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KYBERNETIKA — VOLUME 26 (1990), NUMBER 5

SOME ASYMPTOTIC RESULTS

FOR ROBUST PROCEDURES FOR TESTING
THE CONSTANCY OF REGRESSION MODELS
OVER TIME

MARIE HUSKOVA

The aim of the present paper is to derive the asymptotic distribution of test statistics connected
with a robust version of CUSUM (cumulative sums) procedure used for testing of the constancy
of the regression relationship over time. The obtained results are, in fact, certain extensions of
the Darling-Erdos theorem (cf. [4]).

1. INTRODUCTION

Let X4, ..., X, be independent random variables, X; distributed according to
the distribution function (d.f.) F(x — ¢/0;), where ¢; = (¢;1, ... ¢;), i =1,...,m,
are known regression vectors, 6;, i = 1, ..., n, are unknown parameters, F fulfils
certain regularity conditions (and unknown otherwise). For testing problem:

Hy:0 =...=0, =0, (known or unknown)
against
H,: there exists 1 < m < n such that

0,=...=0,+0,.,, =..=0,

(called testing of the constancy of the regression relationship over time) there were
developed many different test procedures (for further information see survey papers,
e.g. [2], [3]. [8]. [9]. [12]. The recursive procedures (CUSUM — cumulative sums
and MOSUM — moving sums) were developed and deeply studied for F normal
in [5]. They are based on the recursive residuals

X, —¢0,_,, i=p+1,..,n, (1.1)

where 0;_ is the least squares estimator of 8, based on X, ..., X;_,. The important
feature of these residuals (for F normal) is that they are independent and normally
distributed.

For F fulfilling only some regularity conditions a robust version of recursive
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procedures related to M-estimators were developed. They are called recursive
M-procedures (CUSUM M-test and MOSUM M-test) and are based on the M-re-
cursive residuals

W, =y(X;, —ci_(¥)), p+1=5isn, (1.2)

where y is a score function from R! into R' (usually monotone), 8;_,(¢) is an M-
estimator of 8, (or an estimator related to it) generated by the function y based on
Xy, ... X;—y. For y(x) = x,xeR' one obtains classical recursive procedures
based on the recursive residuals (1.1).

In the present paper we shall concentrate on the CUSUM M-tests which are based
on the statistics

{IZ Wilei', ko < k < n}, (1.3)
j=p+1
where o} is a consistent estimator of [y?(x) dF(x). Typically, critical regions of the
CUSUM M-tests are of the form:

| Z W] o' > wlo, k,n)}, (1.4)

k= ko Jj=p+1 )
where w(, k, n), k = kg, ..., n, are chosen in such a way that the asymptotic level
is a (or <a). This test can be described as follows: after the kth (ko < k < n) ob-

servation one compute | Z W| o L if | ¥ W][ o; ' > w(a, k, n), one rejects the
J=p+ Jj= P
null hypothesis and stops w1th observations, in the opposite case one proceeds with

observations, for k = n, if | Z W| o' > w(a, n, n), one rejects the null hypothesis
j=p+
H,, in the opposite case one accepts H,.

The critical values w(a, k, n) are not uniquely determined (diﬁ'erent arguments
lead to different values w(a, k, n)). This is discussed in the papers [1], [7]. One should
remark that the first CUSUM M-test was introduced and studied by Sen in [11].

He proposed to take w(a, k, n) = n'/? w,, where w, is determined by
P(sup |W(r)] <w,) =1—u« (1.5)
te(0,1)

with {W(1), 1€ (0, 1)} being the standardized Wiener process.
Here we shall focus on the case when

w(ot, ke, n) = k''* w(a, n) . (1.6)
More exactly, we shall study the asymptotic behavior of

Z, = max {k~ ”2] Z W| (2 log log n)'/? 6~ -

" p<k=n
— 2loglogn — (log log log n)/2 + (log 4m)/2, (1.7)
where W; is defined by (1.2) and ¢® = [*(x) dF(x), under the null hypothesis and

393



some alternatives. Theorem 2.1 below says that under the null hypothesis and
contiguous alternatives

