Mathematica Slovaca

N. Parhi; Radhanath N. Rath

On oscillation criteria for forced nonlinear higher order neutral differential
equations

Mathematica Slovaca, Vol. 54 (2004), No. 4, 369--388

Persistent URL: http://dml.cz/dmlcz/130331

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 2004

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/130331
http://project.dml.cz

Mathematica
Slovaca

© 2004
Math. Slovaca, 54 (2004), No. 4, 369-388 Mathematical Institute

Slovak Academy of Sciences

ON OSCILLATION CRITERIA
FOR FORCED NONLINEAR HIGHER ORDER
NEUTRAL DIFFERENTIAL EQUATIONS

N. PArHI* — R. N. RATH™**
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ABSTRACT. In this paper, sufficient conditions are obtained for oscillation of
all solutions of neutral differential equations of the form

ly(®) - p®)y(t =] + 3 QDG (y(t - 0,)) = £(2) (%)
=1
and m
[y(®) - )yt -] + 3 Q)G (y(t - 0,)) =0 ()
=1

for different ranges of p(t), where n > 2. For (%), one of the conditions states
that F(t) changes sign finitely, where F € C(™ ([0, 00),R) with F(™)(t) = f(t).
In results concerning (*x), the nonlinearity of G, the nature of n and the range
of p(t) are closely related.

1. Introduction

In a recent paper [10], necessary and sufficient conditions are obtained for
every bounded solution of

) -yt - ™ + 3 QG (y(t—0)) = f(&), t>0, (1)

=1

to oscillate or tend to zero as t — oo for different ranges of p(t). It is shown
there, under some stronger conditions, that every solution of (1) oscillates or
tends to zero as t — oo. In [10], a particular class of superlinear G is considered.
However, similar results are obtained in [11] for superlinear/sublinear G under
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stronger conditions. In [10], [11], one of the conditions states the existence of a
function F' € C(™([0,00),R) such that F()(t) = f(t) and Jim F(t)=0.1In

this paper, we will not assume that tlim F(t) = 0. However, F(t) is allowed to
—00

change sign finitely. (This condition is made precise in the following.) As this
condition is not applicable to the associated homogeneous equation

y®) -pyt -1 + 3 QG (Wt -0,)) =0, t>0, (2
=1

it is studied separately. In this paper, we are able to show that every solution
of (1)/(2) oscillates under reasonably suitable conditions. While considering (2),
different types of superlinear/sublinear G are taken. In (1)/(2), n > 2, p, f €
C([0,00),R), @, € C([0,0), [0,00)), 1 <i<m, Ge C(RR) is nondecreasing
and uG(u) >0 for u#0,7>0and g, >0, 1<i<m.

The oscillatory and asymptotic behaviour of solutions of (1) with G(u) = u
are investigated in [8] under the assumption that f is a very rapidly oscillating
function. In [6], [7], equation (1) is studied under the assumption that f is small
in some sense. Equation (2) is considered in [2], [13] under strong assumptions
on @Q,. Moreover, in most of these works, p(t) lies in the range —1 < p(t) < 0
or 0 <p(t) <1.

By a solution of (1) we mean a real-valued continuous function y on
[T,,—p, 00), for some T, > 0, such that y(¢)—p(t)y(t—7) is n-times continuously
differentiable and (1) is satisfied for ¢ > T, , where p = max{r,0,: 1 <i < m}.
A solution of (1) is said to be oscillatory if it has arbitrarily large zeros. It is
called nonoscillatory otherwise.

The nonhomogeneous equation is considered in the second section and the
homogeneous equation is studied in Section 3. We need the following assumptions
in the sequel.

(H,) There exists F € C™([0,00),R) such that F("(t) = f(t) and F(t)
changes sign with —co < A =liminf F(t) < 0 < limsup F(t) = u < 00.
t—o0 t—00

(H}) There exists F € C(")([O,oo),]R) such that F(")(t) = f(t) and F(t)
changes sign.

(H,) For v >0 and v > 0, there exists a § > 0 such that
G(u) + G(v) > 6G(u+v).

(H}) For u <0 and v < 0, there exists a § > 0 such that
G(u)+ G(v) < 6G(u+v).

(Hy) For u >0 and v >0, G(uv) < G(u)G(v).
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OSCILLATION CRITERIA FOR NONLINEAR NEUTRAL DIFFERENTIAL EQUATIONS
(Hy) G(~u)=-G(u), ueR.
(Hy) liminf(G(u)/u) > a > 0.

|u| =200

(Hg) 1}nl1 i%f(G(u) Ju) > B> 0.

k
() () [ gty <oo,
—k
(ii) Of ol < 00,
for every k > 0.

