Kybernetika

Claude Deniau; Georges Oppenheim; Marie-Claude Viano

Estimation of a centrality parameter and random sampling time schemes. II.
Applications

Kybernetika, Vol. 26 (1990), No. 2, 155--164

Persistent URL: http://dml.cz/dmlcz/124689

Terms of use:

© Institute of Information Theory and Automation AS CR, 1990

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped with
O digital signature within the project DML-CZ: The Czech Digital Mathematics Library
http://project.dml.cz


http://dml.cz/dmlcz/124689
http://project.dml.cz

KYBERNETIKA — VOLUME 26 (1990), NUMBER 2

ESTIMATION OF A CENTRALITY PARAMETER
AND RANDOM SAMPLING TIME SCHEMES

Part I1. Applications

CLAUDE DENIAU, GEORGES OPPENHEIM, MARIE CLAUDE VIANO

An A.R.M.A. stationary process is sampled according to a renewal process. While estimating
a centrality parameter and using the criterion as in Part I, we investigate the optimal sampling
law’s support. We prove that in most of the situations this support is finite, and we give numerical
results.

0. INTRODUCTION

We present here some particular results for the estimation of centrality parameters
of a real discrete time weakly stationary random process by random sampling time
schemes.

In [2] we introduced and studied a criterion which is an equivalent to the asymptotic
variance of the chosen estimator, i.e. the random mean. We gave several expressions
of the criterion value. We proved a necessary condition for a sampling distribution
to be optimal.

In the present work we show that in several particular cases:

i) the correlation function of X is strictly convex;
ii) the correlation function of X is positive;
iii) the process X is an autoregressive or a moving average process.

It is possible to give sufficient conditions to get an optimal sampling distribution
with finite support. We use a simple result; the class of the A.R.M.A. processes is
stable by random sampling. This result can be found in [3] and [6].

Finally several numerical results make it possible to calculate the obtained gains
in the studied cases by random sampling: we compare the asymptotic variance of the
estimator computed in a random sampling scheme, with the same estimator computed
on the original data, without sampling.
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1. DEFINITIONS AND NOTATIONS

In what follows X = (X,),., Will be a real discrete weakly stationary stochastic
random process with mean 6, covariance function Cy and correlation function oy.

Let us denote by T = (1,),., a renewal process on A" * = A~ — {0}, stochastically
independent of X, with a distribution L. (For more details you can see [2].) The
potential measure associated with T is Q,, and the sampled process, which is also
weakly stationary, is denoted X = (X,),50, With X, = X, , ne .

For the estimation of § we use N observations the instants of which are random
sampled and measured during the development of the process.

N
We choose O(N) = N~' Y X, as an estimator and consider the asymptotic quadratic
criterion n=1
a(L) = lim (N var 0(N)), , (1)
N-owo

where L belongs to 2, the set of probability distributions on A" with mean smaller
than m, m = 1. An optimal sampling distribution L, is such that

" L, = arg Inf a(L), (2)

LeP,,

2. MAIN RESULTS

2.1 We will begin by the study of two particular and simple cases, which are
direct applications of [2]; let us state the hypothesis again.

H,. There exists o € #%, « < a, a € ]0, [ such that oy(k) = 0(a™!).

Propesition 2.1. (g is strictly convex.) Under H, if the correlation function oy
is strictly convex, there exists unique optimal sampling distribution L,, given by

LO = ﬁa[m] + (1 - ﬁ) 5[rn]+1
m = plm] + (1 = B)([m] + 1) (3)
where [m] is the integer part of me 2, m = 1.
Proof. We recall (cf. [2]) that g,(j) = <oy, Q. >/CL;, where {,) is the scalar
product of the duality (I', I°). Employing the strict convexity of gy on 4~ we get
ox(n) = 204(n + 1) + ox(n +2) > 0 forall neA . 4)
Using H, and (4), we see that oy is strictly decreasing and positive on 4". Moreover,
i) using Corollary 3.1, of [2], it is easy to prove that g, has the same properties;
ii) the strictly decreasing of g, is in contradiction with Corollary 3.2, b of [2],
consequently Y j Ly(j) = m.
j=1
If we prove that supp L, = {5, s,} with s, = s; + 1, the proposition will be proved
since L; defined in (3) is unique among the distributions satisfying the constraint.
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If m e A%, then supp Ly = {s,}.
Suppose supp Lo = {s;, s,}, with s, > s; + 1. Then

gLo(Sl) +s,g+ k=0
9ro(s2) + 529 + k=0
gro(n) + ng + k=0 forall ne/*

and, consequently,

AQLL(H);Q;O(SJ gLo(Sz) g1 0(51)

n — Sl Sz - S]
Now, under the strict convexity of g, , this inequality cannot be fulfilled for any n
such that s, < n < s,; from which the contradiction follows. O

Remarks 2.1. i) The necessary condition characterizing the optimal distribution
L, in Theorem 3.1 of [2] is here also sufficient.

ii) The set 2,, is a convex subset of 2; if g is strictly convex, then L, is an extermal
point of Z,,.

iii) Finally we notice that supp L, is a finite set; at any case an optimal distribution
with a non-finite support would not be useful for applications.

