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Abstract. In this paper we consider the problem of finding upper bounds of certain matrix
operators such as Hausdorff, Norlund matrix, weighted mean and summability on sequence
spaces lp(w) and Lorentz sequence spaces d(w, p), which was recently considered in [9] and
[10] and similarly to [14] by Josip Pecaric, Ivan Peric and Rajko Roki. Also, this study is
an extension of some works by G.Bennett on [, spaces, see [1] and [2].
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1. INTRODUCTION

We study the norm of some matrix operators on l,(w) and Lorentz sequence
spaces d(w,p), p > 1, which is considered in [1], [2], [3], [4] and [5] on I, spaces
and in [10] and [11] on /,(w) and d(w, p) for some matrix operators such as Cesaro,
Copson, Hilbert, Hausdorff, Nérlund, weighted mean and summability. The problem
of finding a lower bound of such matrices on weighted sequence spaces considered by
authors in a companion paper [13].

Let [,, be the normed linear space of all sequences « = () with finite norm ||z||,,

0 1/p
lall, = (Z |xn|p) .

n=1

where

Suppose that w = (w,,) is a sequence with non-negative entries. For p > 1, we define
the weighted sequence space [, (w) as

553



with the norm || - ||, defined as:

2l = (an|wn| )

Also, if w = (wy) is a decreasing sequence of non-negative numbers such that
o0

/p

lim w, =0 and ) w, = oo, then the Lorentz sequence space d(w, p) is defined as

n—oo n=1

d(w, p) { Z wnwy, }

where (7)) is the decreasing rearrangement of (|z,|). In fact d(w,p) is the space of

null sequences = for which z* is in I, (w), with the norm ||| g(w,p) = |2 p,w-

We write ||A||p,w for the norm of A as an operator on I,(w), and ||A||, for the
norm of A as an operator on I, and || A 4w p) for the norm of A as an operator on
d(w, p).

Our objective in Section 2 is to give a generalization of some results obtained by
Bennett [1], [2] and Jameson and Lashkaripour [10] for Hausdorff matrix operators
on the weighted sequence space. In Section 3 we try to solve the problem of finding
the norm of summability operators on the Lorentz sequence space d(w, 1), while
in Section 4 we consider the same problem on the weighted sequence space I,,(w).
Summability operators on [, were considered in [1], [2], [3], [4]. Finally, in Section 5,

we get an estimate for a certain matrix operator on the Lorentz sequence space
d(w,p).
2. HAUSDORFF MATRIX OPERATOR ON [,(w) AND d(w,p)
In this section, we consider the Hausdorff matrix operator H(p) = (h; k) such that
<j B 1)Aj_kak if 1<k<y,
hjx = k—1
0 it k>j,
where A is the difference operator; that is,
Aak = ar — Qk+1

and (ay) is a sequence of real numbers, normalized so that a; = 1.
If

1
ag :/ 0% dp(0) (k=1,2,..)),
0

554



where p is a probability measure on [0, 1], then for all j,k =1,2,..., we have

1
(9 )/ek L1 — )% du(d) if1<k<j
hyg =
if k> j.

The Hausdorff matrix is contained in famous classes of matrices. These classes are
as follows:

i) The choice du(f) = a(1 — 0)>~! df gives the Cesaro matrix of order a.

ii) The choice du(f) = point evaluation at § = « gives the Euler matrix of order «.

iii) The choice du(f) = |log8|*~!/T'(«) df gives the Holder matrix of order a.

iv) The choice du(f) = a1 df gives the Gamma matrix of order a.

The Cesaro, Holder and Gamma matrices have non-negative entries whenever
a > 0, also the Euler matrix is non-negative when 0 < a < 1. So that, if we obtain
the norm of the Hausdorff matrix, then it is also an upper bound for the above
matrices.

Note that, if T' is an operator with non-negative entries on /,,(w) (or d(w,p)), then
we can get the norm of T' by non-negative sequences, since || 7|y < ||T|2|||pw (or
172ty < 1T 12l )

It is a much more delicate problem to find conditions under which the norm

is determined by decreasing sequences z. The following statements give us some
conditions adequate for the operators considered below, ensuring that ||7'[|4(,p) is
determined by decreasing, non-negative sequences.

Proposition 2.1 ([11], Proposition 1.4.1). Let p > 1 and let T = (t; ;) be an
operator with non-negative entries. If for all subsets M, N of natural numbers having
m,n elements respectively, we have

n

(1) DDt <Yt

i€eM jeN i=1 j=1

then ||T(u)||agw,p) < I|T(w)|ld(w,p) for all non-negative elements u of d(w, p). Hence
decreasing, non-negative elements are sufficient for ||T'||4(.,p) to be determined.