P(Z, < y)—>exp{—2exp{—y}} as n-> oo, yeR', (1.8)
which implies that in (1.6)
w(x, n) = a(log n — loglog (1 — «)~'/?), (1.9)
a(t,y) = (y + 2logt + (loglog t)/2 — (log 4n)/2) (2log )" 2. (1.10)
One should remark that the result (1.8) was first proved by Darling and Erdés
in [4] for the case W;/o, j = p + 1,..., n, being i.i.d. random variables with zero
mean, unit variance and the finite third moment and later on extended to more
general situations, however, they do not cover our ones.
The rest of the paper is organized as follows. Section 2 contains the main assertions

on asymptotic behavior of Z, (Theorem 2.1) under the null hypothesis and the
alternative:

H,,(8,): there exists 1 < m < n such that
0, —...—=0,=0,%0,,  -..=8 0+,
m/n - 2e(0,1) as n— . - (L1.11y

2. MAIN RESULTS

In the present section we shall adapt the following assumptions.

Assumption A. y is nondecreasing, 0 < f|y/(x)|*> dF(x) < + oo, there exist positive
constants D,, D, such that

JW(x = a) = ¥(x = b))* dF(x) < Dyfa — bf*

for |a| < D,

b| < Dy and some 2 = s = 1.

Assumption B. The function A(a) = —[y(x — a) dF(x), a e R, fulfils: 3(0) = 0,
there exists the first derivative A’ such that 2'(0) > 0 and

¥(a) = 2(b)| £ Dafa — b

for |a| < Dy, |b| £ D, and some Dy > 0, D, > O and r > 0.

Assumption C. The regression vectors ¢; = (c,-l, ceey cip)’, i=1,...,n, fulfil:

(1]
n~!'Y e, > 1C as n— o for te0,1)

i=1

H
limsupn™'y ¢, < +o0, limsup max {c;;n""log’n} < +o0,

n—=oo i=1 n-r o 1gisn

Jj =1,..., p, where Cis a positive definite matrix and [a] denotes the integer part of a.
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Under mild conditions on F typical y-functions fulfil Assumptions A and B, e.g.,
the Huber -function, y(x) = x, x € R, y being a step function with a finite number
of jumps. /

The main assertion of the present section is the following:

Theorem 2.1. Let Assumptions A, B, C be satisfied and let 6,(y), be an estimator
of 6, based on X, ..., X,, p + 1 < k < n, such that

p?éin{”ak('l’) - Bo”} =0,1) as n- o0, (2.1)
knn;?;{ »(0) C:/Z(ek(‘»b) — 0,) — Ck—l/zi:pir fil//(X,' — 0)]| K} = o0,(1)

as n- o, (2.2)

where [|+| denotes the Euclidean norm for some v > 0 and some sequence {k,}
such that k2 = o (log log n) and k, — oo as n —oo. Then under both the null hypo-
thesis

P(z, < y)—>exp{—2exp{—y}} as n—> o, yeR', (2.3)

where Z, is defined by (1.8), holds true.
Moreover, under the alternative H,,(4,) (defined by (1.11)) with
[6,]7"" = o((nloglogn)™*?) as n - (2.4)
the following holds:
k
P( max {k™'?| 3 (X, — €0, (})) — I{k > m} .
p<k=n i=p+1
k

. Z c;Ci_—llqnén;“’(O)l} (2 IOg log n)l/z 0_~1 .

i=m+1

— 2loglogn — (logloglog n)/2 + (log 4n)/2 < y) —

—exp{—2exp{—y}} as n—-> o, yeR', (2.5)
where 1{A4} denotes the indicator of the set A.

Remark 2.1. Reasonable candidates for estimators 0,(y), p + 1 < k < n, are
the usual M-estimators, the recursive M-estimators and the stochastic approxi-
mation type estimators all generated by the function . From the computational
point of view the usual M-estimators are less appealing (because they are defined
implicitly and after each observation one must apply an iterative procedure to get
the estimator), while the recursive M-estimators are easy to compute, however, one
needs a stronger version of Assumption C. The stochastic approximation type estima-
tor possesses property (2.2) (according to Theorem 2.2 and Remark 2.3 in [7])and
relatively easy to compute. Then regarding assumption (2.1) one can use the follow-
ing estimators: the estimators 0,(¢), p < k < k,, can be chosen arbitrary (close
to 0,), {k,} has the property: k. = o(loglog n), k, > co as n > co, as 6, () can
be taken the usual M-estimator (generated by the function ) and for k, < k < n
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one can use:

0k+1(l//) = Bk(‘//) + Y::tkilck—flc:"/’(xi - ":'(d) Gk(‘ﬁ)), ky<ks=n, (2~6)

where
k+1
Ciit :4; cc; 4 2.7)
ed) = ¢; el = d
=cdle|™t el > d (2.8)
n=v =y Sat
= dy e < ax
=a;' o> ap! ‘ (2.9)
k
v = 2tk 7Y (WX, — ci(d) 0,(¢) + k™) —
i=1
(X, - ) 0) — ) (210

with ¢t > 0 fixed, a;, \ 0, d > O large.

