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Abstract. The signed distance-k-domination number of a graph is a certain variant of
the signed domination number. If v is a vertex of a graph GG, the open k-neighborhood of v,
denoted by Ng(v), is the set Ni(v) = {u: u # v and d(u,v) < k}. Ng[v] = Ng(v) U {v}
is the closed k-neighborhood of v. A function f: V — {—1,1} is a signed distance-k-
dominating function of G, if for every vertex v € V, f(Ng[v]) = >, f(u) > 1. The

w€E Ny [v]
signed distance-k-domination number, denoted by 7 4(G), is the minimum weight of a
signed distance-k-dominating function on G. The values of 2 s(G) are found for graphs
with small diameter, paths, circuits. At the end it is proved that 2 ¢(T) is not bounded
from below in general for any tree 7T'.

Keywords: signed distance-k-domination number, signed distance-k-dominating function,
signed domination number

MSC 2000: 05C69

1. INTRODUCTION

Let G = (V, E) be a simple graph of order n and minimum degree §. The open k-
neighborhood of a vertex v € V, denoted by N (v), is the set Ny (v) = {u: u # v and
d(u,v) < k}. The closed k-neighborhood of v is the set Ny (v) U {v}. The k-degree
of a vertex v is defined as deg,(v) = |Nk(v)|. The maximum and minimum k-degree
of G are denoted by A, (G) = max{deg,(v): v € V}, §x(G) = min{deg; (v): v € V}
respectively. If Ai(G) = 6x(G), the graph G is called distance-k-regular.

A function f: V — {—1,1} is a signed distance-k-dominating function of G,

it for every vertex v € V, f(Ng[v]) = >, f(u) > 1. The signed distance-
u€E Ny, [v]
k-domination number, denoted by 7% s(G), is the minimum weight of a signed

Research supported by Natural Science Foundation of Hebei education department
(2005107).

229



distance-k-dominating function on G. Specially, signed distance-1-dominating func-
tion and signed distance-1-domination number are called signed dominating function
and signed domination number respectively. Signed domination number is denoted
by 75(G). It’s straightforward to obtain the following result.

Theorem 1. For any graph G,

M,s (G) =s (G)

Theorem 2. For any complete graph K,, (n > 2),

{1 if n is odd,

2 if n is even.

Theorem 3. Let k > 2. If G is a graph of order n and with diameter 2, then

1 if n is odd,
’Yk,s(G) = ’72,5(G) =

2 if n is even.

Corollary 1. Let k > 2. For complete multipartite graph G = K(mq, ma,...,
mn) (n > 2), n
1 if > m,; is odd,
Vi,s (G) = ;:1
2 if> m; is even.
i=1

2. SOME RESULTS ON SIGNED DISTANCE-k-DOMINATION NUMBER

Theorem 4. Let f be a signed distance-k-dominating function of G, then f is
minimal if only if for each vertex v with f(v) = 1, there exists a vertex u € N[v]
such that f(Ny[v]) € {1,2}.

Proof.  Assume that f is a minimal distance-k-dominating function of G.
Suppose that there exists a vertex v with f(v) = 1 such that for any vertex u € Ny[v],
f(Ng[u]) > 3, then let g be a function defined by g(v) = —1 and g(u) = f(u) for
any u # v. It is obvious that g is a signed distance-k-dominating function of G, with
g < f, which contradicts the fact that f is a minimal distance-k-dominating function
of G.
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Conversely, assume that for each vertex v with f(v) = 1 there exists a vertex
u € Ng[v] such that f(Ng[u]) € {1,2}. Suppose that f is not minimal. Then there
exists a signed distance-k-dominating function g of G such that g < f. Therefore,
there exists a vertex v € V such that g(v) < f(v) and g(w) < f(w) for any vertex w
(w # v). So g(v) = —1 and f(v) = 1. Hence there exists a vertex u € Ni[v] such
that f(Ng[u]) € {1,2}. Therefore g(Ng[u]) < f(Ng[u]) —2 < 0, which contradicts
the fact that g is a signed distance-k-dominating function of G. O

Theorem 5. Let k be a positive integer. For any path P,, of order n,

k if n = 5k,

k+1 if n=5k+1,

k+2 ifn=>5k+2 or n=>5k+4,
k+3 if n=5k+3.

