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KYBERNETIKA — VOLUME 25 (1989), NUMBER 4

ESTIMATING INCOME INEQUALITY
IN THE STRATIFIED SAMPLING
FROM COMPLETE DATA

Part I. The Unbiased Estimation and Applications*

- COVADONGA CASO, MARIA ANGELES GIL

In order to answer the problem of quantifying the degree of unequalness among the individual
shares in the distribution of income, several authors proposed and characterized the well-known
additively decomposable measures of relative income inequality. In a previous paper, Pérez,
Caso and Gil [12] verified that for a large uncensused population of income earners, the additively
decomposable index of order —1 may be readily and unbiasedly estimated from a sample drawn
at random from it.

The Part 1 of the present paper deals with the study of the precision of the unbiased estimators
in the stratified samplings with and without replacement. Then, some applications are briefly
discussed.

The aim of the Second Part is to analyze the asymptotic distribution of the sample income
inequality index and to select the suitable sample size to estimate the population index with
a specified degree of precision.

1. INTRODUCTION

Several approaches and related indices have been proposed in the literature to
measure the inequality in the individual distribution of shares. One of the most
commonly accepted approaches is that connecting the Information Theory with
the Inequality Measurement, which usually derives inequality indices axiomatically.

In this way, several authors, [2], [3], [4], [6], [14], [16], have considered the
problem of defining a minimal number of essential and natural assumptions that
a suitable inequality measure should possess and obtaining a family of such measures
on the basis of the characterization determined by those assumptions.

In the First Part of the present paper we are going to study the estimation of an
index belonging to the family of “‘additively decomposable measures of income
inequality” ([2], [3], [4]. [6] [14], [16]) and satisfying a collection of properties
we next recall. This estimation will be developed according to a stratified random

* This work was supported in part by the Comisién Asesora de Investigacion Cientifica
y Técnica (CAICYT) under the contract PB 85-0401.

298



sampling in uncensused populations. The interest of stratifying this kind of population
is confirmed in the Second Part of this paper, in which we will verify that, when we
deal with large samples, the stratification entails a gain in the precision of estimates.
In addition, this interest is supported by the fact that many populations to which
the estimation of inequality may be applied arise naturally stratified in practice.

The analysis we shall carry out concentrates on obtaining an unbiased estimator,
constructed on the basis of the sample income inequality index, and the computation
of its exact mean square error. This analysis will be completed with a commentary
about some practical relevances.

It is worth emphasizing that we have selected the additively decomposable index
of order —1, instead of other well-known measures, such as Theil’s or Herfindahl’s
ones, since they do not allow us to define immediately unbiased estimators and
to compute its exact precision. In addition, the index of order —1 exhibits properties
similar to those for the entropy of degree 8 = 2 (or the Gini-Simpson diversity index),
[9], that fits appropriately to the estimation problem as it has been pointed out
in the literature. (In fact, the index of order —1 can be regarded as a particularization
of the directed-divergence of degree § = 2.)

Nevertheless, the study in the Second Part of this paper could be accomplished,
without difficulties, for the other additively decomposable indices.

2. PRELIMINARY CONCEPTS

In this section we are going to recall in a brief way the definition of the index
we shall deal with, and the essential and natural properties it satisfies.

Consider a finite uncensused population of N income earners which is divided

into r non-overlapping strata. Assume that each individual income for a certain
period is positive, x}, ..., x5, being the possible different income values in the popula-
tion (x} > 0). Let N, be the number of individuals in the kth stratum (so that,
Ny + ...+ N, = N) and let p; and p; denote the probabilities that a randomly
selected individual in the kth stratum and in the whole population, respectively,
has an income equal to x; (i = 1,..., M, k = 1,....7) in the considered period
of time. If we denote the income distribution by X*, then the income inequality
may be quantified as follows: -

Defivition 2.1. The value I~'(X*) defined by
s E(X)

-y 2, oy

=1 X; i=1j=1k

Z Zicipikpjl_l

11=1 X;

is called population additively decomposable income inequality index of order —1
concerning X*.