Remark 2.2. The second part of Theorem 2.1 says that the power of the test
described in Section 1 with w(a, k, n) defined by (1.9) for contiguous alternatives
converge to o as n — oo, which is quite unpleasant.

However, if ;
lim inf |3,] n'/? loglogn > 0 (2.11)
1 k

— Y e—>e*+0 as m—k-o (2.12)
m — k i=m+1

the asymptotic distribution of Z, under H, and H,(8,) are different.
Moreover, it can be easily seen that

k
max {k‘l/z[ Y ¢CC,b, — mc*'5, log E} =o(1) as n— o0, (2.13)
m<k<n i=m+1 m

so that

w,(k) = k™" ?me*' 8, <10g k) ™' k>m
m
=0 k<m (2.14)
represents certain drift corresponding to the alternative H,,(8,).
Finally, we should remark that since (3.2), (3.5), (3.7) and (3.10) the maximum
k
of k™12 'Y, W,| o, ' over p < k < n can be attained with probability close to 1 and

i=p+1
n large only for logn < k < n™, for 14 €(0, 1).
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Theorem 2.1 follows from Theorem 2.2 and Theorem 2.3 below which are of their
own importance. Theorem 2.2 extends the Darling-Erdds result [4] to a linear
combination of i.i.d. random variables. Theorem 2.3 concerns certain uniform
asymptotic linearity results related to M-estimators.

Theorem 2.2. Let Y,, ..., Y, bei.i.d. random variables with zero mean, unit variance
and the finite third absolute moment. Let Assumption C be satisfied. Then

k i—1
P(max (k™3| Y (Y; — ¢/Ciy ¥ ¢;Y))|} < a(log n, y))
1sksn i=1 =1

—exp{—2exp{—y}} as n—> oo, yeR', (2.15)
where a(log n, y) is defined by (1.10).

Theorem 2.3. Let Assumptions A, B, C be satisfied. Let 0;“, p < i £ n, be either

nonrandom or Borel functions of X, ..., X; satisfying:
max {i'?[07_, — 0,] log™"' n} £ D5 forsome Ds>0. (2.16)
p<iZn

Then under the null hypothesis:

1) for each k* > 0 there exists »* > 0 such that for all x > x*and n > k*

P( max {k™'/?| Z (W(X; — ci0f_,) — ¥(X; — ¢iB,) + 2(0) ci(07-, — 6,))|}

k*<ks<n
> %) £ x~2k*"1%(log k*) D (2.17)
for some Dg > 0.

2) there exists D, > 0 and x, > 0 such that for all % > x, and n > p
k
P('max {k~ ’ZI Z

k X, — ei_,) — W(X; — €i8,) + 2(0) (07, — 00))1}
p<k=n =

> x) < % *D,. (2.18)

3. PROOFS OF THEOREMS

Proof of Theorem 2.1. Let us start with the null hypothesis. Define {6} }, as follows:
0 =0, p<k=Zk,
—0,p) if [CH0p) — 8,)] < Ds, k,<k<n,
=0 of |C;*(0(y) - 0,)] > Ds, k,<kZn, (3.1)

where 07 is an arbitrary point from {0; |C./*(6 — 8,)| < Ds} (Ds is a constant
from Theorem 2.3). Then due to the assumptions (2.1) and (2.2) one observes that

P( max { ”2[ Z (X, — 0, ,(¥))| = (loglog n)~') —

kn<k<n i=p+1
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— P(max (k71 3 w(X, - €0 )| = (loglog n) ) -

ka<ksn i=p+1

-0 as n— oo, (3.2)

which means that it is suffices to prove (2.3) with 8,_,(y) replaced by 0;_,.
Applying Theorem 2.2 with Y; = y(X; — ¢i0,) and n replaced by n, = log n
one receives
i—-1

P( max (k12| S (X, — €0) — €lCy Y e (X, - P}

p<k=Zng i=p+1

Jj=pt1

< a(log ng, y)) > exp{—2exp{—y}} as ny—> o0, yeR', (3.3)
where a(m, y) is defined by (1.10). Clearly,

a&lgg no,__y) -0 as n—»ow, yeR!, (3.4)

a(log n, y)

