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INDUCED DIFFERENTIAL FORMS
ON MANIFOLDS OF FUNCTIONS

CORNELIA VIZMAN

Dedicated to Peter W. Michor at the occasion of his 60th birthday

ABsTRACT. Differential forms on the Fréchet manifold F (S, M) of smooth
functions on a compact k-dimensional manifold S can be obtained in a natural
way from pairs of differential forms on M and S by the hat pairing. Special
cases are the transgression map QP (M) — QP~*(F(S, M)) (hat pairing with
a constant function) and the bar map QP (M) — QP(F(S, M)) (hat pairing
with a volume form). We develop a hat calculus similar to the tilda calculus
for non-linear Grassmannians [6].

1. INTRODUCTION

Pairs of differential forms on the finite dimensional manifolds M and S induce
differential forms on the Fréchet manifold F(S, M) of smooth functions. More
precisely, if S is a compact oriented k-dimensional manifold, the hat pairing is:

OP(M) x Q1(S) — QPHa=k(F(S, M))
mzfev*wApr*a,
S

where ev: S x F(S, M) — M denotes the evaluation map, pr: S x F(S,M) — S
the projection and Jcs fiber integration. We show that the hat pairing is compatible
with the canonical Diff (M) and Diff(S) actions on F(S, M), and with the exterior
derivative. As a consequence we obtain a hat pairing in cohomology.

The hat (transgression) map is the hat pairing with the constant function 1, so it
associates to any form w € QP (M) the form w -1 =& = fyevtw e QPR (F(S, M)).
Since X (M) acts infinitesimally transitive on the open subset Emb(S, M) C F(S, M)
of embeddings of the k-dimensional oriented manifold S into M [7], the expression
of @ at f € Emb(S, M) is

Q(Xl Of,...,Xp_k Of) = / f*<ixp7k ...inw), Xl,...,Xp_k S .X(M)
S
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When S is the circle, then one obtains the usual transgression map with values in
the space of (p — 1)-forms on the free loop space of M.

Let Gry (M) be the non-linear Grassmannian of k-dimensional oriented submani-
folds of M. The tilda map associates to every w € QP (M) a differential (p — k)-form
on Gry (M) given by [6]

O(Y,...,YE™H) :/

iypr e ivaw, VY, ..., YEF e D(TNY) = Ty Gri(M),
N

for Yy section of the orthogonal bundle TN= represented by the section Yy of
TM|y. The natural map

m: Emb(S,M) — Gri(M), =(f)= f(5)

provides a principal bundle with the group Diff ; (S) of orientation preserving
diffeomorphisms of S as structure group.

The hat map on Emb(S, M) and the tilda map on Grg(M) are related by
@ = w*@. This is the reason why for the hat calculus one has similar properties to
those for the tilda calculus. The tilda calculus was used to study the non-linear
Grassmannian of co-dimension two submanifolds as symplectic manifold [6]. We
apply the hat calculus to the hamiltonian formalism for p-branes and open p-branes
m 2

The bar map @ = w - i1 is the hat pairing with a fixed volume form p on S, so
o(Yf, ..., Y}) :/w(Y;,...,Yf)u, VY., Y] eT(f*TM) = T;F(S,M).
s

We use the bar calculus to study F(S, M) with symplectic form w induced by a
symplectic form w on M. The natural actions of Diffam, (M, w) and Diffox (S, p),
the group of hamiltonian diffeomorphisms of M and the group of exact volume pre-
serving diffeomorphisms of S, are two commuting hamiltonian actions on F(S, M).
Their momentum maps form the dual pair for ideal incompressible fluid flow [12]
[4].

We are grateful to Stefan Haller for extremely helpful suggestions.

2. HAT PAIRING

We denote by F(S, M) the set of smooth functions from a compact oriented
k-dimensional manifold S to a manifold M. It is a Fréchet manifold in a natural
way [10]. Tangent vectors at f € F(S, M) are identified with vector fields on M
along f, i.e. sections of the pull-back vector bundle f*TM.

