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Abstract. In this paper, we have investigated some properties of the first Dirichlet eigen-
value of a bicyclic graph with boundary condition. These results can be used to charac-
terize the extremal bicyclic graphs with the smallest first Dirichlet eigenvalue among all
the bicyclic graphs with a given graphic bicyclic degree sequence with minor conditions.
Moreover, the extremal bicyclic graphs with the smallest first Dirichlet eigenvalue among
all the bicycle graphs with fixed k interior vertices of degree at least 3 are obtained.
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1. INTRODUCTION

In this paper, we only consider connected, simple and undirected graphs. Let
G = (V(G), E(GQ)) be a graph with vertex set V(G) and edge set E(G). Let dg(v)
denote the degree of a vertex v in G and L(G) = D(G) — A(G) be the Laplacian
matrix of G, where D(G) is the diagonal matrix whose diagonal entries are vertex
degrees and A(G) is the adjacency matrix of G. A sequence of non-negative integers
(do,dy,...,dn—1) is called graphic degree sequence if there exists a simple connected
graph having 7 as its vertex degree sequence. Zhang [6] determined the extremal
graphs which have largest Laplacian eigenvalues among all trees with a given graphic
tree degree. Recently, the Dirichlet eigenvalues of graphs with boundary have re-
ceived much attention (see [1], [3]—[5]), since the graph Laplacian can be regarded the
discrete analog of the continuous Laplace operator on manifolds. Biyikoglu and Ley-
dold in [1] characterized the graphs with the smallest first Dirichlet eigenvalue among
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the trees with a given degree sequence with the spectral geometry methods. Further,
the authors of this paper in [5] determined the graphs with the smallest first Dirichlet
eigenvalue among the unicyclic graphs with a give n-degree sequence with minor con-
ditions. These results may be called discrete Faber-Krahn type theorems, since they
can be regarded the discrete analog of the celebrated Faber-Krahn Theorem con-
cerning Dirichlet eigenvalues among all bounded domains of the same volume in R?.

A connected graph is said to be bicyclic if its number of edges is equal to its
number of vertices plus one. Motivated by the above results, we will investigate the
first Dirichlet eigenvalue of bicyclic graphs with a given degree sequence with minor
conditions. Let m be a graphic bicyclic degree sequence. In this paper we always
assume that the frequency of 2 in 7 is 0. Let B, be the set of bicyclic graphs with
given degree sequence 7. In this paper, we are interested in the first Dirichlet eigen-
value of bicyclic graphs. The rest of this paper is organized as follows: In Section 2,
we recall some properties of the first Dirichlet eigenvalue of a graph with boundary.
In Section 3, we investigate the structure of bicyclic graphs with the smallest first
Dirichlet eigenvalue in B,. In Section 4, we characterize the extremal graphs with the
smallest first Dirichlet eigenvalue in B, and investigate the relationship between the
first Dirichlet eigenvalues of bicyclic graphs having the smallest Dirichlet eigenvalue
with different graphic bicyclic degree sequences.

2. PRELIMINARIES

In this section, we introduce some notations and lemmas. The definition of a graph
with boundary differs from that given in [2] where the set of vertices is just parti-
tioned. In a further step the set of boundary vertices is then the set of pendant
vertices. A graph with boundary is a graph G = (V, U9V, EyUOE) such that degree
of any vertex in V, (interior vertex) is at least 2, a vertex in 0V (boundary vertex)
is a pendant vertez, the edge in Ey (interior edge) connects two interior vertices, and
the edge in OF (boundary edge) connects an interior vertex and a boundary vertex.
Let S be the set of all real-valued functions on V(G) with f(u) = 0 for u € 9V. The
first Dirichlet eigenvalue, denoted by A(G), is the smallest real number A such that
there exists a function f € S such that L(G) f(u) = Af(u) for u € V(G). Let Ra(f)
denote the Rayleigh quotient of L(G) on real-valued function f on V(G). Then

ANG) = min Ra(f) >0,

and there exists a unique eigenfunction f of A\(G) with | f|| = 1 and f(v) > 0 for

v € Vo (see [2]). Such an eigenfunction f is called the first Dirichlet eigenfunction
of G.
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Let G — uv denote the graph obtained from G by deleting an edge wv in G and
G + wv denote the graph obtained from G by adding an edge uv. The following

lemma is well-known.