Proposition 2.2 ([9], Lemma 1). Let p > 1 and let T = (t;;) be an operator

with non-negative entries. Also, let T' map d(w,p) into itself. If we set Tu = v for
o0
u € d(w,p) where v; = > t; ju;, then the following conditions are equivalent:
j=1
(a) v Zve > ... 20 whenuy Zuz >...>0.
n

(b) rim = > t;; decreases with i for each n.
j=1

555



The following theorem is needed for the main result. Let i be a Borel probability
measure on [0, 1] with u(0) = u(0+) = 0.

Theorem 2.1 ([6], Theorem 216). Let (z,,) be a non-negative sequence andp > 1.

Then
m—n 3 ' -1/p 'S P
_1( (n— 1>A anacn> < (/ 0 d,u(@)) an,

unless ©,, = 0 for all n or the transformation reduces to the 1dent1ty

Theorem 2.2. Let H(u) be the Hausdorff matrix operator and p > 1. Let (wy,)
o0
be a non-negative decreasing sequence such that 3 w,/n = oo. Then the Hausdorff

n=1
matrix operator maps l,(w) into itself, and

1
| H o = / 0117 dpu(0).

Proof. Let = be a non-negative sequence. Then since (w,) is decreasing,
applying Theorem 2.1 we have

Hng’w:iw](i:(i 1) 9k (1 - )i kdu(@)) )p

j=1 (
o j—1 1 " P
gZ( ( >< Hklleﬂkdu(9)> :rk>
j=1 k=1 0
1 p ©© p
<([ o) Swar= ([ ormaue)
Jj=1
Hence 1
|Hallpw < ( / e-l/pdme))nm,w,
and so

1
[l < [ 0717 d(o)
0

It remains to prove that the value fol 6~1/P du(0) is the best possible. To show this,
we follow an argument of Hardy ([5], page 47) with some slight modifications. For
any ¢ € (0,1), choose @ and N such that

1 —2/p
(1+—> >1—e¢,
«

/1 6=/ du(9) > (15>/19”’”du(9) (n>N).
a/n 0
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For ¢ and N mentioned above, there exists d such that 0 < < 1/p and
oo N-1
Eannflfp‘; > Z wpn 1P,
n=1 n=1

00 N-1
(because, if ¢ 3 w,n 7P < 3 w,n" 7P for any § > 0 by letting & tend to 0, we
gozl n=1 -
deduce that > w,/n is convergent, which contradicts the assumption > w,/n =
n=1 n=1
o0). Taking
1
s=—+9, Tp=n"°,
p

oo oo
Z wpah > (1 —¢) Z WP,
n=N n=1

Since (2,,) € I, and 0 < w, < w1, we deduce that (z,) € I,(w). If we set

en(6) = i (;_Deml@ — 0",

m=1

we obtain

then

1 /OO —ntys—1 1 /OO —tys—1 —t\yn—1
e "Mt dt, en(0) = e 't 1—0+0e dt.
) o D=5 4, ( )

Ty =
Fort>0and 0 <6 <1wehavel — 0+ fe~t > e~ Hence

1 o0
en(0) > / pLe=(1=04m0)t 41 (1 _ g 4 )=

L'(s) Jo
If a/n < 6 < 1, then
(1—04+n0)"°>n" 0751+ 2)"* >0 /P(1+ 1)"2/rg, > (1) /Px,,
therefore
en(0) = (1 —e)0~ Y7y,
For n > N we have
1 1
(Ha) = [ ea®)an®)> | el )
0 a/n

1 1
> (1%)9:”/ 017 dp(6) > (1%)%“/ 0~1/P du(6)
a/n 0
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and

oo p ©0
an (Hx)? an (Hz)? > (1 —¢)? (/ 0~ 1/pd,u )) an:lcfl
n=N n=N
p o0
> (1 —¢)?Pt! (/ g-1/p du(@)) Z Wk .
0 n=1

Therefore
| H |

1
o> (L= 2217 9100 duge),
0

Since ¢ is arbitrary, letting ¢ — 0 we have

1
1 H o > ( / 91/pdu(9)>,

and this completes the proof of the statement.