+o0
(Hg) ifk Gd(’;) < oo for every k > 0.

) [(E£ ) at=c.

() [ Qi) dt= oo,
where Q}(t) = min{Qi(t),Qi(t —7)},t>7and 1<i<m.

Remark.

(i) (H,) implies that F(t) is bounded.
11 e possibility that limin t) = —oo or limsup F'(t) = oo is include
ii) Th ibili hat liminf F’ li F is included
in (H). toroo t—o0
(iii) (H,) and (H,) imply (H5).

Remark. The prototype of G satisfying (H,) and (H,) is
G(u) = (a -+ bul) [ul* sgn,

where a > 0, b > 0, A > 0 and g > 0 such that a® + b%> # 0. It satisfies
(Hy) if a > 1 and b > 1. Moreover, G € C(R,R), uG(u) > 0 for u # 0 and
G(u) is nondecreasing. If A+ > 1 and b > 0, then G satisfies (Hg). On the
other hand, (Hg) holds if A+ <1 and b > 0. Further, A+ u <1 and b >0
imply that (H;) holds, and A+ > 1 and b > 0 imply that (Hg) holds because
we may write G(u) > blu[*#sgnu. If G*(u) = |u|” sgnu, where v > 0, then
G!' € C(R,R) with uG'(u) > 0 for u # 0 and it is nondecreasing. Further, G*
satisfies (Hy)-(H,). It satisfies (Hy) if v > 1 and (Hg) if v > 1. Further, it
satisfies (Hg) if v < 1 and (H,) if v < 1.
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2. Oscillation of nonhomogeneous equation

The oscillatory behaviour of solutions of equation (1) is studied in this section.
THEOREM 2.1. Suppose that 0 < p(t) <1 and (H,) holds. If

(Hyy) f [EameEtt-o)] =
1) [ [5e06E+r-0))] ar=co,

(Hys) f[EQ(t)G( F+(t+7—a))] dt = —o0
and

f | g:l QOG(-F~(t-0,)] dt = —oo,

where F*(t) = max{F(t),0} and F~(t) = max{—F(t),0}, then every solution
of equation (1) oscillates.

Proof. Let y(t) be a nonoscillatory solution of (1). Then there exists a

ty > T, such that y(t) > 0 or y(t) <0 for ¢t > ¢,. Let y(t) > 0 for ¢t > ¢,.
Setting

w(t) =y(t) —p)yt —7) - F(t) 3)

for t > t, + 7, we obtain

W) = =3 Q)G (y(t —0,)) <O (4)
=1

for t > t, + p. Hence the functions w,w’, .,w" 1) are monotonic and of

constant sign for t > t; > t; + p. We con31der two possibilities, viz., either

tl_l’m w1 (t) = —oc0 or hm w(»=1(t) = £ € R. Suppose the former holds.
o0

Hence tl_l)m w(t) = —o0. For any L > p and for any ¢, 0 < ¢ < L — u,

there exists a t, > t; such that F(t) < p+¢ and w(t) < —L for t > t,. Hence
y(t) <y(t—7) for t > t,. Thus y(t) is bounded. Consequently, w(t) is bounded,
a contradiction. If tl_i)m w(n~1)(¢) = £, then from (4) we obtain

oo

s Q,t)G(y(t—0,))| dt < . (5)
/1% |

t1 =1
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Since w(t) is monotonic, then w(t) > 0 or w(t) < 0 for t > ¢; > t;. Let
w(t) > 0 for ¢t > ¢,. Then y(t) > F*(t) for t > t, and hence

/OO[ZQ(t)G F+(t—0)]dt< / [ZQ(t (t-—-o'z.))] dt < oo

ta+p ta+p

by (5), which is a contradiction to (H,;). If w(t) < 0 for t > t,, then y(t) >
F~(t+ 7) and hence

/[ZQ(:‘, t+T—a))] dt < oo

tatp =1

by (5), which contradicts (H,,).