Lemma 2.1 ([1]). Let G = (Vo UV, Eg UOE) be a connected graph with bound-
ary. Suppose that u, v, x € Vy and y € V(G) satisfy wv, zy € F(GQ) and uz,vy ¢
E(G). Let f be the first Dirichlet eigenfunction of G and G' = G —uv — xy + ux +vy.
If f(u) > f(y) and f(z) = f(v), then

MG < MNG).

Moreover, the inequality is strict if one of the two inequalities is strict.

By Lemma 2.1, we can get the following corollary:

Corollary 2.2. Let G = (Vo UJV, Ey UOE) be a graph with the smallest first
Dirichlet eigenvalue in B,. Suppose that u, v, x € Vp and y € V(G) satisty uv,
xy € E(G) and uzx,vy ¢ E(G). Let f be the first eigenfunction of G and G' =
G —uw —xy +ux +vy. If G’ € B, then the following holds:

(1) if f(u) = f(y), then f(v) = f(x);
(2) if f(u) > f(y), then f(v) > ().

Let wv € E(G) be a cut edge of a graph G. If a connected component of G — uv
is a tree T' with v € V(T'), then the induced subgraph of G induced by V(T') U {u}
is called a branch tree at the vertex u of G.

Lemma 2.3. Let G = (Vo U9V, Eg U OE) be a graph with the smallest first
Dirichlet eigenvalue in B, and f be the first Dirichlet eigenfunction of G. If there
is a branch tree T' at a vertex u, then f(x2) > f(u), for any edge x1x2 contained in
any cycle C in G with u # x1, u # x2, and uzy ¢ E(G).

Proof. Since there is a branch tree T" at u, there exists a path P = uvy ... v;
with s > 1, vy € V(T') for 1 < k < s and v, € 9V. Clearly, zqvg, zovr ¢ E(G) for
1 < k < s. Suppose that f(z2) < f(u). Let G1 = G — x129 — uv1 + z1u+ x201. Then
G1 € By and f(z1) < f(v1) by Corollary 2.2. Further, let Go = G — 2129 — vivs +
2102 + z2v1. Then G2 € B and f(z2) < f(v2) by Corollary 2.2. Hence by repeating
above methods, we get f(vs) > min{f(z1), f(x2)}. But f(vs) = 0, since vs € OV.
Therefore f(x1) = 0 or f(x2) = 0. This is a contradiction with z1,x2 € V). So the
assertion holds. O
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Corollary 2.4. Let G = (Vo UJV, Ey UOFE) be a graph with the smallest first
Dirichlet eigenvalue in B, and f be the first Dirichlet eigenfunction of G. If a vertex
v Is not contained in any cycle of G, then there exist at least three vertices vy, v1, V2
in some cycle such that f(v;) > f(v) fori=0,1,2.

Proof. If v is a boundary vertex, the assertion obviously holds. Assume that
v is an interior vertex not contained in any cycle. Then there is a branch tree T
at the vertex v. Further there exist at least three edges voug, viu1, vous such that
vo # v1 # vg and vu; ¢ E(G) for i = 0,1,2. Hence by Lemma 2.3, f(v;) > f(v) for
1=0,1,2. O

Lemma 2.5 (see also [5]). Let G = (Vo UJV, Ey UOE) € B, and vi,v2 € V.
Suppose that wyv1 € E(G), uwe ¢ E(G) and u; is not on any path from vy to vy
for t = 1,2,...,k, where k < dg(v1) —2. Let f € S with ||f|| = 1 and G1 =
G—uvy — ... —ugpvy +u1v2 + ... +uxve. Then G and G have the same boundary,
and R, (f) < Ra(f) if f(v1) = f(ve) = f(uy) fort =1,2,... k.