~which in combination with Theorem 2.3.2) and (3.1) implies that for any & > 0
there exists n, such that foralln = n,

P( max {k—l/z!:ill//(Xi — i, ()| > a(logn, y))} <e. (3.5)

p<kgno

Next, applying Theorem 2.3.1) with k* = n, = logn, x = log™*n, 0 < a < r[4,
one observes

(log n)*/> max {k~ /3| Z (W(X; — ci0F 1) — ¥(X; — €0,) +

no<k=sn i=p+1

+ 2(0) (07, — 0,))|} = 0,(1) as n— (3.6)

which together with (3.1) and the assumption (2.2) ensures that

(log n) max {k™" 2| Z (X, — 07 ) — ¥(X, — cif,) +

no<k=n
+ ciC Y z (X, — o))} = 0,(1) as n— o (3.7)
j=pt1

for some B > 0. This relation together with Theorem 2.2 with Y, = y(X, — ¢0,),
ne = i < n, implies

P( max {k~ 1/2| Z W(X; — 07 )|} < a(logn, y))

nosk=sn .
—exp{-2exp{-y}} as n—>o0, yeR'. (3.8)

The assertion of Theorem 2.1 under H, can be easily concluded from (3.2), (3.5)
and (3.8).

As for the alternative (1.11), one realises that (2.2), (3.5), (3.8) holds true even
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in this case. Consequently, the asymptotic distribution of Z, is the same as that of

i—1

max (K12 Y (WX, — i) — €iCiey S eqp(X; — c00))]}

no<k=n i=pt1 j=p+1
.(2loglog n)'/* — 2loglog n — (log log log n)/2 + (log 4x)/2 . (3.9)

Next, one should notice that by the Chow inequality for all 0 < 4, < 4, £1

max  {k™'?| i (W(X; — €i8,) — EY(X; — ¢i0,) —

[nA]1Sk=[nAz] i=p+1
i—-1
— e J 2 (X — eif) — EW(X; — €80)))[} = 0,(1) (3.10)
=p+1
as n — oo, and, moreover,
i-1

max  {k™'/?| Z E(W(X; — €ifl) — ¢iCi- Z cj‘ﬁ(Xj—c}"O))l} =

[nA11=k<[nAz] i= p+1 jep+

i—-1

= max (VY (A—epn ') = O Y ei(—edn )

[n21]=k=[nA2] i=m+1 j=m+1

= max (k77 Z (¢; — €iCi- 1 Z eje;) 8, n™ 21 (0)] (1 + o(1))}
[nA 1Sk <Al i=m+1

=0(l) as n—- . (3.11)

The last two relations imply that both under H, and H,,(3,):

i—1

max (K T (WX, — ) — e Y epb(X; — e}

[n21<k=[ni,] i=p+1 j=p+1

=0,1), as n—- o, (3.12)
which easily implies that the asymptotic distribution of Z, is the same under both
H, and H,,(é,). O

Proof of Theorem 2.2. The proof can follow the same line as that of the Darling-
Erdos theorem which is based on a suitable application of the Berry-Esseen theorem
and the law of iterated logarithm.

Going carefully through the proof of Darling-Erdés theorem [4] we find that,
in our case, it suffices to show:

k
(iyvar(S, = S,)=k—v+ Y ¢iCle;, p<v<k<=<n
i=v+1 R
where

‘M»

,IZCJ k=1;
(ii) sup]P Sk<x /(varS,\))—(D(x)]<Qk V2 kz1, xeR!

for some constant Q, > 0 (not depending on k), @ is the distribution function
of N(0, 1) (the Berry-Esseen bound);
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Si
iii) lim sup ILV—~ < +o00  a.s.
(i) k- (kloglog k)'/?
(the law of iterated logarithm).
The property (i) follows by direct computations.