If y(t) <O for t > t,, then we set z(t) = —y(t) to obtain z(t) > 0 for t > ¢,
and

[2(8) = p()z(t - )] + 3 Q) H (2t - o)) = f(H),  t>0,
1=1

where f(t) =—f(t) and H(u)=—G(—u).If F(t)=—F(t), then F("(t) = f(¢),
F(t) changes sign, —oo0 < —p = litn_1)ian(t) < 0 < limsup F(t) = =\ < o0,
Red t—00

Ft(t) = F~(t) and F~(t) = F*(t). Then proceeding as above, we obtain a
contradiction. Thus the theorem is proved. O

THEOREM 2.2. Let 0 < p(t) < p, where p is a constant. Let (H,), (H;),
(Hy), (Hyy) and (Hy,) hold. If

Z[g@i(t)G(F"’(t-{-‘r—ai))J dt = oo
and

7 [é Q,()G(F~(t - Ui))] 4= o

then every bounded solution of equation (1) oscillates and every unbounded so-
lution of equation (1) oscillates or tends to o0 as t — oo.

Proof. Let y(t) be a nonoscillatory solution of (1) such that y(t) > 0 or
y(t) <0 for t > t, > T, . Suppose that y(t) > 0 for ¢ > ¢,. The case y(t) <0
for t > t, may similarly be dealt with. Setting w(t) as in (3) and proceed-
ing as in the proof of Theorem 2.1, we obtain either tl_lglo w1 (t) = £ € R,
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or tlim w1 (t) = —oo. Suppose that the former holds. Then (5) is true. If
—00

w(t) >0 for t > t; > t, + p, then y(t) > F*(t). Proceeding as in the proof of
Theorem 2.1, a contradiction to (H,;) is obtained due to (5). If w(t) < 0 for
t > t,, then py(t) > F~(t+7) and hence G(p)G(y(t—0,)) > G(F~(t+7—0,))
for t > t, > t; + p due to (H;). This contradicts (H;,) in view of (5). If
tl_lglo w1 (t) = —o00, then tl_lglo w(t) = —oo and hence

w(t) > —p(t)y(t —7) = F(t) > —py(t —7) = F(t)

implies that litm infy(t) = oo due to (H,). If y(¢) is a bounded solution of (1),
— 00
then a contradiction is obtained; otherwise, tl_i)m y(t) = oo. Thus the proof of
o

the theorem is complete. O

Remark. From Theorems 2.1 and 2.2 it follows that p > 1 changes the nature
of the unbounded solutions of (1).

THEOREM 2.3. Let p(t) be monotonic decreasing and —p < p(t) < 0, where
p >0 is a constant. Suppose that (H}), (H,)-(H,) hold. If

M) [ [Ee:06Ft-0))] dr=co

and
o0

J[EaeiweE--o))] a=oo,
where Q7 (t) is same as in (Hy,),

then every solution of equation (1) oscillates.

Proof. If possible, let y(t) be a nonoscillatory solution of (1) with y(t) > 0
or y(t) <0 for t > ¢, >T,. Let y(t) > 0 for ¢t > ¢,. Setting

z(t) = y(t) — p(t)y(t — 1) (6)

and w(t) as in (3), we obtain z(t) > 0 for ¢ > t, + 7. Proceeding as in the
proof of Theorem 2.1 one obtains either tl_l)n; w™=(¢t) = —c0 or tl_l)rgo wn=1)(t)
= £ € R. If the former holds, then w(t) <0 for t > ¢, > ¢, > t, + p and hence
F(t) > z(t) > 0, a contradiction to (H}). Suppose that the latter holds. Since
w(t) is monotonic, we may take w(t) > 0 for ¢ > t, > ¢, because w(t) < 0
leads to a contradiction as above. Hence z(t) > F*(t) for t > t,. The use of
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(H,) and (H,) yields

0=w™(t)+ ) Qt)G(yt-o0,)
i=1
+ G(—p(t - 0)) [w(") (t—7)+ Z Q,t-7)Gyt-7- oi))]
=1
> w™ () + Gp)w™ (t - 7)

+2Q0[G Wt~ ) + G (=plt = )Gyl ~ 7~ )]

> W (1) + G (- 1)+ 83 QIOE(+(t - 0,)

i=1

> w™(t) + G(p)w™ (t — 1) + éi Q;(t)G(F*(t —0,))

i=1
for t > t, + p, where ¢ = min{o, : 1 <i <m}. Thus
o0

/ [Zm:QZ(t)G(F+(t—oi))] dt < o0,

ts+p =1

which contradicts (H;,). The case y(t) <0 for t > ¢, is treated similarly. This
completes the proof of the theorem. 0

THEOREM 2.4. Let —1 < p(t) < 0. Suppose that (H}), (H,), (H}) and (H,,)
hold. If

) J[E@i06(-F(t-0))] at=-c,

then every solution of (1) oscillates.