Proof. Clearly, G; and G have the same boundary. By

(f(v2) = fu))® = (F(v1) = flue))?

t=1

(f(v2) = f(01))(f(v1) + f(vz) = 2f (ur))

hE

Ra,(f) — Ra(f) =

o~
Il
-

N I
21M-

the assertion holds. O

3. THE STRUCTURE OF GRAPHS WITH THE SMALLEST
FIRST DIRICHLET EIGENVALUE IN 5,

In this section we will investigate the structure of the graphs with the smallest first
Dirichlet eigenvalue in B,. Let B(Py, P, Py,) be the bicyclic graph obtained from
three pairwise internal disjoint paths Py, P;, and P,, from a vertex x to a vertex y
with length k, [ and m, respectively, where at most one of k, I, m is equal to 1.
It is well known that there exist two edge-disjoint cycles or some induced subgraph
B(Py, Py, P,,) in any bicycle graph. Then we have the following:
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Lemma 3.1. Let G = (Vy, U9V, Ey UOJE) be a graph of order n > 4 with the
smallest first Dirichlet eigenvalue in B, and f be the first Dirichlet eigenfunction

of G. Then there exist three vertices vy, v and vy contained in some cycles of G
such that f(vo) = f(v1) = f(v2) = f(z) for x € V(G) \ {vo, v1,v2}.

Proof. Let vg,v; and vy be three vertices such that f(vg) = f(v1) = f(ve) =
f(x) for x € V(G) \ {vo,v1,v2}. By Corollary 2.4, it is easy to see that vy, v1,ve are
contained in some cycles of G. O

Lemma 3.2. Let G = (Vo U9V, Ey U OE) be a graph with the smallest first
Dirichlet eigenvalue in B,. Then G contains some induced subgraph B(Py, P, Pp,).

Proof. Suppose that G does not contain any induced subgraph B(Py, P, Pp,).
Then there exist two edge-disjoint cycles C; and C3. Let f be the first Dirichlet
eigenfunction of G. By Lemma 3.1, there exists three vertices vy, v1 and vy contained
in cycles of G such that f(vg) = f(v1) = f(v2) = f(x) for x € V(G) \ {vo, v1,v2}.
We consider the following two cases:

Case 1: Cy and Cs have no common vertices. Then there exists at least one vertex
in {wvg,v1,v2} such that there is a branch tree at some vertex, say vo € V(C1), since
d(v2) > 3 and vy is an interior vertex. Let z1zo € F(C3) be such that xyvy ¢ E(G)
and x2 # vg,v1. Then f(z2) > f(v2) by Lemma 2.3. This is a contradiction.

Case 2: C7 and Cs have a common vertex. If vy € V(Cq) N V(C2), then there is
a branch tree at vy since d(v1) > 3. Without loss of generality, assume v; € V(Cy)
and let y1y2 € E(C2) be such that y1v; ¢ E(G) and y2 # vg. Then f(y2) > f(v1) by
Lemma 2.3, which is a contradiction. If vg ¢ V(Cy) NV (Cs), then there is a branch
tree at v, since d(vg) = 3. By Lemma 2.3, we can also get a contradiction. So the
assertion holds. O

Lemma 3.3. Let G = (V, U9V, Ey UJE) be a bicyclic graph with the smallest
first Dirichlet eigenvalue in B, and f be the first Dirichlet eigenfunction of G. Then
there are two cycles vou1ve and vovivs in G such that f(vg) = f(v1) = f(v2) =
flus) = f(z) for x € V(G) \ {vo,v1,v2,v3}.

Proof. By Lemma 3.2, G contains an induced subgraph B(P, P, P,,,), denoted
by H. By Lemma 3.1, there exist three vertices vy, v1 and vy such that vy, vy, ve €
V(H) and f(vg) = f(v1) = f(v2) = f(z) for x € V(GQ) \ {vo,v1,v2}.