Remark 2.1. The terminology in the preceding definition is that adopted by Bour-
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guignon, [2] and Zagier, [16]. According to Cowell, [3], I"" is twice the generalized

entropy of order f = _—2 (and, consequently, it is equivalent to the index of order
¢ = 2, defined by Atkinson, [1]). Following Shorrocks, [14], it is twice the inequality
value of degree ¢ = —1. Finally, ™! coincides with one of the measures in the

broad family in Gastwirth’s paper, [7]: the measure associated with the convex
function h(x) = x~1,

Remark 2.2. The properties below (we have expressed in intuitive terms) are
satisfied by the measure in Definition 2.1 and for all additively decomposable indices
of income inequality:

Normalization. I"*(X*) = 0, when all individuals have the same income (that is,
X* is degenerate).

Population size independence. I~*(X*) depends only on the proportions of the
population with income in any given range.

Mean independence or income homogeneity. I‘l(X*) depends only on the ratios
of the various incomes in X*. :

Pigou-Dalton principle of transfers. A transfer from a rich earner to a poor one,
that is not so large as to reverse their positions, should definitively reduce 771,

Continuity. A small change in the incomes or a change involving only a small
proportion of the total population and total income, have a small effect on 171,

Additive Decomposability. Given a population of income earners and a partition
of this population into several non-empty groups, the income inequality in the whole
population may be decomposed as the sum of the income inequality “among groups”,
and a kind of average inequality ““within groups”. (The formal expression of this
property is similar to the recursivity or branching properties satisfied by many in-
formation measures.) ~ ‘

This last property (that is not satisfied for some well-known indices of income
inequality, such as the Gini measure) is desirable in practice in the inequality me-
asurement, since indices having it not only allow us to compare overall levels of
inequality, but also to examine the separate contributions to differences in inequality
between two income distributions.

On the basis of the preceding properties, such class of indices is axiomatically
characterized (see, for instance, [2], [3], [6], [14] and [16]).

We are next going to estimate unbiasedly the population income inequality index
and to compute the precision of the unbiased estimator.

3. UNBIASED ESTIMATION OF THE POPULATION INCOME
INEQUALITY. PRECISION OF THE UNBIASED ESTIMATES

Assume that a stratified sample of size n is drawn at random from the population
independently in different strata. For the sake of operativeness, we hereafter suppose

that the sample is chosen by proportional allocation in each stratum, so that a sample
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of size n, is drawn at random (with or without replacement) from the kth stratum,
where n/n = NN, k = 1,...,r. If f; and f; denote the relative frequencies of
individuals in the sample from the kth stratum and in the sample from the whole
population, respectively, with income equal to x} (i=1,...M, k=1,...,r)
in the considered period of time, then the income inequality in the sample may be
quantified by '

Definition 31 The analogue éstimator defined by

Lt Z Z 2 Z p— 1
i=1j=1k=11=1 X;

is called sample additively decomposable income mequallty index of order —1

concerning X*.

In the same way, we can evaluate the income inequality in the kth stratum as
follows:

Definition 3.2. The value 1 “’(k) defined by

=3 Y (Nplk)(fif-’f_j_l

i=1/=1 xF \ N, N,

is called additively decomposable income inequality index of order —1 concerning
X* in the k-th stratum

Definition 3.3. The analogue estimator defined by

=y Y 4 (”“‘)("fﬂ‘)—l

i=1j=1X ny ny

is called sample additively decomposable income inequality index of order —1
concerning X* in the k-th stratum.

We are now going to establish exact expressions relating the sample with the
population inequality indices (see [12]):

Theorem 3.1. In the stratified random sampling with replacement and proportional
allocation, and independently in different strata, the estimator

Y =L

+— 2 NS0
n- k=1 nk
is an unbiased estimator of I~1(X*).
Proof. The expected value of the sample index may be expressed by
M M

O E)=E %% S UG -1- L T e+

M r M M * r
+ Z 2‘1 E(fikfjk) + i; ; x—i gl ,;k E(fikfjl) -1

i=1j%i X

"*}“‘*
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On the other hand, under the considered sampling, the random vectors (nfyy, ...
..., fyg) are independent and follow a multinomial distribution with parameters
Mo Np1/Nyy oo Npane/Nis (k = 1, ..., r), and E[I; (k)] = (n, — 1) I7*(k)/n,.

Finally, if we replace the corresponding moments of the multinomial distribution
in (1), the final expression for the unbiased estimator follows. |

Theorem 3.2. In the stratified random sampling without replacement and pro-
portional allocation, and independently in different strata, the estimator

- - Long(Ng — my) -
7Y€ =171 + 1Ny = 1) I (k
( ) kgl Ny(n, — 1) (k)

is an unbiased estimator of I~!(X*).

