soulek, V. Soulek

Using the time-space duality (see [1]) the basic phenomenolo-
gical in-put to S-W model (befofe spontaneous symmetry breaking)
can be discuss and clarified. With aid of the space-time duality
as the leading principle we can show the following facts:

1) There is a striking éonnection between the two - up to

now unrelated - phenomenological facts:
a) the weak interaction is left-handed
b) elmg charges of electron, resp. neutrino, are =1 ,
resp. 0O .
2) It is possible to set up a simple axiomatic treatment of
S-W model for leptons (without Higgs fields) - 2 plau-
sible axioms suffice as an input.
3) 4s a comnsequence of this approach the relation Q”= 30°

can be derived.

The time-space duality is formal symmetry (rather than duality)
between complex and quaternionic quantum mechanics (see [1] or the
other paper in this volume). Basic equations and correspondence

between them is the following one:
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For m # 0 the €- (resp. Q-) quantum mechanics describe bra-

dyons (resp. tachyons), so there is no hope to test the time-space
duality. But for magsless particles the time-space duallty is the
symmetry between known objects and can be used to derive some
practical consequences. ) '

The time-space duality allows us to treat the massless part of

S-W model with aid of two simple axioms.

To have a possibility to act with both €~ and Q-gauge trans-
formations on the same objects, we will consider wave functions with
values in €Q (complex quaternions). If we want to write a Dirac
equation for them, we need at least 2x 2 matrices with values in
€Q , so we are forced to consider doublets of such functions. Hence
the first axiom will be:

Axiom 1: The basic (Dirac) equation of the theory is the equation
(1) .(iU®O+ §;§ +mﬂ)W = 0 , where LW11 %‘ECQ
2

The'second.axiom describe the action of gauge transformations
on wave functions:

Axiom 2: Both C- and Q-gauge transformations acts only on some
components of wave function, corresponding projectors Pm and

7 are dual to each other with respect to the time-space duality.
llore precisely, we suppose that the action of gauge transformations
is described by
’ Vi 1S(el?y)
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and that (’s is the projection, constructed in the dual manner
to /.

We need only one phenomenological input now - the fact that
weak interactions are left-handed. First we will use this fact to
derive the form of the parity operator A(t) . rét)-matrix and
the projection operator f’t « To do this we shall decompose the
wave function into complex components with aid of the substitution
- -

i -ic
. - 9. ‘{’1.1 7!2
V.= ¥d 4+ ivd , 3=1,2 =V, = J dl = vy, 3=1,2 .
3 0 421 422 J :
J J
4 ' :
For €-valued wave function ¢ = ¢ corresponding equations
=12

are (m = 0)

>
(11 ® 1 g + i6‘3 ®6 3 + ne, ® 1y

=0
and so in the C-picture we obtain
(t) _ +) _ _ )
A(‘()- 61®1J, 2"5(‘()_ 6‘3®11. P(‘f)' P ® .

After the ;*.ranslation back to C€Q-picture, we have

t (t) t_ o3
A()= G.], ?“'5 ='€3, = 2 "

Now we can derive the form of the parity operator A(s) , a

dual ré”

-matrix and finaly a - projection operator s in
a completely dual manner. By means of the substitution Y =

= % (1 +161);C we rewrite the equation (1) into the Q-form (m=0)
33
(12 + Pbo + im6‘3),c =0

and we can now decompose the wave function £ into reel and ime-

ginary parts, both satisfying the same equetion. The procedure dual

to the one in C-picture gives us now
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(s) _ (1 _ ,
A(p) = 6.3 ) Ts(p)(ﬁ) = P?f;:l.3

(the choice of 13 is conventional). After coming back to €Q-
-picture we obtain

T I AR ZE ]
and finally

FE(Y) = 1/2(¥=- 6y ¥iiy) .