Proposition 2.2. (The correlation function is positive.) Under Hy, if (ox(k) > 0. Vk),

every optimal sampling distribution L,:

i) satisfies the constraint Y j Lo(j) = m ;
ii) has a finite support. 77!
Proof. i) By Corollary 3.1 of [2], g, > O. Iij Lo(j) < m and for every n e A'*

and s e supp Ly: g4(n) = g.(s). Now this is con51stent with 1im g, (n) = 0, only
if g, ,(s) <0, and the contradiction follows. oo O

2.2 Autoregressive and moving average processes

The problem is to estimate the mean 6 of a process, belonging to the class of
A.RM.A. (p, q) processes ([ 1]). We know that the class of A.R.M.A. (p, g) processes
is stable by random sampling ([3], [6]).

Now we begin with the characterization of the supports of the optimal sampling
distributions, in the cases A.R.(p) and M.A.(q).

2.2.1 AR (p) processes

Let X be a real autoregressive process of order p € A%, the representation of which
written, with the innovation white noise process (&,)nez» With variance o7 = 1, is
X, +a X, +...+aX,_,=¢,. (5)

To simplify the proofs we assume that:

157



H,. The roots (%) <<, of the polynomial A(z) = z# + a2 + ... + a,_yz +
+ a, are distinct, different from zero and located inside the unit disk of C.
Finally, let R, > R, ... > R,, 1 £ m < p, be the distinct modulus of the roots

of A and (G;), << the set of roots of 4 with R; as modulus. Remember [5] that
in this A.R.(p) case

ox(n) = (CxO)" (3, 228 ©

where
o
A = " : —,
[T(1 = o) H.(“i - a;)
i=1 J*i
Moreover, denoting by @, and Cg the z-transforms of Land Cy respectively, it is
shown in [3] and [4] that ,
L+ @)
Ca(1) = Z 2i F(L). (7)
L= o)

By [3] (Lemma 2.1) we have
1 /Cg(1)
> > = - - 1
<ex> O 5 ( CX(O) )
so that the minimization of {gx, Q. can be replaced by the minimization of F(L)
defined in (7), for which all the results of ([2] (3.1)) remain true.

Derivating with respect to L(n) and writing g,(n) for the nth coordinate of the
gradient of Cy (1) we have

g:(n) = Z m

We can observe that the (1), <;<, are all different from zero.

We could not prove that every optimal sampling distribution has a finite support.
But, by Theorem 2.3 below, we can show that this result is valid in the different
cases we study.

(8)

Theorem 2.3. Let H, hold. If one of the following conditions is satified, every opti-

mal sampling distribution has a finite support:
i) Ri¢Gy;

ii) Gy = {Ry};

i) Vje{l,2,....,m}: Rje G;= G; = A

Proof (see the Appendix).

We can assert that there exists an optimal sampling distribution with finite
support if:
— there is a positive real root strictly greater than the other,
— in the set of roots of the largest modulus anyone is a real positive one,
— if there is a real positive root in G;, 1 £ j < m, then there is no complex one.
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2.2.2 M.A. (q) processes
Let (g,),.o be @ white noise and X a process defined by
; X, =8 +bg_y+ ...+ bg,, b, *0, ©
then  ox(j) =0 forall |j]>gq. T (10)
Theorem 2.4. If X is a M.A.(g) process, then:

i) there exists an optimal sampling distribution L, € 2, the support of which is
included into [1, g + 1] = A7;

ii) the distribution L, is an element of the boundary of the set 2, = %7 defined by
q
D, ={(x, . x)eR | x;, 20, 1<i<q, Yx, <1}. (€8))
i=1
Proof. i) Let Le 2,; define L' € 2, by: .
* L%+1 = 2: L;,

Jj=q+1
*L,=0, Vk>q+1.