Proof. Under the considered sampling, the random vectors (nfy, ..., nfyy) are
independent and follow a multivariate hypergeometric distribution with parameters
N Dy = Npyyy ooos Doy = Npyand ny, (k = 1, ..., r),and E[I,; (k)] = Ni(n, — 1)
17 (k)[n (N, — 1). ‘

Finally, if we replace the corresponding moments of the multivariate hyper-
geometric distribution in (1), the final expression for the unbiased estimator follows. []

The knowledge of the distributions associated with the random vectors (nfy,, ...
.«.» Nfyy) allows us to compute the mean square error of the unbiased estimators ~
in Theorems 3.1 and 3.2. For the sake of simplicity and for practical computational
purposes, we have next expressed the mean square errors in terms of values that can
be regarded as special cases of some information measures: directed-divergences
of degrees = 2, 3 regarding two or three special distributions ([11], [13]).

Theorem 3.3. In the stratified random sampling with replacement and proportional
allocation, and independently in different strata, the variance of the unbiased estima-
tor (1,;") is given by

r

Va7 = L M QI - 30 + N+ )+

k=1 Ny —

+ 20 (R)) + le"ik; l; ([ (k, D)) + I (k) T (1)) —

1
2

5 m{[10, ) + [T + 207 () 170) + 207 (B -

=3 % IR+ 1) 2 + ) 4
+ ;,1'2{1‘“1(X*2) _ 2(2” _ 1) I—I(X*)}
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where for k ~ 1, ---

e =[5 EEH RG]
= 35 300 ()

B M M x"k sz
Ik )= Y Y x_;<-_k>pj._1

I
M M M k% Np; Np
- k iZh Jk L ]
( ) ’::ZJ jgl hZ‘l xfz P ( Nk >< Nk )
M M ’

SR PP

(X*~1, x*2 k="' and k? representing the income distributions taking on the values

x¥~!and x}* in the population and the kth stratum, respectively, with the correspond-

ing probabilities in X* and k.)
Proof. We may express the variance of the unbiased estimator as follows (with

o =(m — 1))
Ve =B+ Y S ( ) (—) cuey E[1 (0 17 (] +

‘-x-
=~*

plpj Dn. — 1:'

k=11=1

k=1

F2y. () o E[17 174 (R)] — [EG )T

The briefest possible decomposition of the last member so that the different
expressions of the moments about the origin of the multinomial distribution may be
immediately replaced is the following:

(2)
Var(1-1) =z< ) & €[ (W] + 3 z( )(%) e ELL (6) 1 0] -

- 2[1 +72j (n)z ] - 22 ( ") o E[I; (k)] - 2’2}1 <%>2 g —1+

M M x;’kx: r
+Z Z Z *_ % Z Z Z Z E(flkfjlfhufmv)+
i=1 j=1 p= 1m=1x,-xj k=1 l%k ukk,l o¥k,lu
* * r
+2% 3 e DUDWPINCEN E(f,uzkfmf,.m) +
‘*lj#wh 1m 1.\"- p k=1 l%k usk
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M M * %k % %k r
PL TS (SRR S S T i) +
m i

i Z (2 + Ck) E(f;l\fﬂfhu) +

x
i=1 j=1h=1X; k=1 l+k u%k,l

Z E(fiifjlfhu) +

k=1 1%k u*k,l

+
Mz
Mz
Mz

/‘l\

-_,Sl“g*

=%
+

“-*'_X

=%

N——
g~

i E(fikfjkfhlfml) +

+ 2% DY % 2 i Y (1 + ¢) E(fufwfufm) +

£
i
< & [Xpx o\ &«
+ 2.2 = 2 ( ”;x. + ';‘hI) k;i l;k (1 + ) E(ficf inSwcfms) +
ivj jm

+.§l 2 f (3’5k P2 N X e )kzl ,Z (1 + o) E(fafiutfu) +

+_§ Z 4 x-:z,‘f+ Xf’z)ki E(fififu) +

*

1]
-
-~
x

M M

£2% ¥ T ¥ (L) X L

1j=1k=1 1%k

~

i Z E(f!kfﬂ) +

Y Y oy j (1 + 26) EFufifufms) +

i=1 j%ih¥i,j m¥1,jh x;kxf =

5 ﬂ x;f‘x,, ) (1 + 2¢) E(f,kf;kfhk) +
+i§1 j#ih#:zi,j< ¥ * :"2 *x,, Z B
+ 2% (Ji;;: XZ) Z 1+ 260)- E(ftkflk) +