Proof. In view of the proof of Theorem 2.3, it is enough to arrive at a
contradiction in the case tl_i’m wn=1)(t) = £ € R and w(t) > 0 for t > t,. Since
oo

F*(t) < z(t) < y(t) + y(t — 1) for t > t;, the use of (H,) yields
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0=w™ )+ Qut)G(y(t — 0,)) +w™ (¢ — 7)
=1
+> Q- 7)G(y(t -7 -0,)
i=1

> w™ () + w™ (¢ - ) +6 Zm: QG (y(t—o,) +yt— 1 —0,))

i=1
> w™(t) + w™(t - 7) + 6 i Q;(G(FT(t - 0))
=1

for t > t; + p. Hence

[i Q:t)G(F*(t- ai))] dt < oo,

tatp =1
which is a contradiction to (H,,). Thus the theorem is proved. ]

THEOREM 2.5. Suppose that p(t) changes sign with —1 < p(t) < 1. If (H,),
(H,), (Hy), (Hy,)-(H,5) hold, then every solution of (1) oscillates.

Proof. Let y(t) be a nonoscillatory solution of (1) with y(t) > 0 or
y(t) < 0 for t > t, > T,. We consider the case y(t) > 0 for t > t,. The
case y(t) < 0 for t > t, may similarly be dealt with. Setting w(¢) as in (3)
and 2(t) as in (6) and then proceeding as in the proof of Theorem 2.1, one

obtains that w(t) is monotonic for large ¢ and either lim w1 (t) = —o00 or
o0

lim w V() = £ € R. If lim w1 (t) = —co, then lim w(t) = —oc0. Pro-

t—00 t—=00 t—00

ceeding as in the proof of Theorem 2.1, we obtain that y(¢) is bounded and
hence w(t) is bounded, a contradiction. If tlim w1 (t) = £ € R, then (5)

holds. If w(t) < 0 for large t, then proceeding as in the proof of Theorem 2.1
we obtain a contradiction to (H;,). Let w(t) > 0 for ¢t > t, > t; > t, + p.
Then F(t) < z(t) < y(t) + y(t — 7) for t > t,. Proceeding as in the proof of
Theorem 2.4, we obtain a contradiction to (H,,). Thus the proof of the theorem
is complete. O

ExaMpLE. Consider
n
[y(t - -g—y(t - 27r)] + %ya(t —27) = %cos3t, t>0.
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Hence F(t) = —g; cos3t. Clearly, F(t) changes sign with liminf F(t) = —&
t—o00

and limsup F(t) = 81—1. Further,

t—o00
0, 0<3t<E,
Ft(t—2m)=( —grcos3t, (4n—3)Z <3t < (4n-1)%,
0, An-1)7 <3t < (4n+1)5
and
grcosdt, 0<3t<7I,
F~(t)=<¢ 0, (4n—-3)5 <3t<(4n-1)7,
s cos3t, (4n—1)Z2<3t<(4n+1)%,
n=1,2,... imply that
o0 4 o0
/Q(t)G(F*(t —2m)) dt = 5/(F+(t —2m))* at
2m 27
(4n—-1)%
12 &
=30 Z /cos3u du
n=4 (4nZ3)z
_ 12 $n-ay
TR & (T) -
and
o0 4 [e o]
_ — /3
[eweE®) a=3 (@) a
27 27
(4n+1)Z
> 1—2 - 2cos?’u du
814
=4 (4n>1)1
12 /4
=g 2 (3) =
n=4

Similarly, other two conditions of Theorem 2.1 are satisfied. Hence all solutions of
the equation oscillate by Theorem 2.1. In particular, y(¢t) = cost is an oscillatory
solution.

Remark. We can have similar examples to illustrate other theorems.
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3. Oscillation of homogeneous equation

This section deals with the oscillation of solutions of equation (2). The re-
sults here differ substantially from those in [10], [11]. Different types of sublin-
ear/superlinear G are considered in this paper. We need the following lemmas
for our work in the sequel:

LEMMA 3.1. ([4], [5; p. 193]) Let y € C™ ([0,00),R) be of constant sign.
Let y(™(t) be of constant sign and # 0 in any interval [T,00), T > 0, and
y(t)y™ (t) < 0. Then there exists a number t, > 0 such that the functions
yU(t), j = 1,2,...,n—1, are of constant sign on [ty, 00) and there ezxists a
number k € {1,3,...,n—1} when n is even or k € {0,2,...,n—1} when n is
odd such that

yOy (@) >0 for j=0,1,2,....k, t>t,,
()" Ly )yD(t) >0 for j=k+1,k+2,...,n—1, t >t,.