Claim 1: dg(vo) = du(v1) = 3. If dg(vg) = 2, then there is a branch tree at
vg since dg(vo) = 3. Let Cy and Cs be two cycles in G such that vy € V(C1) and
vo ¢ V(Cy). Clearly, there exists an edge x122 € E(C3) such that z1v9 ¢ E(G).
Then we have f(x2) > f(vg) by Lemma 2.3. This is impossible. So dp(vg) = 3.
Similarly, we can show that dg(vi) = 3.
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Claim 2: viva,vov2 € E(G). Suppose that v1ve ¢ E(G). By Claim 1, we have
dp(ve) = 2. Further there is a branch tree at v since dg(v2) > 3. On the other
hand, there exists an edge viy € E(H) such that y # vo. Then f(y) > f(v2)
by Lemma 2.3. This is impossible. So vive2 € E(G). By the same proof, we have
VoV2 € E(G)

Let vs € V(G) be such that f(vs) > f(z) for x € V(G) \ {vo,v1,v2,v3}. Then
vs € V(H). Otherwise, let C be a cycle of the graph G — vgva. Then there exists
an edge z122 € E(C) such that zyv3 ¢ E(G) and z2 # wvg,v;. Note that there is
a branch tree at v and zo # va. Then f(v3) < f(22) by Lemma 2.3, a contradiction.

Claim 8: vivs,vovs € E(G). Suppose that vivs ¢ E(G). Note that dg(v3) = 2
and there is a branch tree at v3. Moreover, clearly there exists an edge viw € E(C)
such that w # vg and w # ve. Then f(w) > f(vs) by Lemma 2.3. This is impossible.
So v1v3 € E(G). Further we have vovz € E(G) by the same proof.

At last, we prove vgv1 € E(G). If vov; ¢ E(G), then there exists a vertex u € V(G)
such that vou € E(H) and u # vq, v3. Clearly, uvy ¢ E(G). Since dy(u) = 2, there is
a branch tree at u. By Lemma 2.3, f(v1) > f(u). Let G1 = G—vou—v1v2+v9v1 +uvs.
Then G, is connected. Further G; € B, and f(v2) > f(vo) by Corollary 2.2. This is
a contradiction. So vov; € E(G). The proof is completed. O

Theorem 3.4. Let G = (Vp UV, Ey U OFE) be a graph with the smallest first
Dirichlet eigenvalue in B, and f be the first Dirichlet eigenfunction of G. Then there
exists a numeration of the vertices of G with root vy such that the following hold:

(1) flvo) = flv1) 2 ... 2 f(vn-1);

(2) h(vg) < h(v1) < ... < h(vp—1), where h(v) is the distance between a vertex v
and the root vg;

(3) ifvvj, veu, € E(G) withi < s and h(v;) = h(v) = h(v;) +1 = h(vs) + 1, then
j<t.

Proof. By Lemma 3.3, there are two cycles vguive and vgvivs in G such
that f(vo) = f(v1) = f(va) = f(vs) = f(x) for x € V(G) \ {vo,v1,v2,v3}. Let
vo be the root of G and h(v) be the distance between a vertex v and the root vy.
Suppose h(G) = n%/az)é)h(v). Let V; = {v € V(G)|h(v) = i} and D; =| V; | for

veE

0 < i < h(G). In order to prove that the assertion holds, we relabel the vertices
of G. Let Vi = {vo 1}, where vg,1 = vg. Clearly, D1 = dg(vg). The vertices in V;
are relabeled v1,1,v1,2,...,v1,p, such that f(vi1) > f(vi2) = ... = f(v1,p,) and
v1,101,2, U1,101,3 € E(G). Assume that the vertices in V; have already been relabeled
V4,1,Vt,2,...,0,D,- LThe vertices in V311 can be relabeled vi11,1,v¢41,2,. .., Vs41,D, 44
such that they satisfy the following conditions: If vy xvit1,:, Ve kVe+1,; € E(G) and
i < g, then f(viy1:) = f(Veg1,5); if Ve V41,5, V610041, € B(G) and k < [, then i < j.
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Claim: f(ve,1) = f(vee) = ... = f(vr,p,) = f(veg1,1) for 0 <t < h(G).