'YZS(Pn) =

Proof. Assume that P, = vivs...v,. Let f be a minimum signed distance-
2-dominating function of P, such that f(V(P,)) = 72,s(Pn). Since f(Na[v;]) > 1
for every vertex v; (1 < j < n) in P,, there are at most two vertices assigned —1
under f in every five consecutive vertices on the path P,. We consider the following
five cases.

Case 1: n = bk. Since there are at most two vertices assigned —1 under f in

every five consecutive vertices on P,,, we have

On the other hand, for 0 < ¢ < k — 1, we define g: V — {—1,1} by

-1 if j=5i+1,5i+5,
g9(v;) = L . .
1 if j=05i+2,5i+ 3,5 +4.

Then ¢ is a signed distance-2-dominating function of P,, with weight k. Therefore,
we have v2 (P,) < k. Hence, v2 5(P,) = k. .
Case 2: n =5k + 1. If f(v1) = 1, then v (P,) = f(V(Pn)) = > f(v;) =

k=1 6 J=1
> flusiem) +f(v1) = k+1.
=0 m=2
If f(v1) = —1, then we divide the path wovs...vsky1 into k segment paths
Usita---Usite (1 = 0,1,...,k —1). We claim that there is at least one segment

path vsj4o...v546 (0 <1 < k—1) such that there is at most one vertex assigned —1
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under f in the path vs;yo...v5146. Suppose to the contrary that in every segment
path vs;42... 05146 (0 <4 < k— 1) there are two vertices assigned —1 under f. We
have f(vsit2) = f(vsits) = f(vsita) = 1 and f(vsits) = f(vsits) = —1. But we
have f(Nalvsg+1]) < 0 which is a contradiction. Therefore, v2 4(P,) = f(V(P,)) =

5% J0) = F0)+ 5, 3 Fsin) > —L (6= 1)+ 3 flusian) > (6-2)+3 =

k+1. B
On the other hand, for 0 < i < k — 1, we define g: V — {—1,1} by
1 it =1,
g(v;) =< —1 if j=05i+2,5i+6,

1 if j=5i+3,5i+4,5i+5.

Then g is a signed distance-2-dominating function of P,, with weight £+ 1. Therefore
va,s(Pn) < k+ 1. Hence 72 5(P,) =k + 1.

Case 3: n=5k+2. If f(v1) = f(ve) =1, then 2 s(P,) = f(V(Py)) = 21 flv;) =

(f(v1) + f(v2)) + Z Z fvsiem) 2 k+2.

If either f(vy) :Z flmo_r f(v2) = —1, then f(v1)+ f(v2) > 0. We claim that there is
at least one segment path vs;y3...v547 (0 <1 < k—1) such that there is at most one
vertex assigned —1 under f in the path vg;y3...v547. Suppose to the contrary that
in every segment path vs; 43 ... v5.47 (0 < i < k—1) there are two vertices assigned —1
under f. Since f(Nz[vz]) > 1, we have f(v3) = f(vs4) = 1. Then there are two vertices
assigned —1 under f in {vs, v, v7}. Since f(Nz[v7]) > 1, we have f(vg) = f(vg) = 1.
Then there are two vertices assigned —1 under f in {vg,v19,v11},..., by a similar
reason, we have that there are two vertices assigned —1 under f in {vsg, Usg41, Usk+2 }-

But f(No[vsgt2]) = f(vsk) + f(v5k+1) + f(vsk42) < —1. This is a contradiction
Therefore, 7o, s(Pn) = f(V(Pn)) = Z fu) = (f(v1) + f(v2)) + Z Z_: f(vsitm) =
0+ (k—1)+ Zf(vg,Hm)}k -
On the other hand, for 0 <7 <k — 1, we define a function g by
1 ifj=12
glvj)=<¢ =1 if j=5i+3,5i+7,

1 if j=5i+4,5i+5, 5i+6.
Then g is a signed distance-2-dominating function of P,, with weight k+ 2. Therefore
va,5(Ppn) < k + 2. Hence 2 5(P,) = k + 2.