LEMMA 3.2. ([3; p. 46]) If ¢ € C([0,00),[0,00)) and
t
.. 1
htrgg)lf q(s) ds > o
t—7
then z'(t) + q(t)z(t — 1) <0, t > 0, cannot have an eventually positive solution
and z'(t) +q(t)z(t—7) > 0, t > 0, cannot have an eventually negative solution.

LEMMA 3.3. ([3; p. 46)) If q satisfies the conditions of Lemma 3.2, then x'(t)—
q(t)z(t+7) > 0, t > 0, has no eventually positive solution and z'(t)—q(t)z(t+7)
<0, t >0, has no eventually negative solution.

LEMMA 3.4. Suppose that 0 < p(t) < p, where p is a constant and (Hy) holds.
If y(t) is a solution of (2) with y(t) >0 for t > t, > 0 and z2(t) is set as in (6)
for t > t, + 7, then either

L) () — ; _
tl_lgloz (t) 00, 1=0,1,2,...,n—1 (7)
or
()W) <0, k=0,1,2,...,n—1, t>t, >t,+p,
and (8)
lim 2% (¢t) =0, k=0,1,2,...,n—1.

t—o00

Proof. From (2) we obtain

ZM() ==Y Q)G(y(t—0)) <0 for t>ty+p.
i=1
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Hence 2,2/,...,2™Y are monotonic and are of constant signfor t > t, > t,+p.
Further, either tgm z(=1)(¢) = —o0 or tlim z("=1(t) = ¢ € R. If the former
o0 —00

holds, then tl_l)rglo 20 (t) = —00, i = 0,1,2,...,n—1. Suppose the latter holds.
Then (5) is true. We claim that litrginfy(t) = 0. If not, then y(¢) > a > 0 for
t>t, >1,. Hence

G(a)tZ, (g:lQi(t)> dt < 7 [iQi(t)G(y(t—ai)) dt < o0

ta+p =1

due to (5), a contradiction to (Hy). Thus our claim holds. Consequently, there

exists a {t,,}°2, such that lim y(¢,,) = 0. Since z(t) is monotonic, z(t) < y(t)
n—oo

and z(t+7) > —py(t), then tlim 2(t) = 0 and hence (8) holds. Thus the lemma
— 00

is proved. 0O

LEMMA 3.5. If the range of p(t) in Lemma 3.4 is replaced by 0 < p(t) < 1,
then only (8) holds.

Proof. If (7) holds, then tlim 2(t) = —oo. Since z(t) < 0 for large t, then
—00

y(t) < p(t)y(t — 7) < y(t — 7) and hence y(t) is bounded. Consequently, z(t) is
bounded, a contradiction. Thus the lemma follows from Lemma 3.4. O

THEOREM 3.6. Let —p < p(t) < 0, where p > 0 is a constant, and p(t)
be monotonic decreasing. Let 7 < 0 = min{o, : 1 < i < m}. If (H,)-(H,),
(H;) (i) and (H,,) hold, then every solution of (2) oscillates.

Proof. If possible, let y(t) be a nonoscillatory solution of (2). We may
take y(t) >0 for t > t, > T, in view of (H,). Setting z(t) as in (6), we obtain
z(t) > 0 for t > t,+7 and either tl_lglo 2("=1(t) = —oo0 or tl_l_glo Zn=D(t) = L € R.
If either the former holds or £ < 0, then 2(¢) < 0 for large ¢, a contradic-
tion. Hence 0 < £ < oco. Since z(t) > 0 and 2(™(t) < 0 for t > ¢, + p,
then by Lemma 3.1, there exists an integer ¥ < n —1 and ¢, > t; + p such
that n — k is odd, 2()(t) > 0 for j = 0,1,...,k and 2U)(¢)z0+V(t) < 0 for
Jj = k,k+1,...,n—2 and t > t,. By the Taylor series expansion we have, for
t>t +r,

2

2(t)=z(t—r)+ 7t —71)+ %z”(t—r) 4o

rk

k
2B (z) > L0 (g)
RSN TR
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where r > 0 and t—7 < z < t. Since 2(¥)(t) is decreasing, then z(t) > %z(’“)(t).
Another Taylor series expansion yields