We will prove that the Claim holds by the induction on t. Clearly, the Claim
holds for ¢t =0 and f(v11) = f(vi2) = ... = f(vi,p,). If dg(vo,1) = 3, then Dy =3
and v11 = v1,v1,2 = V2,v1,3 = U3. It is easy to see that f(v13) > f(ve,1). Assume
now dg(vo,1) > 3. Clearly, vi p,v1,1,v0,1v2,1 ¢ E(G). Since dg(v1,2) > 3, we have
v1102,1 € E(G) or v12v21 € E(G). Without loss of generality, assume vy jv21 €
E(G). Let Gy = G—wvp,1v1,p, —V1,102.1 +v0,1V2,1 + V1,101, D, - Clearly, G1 € B,. Since
f(voa) = f(vi1), weget f(vi,p,) = f(ve,1) by Corollary 2.2. So the Claim also holds
for t = 1. Now assume that the Claim holds for ¢ = s — 1. In the following we prove
that the Claim holds for ¢ = s. If there are two vertices v, ;,vs,; € Vs with ¢ < j
and f(vs;) < f(vs,;), then there exist two vertices vs_1 k,vs—1,; € Vo1 with k <
such that vs_1 kvs,i,vs—1,0s,; € E(G). By the induction hypothesis, f(vs_1%) >
f(vs—1,1). Let G2 = G—0s_1 1Vs,i—Vs—1,1Us,j+Vs—1,kVs,j+Vs—1,1Us,;. Clearly, Go € B.
By Lemma 2.1, A(G1) < A(G). This is impossible. So f(vs;) > f(vs,;). By a similar
proof we have f(vsp,) = f(vs41,1). So the Claim holds. Therefore, we finish our
proof. O

4. THE EXTREMAL GRAPHS WITH THE SMALLEST FIRST DIRICHLET
EIGENVALUE IN B,

In this section, we will characterize the extremal graphs with the smallest first
Dirichlet eigenvalue in B, and give the majorization theorem for bicyclic graphs
with different graphic bicyclic degree sequences. The following lemma is a well
known result.

Lemma 4.1. Let G = (V,UIV, Eg UOE) be a graph with boundary and f be the
first Dirichlet eigenfunction of G. Then for any vertex v € Vj, there exists a vertex
u € V(G) such that wv € E(G) and f(u) < f(v).

Let 7 = (do,d1,-..,dg—1,dg,-..,d,—1) be a graphic bicyclic degree sequence with
3<dy <dy £...<dg_1anddy, = ... =d,_1 =1 for k > 4. In order to
present our main result, we need to construct a special bicyclic graph B} with
degree sequence 7. Select a vertex wvp; a root and begin with vg; of the zero-
th layer. Let s; = dp and select s; vertices vi,1,v1,2,...,v1,5, of the first layer
such that they are adjacent to vp; and v is adjacent to v and vy 3. Next

S1
we construct the second layer as follows. Let so = Y. d; — s; — 4 and select sy

=1
vertices vg,1, 2,2, ..., V2,5, such that vy is adjacent to va 1, ..., V24,3, v1,2 is adja-

cent to V2.d1—25+++5VU2,dy+dy—5, V1,3 is adjacent to V2,d1+do—4y+++yU2,di+do+dz—Ts++ 5
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v1,; is adjacent tO V2,4, 4..4d;_1—j—2,-->V2,d1+...4d;—j—4s- -+ V1, is adjacent to
V2,dy+..4day —1—51—25 -+ V2,d1+..+dsy —s1—4 = V2,5, 1D general, assume that all ver-
tices of the ¢t-th layer have been constructed and are denoted by vy 1, vt 2,...,v¢s,. We
construct all the vertices of the (t+1)-st layer by the induction hypothesis. Let s;11 =
sy totsyy+1+. ..+ ds .15, — 5 and select 541 vertices vg11,1, V41,2, Vit1,5,44
of the (¢ + 1)-st layer such that v is adjacent t0 Vig1,1,- -, Vet 1,ds, s sy s1—1s- -5
Ut,s, 18 adjacent tO Vi1 s,y —do 4., 4255 Vt4l,s,,,- 10 this way, we obtain only
one bicyclic graph B with degree sequence 7 (see Figure 1 for an example).