Case 4: n =5k + 3. Since f(Nz[v1]) > 1, there is at most one vertex assigned —1
under f in {v1,v2,v3}.
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If f(v1) = f(villz 5(03) = 1, then v2,5(Pn) = f(V(Pn)) = X f(v;) = (f(v1) +
flv2) + f(vs)) + Z Z4f(v5i+m) >k + 3.

=0 m=
If there is exactly one vertex assigned —1 under f in {v1,vs,v3}, then we claim

that there is at least one segment path vs; 44 ... 0545 (0 <1 < k—1) such that there
is at most one vertex in the path vs;y4...v5+8 assigned —1 under f. Suppose to
the contrary that in every segment path vs;14...05,18 (0 <4 <k — 1) there are two
vertices assigned —1 under f. Since f(Na[vz]) = 1, we have f(vq) = 1. Then there
are two vertices assigned —1 under f in {vs, vs, v7,vs}. Since f(Nz[v7]) = 1, we have
f(vg) = 1. Then there are two vertices assigned —1 under f in {v19,v11, 012,013}, - - -
by similar reason, we have that there are two vertices assigned —1 under f in

3
{v5k,v5k+1,v5k+2,v5k+3}. But f(NQ[v5k+2]) = Z f(v5k+m) < 0 This is a con-

-

Il
-

tradiction. Therefore, v2 s(P,) = f(V(P,)) = Y. f(v;) = (f(v1) + f(v2) + f(v3)) +

J

kil i4f(“5i+m) 21+ (k—-1)+ 28_:4f(v5l+m) >k+3.

=0 m=
On the other hand, for 0 < i < k — 1, we define a function g by
1 if j=1, 2,3,
g(v;) =< —1 if j=05i+4,5i+5,
1 if j=5i4+6,5+7, 5+ 8.

Then g is a signed distance-2-dominating function of P,, with weight &£+ 3. There-
fore v2,5(P,) < k+ 3. Hence v2,5(P,) =k + 3.

Case 5: n =5k +4. Since f(Nz[va]) > 1, there is at most one vertex assigned —1
under f in {v1,vs, v3, v4}. Furthermore, there are at most two vertices assigned —1
under f in every segment path vs;15...v5.49 (0 < @ < k —1). Therefore, we have

72,5(Pn) =f(V(Pn)) = Ji:l f(Uj) = 221 f(Uj) + kil zg:t_)f(%wm) > k42

1=0 m=
On the other hand, for 0 < i < k — 1, we define a function g by
-1 if j=1,
1 if j =2, 3, 4,
-1 if j=5i+5,5i+6,
1 if j=5i4+7,50+8,5i+09.

g(v;) =

Then g is a signed distance-2-dominating function of P,, with weight k+2. Therefore,
va,5(Pn) < k4 2. Hence v2,5(P,) = k + 2. ]
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Theorem 6. Let k be a positive integer. For any circuit C,, of order n,

k n = 5k,
Y2,5(Cr) =< k+1 n=5k+1 or n=>5k+3,
k+2 n=5k+2 or n=>5k+4.

Proof. Assume that C,, = vivy...v,v1. Let f be a minimum signed distance-
2-dominating function of C), such that f(V(Cy)) = v2,5(Cp).
Case 1: n = bk. Since there are at most two vertices assigned —1 under f in

every five consecutive vertices on C,,, we have v, s(Cy) = f(V(Cy)) = > f(vj) =
j=1

Z Z f(v5z+m) Z k.

=0 m=1

On the other hand, for 0 < i < k — 1, we define a function g by

-1 if j=5i+1,5i+5,
9(vj) = e . .
1 if j=514+2,5i+ 3,5 +4.

Then g is a signed distance-2-dominating function of C,, with weight k. Therefore,
v2,5(Crn) < k. Tt follows that v2 4(Cy) = k.
Case 2: n = 5k + 1. Without loss of generality, we assume that f(vy) = 1. Since

there are at most two vertices assigned —1 under f in every ﬁve consecutive vertices

on €, we have 72,4(C) = F(V(C)) = 3 f(0)) = Fo)+ S 3 flosiim) > k1.