Let ev: S x F(S, M) — M be the evaluation map ev(z, f) = f(x) and pr: S x
F(S, M) — S the projection pr(z, f) = x. A pair of differential forms w € QP (M)
and a € Q9(S) determines a differential form &~ a on F(S, M) by the fiber integral
over S (whose definition and properties are listed in the appendix) of the (p+¢)-form
ev*wAprfaon S x F(S,M):

(1) m:fev*w/\pr*a.
S
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In this way we obtain a bilinear map called the hat pairing:
QP (M) x QI(S) — QPr=k (F(S, M)).

An explicit expression of the hat pairing avoiding fiber integration is:
— —k . .
(2) (@~ a)f(Y;,...,Yfﬂ ) = / f*(lyf+q—k ...zy;(w of)) Aa,
s

for Y]},...Y;H'q_k vector fields on M along f € F(S,M). Here we denote by
f*By the “restricted pull-back” by f of a section 3y of f*(A™T*M), which is a
differential m-form on S given by f*B¢: x € S — (A™T; f)(Bs(x)) € A™T;S,
where T f : T )M — TS denotes the dual of T f.

The fact that and provide the same differential form on F(S, M) can be
deduced from the identity

(V" W) o) (Y7, . YR, XD XE) = [ iy cdyr(wo F)(Xg.. . XE)
for Y},...,YP™" € TyF(S,M) and X1,..., Xk € T,S.
Since X(M) acts infinitesimally transitive on the open subset Emb(S, M) C

F(S, M) of embeddings of the k-dimensional oriented manifold S into M, we
express @ at f € Emb(S, M) as:

(3) (@ a)f(X10f,..., Xprq-k0f) = /sf*(ixﬁqfk Ldxw) Ao

One uses the fact that the “restricted pull-back” by f of 0X s g nof « - inof(w of)
is f*(iXerq—k .. .ixlw).

Next we show that the hat pairing is compatible with the exterior derivative of
differential forms.

Theorem 1. The exterior derivative d is a derivation for the hat pairing, i.e.
(4) d(W a) = (dw) o+ (-1)Pe-da,
where w € QP (M) and « € Q9(S).

Proof. Differentiation and fiber integration along the boundary free manifold S
commute, so

d(m):d][

ev*w/\pr*a:][d(ev*w/\pr*a)
s

s
:][ev*dw/\pr*a—i— (—l)pj[ev*w/\pr*da = (d/w)\-a—i— (—1)%7(?)4
s s
for all w € QP(M) and « € Q4(S5). O

The differential form & - @ is exact if w is closed and « exact (or if a is closed
and w exact). In the special case p+ g = k these conditions imply that the function
@ -a on F(S, M) vanishes.

Corollary 2. The hat pairing induces a bilinear map on de Rham cohomology
spaces

(5) HP(M) x HY(S) — HP K (F(S, M)).
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In particular there is a bilinear map
HP(M) x HY(M) — HPYF(Diff(M)) .

Remark 3. The cohomology group HY(S) is isomorphic to the homology group
Hj,_4(S) by Poincaré duality. With the notation n = k — ¢, the hat pairing
becomes

HP(M) x H,(S) — H""(F(S, M)),

and it is induced by the map (w,o) — f} ev* w, for differential p-forms w on M
and n-chains o on S.

If S is a manifold with boundary, then formula receives an extra term
coming from integration over the boundary. Let i5: 05 — S be the inclusion and
ro: F(S, M) — F(9S, M) the restriction map.