2B () = 2B (t +7) + (=r)2* Dt +7) + (= o ) z(k"'z)(t +7)+.
. (=r)"* 1 e D (z)
——(n Py z T
7.n—k—l (n—1) ;
> mz ( +T)

because r >0, t < z < t+r and z("~1)(t) is monotonically decreasing. Hence,
fort >t +r,

r n
kl(n —k—1)! (n 1)'
The use of (H,), (H;) and (9) yields, for t > t, > ¢, + (0 —7) + p,

2Dt 4r). 9)

2(t) > 20Dt 1) >

0=2M(t)+> Q)G (y(t - oy))

+G(=p(t =) [£(t =) + 3 Qu(t - T)C(u(t ~ 7~ 0)]
> 2 (t) + G(p)2™(t - 7)

+ fj Q; () [G(yt —0,) +G(-p(t—0,))G(y(t — 7= 0)))]

=1

> 2™ (¢) + G(p)z(")(t -7)+ Ji Qi (1)G(2(t - Ui))

=1
> 2 (t) + G(p)2™(t — 7) + az QG (L2t - 7))

> z(")(t) + G(p)z(n)(t —-7)+ JG(%Z(n—I)(t - T)) i Q:(t) .
=1

Hen
o . () | G)(e=1)
ZQ O+ G T aw <

where u = i%_—T%rz(""l)(t) and v = %—TLr-z(""l)(t — 1) and the fact that

2("=1)(¢) is monotonically decreasing is used. Integrating the above inequality

380



OSCILLATION CRITERIA FOR NONLINEAR NEUTRAL DIFFERENTIAL EQUATIONS

we obtain

0 £ L
N (n—1)! du (n—1)! dv
'/ (L) a5 [ +cop 5 [ g <0

C1 c2

where ¢; = ("(nr_)l), n=1(t,) and ¢, = %z(n D(t, — 7). This leads to
a contradiction to (H,,) in view of (H,)(i). Thus the theorem is proved. a

THEOREM 3.7. Let —1<p(t) <0. If (H,), (H}), (H;) and (H,) hold, then
every solution of (2) oscillates, where 7 < 0 = min{o, : 1 <1i < m}.

Proof. Proceeding as in the proof of Theorem 3.6 we obtain (9). Since
2(t) < y(t) + y(t — ), then (H,) and (9) yield, for t > t, > ¢, + (0 —7) + p,

0= (1) + 2 (t=1) +3 QDG (u(t ~ 0)) +D_ Qult=1G(y(t 7~ )

> z(")(t) + z(")(t -7)+4d f: Q:(t)G(Z(t - Ui)) .

i=1

The rest of the proof is similar to that of Theorem 3.6. Thus the proof of the
theorem is complete. O

THEOREM 3.8. Let 0 < p(t) < 1. If n is odd and if (H;) and (Hy) hold, then
every solution of (2) oscillates.

Proof. Let y(t) be a nonoscillatory solution of (2) with y(¢) > 0 or
y(t) < 0 for t > t, > T,. We consider the case y(t) > 0 for t > t,. The
case y(t) < O is similar. Setting z(t) as in (6), we get 2(t) < y(¢) for t > ¢, +7.
Then (8) holds by Lemma 3.5. Since n is odd, then z(t) > 0 for t > t, > t,+p.
Taylor series expansion yields, for ¢ > ¢,

_ (= ) ) e O )
2(t —71) = 2(t) + (=r)2( ®)+---+ CRk (z)
= 1 . (10)
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because z("~1)(t) is monotonically decreasing, where r > 0, t —r < = < t.
Hence, for t > t,,

O—Z(”)(t)+ZQ G(y(t —0,))
=1
“>(t)+ZQ (2(t—0,))
™) (1) + ZQ (6 (2 ()

> 27 (1) + G2 ”(t))ZQ (®),

where ¢ = min{o,,...,0,,}. Proceeding as in the proof of Theorem 3.6 and
using (H,) (i) we obtain a contradiction to (Hgy). Hence the theorem is proved.
a

Remark. Theorem 3.8 improves [1; Theorem 3]. Moreover, the proof of The-
orem 3.8 is simpler than that of Theorem 3. As Theorem 3.8 does not hold for
linear G, we have the following theorem.

THEOREM 3.9. Let 0 < p(t) <1, n be odd and (Hg) hold. If

m

t
(Hyq) minf [ (3

Qi(s)) ds > E(g;—,}_&l, where 20 = min{o, : 1 <1i<m},

then every solution of (2) oscillates.

