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Abstract. In the paper we discuss the uniqueness problem for meromorphic functions
that share two sets and prove five theorems which improve and supplement some results
earlier given by Yi and Yang [13], Lahiri and Banerjee [5].
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1. INTRODUCTION, DEFINITIONS AND RESULTS

Let f and g be two nonconstant meromorphic functions defined in the open com-
plex plane C. If for some a € CU {oo}, f and g have the same set of a-points with
the same multiplicities then we say that f and g share the value a CM (counting
multiplicities). If we do not take the multiplicities into account, f and g are said to
share the value a IM (ignoring multiplicities).

Let S be a set of distinct elements of CU{cc} and E;(S) = |J {z: f(2) —a =0},

a€S

where each zero is counted according to its multiplicity. If we do not count the

multiplicity the set |J {z: f(2) —a =0} is denoted by Ef(S).
acs
If E4(S) = Ey4(S) we say that f and g share the set S CM. On the other hand, if

E¢(S) = E4(S), we say that f and g share the set S IM.
Let m be a positive integer or infinity and a € CU {oc}. We denote by E,,)(a; f)
the set of all a-points of f with multiplicities not exceeding m, where an a-point is

counted according to its multiplicity. For a set S of distinct elements of C we define
Eny (S, f) = U En(a, f). If for some a € CU {oo}, Euy(a; f) = Exy(a; g) we say

a€S
that f, g share the value a CM.
In the paper we denote by S; and Sy the sets S; = {l,w,w? ..., w" 1} and
Sa = {oo}, where w = cos2n/n + isin 2n/n and n is a positive integer.
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Yi [9], [11], and Song and Li [7] and other authors have investigated the problem
of uniqueness of two meromorphic functions f, g for which E¢(S;) = E4(S;) or
E¢(S;) = E4(S;), where i = 1,2.

In 1997 H. X. Yi and L. Z. Yang proved the following two results.

Theorem A ([13]). Let f and g be two nonconstant meromorphic functions such
that E¢(S1) = E4(S1) and E¢(S2) = E4(S2). If n > 6 then one of the following
conditions holds:

(1) f=ty,
where t" =1,
(2) fg=s,

where s™ =1 and 0, oo are lacunary values of f and g.

Theorem B ([13]). Let f and g be two nonconstant meromorphic functions such
that E;(S1) = E4(S1) and Ef(Ss) = E4(S2). If n > 10 then f and g satisfy (1)
or (2).

Recently Lahiri and Banerjee [5] have improved Theorem A and Theorem B by
relaxing the nature of sharing the sets with the idea of weighted sharing of values
and sets introduced in [2], [3]. In the next definition we explain the notion.

Definition 1 ([2], [3]). Let k be a nonnegative integer or infinity. For a € CU{co}
we denote by E(a; f) the set of all a-points of f, where an a-point of multiplicity m
is counted mtimes if m < k and (k + 1) times if m > k. If Ex(a; f) = Ex(a; g), we
say that f, g share the value a with weight k.

We write f, g share (a,k) to mean that f, g share the value a with weight k.
Clearly, if f, g share (a, k) then f, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value a IM or CM if and only if f, g share (a,0) or (a, c0)
respectively.

Definition 2 ([3]). Let S be a set of distinct elements of C U {0} and k a

nonnegative integer or co. We denote by Ef(S, k) the set |J Ex(a; f).
acs
Clearly Ef(S) = E(S,00) and E¢(S) = E¢(S,0)

With the notion of weighted sharing of sets the following two results improving
Theorem A and Theorem B are proved in [5].
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Theorem C ([5]). If Ef(S1,2) = E4(51,2), E¢(S2,0) = E4(S2,0) andn > 6
then f, g satisfy one of (1) and (2).

Theorem D ([5]). If E¢(S1,0) = E4(S1,0), Ef(S2,3) = E4(S2,3) and n > 10
then f, g satisfy one of (1) and (2).

Now one may ask the following questions which are the motivation of the paper:
(i) What happens in Theorem C if we relax the sharing of the set S; to weight
one?
(ii) Can the nature of sharing the set So in Theorem D be further relaxed?
(iii) Can in any way the assumption n > 10 in Theorem D be replaced by a weaker
one?
In this paper we shall investigate the possible solutions of the above problems. We
now state the following five theorems which are the main results of the paper.