Corollary 2.1. Suppose that p > 1 and p* = p/(p — 1). If (w,,) is a non-negative
o0
decreasing sequence and Y wy,/n is divergent, then Cesaro, Holder, Gamma and

n—
Euler operators map l,(w) into itself. Also, we have:

T(a+ 1T(1/p")

”C(a)”p,w = 1—1<a + 1/p*) (a > 0),
| H ()]l pw = ﬁ/o 0~ /Pllogh|*"tdo (o >0);

ap
= 1 .
G = =25 (op> 1)

1 E()|p,w = a~l/P 0<a<l).

Proof. It is elementary. a

Corollary 2.2 ([10], Proposition 5.1). If u, w are non-negative sequences, w is

o0
decreasing and 3 w,/n is divergent, then
n=1

P o0

Sun(Gow) <0 ()
n=1 =1 n=1

The value of p*? is the best possible.

Proof. Apply Corollary 2.1 for Cesaro operator with o = 1. U

558



Remark 2.1. By taking w, = 1 for all n, we deduce that Hausdorff, Cesaro,
Holder, Gamma and Euler operators map [, into itself.

We now state the extension of the Hardy inequality to the weighted sequence
space. The following lemma is needed for the main result.

oo
Lemma 2.3. Suppose that a, b, are non-negative numbers such that Y a, is

n=1
divergent and lim b, = 0. Then
n—oo
m
Z anbn
n=1
- —0 asm— o
> an
n=1
Proof. It is elementary. O

Theorem 2.3. Suppose that p > 1, w = (w,) Is a decreasing sequence with

o0

non-negative entries and Y. wy,/n is divergent. Let N > 0 and let Cy = (c,) be
n=1 ’

the matrix with

1
N _ VI forn >k,

Cn,k -
0 for n < k.

Then |CN||p,w = P*

Proof. (Y is the Cesaro matrix of order « = 1 and 0 < anJC < C%,k for all
n,k > 1. Since w = (w,,) is a decreasing sequence, by Corollary 2.2 we have

1CNpw < ICollpw = P"
Fix m such that m > N, and let

{(n+m)_1/p for 1 < n < m,
Ty =

0 for n > m.
Then Y wpaf = > wy/(n+m). Also, for n < m,
n=1 n=1

Az / (t+m) VP dt = p*((n+m)?" — (m + 1)VP"),
1

so that

_ X 2 (1 (m+1>1/P*>
yn_n+N/(n+m)1/P n—+m '
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Since (1 —¢)? > 1 — pt for 0 < ¢ < 1, we have

y52-9521<1—p(ﬁttl>uw>,

n+m n+m
and hence
m m w * m w
WP > (p*)P " p(p*)P 1)t/p - n
;w yn = (%) ;n—i—m p(p*)P(m +1) Z (n+m)1+1/P*

Since (wy,) is a decreasing sequence, wy, = Wy 4, and

= w > w = w
DRI S i T
> .
n=1 n+m n=1 n+m n=m-+1 n
o0
Therefore > wy/(n+m) is divergent, so that setting a, = w,/(n+m), b, =
n=1

1/(n +m)'/?" and applying Lemma 2.1 we obtain the statement.

3. SUMMABILITY OPERATOR ON d(w, 1)

In this part we consider the upper bound problem for summability matrix opera-
tors. These are lower triangular matrices with entries of the form
(i) djr = 0;
(i) djx =0 if k > j;
J
(iii) 32 djp = 1.
k=1
It is natural to ask what can be said about the norm of an arbitrary summability

matrix on d(w,1). We give an interesting answer to this question in the following
statement.

Theorem 3.1. Suppose D = (d; ;) is a summability matrix operator satisfying
condition (1) of Proposition 2.1. If

S,
Sup—n < 00,

W,
where S, = s1+ ...+ s, and s, = Y, wdy, and W,, = w1 + ... +wy, then D is a
k=n
bounded operator from d(w, 1) into itself, and

n

1Dl a(w,1) = SUp 77
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Proof. By Proposition 2.1, it is sufficient to consider decreasing, non-negative
sequences. Let x be in d(w, 1) such that 1 > 22 > ... > 0. Then

n

1Dl a1y = an(zdn,kxk) S st =S Sl — ).
n=1 k=1 n=1 n=1

Also, we have

2l dqw,1) = Z W (Tn — Tny1)-
n=1

Let M =sup S,,/W,,. Then

||Dx||d(w,1) < MZ Wn T -
n=1
Hence
| Dl g(w,1) < M.