Proof. Suppose that y(t) is a nonoscillatory solution of (2) with y(¢) >0
for t > ¢, > T,. The case y(t) < 0 for t > ¢, may similarly be dealt with. Then
z(t) < y(t) for t > t, + 7, where 2(t) is same as in (6). We claim that (H,4)
implies (Hy). Indeed, if (Hy) fails, then

0<r= [(300) at<x.
0

=1
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Hence

hmmf/t(iQi(s)> ds

=1

- | Oj(ig ) ai- ;]"@Qi(s)) o

i=1

t—o m
Q,(s ) ds + lim sup {— / ( Qi(s)> ds}
1 t=o0 i=1

0

Ms

i

t—o

zm:Ql s) ds—hmmf/ (ZQ (s)) ds

1=

< liminf
t—o00

< hm 1nf (

—

_,\—,\=0,

which is a contradiction. Thus (8) holds by Lemma 3.5. Since n is odd, then
z(t) > 0 for t > t, > t, + 7. Further, (Hq) yields G(z(t)) > Bz(t) for ¢t >
t, > t,. Proceeding as in the proof of Theorem 3.8, we obtain (10). Hence, for
t 21, +p,

0=2M(¢t) + Z Q)G (y(t —0,))

M) + Z Q,(t)G(2(t - a,))

=1

A0 + 63 QuD)=(t - o)

=1

() + ﬂ(Z Qia)) 2(t -~ 20)

i=1
z(")(t)+ (ZQ (t)> "(t - o),

where the fact that z(t) is decreasing is used. This contradicts Lemma 3.2 due
to (H;g) because z("~1)(t) is eventually positive. Thus the theorem is proved.

O

THEOREM 3.10. Let 1 < p(t) < p, where p > 0 is a constant. Let n be odd

and T > o* =max{o; : 1<i<m}.If (Hg) and (Hy) hold, then every solution
of (2) oscillates.
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Proof. If possible, let y(t) be a nonoscillatory solution of (2). Let y(t) > 0
for t > ¢, > T, . The case y(t) < 0 for t > t, may similarly be dealt with. Then
either (7) holds or (8) holds by Lemma 3.4, where z(t) is defined by (6). If (7)
holds, then z()(t) < 0 for t > t, > t;, 0 < j < n—1. By the Taylor series
expansion we have, for t > ¢, + 7,

2 n—1

T
577 2't—r)+- -+

(n — 1)!z(n_1)($)’

(t) =z{t—r)+r(t—r)+

where ¢t —r < z <t and r > 0. Since 2(”~V(¢) is monotonically decreasing,
then z(t) < 1 ),z(" U(t — r). Further, 2(t) > —py(t — 7) for t > ¢, implies
that y(t) > —Bz(t+7') Hence, for t > t; +p,

0= 2" t)+ZQ G(y(t - o))

=1
> 27 (1) +ZQ (OG(-22(t+7—0)))
> 2 (1) + G(—%z(t +7—0%)) iQi(t)
i=1

2() + G (- e %))i

that is,

z(")(t) <0,

ZQ 6 +z
t)’n 1

where u = —{=¢ I 2(n=1)(t). Hence

“pln=1)1
/(ZQ“)‘M( E ooGdfi)’

where t, >t, +p and c = —%z("_l)(t2). This contradicts (Hy) due to
(Hg). Hence (8) holds. Consequently, (5) is true. Since n is odd, then z(t) > 0
for t > ¢, and hence y(t) > p(t)y(t —7) > y(t — 7). Thus litrgzgf y(t) > 0. This
contradicts (Hgy) in view of (5). Hence the proof of the theorem is complete. O
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THEOREM 3.11. Let 1 < p(t) < p, where p > 0 is a constant. Let n be odd,
T > 0* =max{o,: 1<i<m} and (Hy) hold. If

t m
(Hy,) litn_l)inf J ( > Qi(s)) ds > Wf_p—(%ﬁj’ where 0 < § < T — 0%,
® t-5 ‘i=1

then every solution of (2) oscillates.