Proposition 4. The identity
— — ——
(6) dw-a)=dw) a+(-1)fw-da+ (-1)PTFri(w-ita )

holds for w € QP (M) and o € Q2(S), where the upper index O assigned to the hat
means the pairing

QP(M) x QU(dS) — QPrFL(F (98, M)) .
Proof. For any differential n-form 3 on S x F(S, M), the identity

df 5 as= 10 G rsan)s
s s as
holds because of the identity from the appendix. The obvious formulas

pro(ig X 1]—'(S7M)) =1ipopry, evo(igX 1]—'(S,M)) =evy,

for evg: 0S x F(S,M) — M and pry: 95 x F(S,M) — 95, are used to compute

d@-a)=d ][ev*w/\pr*a
S

= ][ d(ev*wApr*a) 4 (—1)PreFk ][ (to X 1z(s,my) " (ev™ w A pr* a)
S oS

= ][ ev'dwAprfa+ (—1)P ][ ev*wAprfda 4 (—1)Prek ][ eviw A pryiso
S S

as
TN —— 9
= (dw) co+ (_1)Pw da+ (_1)P+q7kra*(w - iga ) 7
thus obtaining the requested identity. 0

Left Diff(M) action. The natural left action of the group of diffeomorphisms
Diff(M) on F(S,M) is ¢ - f = p o f. The infinitesimal action of X € X(M) is the
vector field X on F(S, M):

X(f)=Xof, VfeF(SM).

We denote by ¢ the diffeomorphism of F(S, M) induced by the action of ¢ €
Diff (M), so ¢(f) = ¢ o f is the push-forward by ¢.
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Proposition 5. Given w € QP(M) and o € Q9(S), the identity

(7) prwra=(prw)-a
and its infinitesimal version
(8) Ly a=(Lyw) a

hold for all ¢ € Diff(M) and X € X(M).

Proof. Using the expression of the hat pairing and identity from the
appendix, we have:

eviwApPrta= ][ (1 x @)*(ev*w A pr* a)
s

S
:][ev*cp*w/\pr*a:(<p*cu)-oz7
S

since pro(lg x ¢) = pr and evo(lg X ¢) = poev. O
A similar result is obtained for any smooth map n € F(M;, Ms) and its
push-forward 7: F(S, M1) — F(S, Ms), n(f) =no f:

—

e =
nNw-a=nw-a,

for all w € QP(M3) and o € Q4(S).

Lemma 6. For all vector fields X € X(M), the identity i gw - o = (iX/wTa holds.

Proof. The vector field 05 x X on S x F(S, M) is ev-related to the vector field
X on M, so

—

in~a:iX]{gev*w/\pr*a:]iiosxx(ev*w/\pr*a)

S

At step two we use formula from the appendix. O
Right Diff(S) action. The natural right action of the diffeomorphism group Diff(.S)
on F(S, M) can be transformed into a left action by ¢- f = fot)~1. The infinitesimal
action of Z € X(S) is the vector field Z on F(S, M):

2(f)=-TfoZ, ¥feF(S,M).
We denote by {b\ the diffeomorphism of F(S, M) induced by the action of 1, so
¥(f) = for~tis the pull-back by ¢~ 1.
Proposition 7. Given w € QP(M) and o € Q9(S), the identity

—
« ——

w-a=w-YPra

<)

and its infinitesimal version

—

Lguf\a:awLZa

hold for all orientation preserving ¢ € Diff(S) and Z € X(5).
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Proof. The obvious identities evo(lg X 12}\) =evo(yp~! x 1x), pro(lg x 15) =pr
and pro(¢ x 1x) =1 o pr are used in the computation

~

Voa=19* ][ eviwAprfa= ][(13 x )" (ev* w A pr* a)
s s
:][ (™' x1g)"ev*w) Apr*a :][ ev'wA (Y x 1£)" pr* a
s s
:][ev*w/\pr*w*a Zw/-t/)\*a,
s

together with formula from the appendix at step four. O
Lemma 8. The identityizw o = (—1)%}1?04 holds for all vector fields Z € %(S5),
if we QP(M).