To show that the constant M is the best possible, we take x1 =20 = ... =2, =1
and xp =0 for all k > n + 1. Then

|2llaqw1) = Was  [1D2]agu,1) = Sn-

Therefore
| Dl 4(w,1) = M.

We now state some consequences of the above theorem.
Let (d,,) be a non-negative sequence with d; > 0, and D,, = d; + ...+ d,. The
Norlund matrix Ng = (dp ) is defined as follows:

dn—k+1
’”7’ 1<I€<7’L,

0 k>mn,

Further, the weighted mean matrix Dg = (d,, 1) is defined by

dy,

—, 1<k<n,
dnir =< Dn

0 k> n.

We note that the Hausdorff matrix, Nérlund mean matrix and weighted mean matrix
are summability matrices so that we have the following statement.
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Corollary 3.1. Suppose D = (d; ;) is a Hausdorff (Norlund mean or weighted
mean) matrix operator satisfying condition (1). If

n
sSup —— < 090,
n n

then D is a bounded operator from d(w, 1) into itself, and

| D]l a(w,1) = sup —.

n
Proposition 3.1. Suppose d, is a non-negative, increasing sequence and for all

1 — 1 «
— S di g1 > di_io.
D ; b2 ; 2

n < i we have

If
su & < o0
p W, )
then Ny is a bounded operator from d(w, 1) into itself, and
Sn.

| Nallagw,1) = Sup -

Proof. The Norlund mean operator, Ny, satisfies condition (1). So, applying
Corollary 3.1 we have the statement. O

Proposition 3.2. Suppose d,, is a non-negative, decreasing sequence. If

n
sSup —— < 090,
n n

then Dy is a bounded operator from d(w, 1) into itself, and

| Dalla(w,1) = sup —.

n

Proof. Since d, is a non-negative, decreasing sequence, the weighted mean
matrix operator Dy satisfies condition (1). If we apply Corollary 3.1, then we have
the statement. O
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As we mentioned in the previous section, the Hausdorff matrix is contained in the
class of the famous Cesaro and Gamma matrices. Also, for a > 0, the Cesaro matrix
C(a) and the Gamma matrix G(«) are the Norlund matrix N4 and the Weighted
mean matrix Dy, respectively, with

Q. - <n+o¢2)'
n—1
If « = 1, then G(1) = C(1). Hence for w, = 1/nP, where 0 < p < 1, by ([12],

Theorem 6) we have

IGWlagw.1y = 1€MW llaqw,y = <1 +p),

where ( is Riemann’s zeta function.

In the next statement we give the norm of C'(2) on d(w, 1). It is enough to consider
the sequence (s, /wy) instead of (S, /W, ), because of the well-known fact listed in
the following lemma.

Lemma 3.1. If m < s,,/w, < M for all n, then m < S,,/W,, < M for all n.

Proof. It is elementary. (]

Proposition 3.3. If w, = 1/n, then C(2) is a bounded operator from d(w,1)
into itself, and

1C@)la(w,1) = 2-

Proof. We note that s,/w, < s1/w; for all n. Therefore, applying Lemma
3.1, we deduce that S, /W, < S1/W; = s1, and by Corollary 3.1 we have

IC2)agw,1) = 2-

Since
N 1
s1=Y T =2,
; 1k(k+1)

we have for all n

Sn > 1 k—n+1 > 1 1
W ”kz:; Thk+1) & "kz:; kk+1)  'n o

This completes the proof of the proposition.
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Let D = (dyx) be a summability matrix operator defined as before, and let its
transpose be D! which is defined as

(Dtx)n = Z dk,n:rk.
k=n

D? is a quasi-summability matrix.

Note: If D is a Summability matrix satisfying condition (1), then D? is so.

Theorem 3.2. Suppose D is a summability matrix operator on d(w, 1) satisfying
condition (1). If

Ry
M:supW<oo,

where R, =114 ...+ 1y, = Y, wrdpk and Wy, = w1 + ... + wy, then D! is a

k=1
bounded operator from d(w,1) into d(w, 1) and we have

1D || 4,1y = M.

Proof. Applying Proposition 2.1 and the above note, it is sufficient to consider
decreasing, non-negative sequences. Let = be in d(w, 1) such that 1 > z2 > ... > 0.
Then

o0 o0 o0 o0
19ty = 3t (3 ) = 32t = 3 Rl = ).
n=1 k=n n=1 n=1
Hence
1D % a(w,1) < M2l dguw,1)-
To show that this constant is the best possible, we take r1 =29 =... =2, =1 and

xr =0 for all k > n—+ 1. Then

2/l aqw,1) = Wa, D"l 4(u,1) = R
Therefore
1D lagw,1) = M.
Using the above notation, we have the following statement. O
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Corollary 3.2. Suppose D = (d; ;) is a Hausdorff (Norlund mean or weighted
mean) matrix operator satisfying condition (1). If

R,
M:supW<oo,

n n

then D' is a bounded operator from d(w, 1) into itself, and we have
1D [[aw,1y = M.