Theorem 1. If E¢(S1,1) = E,(S1,1), E¢(S2,0) = E4(S2,0) and n > 7 then f,
g satisfy one of (1) and (2).

Theorem 2. If Ey)(S1, f) = E3)(S1,9), E¢(S2,0) = E4(S2,0) and n > 8 then f,
g satisfy one of (1) and (2).

Theorem 3. If E3) (51, f) = E3)(S1,9), Ef(S2,0) = E4(S52,0) and n > 6 then f,
g satisfy one of (1) and (2).

Theorem 4. If Ey(S1, f) = E)(S1,9), E¢(S2,0) = E4(S2,0) and n > 10 then
f, g satisfy one of (1) and (2).

Theorem 5. If E1)(S1, f) = E1)(S1,9), E¢(S2,1) = Ey(S2,1) and n > 9 then f,
g satisfy one of (1) and (2).

Remark 1. Theorem 1, Theorem 4 and Theorem 5 provide the answer to Ques-
tion (i), (ii) and (iii) respectively.

Though the standard definitions and notation of the value distribution theory are
available in [1], we explain some definitions and notations which are used in the
paper.

Definition 3 ([4]). For a € CU {oo} we denote by N(r,a; f|= 1) the counting
function of simple a-points of f. For a positive integer m we denote by N(r,a; f]
< m)(N(r,a; f| = m)) the counting function of those a-points of f whose multiplic-

ities are not greater (less) than m where each a-point is counted according to its
multiplicity.
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N(r,a; f|<m)(N(r,a; f| = m)) are defined similarly, except that in counting the
a-points of f we ignore the multiplicities.

Also N(r,a; f|< m), N(r,a; f|> m), N(r,a; f|< m) and N(r,a; f|> m) are
defined analogously.

Definition 4 ([2]). We denote by Na(r, a; f) the sum N(r,a; f)+N(r,a; f| > 2).

Definition 5 ([13], [14], [16]). Let f and g be two nonconstant meromorphic
functions such that f and g share the value 1 IM. Let zy be a 1-point of f with
multiplicity p, a 1-point of g with multiplicity . We denote by N (r,1;f) the
counting function of those 1-points of f and g where p > ¢, by N}E) (r,1; f) the
counting function of those 1-points of f and g where p = ¢ = 1 and by Ng (r,1; 1)
the counting function of those 1-points of f and g where p = ¢ > 2, each point in
these counting functions being counted only once. In the same way we can define
Ni(r,1;9), N (r,1;9), NG (r, 15 9).

Definition 6 ([2], [3]). Let f, g share a value a IM. We denote by N.(r,a; f, g)
the reduced counting function of those a-points of f whose multiplicities differ from
the multiplicities of the corresponding a-points of g.

Clearly N.(r,a; f,g9) = N«(r,a;9, f) and N.(r,a; f,g9) = Np(r,a; f)+ Nr(r,a;g).

Definition 7 ([5]). Let a,b € CU {oco}. We denote by N(r,a; flg = b) the
counting function of those a-points of f, counted according to multiplicity, which are
b-points of g.

Definition 8 ([5]). Let a,b1,b2,...,by € CU {c0}. We denote by N(r,a; f]|
g # b1,ba, ..., by) the counting function of those a-points of f, counted according to
multiplicity, which are not b;-points of g for i =1,2,...,q.

2. LEMMAS

In this section we present some lemmas which will be needed in the sequel. Let F'
and G be two nonconstant meromorphic functions defined in C. Henceforth we shall
denote by H and V the following two functions:

1! / 1 !
i=(7-7) - (G50

and

F’ G

V= G—1_6>:F@¥J) GG—1)

F-1 F

( F' Fd_((? G
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Lemma 1 ([13], [14]). If F, G share (1,0) and H # 0 then

N}?(nl;F) < N(ryo0; H) + S(r, F) + S(r, G).

Lemma 2 ([15]). If F, G are two nonconstant meromorphic functions such that
Ey(1; F) = Ey)(1;G) and H # 0 then

N(r, 13 F| = 1) < N(r,0; H) < N(r,00; H) + S(r, F) + S(r,G).

Lemma 3 ([6]). If N(r,0; f*)| f # 0) denotes the counting function of those
zeros of f*) which are not zeros of f, where a zero of f*) is counted according to
its multiplicity, then

N(r,0; f®] f #0) < kN(r,00; f) + N(r,0; f| < k) + kN (r,0; f| > k) + S(r, f).