The values of Q L(T), e N, where Q, is the potential measure of L, are a polynomial
function of L,, L,, ..., L, consequently

0:(j) = Qu(j) forall j<gq
and by (10)

F(D) = 3 o) 0100

consequently: F(L) = F(L), and if L is an optimal sampling distribution, and L
the support of which is included into [1, g + 1] = A" is another one.
i) Let x be in the interior of &,. Then
. _

Yxi<1l, x;,>0, 1<i<q. (12)

i=1
For such an element to be optimal it is necessary (cf. [2] (15)) that the gradient
vector of F(g,(k))ic.+ equals zero. But, here that gradient can be written:

(S exth + 1a(0), 'S ex0h +2) a0, . g = 1)+ x(a) v, 02(a) €

with a(h) defined as in [2], Corollary 3.1. Consequently by (12),if the gradient of F
equals zero then the same is true for all gx(j)'s; there is a contradiction with (9) and
(10) and the theorem is proved. O

m

lIA
A

3. COMPLEMENTARY STUDIES FOR PARTICULAR CASE

We will now give some details about optimal sampling schemes for A.R.(p) and
M.A.(q) processes with p and g equal to 1 or 2. In this context, we also give numerical
results in order to evaluate the gains procured by the random sampling schemes.
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3.1 A.R.(1) and A.R.(2) processes

Proposition 3.1. Let X be a real A.R.(1) process X,41 = ¢X, + &, ]0] <lLneZ.
)If >0, Ly=[1—(m—=[m])] S+ (m— [Hl]) Opm+1 5

i) If o < 0, L, = &, with §, the Dirac distribution on a € .

Proof. i) is a direct outcome of [2], Theorem 3.2;

ii) means that we do not use random sampling scheme, and is easy to establish. []

Remark 3.1. Observe that there is a difference of results according to the algebraical
sign of ¢. The part ii) gives the same results as [8], by random sampling of the
observation instants, for continuous time similar processes, where obviously the only
case ¢ < 0 was studied.

Proposition 3.2. Let X be an A.R.(2) process, the roots of A(z) being distinct
and satisfying H,. Then Card (supp Lo) < 3 and if the roots are positive, card .
. (supp L) = 2. .

Proof. See [4]. ’ 0

3.2 ML.A.(1) and M.A.(2) processes

Proposition 3.3. a) Let us assume that X is a M.A.(1) process:
— if gx(1) < 0 then L, =4,
— if ox(1) >0 then L, =34,.
b) Let us assume that X is a M.A.(2) process:
—if o) =0 k=12, then Lo =3,,
—if ox(1) 20, 0x(2)20
if 204(2) + 0x(1) <0, then Ly =34,,
if 20x(2) + 0x(1) >0, then Ly(1)=a, Ly(3)=1-a,
ae 0, 1[, Lo(j) =0, jé¢ {13},
— if ox(k) <0, k=12, then L,=95,,
— if ox(1) = 0; 0x(2) £0, then L, =3,.
Proof. See [4]; different other proofs are presented for other particular cases. [

4. NUMERICAL RESULTS ANALYSIS

The analysis of numerical results allows us to draw some conclusions in addition
to the previous theoretical results. If we call &, the Dirac distribution at the point
n = 1 the sampling distribution L = §, is such that X=X

We measure the gain of a random sampling scheme by reference to F(6,), which
is the equivalent to the variance of 0, without sampling. The gain for the optimal
distribution L, is computed for several A.R.M.A.(p, q); it is called G(L,) and ex-
pressed in percentage by

G(Lo) 5&43:_(;1_){(51 x 100 . | (13)
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4.1 A.R.(1) models

Let (e,)u be a white noise with variance ¢ = 1 and X a process defined by
Xyo1=0X, + &, neZ, ac[0,1].
i) By the results of the paragraph 3.2 and (8), if we suppose that m = 5, 3 (i.e.
a sampling rate higher than 18%) we have
Ly = 0-76; + 0-356 (Prop. 3.1)
1+0 1—ua

G(Lo) = 100 x [1 e e

], & =@, («) = 07 + 0-3a°.

](X 0-00 015 025 040 060 070 08 090 095 099

m= 53
G(Ly) 952 26:08 3991 56-41 71-32 7598 79-00 80-62 81-00 81-12

Y

ii) Now let &« = 0-5 and look at results obtained for several values of m:

m -3 23 33 53 73 93
~’ o= 05
G(Ly) 17-4 486 587 648 662 665 |

Ly = (1 = (m — [m])) 8y + (m — [m]) Sy 1 -

A conclusion is: as soon as the algebraic sign is known we can take the decision
to sample or not to sample; in addition it seems absurd not to take advantage
of a sampling scheme if we suspect « to be higher than 0-5.

4.2 M.A.(1) models

Let the process X be defined by
X,=¢, +ag,_,, neZ.
We recall that, if ox(1) < 0, then Ly, = &, and if o(1) > 0 then L, = J,.

| a 001 005 01 02 03 05 |

m= 53

G(Ly) 196 9-07 16-52 2777 3550 44-4

The gains remain important, but they seem to be lower than in the A.R.(1) cases.

4.3 More general models

For higher order A.R.M.A. models, the optimal sampling distributions are often
impossible to predict by the investigation of the roots or poles of the models. The
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correlation may in some singular cases help us, for example when ¢ is positive.
Here are the gains always important, as it can be seen in Table 1, where optimal
sampling distributions and gains are given in terms of the poles of the models.