If a =1, then G*(1) = C*(1). Hence for w, = 1/n?, where 0 < p < 1, applying ([12],
Theorem 9) we deduce that

1
G (Dllatw,1) = 1C* W) lagw,1) = -

4. SUMMABILITY MATRIX OPERATOR ON [, (w)

In this section we consider the upper bound problem for summability matrix opera-
tors. It is natural to ask what can be said about the norm of an arbitrary summability
matrix on {,(w) (or d(w, p)).

First, we compare the norm of the quasi-summability matrix with that of the
Copson matrix. Then we give an estimate for the quasi-matrix, where the Copson
matrix is the transpose of the Cesaro matrix.

Let p,q > 1. We write || Al|p.q,« for the norm of A as an operator from [, (w) into
lg(w).

Lemma 4.1. Let p > 1 and let u, v and w be non-negative sequences. If v, w are

decreasing and
n

Zvigiui (n=1,2,...),
i=1

i=1

then

o0 o0
E w;v} < g w;uk.
i=1 i=1

Proof. It is elementary. O
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Lemma 4.2. Suppose p, ¢ > 1 and A = (a;;), D = (d; ;) are matrices with

non-negative entries. Let (w,) be a decreasing sequence. If the columns of D are
decreasing, i.e.

ey di,j 2 dit1, (j,k=1,2,...),

and also

di (4,k=1,2,...),
1

k
(II) Z (7%} =
1

1= %

k

then

[Allp.a,0 = [ Pllp.g.w-

Proof. Let x be a sequence of non-negative entries. We define u and v by

o0 o0
up = E di,i %4, v = E ki sy (k=1,2,...).
i—1 i=1

It is clear from (I) that uj decreases with k, and by (II) we have

iuk<21}k (n=1,2,...).

k=1 k=1

n

Hence applying Lemma 4.1 we deduce that

o0

oo
wiu), < g WU
k=1 k=1

Therefore ||Dz||q.w < ||Az||q,w, and so

[Allp.a0 = [1Pllp.g,w-
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Theorem 4.1. Suppose p,q > 1 and A = (a;;) is a summability matrix. If
C = (¢;,j) is the Cesaro matrix of order o« = 1 and the rows of A are decreasing, then

1A Ip.q0 = 1€ llp.g.0-

Proof. We apply Lemma 4.1 for A and C*. It is clear that (I) holds for C*.

We show that i

Zaij 220’;]- (J,k=1,2,...),

i=1 i=1
or

k k
Z%i > Zcm (j,k=1,2,...).
=1 i=1

When k > j, it is easy to see that we have the above inequality. When k < j, we
have

k
k .
D aji== (G=1,2,...)
i=1 J
because the j!* row of A is decreasing, therefore the average

k
E :aj,i
i=1

decreases with k, and the j** term of this average is precisely 1/;.

e

We now state a consequence of Theorem 4.1.

Corollary 4.1. Suppose p > 1 and A = (a;;) is a summability matrix with
decreasing rows. If 0 < 3 < 1 and w is defined either by w, = 1/n® or by W,, =
S wy, = n'~P, then

k=1
p

1-8
Proof. Let C be the Cesaro matrix of order « = 1. By Theorem 4.2 of [10],

we have

1A lp.w >

lc?

__r
p,w 1— ﬂ
This completes the proof of the statement. O

In the following, we extend the so-called Maximal Theorem of Hardy and Little-
wood to I,(w) spaces, and then we establish an upper bound for the summability

matrix with increasing rows.
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Theorem 4.2. Ifp > 1 and x, w are non-negative sequences and w is decreasing,
then

e 1 J p oo
. - - * p
S (rivi i) <07 et

k=1

Proof. If weseta,= w,lc/pxk in Theorem 8 of [7], then we have

>0 1 J 1/ P [e%s)

_— p *\p P
Z;fil% (j—z'+1kz_wk xk) < (@) ;wkxk-
J= =1 =

Since w is decreasing, we deduce that

0 1 J P 00
. < (p*)P D
> s s (=g o) <0 Lt
= -
The next statement is an easy consequence of the previous theorem. ([