Lemma 4 ([5]). Let F, G share (1,0), (00,0) and H # 0. Then

N(r,H) < N(r,0; F| > 2) + N(r,0; G| > 2) + N.(r,00; F, G)
+N*(T71;F7G)+N0(T70;F/)+NO(T7O;G/)7

as where No(r,0; F') is the reduced counting function of those zeros of F' which are
not zeros of F(F — 1) and No(r,0; G’) is similarly defined.

Lemma 5. Let E,,)(1;F) = E,,y(1;G) and let F, G share (oo; k) where m > 1
and 0 < k < 0o. Also let H # 0. Then

N(r,o00; H) < N(r,0; F| > 2) +
+N(r,1;F|=m
_|_

N(r,0;G| > 2) 4+ N, (r,00; F,G)
+N0(T7O;F/) N

+1)+ N LGl =2m+1)
No(r,0;G").

Proof. We can easily verify that possible poles of H occur at (i) multiple
zeros of F and G, (ii) those poles of F' and G whose multiplicities are different from
the multiplicities of the corresponding poles of G and F respectively, (iii) the zeros
of F —1 and G — 1 with multiplicities > m + 1, (iv) zeros of F’ which are not the
zeros of FI(F — 1), (v) zeros of G’ which are not the zeros of G(G — 1).

Since all poles of H are simple, the lemma follows from the above. O

1203



Lemma 6 ([8]). Let f be a nonconstant meromorphic function and P(f) =
ap + a1f+a2f2 +...+anf", where ag,a1,as ... ,a, are constants and a,, # 0. Then

T(r,P(f)) =nT(r, f)+ O(1).

Lemma 7 ([10]). If H =0 then T(r,G) = T(r, F) + O(1). Also if H =0 and

lim sup N(r,0; F) + N(r,00; F') + N(r,0; G) + N(r, 00; G)

rz[oo T‘(?‘7 F)

<1

where I C (0,1) is a set of infinite linear measure, then F =G or F - G = 1.
Remark 2. Let F'= f" and G = g", where n (> 5) is an integer. If H = 0 then
Lemma 7 implies that f and g satisfy one of (1) and (2).

Lemma 8 ([12], [13]). If F, G share (00,0) and V =0 then F = G.

Lemma 9. Let F = f" =g" and V £ 0. If f, g share (oo, k), where
<k <oo, and By (1; F) = ( ; ), then
(nk+n—1)N(r,00; f|=> k+1) = (nk+n—1)N(r,00; F| > nk + n)

gmtl [N(r,0; f) + N(r,0;9)] + %N(r, 00; f) + S(r, f) + S(r, g).

Proof. Since f, g share (o0; k), it follows that F'; G share (co; nk) and so a pole
of F with multiplicity p (> nk+1) is a pole of G with multiplicity r (= nk+1) and vice
versa. We note that I’ and G have no pole of multiplicity ¢ where nk < ¢ < nk +n.
So using Lemma 3 and Lemma 6 we get from the definition of V/

(nk +n = 1)N(r,00; f| > k + 1) < N(r,0; V) < N(r, 00; V) + S(r, f) + S(r, 9)
<N(r,0;F)+ N(r,0;G) + N(r,1; F| > m + 1)
+ N, LGl =m~+1)+8(r, f)+S(r,9)
— — 1
SN0 f) + N(r,0:9) + —N(r,0; F'| ' = 1)

1
+EN(T7O7GI|G:1)+S(T7f)+s(r7g)

< N0 )+ N(r,0:9) + —[N(r, 0, F'| F £0)
— No(r,0; F') + N(r,0; G'| G # 0) — No(r,0; G")] + S(r, f) + S(r,g)
ML N 0 F) + N(r, 0 9)] + 2N(r o0; ) + S(r, f) + S(r, g).

//\

This proves the lemma. O

1204



Lemma 10. Let F, G share (1,1). Then

_ 1— 1
Npso(r,1;G) < =N(r,0; F) + §N(r,oo;F) — §N0(T,0;F/) + S(r, F).