=1 jxi\x] X}

+§1 < z>i(1+2c)5(ff,k)+

i=1 j*i X

M r 112
+ Z 1+ 2Ck) E(fi) — [Iﬂ(X )]

i=1 k=1



On the basis of this expression and considering the corresponding moments of the
multinomial distribution we obtain the final formula for the mean square error

of (1;1)°. . _ O

(Obviously, I"'(k) and I7!(X*) may be regarded as particularizations of the
directed-divergence of degree § = 2 between two distributions, I~ '(k, !), I '(k, *)
and 1 ‘1(-,k) may be regarded as particularizations of the directed-divergence
of degree § = 2 among three distributions, and I~2(+, k) may be regarded as a parti-
cularization of the directed-divergence of degree f = 3 among three distributions.)

Theorem 3.4. In the stratified random sampling without replacement and pro-

portional allocation, and independently in different strata, the variance of the un-
biased estimator (7, ') is given by

1\SC . ni(Ny = n,
= Varl (15 = ;—k ' (nx — 1) Ny(N, E 1)2 (Nk)— (N, - 3)
A2[N{ + (Bn = 5)N; = (Tn = 2n, — 6) N7 + 9ni(n, — YN [I"'(K)]* —
— 3[N; + (2m, — S)N — (5n; — 2n, — 6) N} +
+ n(Tn, — 8) N, ] [I72(k) + I *(k™*)] + [Ny — 5N} — (2nf — 5n, — 6)N; +
+ m(3n, — 10) Ny + n(n, + V)] I71(k?) + '
+ 2[Ny + (6n, — 5) N — (11n} + 4n, — )N} +
+ n (150, — 4) N, = 2n,(n, + V)] I7'(k)} +
1 & < N, —n)(N, — n
* n* k§1 1;1 Mt ((Nk - 1; gN, - 1)) '
AU D) + (k) (1) = 372k, 1) + T2k 7] +
+ YK 1) + 217 (K, D)} —

5 5 T B ) 1w )+

+ [1‘1(-,k)]2 =3[ 2k, ) + T2k~ )+ 2L Mk, ) + T k) + T HR)]) -

_l o nlzi(Nk_nk) -1 “1qyp . i _ .
5 Z N ) (= 2) L0 ) + 1) = [ 1R

. [I‘l(-,k"‘,k‘l) + I“‘(-, k, k)] + I7Yk, -y + I7'(-, k) + 217 '(k)}
where for k = 1,...,r, 1 = 1,.

1%k, l)—— & % %{ZX*X’: Npu\ (Npjr\ (Npw 1
=1 f=1h=1 X N, N, N,

Ik, ) = -[% i i x;:} (NP ”") PPy — 1]

i=1 j=1h=1 X; N,
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M M M ¥2 A N\ /N
I_l(‘, k, k2) - 1:””4 Z Z Z X; *< prk)( I\I;Jk) Dy, — 1

141 1(k) =1 /=1 0=1 xFxp \ Ny A

M M M
”(-,k‘ -2)__F_

%%
Xj%y (Npu\ (Npjx '
L b —1
1+ I7Y(k) i;u;h;l x; (M)(Nk) '

(k=2 representing the income distribution taking on the values x; 2 in the kth
stratum, with the corresponding probabilities in k).

Proof. The final expression for the variance of (/, )% is obtained by replacing
the corresponding moments of the multivariate hypergeometnc distribution in (2)
with ¢, = (N, — n)/[Nu(n, — 1)]. . : O

(Obviously, I"'(+, k, k*) and I"*(+, k™', k~*) may be regarded as particulariza-
tions of the dirccted-divergence of degree f = 2 among three distributions, and

“2(k, D), I"?(k, +) may be regarded as particularizations of the directed-divergence
of degree = 3 among three distributions.)

In practice, the interest of quantifying the precision of the preceding unbiased
estimators is due to the fact that their knowledge enables us to compare the precision
of these estimates against other ones, to compare the precision of the adopted
sampling procedures or allocations, and to choose the suitable sample size to estimate
the income inequality with a specified degree of precision.

As the expressions in Theorems 3.3. and 3.4 involve unknown population values,
it would bz interesting to approximate them by means of analogue estimates usually
based on a previous sample drawn at random from the same or a similar population
according to a stratified sampling. The Appendix in the First Part of the present
paper collects such unbiased estimates.