=0 m=2

j=
On the other hand, for 0 < i < k — 1, we define a function g by
1 ifj=1,
gvj)=<¢ =1 if j=5i+2,5i+6,
1 if j=5i4+3,5¢+4, 5i+5.
Then ¢ is a signed distance-2-dominating function of C,, with weight k+1. There-
fore, v2,5(Cp) < k + 1. It follows that v2 (Cy) = k + 1.
Case 8: n = 5k + 2. It is easy to see that there exists two consecutive vertices

of C,,, say v1, v2, such that f(v1) = f(v2) = 1. Since there are at most two vertices
assigned —1 under f in every five consecutive vertices on Cy, we have v 5(Cy) =

fV(Cn)) = Zf(vg) ((vl)+f(v2))+2 Zf(v5z+m) k+2.

On the other hand, for 0 <i <k —1, we deﬁl;e a function g by
1 ifj=1,2,
glvj)=<¢ =1 if j=5i+3,5i+7,

1 if j=5i+4,5i+5,5i+6.
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Then g is a signed distance-2-dominating function of C,, with weight k+ 2. There-
fore, y2,s(Crn) < k + 2. It follows that v s(C,) =k + 2.

Case 4: n = 5k + 3. If there does not exist any vertex assigned —1 under f, then
f(V) = k+ 1. Otherwise, we can assume that f(vy) = —1. Since f(Na[v1]) > 1,
either f(v2) = f(vs) =1 or f(vp—1) = f(v,) = 1. Without loss of generality, we
assume that f(ve2) = f(vz) = 1. Since there are at most two vertices assigned —1
under f in every five consecutive vertices on C,, we have v, 5(Cy) = f(V(Cy)) =

é:lf(vj)z(f(m)—i— o)t Fo) 45 S Flosen) > k1.

=0 m=4

On the other hand, for 0 < i < k — 1, we define a function g by
-1 if j=1,
1 if j =2, 3,
—1 if j=5i+4,5i+6,
1 if j=5i+5,5i+7,5i+8.

9(vj) =

Then g is a signed distance-2-dominating function of C,, with weight £+ 1. There-
fore, v2,5(Cp) < k + 1. It follows that v2 (Cy) = k + 1.

Case 5: n = bk+4. It is easy to see that there are at most two vertices assigned —1
under f in {v1,v2,v3,v4}.

If there is at most one vertex assigned -1 under f in {vy,v2,v3,v4}, then

Y2,5(Cskra) = f(V(Csp1a)) = i:l fvy) = Z f(vy) + Z Z f(vsitm) =k + 2.

=0 m=5

If there are exactly two vertices ass1gned 71 under f in {vq,vs,vs,vs4}, then we
have the following claim.

Claim 1. If there are exactly two vertices assigned —1 under f in {v1,va,v3,v4},
then there exists a segment path vs;45...vs549 (0 <1 <k —1) on Csiyq In which
there is at most one vertex assigned —1 under f.

Proof. Suppose to the contrary that in every segment path vs;ys...0si49
(0 <i< k—1)on Csipq there are two vertices assigned —1 under f. Then we have
f(V(Csk44)) < k. There are six cases to be considered.

Case a: f(v1) = f(ve) = —1 and f(v3) = f(vg) = 1. In this case, we
have f(vsk+a) = f(vsk+s) = f(vsk42) = 1. Since there are at most two ver-
tices assigned —1 under f in every five consecutive vertices on the Csiyq, we

have f(V(Cskt4)) = Z f;) = (f(vskt2) + f(vsk+s) + f(vskta) + flv1)) +

k=1 6
SN flusigm) = k4 2 Wthh contradicts the fact that f(V(Csr14)) < k.
i=0 m=2

235



Case b: f(v1) = f(vz) = —1 and f(va) = f(va) = 1. In this case, we have
fvskia) = f(vsis )*1 Then we have f(V(Csrt4)) = Z fuj) = (f(vr) + f(v2) +
(

f(vsk+s) + f(vsksa)) + Z Z f(sitm) = k + 2, Wthh contradlcts the fact that
f(V(Cska)) <. mom=

Case c¢: f(v1) = f(va) = —1 and f(ve2) = f(vs) = 1. In this case, we have
f(vs) = 1. Then we have f(V(Csipa) = 5 f(v) = k + 2 f(v;) = k + 2, which

=1
contradicts the fact that f(V(Csrt4a)) < k.]

Case d: f(v1) = f(v2) = 1 and f(v3) = f(va) = —1. In this case, we have
f(vs) = f(ve) = 1 and argue as in Case a.