N~

Proof. Using Lemma 3 we get

Npso(r,1;G) < N(r,1; F| > 3)

1
< SN(0;F|F = 1)
1 1
< §N(T7O7F/|F7£O)_ §N0(T7O;F/)
1 1 1
< GN(r,0; F) 4+ S N(r, 00, F) = S No(r, 0, F) + S(r, F).

Lemma 11 ([2]). If F, G share (1,2) then

No(r,0;G") + N(r,1;G| > 2) + No(r, 1; F, G)
< N(r,0;G) + N(r,00; G) + S(r, G).

Lemma 12 ([14]). If H = 0 and F, G share (00,0) then F, G share (1,00),
(00, 00).

Lemma 13. If F, G share (1,2) and (0o, k), where 0 < k < oo, then one of the
following cases occurs:

(i) T(r,F)+T(r,G) < 2{Ny(r,0; F) + No(r,0; G) + N(r,00; F)
+ N(r,00;G) + Ni(r,00; F,G)} + S(r, F) + S(r, G),
(ii) F=a,
(i) FG=1.
Proof. First we suppose that H # 0. By the second fundamental theorem we
obtain
(3) T(r,F)< N(r0;F)+ N(r,o0; F) + N(r,1; F) — No(r,0; F') + S(r, F).
Since F', G share (1,2) we note that
N(r,1;F)=N(r,1;F|=1)
=N(r1;F|=1)
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Hence by Lemmas 1, 4 and 11 we get from (3)

(4) T(r,F) < N(r,0; F) + N(r,00; F) + N(r,0; F| > 2) + N(r,0; G| > 2)
+ Ni(r,00; F,G) + N(r,1;G| > 2) + N.(r, 1; F,G)
+ No(r,0;G") + S(r, F) + S(r,G)
< No(r,0; F) + No(r,0; G) + N(r,00; F) + N(r,00; Q)
+ Ni(r,00; F,G) + S(r, F) + S(r, G).

Similarly we obtain

(5) T(r,G) < Nao(r,0; F) + No(r,0; G) + N(r,00; F) + N(r, 00; G)
+ Ny(r,00; F,G) 4+ S(r, F) + S(r, G).
Adding (4) and (5) we get (i).
Next we suppose that H = 0. Then by integration we get

AG+ B
CG+ D’

where A, B, C, D are constants and AD — BC # 0. Also

(6) F=

(7) T(r,F)=T(r,G)+ O(1).

We now consider the following cases.

Case 1. Let AC # 0. Since F', G share (00, k), it follows from Lemma 12 that
F, G share (00,00). So from (6) we obtain that F' and G have no pole. Again since
F—-A/C=(BC—-AD)/(C(CG + D)), it follows that F' — A/C has no zero. So by
the second fundamental theorem we get

T(T,F)<N(nO;F)—l—N(T,oo;F)—l—N(T,g;F) +S(r, F)
= N(r,0; F) + S(r, F),

which implies (i) in view of (7).
Case 2. Let AC = 0. Since F is nonconstant it follows that A and C are not
simultaneously zero.
Subcase 2.1. A# 0and C =0. Then F = aG+ (3, where « = A/D and = B/D.
If F" has no 1-point, by the second fundamental theorem we get

T(r,F) < N(r,0; F) + N(r,00; F) 4+ S(r, F),
which implies (i) in view of (7).
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If F and G have some 1-points then a4+ 3 =1and so F =aG + 1 — a.
If @ # 1 then by the second fundamental theorem we get

(r,1—ca; F)+ N(r,00; F) + S(r, F)
)+ N(r,00; F) + S(r, F),

which implies (i) in view of (7).

If « =1 then F = G, which is (ii).

Subcase 2.2. Let A =0and C # 0. Then F = 1/(vG + 0), where v = C/B and
d=D/B.

If F has no 1-point then as in Subcase 2.1 we obtain (i).

If F and G have some 1-points then v+ =1and so F =1/(vG +1 — 7).

If v # 1 then by the second fundamental theorem we get

_ 1
T(r,F) < N(r,0; F) + N(r, —

;F) + N(r,00; F) + S(r, F)
= N(r,0; F) + N(r,0;G) + N(r,00; F) + S(r, F),

which implies (i) in view of (7).
If v =1 then FG = 1, which is (iii). This proves the lemma. 0

Lemma 14. If E3)(1; F) = E5y(1;G) and F, G share (oo, k) then the conclusion
of Lemma 13 holds.