. V29

V3,9

Figure 1. By with 7 = (4,4,4,4,5,5,6,1,...,1) (o ... boundary vertex)

V31 ... U34U35

Theorem 4.2. Let m = (do,dn,...,dx—1,1,1,...,1) be a graphic bicyclic degree
sequence with 3 < dyp < dy < ... < dp_1 for k > 4. Then every extremal graph with
the smallest first Dirichlet eigenvalue in B, is isomorphic to B}.

Proof. Let G be a graph with the smallest first Dirichlet eigenvalue in B,
and f be the first Dirichlet eigenfunction of G. Without loss of generality, assume
V(G) = {vo,v1,...,0n—1} such that the three assertions in Theorem 3.4 hold and
G has two cycles vgvive and vgvivs. In order to prove that the assertion holds, we
only need to prove dg(vy) =d; for 0 <t < k— 1.

Since d;j41 = d; for 0 < i < k — 2, we have dg(vo) = do. If dg(vo) = do,
there is nothing to do and let G; = G. Otherwise, let G1 = G — vovgy+1 — ... —
V0Vdg (vg) + V1Vdg41 F -+ F V1Vdg(vo)- Since f(vo) = f(v1) = f(vagqr) = ... =
J(Vag(vo))s We have Rg, (f) < Rg(f) by Lemma 2.5. Clearly, dg,(vo) = do and
dg,(v1) 2 di. If dg,(v1) = di, there is nothing to do and let Go = G;. Oth-
erwise, let G2 = G1 — ViVdy4dy—2 — --- — V1Vde (vo)+de (v1)—3 T V2Vdgtdy—2 + -+ +
V2Vdg (vo)+de (v1)—3- Lhen da,(v1) = di and Rg,(f) < Rg,(f) by Lemma 2.5, since
fo1) = flv2) 2 f(vdgtdi—2) 2 .- 2 [(Vag(wo)+da(vi)—3)- Obviously, da,(v2) =
dy and vovs € E(G2) for dy +di — 2 < s < dg(vo) + dg(v1) + dg(ve) — 5. If
dg,(v2) = da, let G5 = G3. Otherwise, let G3 = G2 — V2Udyt+dy+dy—a — -+ —
V2Ud g (vo)+de (01 )+de (vz)—5 T V3Vdg+dy +da—4 - - - FVU3Vdg (vo)+de (01 ) +de (vs)—5- Note that
flor) = fv2) 2 Flvagtdivds—a) = - 2 f(Vag(0)+de (i) +da(va)—5)-  We have
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dg,(v2) = da and Re,(f) < Rg,(f) by Lemma 2.5. Similarly, if dg,(vs) = ds,
let G4 = G3. Otherwise, we can also get graph G4 by exchanging edges such
that dg,(vs) = d3 and Rg,(f) < Ras(f). We proceed in the same way with
U4, Vs, ...,0;—1 and get a sequence of bicyclic graphs G1,Gos,...,G; with the same
set of boundary vertices such that dg,(v;) = dy for t =0,1,...,i— 1, and

where 7 > 4. Since

ZdQ (v) = ZdG(Ut) P Zdt

t<i t<i t<i
and
ZdGL(vt) = Zdtv
t<i t<i
we have
da,(vi) = da,(v) =Y da,(v) =Y di— Y di=d;.
t<i t<i t<i t<i

If dg,(vi) = d;, there is nothing to do and let G,11 = G;. Otherwise, let z1, x2,

-+s Tdg, (v;)—1 be all vertices in G; which are adjacent to v; with fzs) = f(xsyr)
for 1 < s < de,(v;) — 2 and h(v;) < h(zs) for 1 < s < dg,(v;) — 1. Let Giy1 =
G, —vi%g, —...— ViTdg, (v;)-1 T Vit1Zd, + ... + Vit1Zdg, (vi)-1- Then dg, ., (vi) = d;
and Rg,(f) > Ra,,,(f) by Lemma 2.5, since f(v;) > f(vit1) > f(xs) for 1 < s <
dg,; (v;) — 1. We continue in this way and get a sequence of bicyclic graphs

G—>G1—>G2—>...—>Gk
such that dg, (vs—1) = ds—1 for 1 < s < k and

MG) = Ra(f) =2 Ra, (f) 2 Ra,(f) = - = R, (f) = MGr).