Optimal sampling distribution and gains for A.R.(2) models

Xn + agX,—1 + azxn-—Z = 8“
_ 2 _ 2
m=53 3= ll=2) hy=—ll=w)
ay = o) (1 — aya,) (g — ) (1 — ay05)

o, and o, roots of A(z) = z* + a,z + a,.

«; ! and oy ! F(5,)) Ly Fllo) g F100) — FlLo)
Ly = &, F(3,)
15 2 116 0-8505 + 0158, 0-078 66%
—15 2 01 55 —0:09% ’ 32%
-2 2 0-333 0-8505 -+ 0-156, 0-0008 39%
210 0-856 0-7 65 -+ 03 g 0-0237 61%
-2 10 —0-275 S6 0%
—34 4 —0-211 5y 0%
34 4 0-238 8,  —0-C05 33%

The computer program gives a local optimum, sometimes function of initial
condition of the algorithm. We have chosen, for each example, nine different initial
conditions.

APPENDIX
Proof of Theorem 2.3

By (8): gu(n) = Y R} 7,(n); where, if we denote by Arg o the argument of ¢, € C, |
i=1

lk e~ inArgag

(A1)

TR Ly
! {k[akZeG,»} (1 — @L(ock))z

Moreover, by [2], Corollary 3.2, if L, minimizes {¢, Qr,» and if the support
of Ly, denoted by {n,; k € #"*}, is not finite: g, (n) = Oforalln > 1and g, (n,) = 0
for all k e /7*. Consequently, if we set:

y(n) = g—;;%n) forall nes'™* (A2)
1
we have
y(n) = yi(n) + Y (%) 7(n) =2 0 forallneA ™, (A3)
j=2 1 ‘
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and

y(n) = 0 forall ke ™. \ (A4)
The y,(n) being bounded, we deduce from A3 that:

lim y,(n,) = 0. (AS)

k=00

We easily prove that the entire series the general term of which is y(n) z", converges
inside the unit disk of C; moreover y(n) = 0 for all n, consequently z = 1 is a singular

point of f(z) =j§0y(n) 2 ([7]).

i) Suppose R, ¢ G,, then we can write:

A ‘ 1
2= . +
f( ) {klangGl} {1 — @Lo(ak) 1 — z e‘lArgak}

" 2 i
+ - o
,-;z {mécj) 1 — @ () 1 — z(R;/R)) e‘A’g“"}

and Arg o, =+ 0 for o, € G;, z = 1 is not a singular point of f, consequently there
is a contradiction and L, has a finite support.

i) Suppose G, = {R,}. then

A

1— &, (Ry)

and y,(n) is a non-zero constant, for all n = 1 and there is a contradiction with (A5)
consequently L, has a finite support.

y1(n) =

iii) We have to prove that: if R € G, then if the support of L, is finite, —R ; 1s the
only other possible element of G;. Let us study the case where G, = {R;, —R,},
then

A (—=1)" 4,
n) = — .
OGP R )
It is impossible for the support of L, to contain a non-finite subset of natural
numbers of the two evenness, because we would have A, = 1, = 0.

Let us suppose, for example, that the support of L, contains only even natural

numbers larger than some k, € 4". By ( AS) we deduce that:

Ay + )
[1 = @, (R)]* [T = Pr(—Ry)]?
By (A3), the conclusion is:

n R. 2p
Y 2,(2p) [—’:I >0 forall pes*.
j=2 R,

7’1(2P) =

=0 forall peA*.

By the same argument as that used in i) applied to the series of general term y(n) 2"
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with
0 if n=2p+1
n) = e R .
o) v2(2p) + Y 7,(2p) [—’] if n=2p
j=3 R,

and if R, ¢ G,, we conclude that L, has a finite support, then, as in i) we prove that
if G, = {R,}, L, also has a finite support. By the previous argument on even natural
numbers, we prove that the only case for which the support of L, may be infinite
is that in which

G; = {R;, —=R;} forall je[l,m] <. (A7)
So it is necessary to employ (A6) to verify that the support of L, is finite.

When (A7) is verified, we easily compute i;; we know that G, = {R;, — R}
and deduce that 1, = 4, + 0, in contradiction with (A6). Consequently, the support
of L, does not contain infinitely many even natural numbers.

Then, suppose that the support of L, contains only odd natural numbers after
ko € A". The convergence towards zero of y,(n,) implies that

) P — E— (AsS)

(1 - (DLO(RI))Z (1 - QLO(—Rl))Z
By the same argument as in 1), we deduce that the only case where L, may be optimal
is the case in which (A7) is satisfied. Then for A; = 1, # 0, (A8) is equivalent to
@, (Ry) = ®,,(—R,) that is possible, if R, # 0, only if all the odd natural numbers

do not belong to the support of Ly. The theorem is proved. O
(Received April 6, 1988.)
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