Proof. The infinitesimal version of the first identity in the proof of Proposition [7]
is Tev.(0s x Z) =Tev.(~Z x 0z(s,a)), S0 we compute:

igw/~\a = i/Z\jiev*w/\pr*a = fsiosx/z\(ev*w/\pr* @)
= ]{;(iosxgev* W) Aprfa= ]{g(LZxOf(s,M) eviw) Apr o
= ]{; I ZX05 (501 (ev*w A pra) — ]{g(—l)p eviw A I Z%05s.00) pr*a
= (-1)? ﬁev* wApri(iza) = (—1)pw/-;'z\oz.
At step two we use formula from the appendix. O

3. TILDA MAP AND HAT MAP

Let Gry (M) be the non-linear Grassmannian (or differentiable Chow variety)
of compact oriented k-dimensional submanifolds of M. It is a Fréchet manifold
[10] and the tangent space at N € Gry(M) can be identified with the space of
smooth sections of the normal bundle TN+ = (TM|y)/TN. The tangent vector
at N determined by the section Yy € I'(T'M|y) is denoted by Yy € Ty Gry(M).

The tilda map [6] associates to any p-form w on M a (p — k)-form & on Gry (M)
by:

- -~ ~n—k . .
(9) wN(YAl],...,Y]e ):\/Jvlyﬁ—k"'lyjbw.
Here all }7]{, are tangent vectors at N € Gry(M), i.e. sections of TN+ represented

by sections Y3 of TM|y. Then iyp—« criylw € QF(N) does not depend on
N

representatives Y]{, of )71{,, and integration is well defined since N € Grg (M) comes
with an orientation.

Let S be a compact oriented k-dimensional manifold. The hat map is the hat
pairing with the constant function 1 € Q°(S). It associates to any form w € QP (M)
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the form @ € QP~F(F(S, M)):

(10) @:Ji:][ev*w.

s
On the open subset Emb(S, M) C F(S, M) of embeddings, formula gives
(11) O(Xiof,...,Xp_kof)= /f (ix, p - ix,W).

Remark 9. The hat map induces a transgression on cohomology spaces
HP(M) — HP™% = (F(S,M)) .

When S is the circle, then one obtains the usual transgression map with values in
the (p — 1)-th cohomology space of the free loop space of M.

Let 7 denote the natural map
m: Emb(S, M) — Grg(M), =(f) = f(S).

where the orientation on f(S) is chosen such that the diffeomorphism f: S — f(.5)
is orientation preserving. The image w(Emb(S, M)) is the manifold Grf (M) of
k-dimensional submanifolds of M of type S. Then 7: Emb(S, M) — Gr{ (M)
is a principal bundle over Grf (M) with structure group Diff ; (.S), the group of
orientation preserving diffeomorphisms of S.

Note that there is a natural action of the group Diff (M) on the non-linear
Grassmannian Gri(M) given by ¢ - N = ¢(N). Let ¢ be the diffeomorphism of
Gri (M) induced by the action of ¢ € Diff(M). Then gom = o for the restriction
of ¢(f) = po f to a diffeomorphism of Emb(S, M) C F(S, M). As a consequence,
the infinitesimal generators for the Diff (M) actions on Gry (M) and on Emb(S, M)
are m-related. This means that for all X € X(M), the vector fields X on Gry (M)
given by X(N) = X|y and X on Emb(S, M) given by X(f) = X o f are m-related.

Proposition 10. The hat map on Emb(S, M) and the tilda map on Gry(M) are
related by 0 = 7*@, for any k-dimensional oriented manifold S.