Proof. If H =0, then by Lemma 12 F, G share (1,00), (00, k). Hence the
result follows from Lemma 13.

Next suppose that H # 0. Then by the second fundamental theorem, Lemma 2
and Lemma 5 we get for m = 3

(r,0; F) + N(r,00; F) + N(r,1; F) — No(r,0; F') + S(r, F)
(r,0; F) + N(r,00; F) + N(r,0; F| > 2) + N(r,0; G| > 2)
+ Nu(r,00; F,G) + N(r,1; F| > 4) + N(r, 1, G| > 4)

+ N(r,1;F| > 2) + No(r,0;G") + S(r, F) + S(r, G).

Again by the second fundamental theorem we get

(9) T(r,G) < N(r,0;G) + N(r,o0;G) + N(r,1;G) — No(r,0;G") + S(r, G).
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We note that

(1) N(n1F|>2)

=

(r,1; F|>4)+ N(r,1;G) + N(r,1;G| > 4)

1 _
N(T,l;F|=1)+§N(T,1;G|=1)+N(T,1;F|>2)
N(r,1;G|>2) + N(r,1; F| > 4) + N(r, ;G| > 4)

+ ™=+

N

/

N(T,l;F)-F%N(T,l;G)

N
DN = N =

/

1
T(r, F)+ §T(r7 G).
Adding (8) and (9) we get by using (10)

T(r,F)+T(r,G) < 2{Na(r,0; F) + Na(r,0; G) + N(r,00; F) + N(r, 00; G)
+ N.(r,o0; F,G)} + S(r, F) + S(r, G).

This completes the proof of the lemma. O
Lemma 15 ([16]). If F', G share (1,1), then

ONL(r,1;F) + 2N, (r,1;G) + N2(r,1; F) — Npso(r, 1;G)

< N(r,1;G) — N(r, 1;G).

Lemma 16. Let F', G be two nonconstant meromorphic functions such that they
share (1,1), (00,0) and H # 0. Then

1— _
T(r,F) < Nz(T,O;F)+N2(7‘,0;G)+§N(T,0;F)+ gN(T,OO;F)
+S(r, F)+ S(r,G).

Proof. By the second fundamental theorem we get

(11) T(r, F) + T(r,G) < N(r,0; F) + N(r,00; F) 4+ N(r,0; G) + N (r, 00; G)
+ N(r,1;F)+ N(r,1;G) — No(r,0; F') — No(r,0; G")
+S(r, F)+ S(r,G).

Since F', G share (1,1) and (c0;0) we note that N}E)(r,l;F) = N(r,1;F|=1) and
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N.(r,00; F,G) < N(r,00; F). So using Lemmas 1, 4, 10 and 15 we get

(12) N(r,1;F)+ N(r,1;G)
<N(r1L;F|=1)+Np(r,l;F)+ Np(r,1;G)
+Ng(r,1;F)+N(T,1;G)

<N 1L;F|=1)+N(r,1;G) — Np(r,1; F)

— NL(r,1;G) + Npsa(r, 1;G)

SN(r,0;F| 2 2) + N(r,0,G| > 2) + No(r,00; F, G)
+ Nu(r,; F,G)+T(r,G) —m(r,1;G) + O(1)
—NL(T,l;F)—Nﬂr,l;G)—i—%N(nO;F)

+ %N(noo;F)—l—No(r,O;F')—i—No(r,O;G')
+S(r,F)+ S(r,G)

SN(r,0;F|>2) + N(r,0;G| > 2) + N(r,00; F)
+T(r7G)+%N(r,O;F)—i—%N(noo;F)

+ No(r,0; F") + No(r,0;G') + S(r, F) + S(r, G).

From (11) and (12) we obtain

1— _
T(r,F) < Nz(T,O;F)+N2(7‘,0;G)+§N(T,0;F)+ gN(T,OO;F)
+S(r, F)+ S(r,G).