4. APPLICATIONS AND CONCLUDING COMMENTS

The available information concerning the income distribution in a sample is often
supplied in practice according to grouped data. The studies about the estimation
of the population income inequality is then carried out ([5], [7], [8]) by establishing
upper and lower bounds for income inequality in each interval.

The study in this paper has been developed in terms of the estimation of income
inequality of a large uncensused population of income earners, on the basis of
complete information. Nevertheless, the results we have obtained may be immediately
applied to estimate the industrial concentration ([10], [15]). In such a situation,
we consider a certain industry with N firms, where the values x! in the preceding
sections may be given by the number of employees per firm, the (physical or financial)
output, and so on.
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APPENDIX 1: APPROXIMATING THE POPULATION VALUES
IN THE SQUARE ERROR OF ESTIMATES (STRATIFIED

SAMPLING WITH REPLACEMENT)

In the stratified random sampling with replacement and proportional allocation,
we have that

o T ) (o =3 e T = 3106 + 1] +

+ 2(3n, — 2)1, (k) + I, '(k?)}
is an unbiased estimator of [1™!(k)]?; '
{3md (k) — 20, (k) = 1,7 (K%))

3(nk - 1) (nk - 2)

is an unbiased estimator of 1 ~2(k);

17 (k)

1y —
- is an unbiased estimator of I~ (k); ;

17 (6 D]? = 30 L7 2(17 L k1) = 3ngd 2k, ) + 17 (K2, 1) +
, + 2(n, + n, — 1) I ' (k, D}

is an unbiased estimator of [I™*(k, I)]*, when I + k;

W 1)

("k -1)(n - 1)

is an unbiased estimator of I7*(k). I~ *(J), when [ # k;

1
(me = 1) (n = 1)

{mﬂlﬂ/ﬂz—317k)+21wk)}+(;175

k
2
2n;

ALDNER, ) = 3 173, k1 )
P | Y Py
AGn — 6) [m[1; ()] = 31,2 (k)] — (2n, — 3) [Bm I 2(k™1) + 1, ' (KY)] +

2ot == W+ f)"'énk 5

2 IR I (K ) = 2[1 + TR kT kT2 4+ 20k, ) + m LK)} +

1o
e~ 1) 2 1 Cwlh (e DI = Smd 207 KT = 3m 1 D)
k = ;=

+ 20, Ik, 1) + I74(K2, 12))
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is an unbiased estimator of [I~*(k,*)]?;

Bt -1 2"’3(5"" - 6) -1 2
1" (RI;* + w2 — 1) (ng — 2) (me = 3) [1; (k)] —
z(nk - 1) (nk -2) (ny — 3)
b= QI UG )+ 170 [+ 10

ARG L ETD) LG R )+ 200 (k) + (R )+ L R))

{91, %(k) + 9I;2(k™ 1) — I7*(k?) — 141, ' (k)} +

n L

2
n -1 -1
- ) I

n*(n, — 1)i=1in, -1 @170

is an unbiased estimator of I~ (k) . I *(X*);
1 2n
3 I72(s, k) — I (e, K2)} : .
?)(n,c -1) Bm 10 1) (o 0} + 3n(n, — 1) (n, — 2)

B3 72 (k) — 17H(K?) = m 1 (K)}

is an unbiased estimator of I7%(-, k);

- - - 1
I, 2——{21 +1; 1(X*Z)}+3 5

{an[l —l—I;l(k)] I,.‘l(',k_l,ku2> 4 -

IR = 21 ) 1B £ ) 4
i

is an unbiased estimator of I~%(X*);

L)

nklnk

is an unbiased estimator of 1™*(X*).

APPENDIX 2: APPROXIMATING THE POPULATION VALUES
IN THE SQUARE ERROR OF ESTIMATES (STRATIFIED
SAMPLING WITHOUT REPLACEMENT)

In the stratified random sampling without replacement and proportional alloca-
tion, we have that

(N, — 1) -

N3(n, — 1) (g — 2) (n, — 3) {ni(N, — 2) (N = 3)[I;'(K)]* -

- 3n(N, — n) (N, = 2) [I;2(k) + I;2(k™1)] +
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+ 2N, — n) [(3n, — 2) Ny — 2(2n, + 1)].
7N k) + (N ~ n) (N — n + 1) IR

is an unbiased estimator of [1~1(k)]?;

m(Ne — 1) ~2(p) -1 -1(k2
3NZ(m, — 1) (n, — 2) BN = 2 172(0k) = 2Ny = m L7 (k) = (Ne = m) [ (k)

is an unbiased estimator of 1~ %(k);