Proof. For the proof we use the fact that X(M) acts infinitesimally transitive
on Emb(S, M), so Ty Emb(S,M) = {X o f: X € X(M)}. With (9) and (TI) we
compute:

(m*@)p(X1of, oo, Xpwof)=@ps)(Xilgs)s s Xp—rlps))

z/ X, g lew—/f ixX, - ix,w) =0p(X10f,..., Xp o f),
f(9)

since X and X are m-related. O

From the properties of the hat pairing presented in Proposition [5} Lemma [6 and
Theorem [1] a hat calculus follows easily:

Proposition 11. For any w € QP(M), ¢ € Diff(M), X € X(M), and n €
F(M', M) with push-forward 7: F(S,M') — F(S,M), the following identities
hold:
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(1) ¢*0 = p*w and 7*& = P*w
(2) Lo = Ixw

(3) ixd = ixw

(4) do =dw.

Remark 12. If S is a manifold with boundary, then the formula 4. above receives
an extra term coming from integration over the boundary 95 as in Proposition [4}
(12) do =dw+ (—1)P Fr5e°

for w € QP(M). As before, rg: F(S, M) — F(0S, M) denotes the restriction map
on functions and w € QP (M) — &2 € QP~F+1(F(8S, M)).

Now the properties of the tilda calculus follow imediately from Proposition [T1]

Proposition 13. [6] For any w € QP(M), ¢ € Diff(M) and X € X(M), the
following identities hold:

(1) "0 = p*w

Proof. We verify the identities 1. and 4. From relation 1. from Proposition [L1] we
get that

% o~k ~, —% %k ~ —k . * 5
TPEW=p T W= w=pw="1 p*w,

and this implies the first identity. Using identity 4. from Proposition [L1] we compute

—

rdo=dr'o=dd=dw=r"dw,
which shows the last identity. ([l

Hamiltonian formalism for p-branes. In this section we show how the hat
calculus appears in the hamiltonian formalism for p-branes and open p-branes [I]
2.

Let S be a compact oriented p-dimensional manifold. The phase space for
the p-brane world volume S x R is the cotangent bundle T*F (S, M), where the
canonical symplectic form is twisted. The twisting consists in adding a magnetic
term, namely the pull-back of a closed 2-form on the base manifold, to the canonical
symplectic form on a cotangent bundle [11]. These twisted symplectic forms appear
also in cotangent bundle reduction.

We consider a closed differential form H € QP+2(M). Since dim S = p, the hat
map provides a closed 2-form H on F(S, M). If 7z : T*F(S, M) — F(S, M)
denotes the canonical projection, the twisted symplectic form on T*F(S, M) is

1 -
Qg = —Cl@]:—|-§7'(';:]{7

where © £ is the canonical 1-form on T*F (S, M).
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For the description of open branes one considers a compact oriented p-dimensional
manifold S with boundary 05 and a submanifold D of M. The phase space is in
this case the cotangent bundle T*Fp (S, M) over the manifold [13]

Fp(S,M)={f:S— M|f(0S) Cc D}.

The twisting of the canonical symplectic form is done with a closed differential
form H € QP*2(M) with i*H = d B for some B € QP*1(D), where i: D — M
denotes the inclusion. The twisted symplectic form on T*Fp (S, M) is

1 * Ty * D
Qp.p) = ~dOs, + 57k, (H -0 BY)

with 9: Fp(S,M) — F(0S, D) the restriction map and mg,: T*Fp(S,M) —
Fp(S,M). To distinguish between the hat calculus for F(S, M) and the hat
calculus for F(0S, M), we denote ™?: Q"(M) — Qn=P+1(F(8S, M)).

The only thing we have to verify is the closedness of H — 9*B?. We first notice
that implies d H = d H + r;H?, where ry: F(S, M) — F(0S, M) denotes

—0 ~
the restriction map, and identity 4 from Proposition |11 implies d B- = d B?. On
9 o~

the other hand identity 1 from Proposition ensures that (*H = i*H?, with
i: F(9S, D) — F(9S, M) denoting the push-forward by i: D — M. Knowing that
r9 = i 0 0, we compute:

7 17 * 770 * 7% 770 « 770 «3 59 * 10
dH =dH+r3H =0"*"H°=0"*H =0"dB =dJ"B?,

so the closed 2-form H — 9*B? provides a twist for the canonical symplectic form
on the cotangent bundle T*Fp (S, M).