This proves the lemma. O

Lemma 17 ([5]). Let F = f*, G =g" and V £ 0. If f, g share (00,0) and F,
G share (1, k), where 1 < k < oo, then

(n—l— %)N(T,oo;f)
k+1—

— 1
< N0 )+ N(r,0,9) = EN(nO;f’If#0,1,w,-.-,w”‘1)

+S(r, f)+ S(r, 9).
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3. PROOFS OF THE THEOREMS

Proof of Theorem 1.  Assume that FF = f", G = ¢"™ and f, g do not sat-
isfy (1). Since Ef(S1,1) = E4(S1,1) and E¢(S2,0) = E4(S2,0), it follows that F,
G share (1,1) and (c0,0). If possible, we suppose that H # 0. Then by the second
fundamental theorem and Lemma 16 we obtain

1_— _
(13)  T(r,F) < Na(r,0; F) + Na(r,0; G) + §N(7“70;F) + ;N(noo;F)
+S(r, F)+ S(r,G)

< gN(T,O;f) +2N(r,0;9) + gN(noo;f) + S(r, f)+ S(r,9).

Since F' # G we get by Lemma 8 that V' # 0. So by Lemma 17 for kK = 1 we get
from (13)

7

m{2ﬁ(7’70;f)+ﬁ(7’70;9)}

(14) nT(r, f) < g]v(r, 0; ) +2N(r,0;9) +

+S(r, f)+ S(r,g)

<2+ LA+ {o+ ﬁ}T(nQ) +S(r.f) + S(r,g).

Similarly we obtain

7
2(n—2)

5

}T(T’f)+{§+n—2

(15) nT(r,g) < {2 + }T(r, g)+S(r, f)+S(r,g).

Adding (14) and (15) we get
{n=3 - 5 TN+ T} < St ) + S0,

which is a contradiction for any integer n > 7. Hence H = 0 and so the theorem
follows from Lemma 7 and Remark 2. O

Proof of Theorem 2. Assume that F = f, G = g™ and f, g do not satisfy (1).
Since Ey)(S1, f) = E2)(51,9) and Ef(S2,0) = E4(S52,0), it follows that Ey)(1, F) =
FE5(1,G) and F, G share (o0,0). If possible, we suppose that H # 0. Then by the
second fundamental theorem and Lemma 5 for m = 2 and k& = 0 we obtain

(16) T(r,F) < N(r,0;F)+ N(r,00; F) + N(r,1; F|=1)+ N(r,1; F| > 2)
— No(r,0; F') + S(r, F) + S(r,G)
< No(r,0; F) + N(r,0; G| = 2) + 2N (r,00; F) + N(r,1; F| > 3)
+N(r,1;G| = 3)+ N(r,1; F| > 2) + No(r,0; F")
+ No(r,0;G") + S(r, F) + S(r,G).
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Since N(r,1;F|> 2) + N(r,1;F|> 3) + No(r,0; F') < N(r,0; F'| F # 0) and
N(r,1;G| = 3)+No(r,0;G") < N(r,0; G’| G # 0), it follows from Lemma 3, Lemma 6
and from (16)

(17)  nT(r, f) <3N(r,0; f) + 2N(r,0;9) + 4N (r, 00; f) + S(r, f) + S(r, g).

Since F' # G we get by Lemma 8 that V' # 0. Now by Lemma 9 for m = 2 and £k =0
we get from (17)

(18)  nT(r,f) <3N(r,0; f) + 2N(r,0; g) + %{N(T,O;f) + N(r,0;9)}
+S(r, f)+ S(r,9)
<3+ -2 V10 n+ {24 2000 + 50 )+ S(r0).

Similarly we obtain

6

(19)  T(rg) < {24 25 170 )+ {3+ -2 1T 0) + S0 5) + 5(r,0).

Adding (18) and (19) we get

{n—s- ni}{cr(r, £)+T(r,9)} < S(r, ) + S(r,9),

which is a contradiction for any integer n > 8. Hence H = 0 and so the theorem
follows from Lemma 7 and Remark 2. O

Proof of Theorem 3. Assume that ' = [, G = ¢" and f, g do not satisfy (1).
Since E3)(S1, f) = E3)(51,9) and Ef(S3,0) = E4(S53,0), it follows that Es)(1, F) =
E3)(1,G) and F, G share (00,0). Since F' # G, by Lemma 8 we get V' # 0. Now
using Lemma 6 and Lemma 9 we get

nT(r, f) +nT(r,g) < 2Na(r,0; F) 4+ 2Nz(r,0; G) + 6N (r,00; F) + S(r, F) + S(r, G)
AN (r,0; f) +4N(r,0;9) + 3N(r,00; f) + 3N (r, 00; g)
+S(r, f)+ S(r, 9)