Corollary 4.2 ([1], Corollary 1.15). If p > 1 and x is a sequence of non-negative
terms, then
oo 1 7 P 0o
[ < (p*)P D
S (=i X)) <Y
= k=1 k=1
In the following statement, we give an upper bound for the summability matrix
operator. Let D be a summability matrix with increasing rows, that is; for all j we
have

dj,l <dj2 <---<dj,j-

Theorem 4.3. Let p > 1, and let D be a summability matrix with increasing
rows. Then

1D

pw <P

Proof. Let x be a non-negative sequence and let j be fixed. Setting

M:max{ﬁ Tj T Tj1 wj+"'+x1}
17 2 9 b j b

we have for all k£ with 1 <k <j
Tj+ ...+ xj_p1 S MIA+...+1) (k terms).
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Since 0 < d;1 < ... < d; ;, applying Lemma 4.1, we obtain

J

J
Zdj,kxk g Mzdj’k = M.
k=1 k=1

Since
1 ! 1 <
M = max | ———— 1 E ZTr | = max | = E z5 |,
1<6i<j —1 1<i<j \ ¢
&Y ¥l i I k=j—it+1

applying Theorem 4.2, we deduce that

0o J P oo 1 J P
Del =3 ws( Sy ) < S ax (730 )
j=1 k=1 j=1 SSINY T
o0
< (p)P Zwkxk = @)z}, w,
k=1

*

and so || D||pw < p*.
Let Dy and N4 be the weighted mean matrix and the Norlund matrix respectively.
We state some consequences of Theorem 4.3.

Corollary 4.3. Let p > 1. If (d,,) is an increasing sequence, then

1Dl

pw <P

Corollary 4.4. If p > 1. If (d,,) is a decreasing sequence, then

*

[Nallp.w < P

o0 o0
5. MATRIX OPERATOR WITH ) |a; ;| < 1 FOR ALL j AND ) |a; ;| < 1 FOR ALL %

i=1 j=1

In this section we consider some operators satisfying the above conditions. We
apply some results of the majorization principle to show that such operators are
bounded on the Lorentz sequence spaces d(w,p). In the following, we state some
lemmas which are needed throughout this section.
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Lemma 5.1. Let A = (a;;) be a matrix operator with entries of the form
o0

i) > ai | <1 for all j;
1,0:01

ii) > |ai | <1 for alli.
j=1

Let x = (z;) be a null sequence and y = Axz. Then we have:

n n

nyézxf (n=1,2,...).

i=1 i=1

Proof. We may assume |v1| > |x2|.... So for all j we have z} = |z;|. Let for
all ry* = |y;,|. Then

Yr =

o0 o0
ES
> i | <Y lai, gl
=1 =1

Therefore .

oo
Syr <> b,
j=1

r=1

where b; = 3 |a,, ;|. Let By = b1 + ...+ by, then for all k we have: B, < k. Also,
r=1
for k > n,

n k
By=Y > lai il <n.

r=1j=1

By the Abel summation, we have
oo o0 n o0 n
Sobw =D Byl — @) DG —wpa) tn Y (5 —aj) = D)
j=1 j=1 j=1 j=n+1 j=1

This completes the proof of the statement. O

Lemma 5.2. Let 1 < p < q and let = (x;) be a sequence in d(w,p). If wy =1,
then

12/l d(w.q) < 12l aguw,p)-

Proof. Let the sequence = be such that x1 > x5 > ... > 0. Write y; = xf.
Since w; = 1, by Proposition 1.3.2 of [11] we have

oo oo oo / p/q oo r/q
Dt = Y > (wai”) = (L)
i=1 i=1 i=1 i=1

This completes the proof of the proposition. O
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Theorem 5.1. Suppose A = (a; ;) is a matrix operator with entries of the form

i) > |asj| <1 for all j;
i=1

11) Z |ai,j| < 1 for all 1.
Jj=1

Let 1 < p<gq. Ifwy, =1, then A is a bounded operator from d(w,p) into d(w, q),
and we have

[Allp.qw < 1.

Proof. Let z be in d(w,p) and y = Ax. Since x convergents to zero, applying
Lemma 5.1 we obtain

n n

Soyr < ap (n=1,2,..).

=1 =1

Applying Lemma 4.1 we deduce that

140 = 32 00007 < 3 a2 = el
Hence by Lemma 5.2, ||Az||g(w,q) < [|2]/d(w,p), and so

[Allp.qw < 1.

O
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