Non-linear Grassmannians as symplectic manifolds. In this subsection we
recall properties of the co-dimension two non-linear Grassmannian as a symplectic
manifold.

Proposition 14 ([8]). Let M be a closed m-dimensional manifold with volume
form v. The tilda map provides a symplectic form v on Gry,—o(M)

ﬂN(XN,Y/N):/ LynixXyV,
N

for Xy and Yy sections of TN+ determined by sections Xy and Yy of TM|y.

Proof. The 2-form # is closed since d 7 = d v by the tilda calculus. To verify that
it is also (weakly) non-degenerate, let X be an arbitrary vector field along N such
that f N ivyixyv =0 for all vector fields Yy along N. Then Xy must be tangent
to N, so X N =0. [l

In dimension m = 3 the symplectic form 7 is known as the Marsden—Weinstein
symplectic from on the space of unparameterized oriented links, see [12], [3].
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Hamiltonian Diffex (M, v) action. The action of the group Diff(M,v) of volume
preserving diffeomorphisms of M on Gr,,_2(M) preserves the symplectic form :

G0 =p'v=0, VYeeDiff(M,v).

The subgroup Diff., (M, v) of exact volume preserving diffeomorphisms acts in
a hamiltonian way on the symplectic manifold (Gr,,—2(M), 7). Its Lie algebra is
Xex(M,v), the Lie algebra of exact divergence free vector fields, i.e. vector fields
Xq such that ix,v = da for a potential form a € Qm=2(M). The infinitesimal
action of X, is the vector field X,. By the tilda calculus & € F(Grp,—2(M)) is a
hamiltonian function for the hamiltonian vector field X,:

ix.0=ix,v=da=da.

It depends on the particular choice of the potential « of X,. A fixed continuous
right inverse b : d Q™= 2(M) — Q™ 2(M) to the differential d picks up a potential
b(d a) of X,. The corresponding momentum map is:

J: M — X (M,v)*, <J(N),Xa>:m(N):/]Vb(da).

On the connected component M of N € Gr,,,_o(M), the non-equivariance of J
is measured by the Lie algebra 2-cocycle on Xox (M, v)

—_—~— e/~

on(X,Y) = (J(N),[X,Y]P) — #(X,Y)(N) = (bdiyixv)(N) — (iyixv)(N)

= (Pixiyl/)(N) = /Npixiyl/.

Here P = 1gm-2(ps) —bod is a continuous linear projection on the subspace
of closed (m — 2)-forms and (X,Y) — [Piyixv] € H™ 2(M) is the universal
Lie algebra 2-cocycle on X (M, v) [14]. The cocycle oy is cohomologous to the
Lichnerowicz cocycle

(13) oY) = [ nxyw,
M
where 7 is a closed 2-form Poincaré dual to NV [I5].

If v is an integral volume form, then oy is integrable [8]. The connected com-
ponent M of Gr,,_2(M) is a coadjoint orbit of a 1-dimensional central Lie group
extension of Diff., (M, v) integrating oy, and # is the Kostant-Kirillov-Souriau
symplectic form. [6].

4. BAR MAP

When a volume form p on the compact k-dimensional manifold S is given, one
can associate to each differential p-form on M a differential p-form on F(S, M)

(I)(Yfl,...,Y]f’):/Sw(Yfl,...,Y;’)u, VY} € TyF(S, M),
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S. In this way a bar map is defined. Formula (2) assures that this bar map is just
the hat pairing of differential forms on M with the volume form p

(14) &J:m:][ev*w/\pr*u.
s

where w(Y}, ..., Y): @ = wp) (Y (2), ... ,Yga:)) defines a smooth function on
(2

From the properties of the hat pairing presented in Proposition [5} Lemma [6] and
Theorem |1} one can develop a bar calculus.