< {4 * 3n2i 5}T(’” 1)+ {4 * 3n2i 5 }T(r’g)

+5(r, f) + 5 9),

<
<

ie.
24
3n—5

<n—4— 21 )T(r,f)+(n—4—

T )T(r,9) < S(r, )+ S(r,9),

which is a contradiction for any integer n > 6 and so condition (i) of Lemma 13 does
not hold. Hence we must have FG = 1. So f, g must satisfy one of (1) and (2). This
proves the theorem. O
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Proof of Theorem 4. Assume that ' = [, G = ¢" and f, g do not satisfy (1).
Since Ey)(S1, f) = E1)(51,9) and Ef(S2,0) = E4(S52,0), it follows that Ey)(1, F) =
Ey(1,G) and F, G share (00,0). If possible, we suppose that H # 0. Then by
Lemma 8 we have V' # 0. So proceeding in the same way as in Theorem 2 we obtain
by the second fundamental theorem, Lemma 6 and Lemma 9 for m =1 and k=0

(20) nT(r, f) < 4AN(r,0; f) + 2N(r,0; g) + 5N (1, 00; f) + S(r, f) + S(r, )
< (44 )70 ) + (24 22 )T g) + 50, £) + 5(r,9).

Similarly we obtain

10

(21) nT(Tag) < {2 + n—_g}T(r?f) + <4+ nl—_Og)T(r?g) + S(’I“7f) + S(Tag)'

Adding (20) and (21) we get

which is a contradiction for any integer n > 10. Hence H = 0 and so the theorem
follows from Lemma 7 and Remark 2. O

Proof of Theorem 5. Assume that ' = [, G = ¢g" and f, g do not satisfy (1).
Since Eyy(S1, f) = E1)(S1,9) and Ef(S2,1) = Ey(S2, 1), it follows that Ey)(1, F) =
E1)(1,G) and F, G share (co,n). We note that N(r,00; F|> n+ 1) = N(r,o0; F|

> 2n) = N(r,o00; f| > 2). If possible, we suppose H # 0. Then by Lemma 8 we have
V # 0. So by the second fundamental theorem, Lemma 3 and Lemma 5 for m = 1
and k = n we obtain

(22) T(r,F)< N(r,0;F)+ N(r,00; F) + N(r,0; F| > 2) + N(r,0; G| > 2)
+ Nu(r,00; F,G) +2N(r,1; F| > 2) + N(r, 1;G| > 2)
+ No(r,0; F") + No(r,0;G') + S(r, F) + S(r, G)
< No(r,0; F) + N(r,0; G| > 2) + N(r,00; F) + N(r, 00; f| > 2)
+2N(r,0; F'| F #0)+ N(r,0;G'|G # 0) + S(r, F) + S(r,G)
< No(r,0; F) + No(r,0; G) + 4N (r,00; F) + 2N (r,0; F)
+ N(r,00; f| =2) + S(r, F) + S(r,G).
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So using Lemma 6 and Lemma 9 for m = 1 and k = 1 we obtain from (22)

(23) nT(r, f) <4N(r,0; f) + 2N(r,0; g) + 4N (r, 00; f)

57N (1, 0:.f) + N(r, 0;9) + N(r,00; f)]
+S(r, f)+ S(r,9)
<[4+ ]T(r,f)+[2+

_|_

2n2— JT(T’Q)

}N(r,oo;f) +S(r, f)+ S(r,g).

2n—1

2
4
+{ +2n—1

Now again using Lemma 9 for m = 1 and k = 0 we get from (23)

(24) nT(r, f) < [4+ — 1]T(r,f) + [2+ ]T(r,g)

2n—1
2 2

+n—3{4+ 2n_1}[N(T70;f)+N(T,O;g)]

+S(r, f) + S(r, g)
< [4+M
h (n—3)(2n—1)

+ S(r, f)+ S(r, 9).

18n — 10

}T(T,f)-i- [2+m

}T(w)

Similarly we obtain

18n — 10

(n—=3)(2n—-1)
+ S(r, f)+ S(r,9).

(25) nT(r,g) < [2 +

Adding (24) and (25) we get

36n — 20

=6 o g T D+ 00} <) 4 5(r9)

This is a contradiction for any integer n > 9. Hence H = 0 and so the theorem
follows from Lemma 7 and Remark 2. O
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