Now, we turn to (iii), by Theorem 10.2.2 in Petrov [10] if for arbitrary ¢ > 0

hmsup(z )" '2 [I{cix* z ¢ /loglog(Z )} -

HM»

k— o0 i= k=ko s=1
c;x?dF(x) < +o0, j=1,...,p, (3.13)
and
o k
Z ch log log (Z cZN! > 2 Jlog log T Y-
Ry B ! =
cegx?dF(x) < 40, j=1,..,p, (3.14)

for some ko, where I{A4} denotes the indicator of a set A, F is the distribution function
of Y, is fulfilled, then

k k k o
lim sup | Z c;; Y ( Z c3; log log ( Z )"V =1 as. (3.15)

j=1,..., p. Validity of (3.13) and (3.14) is easily implied by the following three
inequalities:

[Heix? 2 & 2 /log log(z 7)) cix? dF(x) <

g=1

eyl 1, tog Tog (3 1)) (£ e2) . (3.16)
1! Zko|cu| (log log i)'/2 i=1/* < k-~ ’('Z%G ch) ('Z’:‘O( loglogi)®)'* <
< Q.k7VE, (3.17)
likoi'3/2!c,-j|3(loglog i)=12 < 2 (log log ko) ”22_: lei;]? Z 732 <
Q3(Ioglog ko)™ ”22]‘3_3/2 < +® (3.18)
s=ko

for some Q, > 0, Q; > 0, ko > 0. Hence (3.15) is true. By Assumption C, the
relation (3 15) can be rewritten as follows:
]1m sup | Zc,l Y| (cikloglogk)™"* =1. as. j=1,..,p, (3.19)
k

where 0 < c = limk™! Z cu, which immediately implies

k= o i=

lim sup | Z c,C, Z cJYj[ (kloglog k)~'? <

k= oo i=1
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k
< Qulimsup Y |e;] - |C', | (i loglog i)'/? (k loglog k)™'/* <
k= oo i=1

JiTPkT? < oo (3.20)

< Qsli
k— o

Hence (iii) is proved.
It remains to show (ii). Since S, is the sum of independent random variables one
has the Berry-Esseen bound

sup [P(S, < (var S,)'?) — &(x)| =
< 0. ZklE]Y,.P = ile__‘lch(var S), k=1, xeRl (321)
i= =i+
for some Q, > 0. Thus to obtaijn (iii) it remains (due to (ii)) to show that
_i]l — ¢ Z: 1C;_llch < 0.k (3.22)
for some é7 > 0. leearly, the left hand side of (3. 22) is smaller or equaled to

k+3 z ? ]c,c, ey + 3 Z le; || Y el

11]1

+ ;, lei]? (j:Zi+ Je e (3.23)

Applying some elementary inequalities and Assumption C one receives

XHCU X e 16H)3—6ZHCH3 IPIPIN RN R

i<j1<j2<j3zk

P e e Pl ] +

1€ el N i s

+[ ¢ el lich ;2||2)+Z le:]® 2 Y ciel =

<o ;(g(;_ucwm el +

C STl [l d 6T el 55 el +
+152.~:<jzgfkl]cil|3jﬂ”cj” < Qok . (3.24)

The other terms in (3.23) can be treated in the same way. They are also bounded
from above by k multiplied by a constant (not depending on k). Hence the inequality
(3.22) is true. The assertion (ii) is proved. O

Proof of Theorem 2.3. To be brief we prove only (2.17) for (2.18) can be proved
in the same way.
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Since
{Z(x//(X i07i-1) — V(X — €if) + Hei(07-1 — 0o)), p+1=k<n}
i=1+p
is a martingale one has by the Chow inequality:

P ( max {k~ 1/2| Z ('p(X €07 ) — (X, —cio) + A0, — 0,))]} =

k*<k=n i=p+1

22 e (T~ (k41 3 B~ e0l,) — (X =) +

i=p+1

Y E(X — ) — WX, — )} <

i=p+1

+

n—1 k n
Qi T k2 3 el i og i+ 07t Y e i log i <
k=k*

i=p+ i=p+1

IIA

S Qg 2k logh k¥ : (3.25)
Next, by Assumption B

|A(ci(07, — 05)) — €i(07- — 8,) A(0)] < [ @70 |x(y) — X(0)] dy
Dslei(07 — 0o)["" " (r + 1)~
D3 Qe[ (i = 1)7 " log (i — 1)y™! (3.26)

v

I\

A

which implies

max {k~%] Z (Hei(O71 — 60)) = (0) (67, ~ o))} =

k*<ksn
< Q5 max {k™'V2 Z Jedr= (= D72 log (i — 1)) =
i=p+
< Q14k*‘”2(log ky*t. (3.27)

Taking into account the assumptions, the needed assertion follows from (3.27) and
(3.25). O
(Received September 26, 19§9.)
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