Case e: f(v1) = f(va) = 1 and f(v2) = f(vs) = —1. In this case, we have
f(vs) =1 and argue as in Case a.

Case f: f(v1) = f(vs) = 1 and f(v2) = f(vs) = —1. In this case, we have
f(vs) =1 and argue as in Case b. O
n 4
By Claim 1, we have that o, S(C5k+4) = f(V(Csp44)) = D f(v5) = > flvy) +
j=1 j=1
Z Z f(sipm) 2 0+(k*1)+ Z f(vsiym) 2 k+2.
=0 m=5 =5
On the other hand, for 0 < k: — 1, we define g: V — {-1,1} by

—1 if j=1,

1 ifj=2, 34,

—1 if j=5i+5,5i+09,

1 if j=5i+6,5i+7, 5i+8.

9(v;) =

Then g is a signed distance-2-dominating function of Csiy4 with weight £ + 2.
Therefore, we have v2 s(V(Csgta)) < k + 2. It follows that vo s(Csrqa) =k +2. O

Theorem 7. If G is distance-k-regular and A, (G) = 6, (G) = r, then

n
r+1

’Yk,S(G) =

)

and this bound is sharp.

Proof. Let f be a minimum signed distance-k-dominating function of G such
that f(V(GQ)) = vk,s(G). Let N = > f(Ng[v]). Then
veV

(1) N =Y f(Nefo) = (r+1) > fv) = (r+ 1)f(V)
veV veV

(2) N=>Y f(Ni]) =) 1=|V|=n.
veV veV



Combining (1) and (2), we have

n

(G) = .
Vs (G) r+1

Now we show that the bound is sharp. Let n be odd and n > 3. We consider
the complete graph K,. We have r = Ax(G) = 0x(G) = n — 1. By Theorem 2,
Yk,s(Kpn) =1=n/(r+1). This completes the proof. O

Let T . 1 be a graph obtained from a path P by adding s paths of length 1 and
t paths of length 2 to each vertex u of P and identifying one end vertex of each of
them with w. 1% 44 is illustrated in Fig. 1. Then we have the following theorem.

NS N/

Fig. 1. T3,474

Theorem 8. For any positive integer k, there exists a tree T such that

72,S(T) < —k.

Proof. For Tsp wheret > 2s—2, s >2and k > 5, let ¢; (1 < ¢ < k) denote
the vertex on path P} of T+ . Denote by M; the set of vertices adjacent to c¢; whose
degree is one. Denote by T; the set of vertices adjacent to ¢; whose degree is two
and L; the set of vertices adjacent to a vertex in T; and different from c;.

We define a function on T ; as follows:

f( ) -1 we M;UL,,
u) =
1 weT;U{a}.

In the following, we prove that f is a signed distance-2-dominating function on
T, + 1. We consider the following three cases.

If i = 1 or ¢ = k, then for any vertex u € M;, we have f(Nau]) =t+2—-s> 1. If
u = ¢;, then f(Na[u]) = ¢+ 3 —2s > 1. For any vertex u € T;, we have f(Na[u]) =
t+1— s> 1. For any vertex u € L;, we have f(Na[u]) = 1.

If i = 2 or i = k— 1, then for any vertex u € M;, we have f(Nz[u]) =t+3—s > 1.
If u = ¢;, we have f(Na[u]) = 2t +4 — 3s > 1. For any vertex u € T;, we have
f(N2[u]) =t+2—s > 1. For any vertex u € L;, we have f(Na[u]) = 1.
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If 3 < i< k— 2, then for any vertex u € M;, we have f(No[u]) =t+3 —s > 1.
If w = ¢;, we have f(Nau]) = 2t +5— 3s > 1. For any vertex u € T;, we have
f(Nau]) =t+2—s > 1. For any vertex u € L;, we have f(Na[u]) = 1.

Therefore, f is a signed distance-2-dominating function of T ;5. Let T = Ty .
Then 72,4(T) < w(f) = (s — Dk < —k.

For 1 <k <5,let T =Tst5. Then 7o 5(T) < =5 < —k. For k > 6, let T = T ¢ .
Then 73 s(T) < —k. This completes the proof. O
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