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[1] [5] [7.,.,10] In partic,ular f@llc)wmg Kufner s ter mlnology we. call the mequallty
(1) “mammal c:verdetermmed Har dy s mequahty that 18 WhEI} a functlon F and
:ﬂf'-'.:f:i'-.f-_f-_lﬁ',::::fits del watzves v&msh at both ends Gf the inter val up tc} (k — 1) th order A part

of mxalysas related to the welghi;_ed H&rdy 1neq11alzty ff)r functlans vanishmg at b{:}th

é_};ﬁjii:.::;:-:i_-;.-:j__.-elldb of an mterval W&S 3-180 glven by G. Smnamon [15] and the authgrs [1 1], [1 2]. In
;::_.:;.j.;-:.-_.:_;.;:.j._:.i.;l:)artlcula,r the iﬂd}ilﬁldl lnequahty (1) 011 Semia}ﬂs was gharactenged in | 11 ng

f:';'_';:fj:.:f.-_.i_.f_f_'._".::,:._5:111equ&]lty (1) when p q = 2 k = 2 (Theorem 5) I
W 1thout 1035 af generahty we assume throughout the papel that the undetermz-_'jf;_i_:_'-_:_':f_i:;.}}.';f:f
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:f ﬂk 1153; ot t E I and P;g 1 C LP e { f ” f@“ < oe} denmeg the (;lc}sed g{ibSpace
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f?f-':fff{i5_‘_-1‘-ﬁf.-ﬁth€ Closed Sbbsp&ce Let X i b@ ﬂze dual space and e
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Dtﬁﬂtfﬁ P ""“- -p/ ( T 1) dﬂd q : 9’/ (Q ~ 1) f0r 1 <: p, q ~< DQ aml beerve tha,t
(L;M =Ly /1, if and Only 1t 'v E Lp loc' and 1 /v € L ' loc: L
o The foll{}mng result gzves an altematlve version fJf thﬁ problems m cha,ractel 1@{#}",-"f'_:'{f.:}";'{'f.'-f';"
(1) (2) (3) a,nd heips us t{:} malise the desued solutzou for p q },, = 2
T Thearem 1 Let 1 < p, q < c::o and the Wﬁ:ghﬁ functwns u and v be Su{,h t haj;
( o v) = ._'L ' 1 /1; ( Lq . ) = Lg, 1 J/u Theﬂ el B
(8) M;., (p, ) sup nf/uu i dm (ka? Pk 1)
P T {) o f Applymé Lemmcl 1 &Ild the duahty of Lp y. cmd Lp 1 /v, L cHld L ' 1 / m
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and palyneﬁna.ls {wl(ur: } z = 1 | k;—- - 1 appear f1 om the Gram~8chm1dt {thhogcr*
:;_::._f.i:::‘__;:.; na,hzatzon process ef {1, t,. t“* 1} in Lg " (see 4], Lemma 2)
Observe tha,t 1f p # 2 p E (1 m) and k = 1 then
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(9) Fk - F& a'* Z F;g M g Chlfllg




. :' g ( f (j; (3: ' *._ t) ; ( ;;; 1) |‘u (:1:) I’?I d:c ) (f |’U{ p ) / o )! gy )l/r,p>q o
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N ow we estzma,te the mrm {:}f each term 01'1 the rlght hand s,zde Usmg [16 17] we '
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(we use the Holder mequahty fm the ﬁrst and the f{mrth term and the upper estzmates 5
whu:h follew frem the welghted Hardy mequahtxes [1 3] for the semnd and the thlrd i
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Smce T ,\ and J were arbltrary the up p er bound (1 D) Of M 2 ( pj q) fallaws 3
R emar k Theﬂrem 2 gwes the upper b{}und fer M k (P; ) When k 2 Obwous1}"_:'{_:-:'}}:::355:.:"_.-;'-_?,:?;f-:"_:f_-:_'_-:'.ﬁ:jf_f
the 3111111&1’ upper estlmates can be pmv&d by the same meth{)d f{}r k > 2 We {}1111t__j';_-'5_';-_'_?__f_ﬁj._f-_f3_._':;:_3_f_f_f__ﬂf..'
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If we take the pmnt A E I suc:h that i.d(/\) = 0 and Lhoose 'r o S() that _'

then there exzst pomtwe numbers (5 = 5 (v) e (O 1) a == 1 5 far Wthh
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