Proof. We may note that (H,,) implies (Hy). Proceeding as in the proof
of Theorem 3.10, we obtain 2(t) < (;i_ll)!z("_l)(t —r) for t > t, +r when (7)
holds. Further, y(t) > —%Z(t-}-T) for ¢ > ¢, . From (7) it follows that 2z(t) - —oo

as t = oo. Hence G(z(t)) > az(t) for t > t, > t, +p. Hence, for t > t, > t,+p,

0= z(")(t) + ZQi(t)G(y(t - Ui))
i=1

> 2(M(t) + i Q;()G(-%2(t+7—0,))

=1

> 2™ (t) — % i Q;(t)2(t+1—0,)
=1

> 2" (t) - %z(t +7-0") i Q;(®)

i=1

(T —0* - 5)n—1 n—1 -
D) A+ 6) 3 Qi)

i=1

> (M () - =

which contradicts Lemma 3.3 in view of (H,,) because z(»~V(t) < 0 for ¢t > ts.
If (8) holds, we arrive at a contradiction as in the proof of Theorem 3.10. Thus
the theorem is proved. O

THEOREM 3.12. Suppose that 0 < p(t) < 1. If n is even, 7 < 0 = min{o;, :
1<i<m} and (H,) and (Hy) hold, then every solution of (2) oscillates.

Proof. Let y(t) be a nonoscillatory solution of (2) with y(t) > 0 for ¢t >
to > T,,. From Lemma 3.5 it follows that (8) holds, where 2(t) is given by (6).

Since n is even, then 2(t) <0, 2'(t) > 0, ..., 2(® () > 0 for t > ¢, > ¢, + p.
Further,
_ — _ / (_T)2 " A (_,,.)n—l (n—1)
£t =) = #(0) + () (0 + G2 ) + -+ V@),
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where 7 > 0 and t —r < z < ¢, implies that 2(t — r) < (( =) - U(t) for
t >t,. Since y(t) > —z(t +7) for t > t,, then

O—Z")(t+ZQ G(y(t—a,)

> (1) + Z Q,(t)G(=2(t +7—0,))

i=1

> M)+ G(~2(t — o +7)) i Q;(t)
=1

> 2900) + 6200 0) L

i=1

for ¢ > t, > t, + p. Since 2(""V(¢) — 0 as t — oo, then integrating the above
inequality from ¢, to oo yields a contradiction to (Hy) due to (H;)(i). A similar
contradiction is obtained if y(t) < 0 for t > ¢,. Hence the proof of the theorem
is complete. O

Following theorems may be proved using the techniques employed in the
above theorems.

THEOREM 3.13. Let 0 < p(t) < 1, n be even and 7 < ¢ = min{o, : 1 <
i <m}. If (Hg) holds and

lim inf (ZQ (8) ds > (U(ﬁ;i)!c)n—l ’

—C

where 0 < ¢ < 0 — 7, then every solution of (2) oscillates.

THEOREM 3.14. Let 1 < p(t) < p, n be even and 7 < 0 = min{o, : 1 <
i <m}. If (H;) and (Hy) hold, then every bounded solution of (2) oscillates.

4. Summary

We have observed that the behaviour of the forcing term f(t) greatly in-
fluences the nature of solutions of (1). It is not known how the solutions of
(1) would behave when f(t) is such that 0 < litrgian(t) < limsup F(t) < o0

o t—00

or —oo < liminf F(¢) < limsup F(t) < 0, where F € C(([0,00),R) with
t—oo t—o0
F™ () = f(t) and p(t) > 0. We may note that this condition can be reduced
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to (H,) if hmsupF(t) < 0o or hmmfF(t) > —o00. This can be reduced to

t—

(H}) otherwise. In Theorems 2.1-2.5, the conditions on Q,, 1 < i < m, are so
strong that the superlinearity or sub-linearity of G does not matter. We expect
to weaken these conditions. Further, we note that these conditions are sufficient.
It would be interesting to obtain conditions which are necessary as well as suf-
ficient for oscillation of all solutions of (1) when F satisfies (H;) or (Hj). No
result is known for (1) if p(t) changes sign but not necessarily —1 < p(t) < 1.

It is interesting to notice that the range of p(t), the nature of n and super-
linearity /sublinearity of G are closely related in the results concerning (2). We
have no result for superlinear G when 0 < p(t) <1 or —p < p(t) < 0 irrespec-
tive of n odd or even, where p is any positive scalar. No result for (2) is known
if p(t) changes sign with or without —1 < p(¢) < 1. The conditions imposed on
Q,(t), 1 <i < m, in Theorems 3.6-3.14 are sufficient.

In [12], equations (1) and (2) are studied for n = 1. For n =1 or n > 2,
similar results may be obtained for (1)/(2) when Q,(t) <0, 1 <i < m. It seems
that no result is known for @,(t) changing sign.
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