Clearly, G = B. Since G is a graph with the smallest first Dirichlet eigenvalue in
B, we have A(G) = A(B%) and f is also the first Dirichlet eigenfunction of BX. If
G # B, then there exists a vertex v, such that dg(vs) = ds for 0 < s <p—1 and
da(vp) > dp. Let y1,9y2,...,Ym be all vertices which are adjacent to v, in G and
are not adjacent to v, in BX such that f(ym) < f(ym—1) < ... < f(y1) < flvp)
and h(ys) > h(vp) for 1 < s < m. Then by the construction of Gpy1, we have
flym) < f(u) < f(vp) for u € V(G) such that uv, € E(G) and h(u) > h(vp,). By

ABDf W)= > (flv) = f(@) = MG f(v)

zv, €EE(B)
= 3 () = @)+ S () — flye)s
zvp, €E(BE) s=1
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we have f(vp) = f(ys) for 1 < s <m. Then f(w) > f(v,) for any vertex w adjacent
to vp. This is a contradiction with Lemma 4.1. So G = B};. The proof is completed.
Il

In order to present other results, we need a notation and a lemma. Let o =
(ag,ai,...,an—1) and 7 = (bg,b1,...,bn_1) be two positive sequences. If the sum of

the largest ¢ terms in {by,...,b,—1} is no less than the sum of the largest ¢ terms in
n—1 n—1

{ag,...,an—1}tfort=0,1,....,n—2and > a; = > b;, then 7 is said to majorize o,
i=0 i=0

denoted by o < 7. The following result is well known.

Lemma 4.3 (for example, see [7]). Let 7 = (do,...,dn—1) and @ = (d,...,
'._1) be two graphic degree sequences. If m < 7', then there exists a series of
graphic degree sequences m1,...,m, such that m < m < ... < m, < 7', and 7; and

mi+1 differ in exactly two components and these differ by 1.

Theorem 4.4. Let m; = (do,dy,...,dx—1,1,...,1) and m = (dgy,dy,...,d}_4,
1,...,1) be two graphic bicyclic degree sequences with 3 < dp < dy < ... < dg—1
and 3 < dy < djy <...<dj_,. If 7y <7, then A(By,) < M(Bz,) with equality if
and only if T = ms.

Proof. By Lemma 4.3, without loss of generality, we may assume that m; =
(do,...,dp —*1,...,dq +’1,...,dk,1,1,...,1) and T2 :i(do,“., dkfl,l,...,l) for
0 <p<gq<k—1 Then d, > 4. In fact, By can be obtained from B} by
the same method of constructing B} in Theorem 4.2 such that A\(Bj; ) < A(Bj,).
If A\(By,) = MB;j,), it is easy to see that m = m by last part of the proof of
Theorem 4.2. Therefore the assertion holds. O

Let B, 1, be the set of all bicyclic graphs with order n and k interior vertices whose
degree is at least 3. Then we have the following

Corollary 4.5. Let m; = (3,3,...,3,n—2k+5,1,...,1) with the frequencies of 3
and 1 being k — 1 and n — k, respectively, where n > 2k — 2. Then B} is the unique
graph with the smallest first Dirichlet eigenvalue in B, j.

Proof. Clearly, By, € B, . Let G be any bicyclic graph in B, with degree
sequence m = (do,ds,...,dg-1,1,...,1). It is easy to see that # < m. By Theo-
rems 4.2 and 4.4, we have (B ) < A(Bj) < A(G) with equality if and only if G is
B . The proof is completed. ([
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