So now we have the following infinitesimal gauge transformations
- 3
Sov =10%y), §v = ¢%w) i

su(2) x u(1) with

IR

and we see that they form a Lie algebra <

commutation relations
[0 & = 265k Fx o
for ] ==& [ Rl= &,
[0 6] =0 -

The abstract model is now built up and we can identify it

]

with usual S-W model before symmetry breaking. To identify weak,
elmg and hypercharge infinitesimal generators in our Lie algebra
we shall use the following known facts:

1) weak current is left-handed } with respect to the parity

A(8)

2) elmg current is vectorial operator

3) a hypercharge generator is a central one
1

From this facts we have
yQ = kQ([O" 5‘3) , o”Y = ky (-2 £+ 4‘3) i kg s ky €R .
The relation 56 = 1/2(63+ §y) sgives us ky = 1, kg =-1.

The knpwledge of charge and hypercharge generators tells us
that the physical content of our wave function ¢ (i.e. in the

usual C-picture) is
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end for ¢ written in more usual form @ = |y we have
: L
yRJ
= -1 i
- -1 - =21
SQ - 0 ’ &f =1 *
0 0

(The right-handed neutrino Yg 1s not contained in the standard
S-W model, but with respect to the fact that it has no interaction

with gauge fields, the physical content of the models is the same. )

Let us now write the lagrangian for our theory. The interac- -

tion part ‘ZI has the form
+
ZI = @ /3 D(u,@’
where A0 =10 1gN; sX=-19 o @ 6 » k=1,2,3;

2 2 A S
D/w= w + A N A/"U=AZ;:_‘OA(‘U Aeoé

To write a Lagrangian for pure gauge fields it is necessary to
prescribe a metric on the algebra £ . Then

Ly = By 1Fuy )5 Ty

The metric would be invariant with respect to a global gauge trans-

- I
=% A, = 2, Aw + [Au AL

formation, so on the su(2)-subalgebra {5'1, 52, 6‘3} it must be
a multiple of Cartan-Killing metric and on the u(1)-part | SY}

we can choose an arbitrary nontrivial metric. Let us set
= 22 = b =0 :
(81 &) = A2, (6, 18)=18,, (&18§)=0;

2k = 1,2,3
where A and b are the interaction constants. (In our forma-

lism the interaction constants ere contained not in Z’I , but in

s
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ZYM . The gauge fields are not, of course, canonical fields, i.e.
they need not satisfy the usual comutation relations. We can divide
them by suitable constants and for new canonical fields iaﬂm will
have the usual form and the interaction constants will apear in -

ZI as usual.)

The interaction part ZI contains a pure spinor term, which
gives us a metric (§>l¢>) for spinor fields. It is the important
fact now that our infinitesimsl generators f.,' Jb are equally
normed in described spinor norm (i.e. the eigenvalues are the same),
because the space-time duality tells us now that the dual genera-
tors F and  §; would have the same norm in o . The corres-

ponding relation is

(66 = ld =b5 §=123
and from {§y = -2 &y + 55 it follows that
b2=(%lfo)=%(‘Y’g3](Y‘{3)=j%}£"
hence
(2) L=vV3iv.

We obtained the Lagrangian

[ON
1

+ Y > 2 2, 2 2,2 2 _
DT 6 (0, + Ay 6y + & IO + A%, )% + bN(E, ) =

$rp(y, + 1 ) sy + § (bh) B + UFL, )2 +
) o
+ (bE., )<,

ﬂ/
can compare ¢ Wwith the usual S-W lagrangian

—}
where the fields 4A§/, bA are already the canonical fields. We

4 =T,[:3b'w( D{W - i%l- &y - i g% _t-aj”il. + R'«JJ“’(D(W - iga{w)R

and we obtain immediately g = % y 8 =’% .

The relation (2) gives us now

- o
6,= 30° .
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There is an interesting interpretation of this fact. As we
saw before, the correctly normed isospin generators are z in-
stead of the usual ;?/2 s, SO "the correct" interaction constant
is gy = 1/2 g . The relation 8, = 30° reads then as e = &y
and this can be interpreted as the equal strength of elmg and
weak interaction (before the symmetry breaking). Hence the space
time-duality is the remedy to usual problems with the degeneracy
of the group U(1) x SU(Z)'and we are left with the only one inte-

raction constant.

At the same time, the nice connection between the structure
3 :
of the space-time (we can consider it as ixo + ix ) and S-W group
U(1) x SU(2) (a generator is oi C°+%7T et ) can be easily seen

in this approach.
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