ﬁ’i@vk_;l) I7Y(k) -

Nk(nk - 1)
is an unbiased estimator of I~*(k);
1 - -
(N, = DY, — D )T = 3N = m) (¥, — 1 172 1)~

NN — 1) (m, — 1)
- 3nk(Nl - nl) (Nk - 1)1;2(1_1, k_l) + (Nk b nk) (Nl - nl)In_l(kz, lz) and
) - 2[NkNl(nk - 1) (nl - 1) - nkn,(Nk - 1) (Nl - 1)] I;l(k, l)}
is an unbiased estimator of [I~(k, I)]?, when I =+ k;
m(N, — 1) (N, — 1) I_l(k)I_l(l)
NkNl(nk - 1) (nl - 1)
is an unbiased estimator of I *(k) . I~ (1), when I # k;

1
Gn(N, = DIk D)~ (N, = n) (K, 2
T Y = D) = (= m) )
is an unbiased estimator of I~%(k, I), when | + k;

I (k, 1)
is an unbiased estimator of I~ (k, I), when [ + k;
ndN, — I)I‘l(k)l”l N 203 (N, — n) (N, — 1) [(5n, — 6) N, — 3m(n;, — 1)]
Ny(n, - 1)" " n*N3(n, — 1)? (n, — 2) (n, — 3)

12 n(N, — m) (N, — 1)
L) - n*N2(n, — 1) (n, — 2) (n, = 3)
+ 72k = (N — n + D) I7N(K?) = 2[7N, = 220, + 1)]1;'(K)} +

o 8 D [ ) + 15 0]

— [+ R kS k) + L K k)] +

+ Ik, ) + I k) + 21 Y (k) +
nk(Nk - 1) ’ nlz(Nl - "1) ~-1 -1
n2Ny(n, — 1) =1 Ny(n, = 1) 1), '(l)

(36N, — 2n) [17(6) +




is an unbiased estimator of I~ (k) . I *(X*);

{n,(Nk D17k, P — (N — md B4 2k, +y = 21, '(k, )]} +

N,,( n ~

nk(Nk — ) n _ n,—6) N, — 3n,(n, — 1)] [y (k)] -
n*Ni(me — 1)% (g — 2} (n, - 3) @ A Ve )

- 6"k(Nk l) [(an - 3) Ny — "k("k - )]I7 (k™ -
— 6{(N, — m)(Sn, — 6) N + n2(n, — ]1; (k) +
+ [2(2n, ~ 3) (N, — ) N + nyne — 117k +
+ 2[(6n% — 2n, — 6} N} — m(3n} + 10m, — I5) Ny +
2N, — )
nNF(n, — 1 (n — 2)
20N, — DITWERY TR ) — (2N — B -
AU I R]E (e kY, K2 = I s )} + (Ve = DR +

r 2 —
! 500 28 g o, — 1) 1506 D = 38— m) 176D
PN — 1) =% Njn, — 1) 2. )
= BNy — DI k1) 4+ 2mN, — DI D) + (N = m) IO B
is an unbiased estimator of [I7'(k, *)}*;

-2 znk(Nk - ) 1 1 kT k2 I k) — l(k
2l )+ 3Ndr4fﬁ+hﬂﬂfn(’ k) +

+ 2, (202 — n, — 1}] Ik} +

2np(hk - ?‘!k) (ZN,‘ — ﬂk) 2 ~1(1) — I“_'(kz)} "
¥ 3n2Nf(nk 1) (ny — 2) 31,70k} - 2 (8
3:: ,il %;—‘%‘ - " (3170 1) - 0 P

is an unbiased estimator of I *(k, +}; ‘.

3 nk(N;‘ "k) 1
ik, )+ Vo _1)1 (k)

is an unbiased estimator of I~ 1(k, -);
N )L I] (e R KT 4 1) — (N (R
N{n, - 1)

m(N, — )
aN2(m, — 1) (m, —
is an unbiased estimator of {[1 + I"'(k)] . I~ e kT KT+ TR

{nk(Nk -1 [6 173(k) - I7(EH] - [(ne + 2) N — 2n,] 17'(k))

310



The unbiased estimators we have just described are expressed in terms of the:
analogue estimates of the directed-divergence measures of degrees f = 2, 3 defined
in Section 3.

. (Received March 29, 1988.)
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