Proposition 15. For any w € QP (M), ¢ € Diff (M) and X € X(M), the following
identities hold:

F(S,M) as symplectic manifold. Let (M,w) be a connected symplectic ma-
nifold and S a compact k-dimensional manifold with a fixed volume form p,
normalized such that |, g 1= 1. The following fact is well known:

Proposition 16. The bar map provides a symplectic form @ on F(S, M):
wp(Xy, Yy) = /SW(vaYf)ﬂ

Proof. That @ is closed follows from the bar calculus: d@ = dw = 0. The (weakly)
non-degeneracy of w can be verified as follows. If the vector field X on M along S
is non-zero, then X;(x) # 0 for some = € S. Because w is non-degenerate, one can
find another vector field Y; along f such that w(Xy,Yy) is a bump function on S.
Then w(X5,Yy) = fS (X5, Yr)u # 0, so Xy does not belong to the kernel of @,
thus showing that the kernel of @ is trivial. [

Hamiltonian action on M. Let G be a Lie group acting in a hamiltonian way
on M with momentum map J: M — g*. Then F(S, M) inherits a G-action:
(9- )(x) =g (f(z)) for any = € S. The infinitesimal generator is £ = &y for
any ¢ € g, where &)y denotes the infinitesimal generator for the G-action on M.
The bar calculus shows quickly that G acts in a hamiltonian way on F (S, M) with
momentum map

I= T AEM) =g T0)= [(Gefn. vEeFSM).
Indeed, for all £ € g

Let M be connected and let ¢ be the R-valued Lie algebra 2-cocycle on g
measuring the non-equivariance of J, i.e.

o(&n) = (J(@), &) —w(ém,mm)(x), =€ M,
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(both terms are hamiltonian function for the vector field [€,n]a = —[§ar, s])-
Then the non-equivariance of J = J is also measured by o: for all f € F(S, M)

(J(f), &) — o nr)(f) = (L[E 0D (f) = w(Ear,mn) () = (&) -

Hamiltonian Diffy,,, (M, w) action. The action of the group Diff (M, w) of symplectic
diffeomorphisms preserves the symplectic form w:

P'w=p*'w=w, VyeDiff(M,w).
w

The subgroup Diffy,,n (M, w) of hamiltonian diffeomorphisms of M acts in a
hamiltonian way on the symplectic manifold F (S, M). The infinitesimal action of
Xp, € Xpam(M,w), h € F(M), is the hamiltonian vector field X}, on F(S, M) with
hamiltonian function h. This follows by the bar calculus:

dh=dh=ix,w=ig,o.

The hamiltonian function h of X, depends on the particular choice of the
hamiltonian function h. To solve this problem we fix a point zg € M and we choose
the unique hamiltonian function h with h(z¢) = 0, since M is connected. The
corresponding momentum map is

32 F(S, M) — Tnam (M, w)* (J(f),Xh>:h(f):/S(hof)M.

The Lie algebra 2-cocycle on Xpam (M, w) measuring the non-equivariance of the
momentum map is

U(X’ Y) = 7(4)(X, Y)(IO) >
by the bar calculus
o(X,Y)(f) = (J(), [X, Y]P) — (X7, YF)(f)
= w(X,Y) —w(X,Y)(z0)(f) — &(X,Y)(f) = ~w(X,Y)(z0) -

This is a Lie algebra cocycle describing the central extension
0—>R— F(M)— Xpam(M,w) =0

where F(M) is enowed with the canonical Poisson bracket. A group cocycle on
Diffyam (M, w) integrating the Lie algebra cocycle o if w exact is studied in [9].
Hamiltonian Diff (S, p) action. The (left) action of the group Diff(S, 1) of volume
preserving diffeomorphisms preserves the symplectic form @:

V=00 h=w bu=w p=w, Y eDiff(S,pu).

The subgroup Diffe, (S, 1) of exact volume preserving diffeomorphisms acts in a
hamiltonian way on the symplectic manifold F (S, M). The infinitesimal action of the
exact divergence free vector field X, € Xex(S, ) with potential form « € QF=2(S)
is the hamiltonian vector field X, on F (S, M) with hamiltonian function & - a.
Indeed, from ix_ i = d a follows by the hat calculus that

d(w-a):dw-a—i—w-da:w-zxau:z&\aw-u:z?aw.
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If the symplectic form w is exact, then the corresponding momentum map is
J: F(S, M) — Xex (S, )", (J(f), Xo) = (w-a)(f) = /Sf*w/\a.

It takes values in the regular part of Xex(S,u)*, which can be identified with
d Q1(S), so we can write J(f) = f*w under this identification.

In general the hamiltonian function @ - & of X « depends on the particular choice
of the potential form a of X,. To fix this problem we consider as in Section
a continuous right inverse b : d Q™~2(M) — Q™~2(M) to the differential d, so
b(d ) is a potential for X,. The corresponding momentum map is

3F(S.M) = XoS.)" s (FU).X0) = (@ bda)() = [ Fwnbda).

On a connected component F of F (.S, M), the non-equivariance of J is measured
by the Lie algebra 2-cocycle

or(X,Y) = (J(f),[X,Y]) —@(X,Y)(f) = (w - bdiyixp) (f) — (W ivicp)(f)
— (w- Pixiyp)(f) = /S Fw A Pixiyp

on the Lie algebra of exact divergence free vector fields, for P = 1 — bd the
projection on the subspace of closed (m — 2)-forms. It does not depend on f € F,
because the cohomology class [f*w] € H?(S) does not depend on the choice of f.
The cocycle o is cohomologous to the Lichnerowicz cocycle o+, defined in
[15]. Since [ g =1, the cocycle or is integrable if and only if the cohomology
class of f*w is integral [g].

Remark 17. The two equivariant momentum maps on the symplectic manifold
F(S, M), for suitable central extensions of the hamiltonian group Diff},,m (M, w)
and of the group Diffex (.5, 1) of exact volume preserving diffeomorphisms, form the
dual pair for ideal incompressible fluid flow [12] [4].

5. APPENDIX: FIBER INTEGRATION

Chapter VII in [5] is devoted to the concept of integration over the fiber in
locally trivial bundles. We particularize this fiber integration to the case of trivial
bundles S x M — M, listing its main properties without proofs.

Let S be a compact k-dimensional manifold. Fiber integration over .S assigns to
w € Q"(S x M) the differential form fyw € Q"*(M) defined by

(][ w)(zx) :/wx EARTIM, YreM,
S S

where w, € QF(S, A"~*T* M) is the retrenchment of w to the fiber over x:
(ol ZY, 20 B, XIN - ANXEY =0 (XL, XD 2 20 R)

for all X; € T, M and Zg eT,S.
The properties of the fiber integration used in the text are special cases of the
Propositions (VIII) and (X) in [5]:
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e Pull-back of fiber integrals:
(15) I 7[ w :][(15 X f)w, VfeFM, M),
with inﬁnitesirrfal versiSon
(16) Lx 72&) :stosxxw, VX € X(M).
e Invariance under pull-back by orientation preserving diffeomorphisms of .S:
(17) ]{g(gole)*w:]iw, Vo € Diff  (5),

(19)

il

2

(3

[4

[5

(10]

(11]

with infinitesimal version {3 Lzxo,,w =0, VZ e X(S).

e Insertion of vector fields into fiber integrals:

ixfw:][iosxxw, vX E:{(M)
S S

e Integration along boundary free manifolds commutes with differentiation.
When 95 denotes the boundary of the k-dimensional compact manifold S
and ig5: 0S — S the inclusion,

af s—fan= 0o s

holds for any differential n-form 5 on S x M.
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