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Abstract. Let G be a simple graph. A subset S C V is a dominating set of G, if for
any vertex v € V — S there exists a vertex u € S such that wv € E(G). The domination
number, denoted by v(G), is the minimum cardinality of a dominating set. In this paper
we prove that if G is a 4-regular graph with order n, then v(G) < %n.
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1. INTRODUCTION

Let G = (V(G), E(G)) be a simple graph. For a vertex v € V(G), denote by N (v)
the open neighborhood of v. Let N[v] = N(v) U {v}. Denote by 6(G) the minimum
degree of G. For a subset S of V(G), denote by G[S] the subgraph induced by S.
A subset S C V is a dominating set of G, if for any vertex u € V — S there exists
a vertex v € S such that wv € F(G). The domination number, denoted by v(G), is
the minimum cardinality of a dominating set. A dominating set S of G is a ~y-set
it |S] = v(G). Some bounds on (G) with minimum degree conditions have been
obtained as follows.

Theorem 1 [3]. If a graph G has no isolated vertices, then v(G) < n/2.

McGuaig and Shepherd made another improvement on the upper bound. Let o/ be
the collection of graphs in Figure 1.
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Figure 1. Graphs in family o/

Theorem 2 [2]. If G is a connected graph with 6(G) > 2 and G ¢ </, then
7(G) < 2n/5.

Reed again improved the bound by increasing the minimum degree requirement.

Theorem 3 [4]. If G is a connected graph with 6(G) > 3, then v(G) < 3n/8.

Motivated by the above conclusions, Haynes et al. [1] conjectured that

Conjecture 1 [1]. For any graph G with §(G) > k, v(G) < k(3k — 1) n.

The question still remains open for graphs G having 4 < 6(G) < 6. In the next
section, we will prove that v(G) < 4n/11 for any 4-regular graph G with order n.

2. MAIN RESULTS

First, we give some definitions and symbols needed for the proof of Theorem 4.

Let S be a y-set of G, let N;(S) ={ueV —S5: |[N(u)NS| =i} where 1 <i< 4.
For any vertex v € S, let N;(v,S) = N(v) N N;(S). Denote by A(S) the number
of isolates in G[S]. Let u(S) = |N1(S)| and n(S) = |N2(S)|. Let Jo = {v €
S: |N1(v,9)| =0}, J1 ={veS: |Ni(v,S)| =1} and Jo = {v € S: |N1(v,5)| > 2}.
Let B ={v € Jo: N(v) N N3(S) # 0} and R = {u € N3(S): N(u)N B # }. For
any vertex v € J; there exists only one vertex u € V — S such that u € Ny (v, S); we
write P(v) for u.

For any two vertex subsets C, D C V', we denote the set of edges between C' and
D by E[C, D).

4

Theorem 4. If G is a 4-regular graph with order n, then v(G) < {7n.

Proof. Among all y-sets of G, let S be chosen so that
(1) A(S) is maximized;
(2) subject to (1), u(S) is minimized;
(3) subject to (2),7n(S) is minimized.

Before proceeding further, we prove the following claims.
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Claim 1. Each vertex v € Jy U Jy is an isolate in G[S].

Proof. Suppose to the contrary that v is not isolated in G[S]. If v € Jy, then
S’ = S — {v} is a domination set of G. This contradicts the fact that S is a y-set
of G. If v € Jy, then 8" = (S — {v}) U{P(v)} is a y-set of G with A\(S’") > A(S).
This contradicts our choice of S. |

Claim 2. For any vertex v € Jy, if [Na(v,S)| = 0 then |[N(P(v)) N N1(S)| =0.

Proof. Suppose to the contrary that |[N(P(v)) N N1(S)| > 0, then ' = (S —
{v}) U{P(v)} is also a y-set of G with A\(S") = A(S), u(S") < u(S), a contradiction.
O

Claim 3. Foranyu € V —S8, ifvy,va € N(u)N.Jy then |Ny(v1,S)NNo(vg, S)| > 2.

Proof. Suppose to the contrary that |Na(v1,S) N Na(ve,S)| < 2. Then if
|Na(v1,S) N Na(ve,S)| = 0, then S" = (S — {v1,v2}) U {u} is a dominating set
of G with |S’| < |S], a contradiction. If |Na(v1,S) N N2(ve,S)| = 1 then S' =
(S — {v1,v2}) U (Na2(v1,5) N Na(v2,5)) is a dominating set of G with |S’] < ||,
a contradiction. O

Claim 4. Assume that v € J; and |Na(v,S)| = 0. For1 <t < 3, if | Ny(v, S)| = t,
then |[N(P(v)) N N3(S)| > t.

Proof. Suppose to the contrary that |[N(P(v)) N N3(S)| < ¢. Then we have
|IN(P(v)) N N2(S)| =3 — |N(P(v)) N N3(S)| >3 —¢t. Thus S’ = (S — {v}) U{P(v)}
is a y-set of G with A(S") = A(S), u(S”) = u(S) and n(S") < n(S). This contradicts
the choice of S. g

Now we define a function f: E[V — S,V] — {0, i, %, 1} as follows.

For any v € S, define

1, u € Ny(v,95),
Fluv) = %, u € Na(v, S),
i, u € N3(v,5) U Ny(v, S),
0, otherwise.
For any u € N3(S5), define
L w € N3(5),
fluw) =4} )
L weV - Ny(S).
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For any u € V — S — N3(S5), define

1
. ) U)EN?,(S),
fluw) = {0, weV—8— Ns(S).

In order to prove the theorem, note that

n—|S|=|V-5= Y  fluw),

weE[V—-S8,V]

so we need only to prove that

>tz gl

uwweE[V—-S,V]

If we can find a function g: E[V — S, 5] satisfying the conditions

1) Y w)yz Y glw),

wweE[V-8,V] uwveE[V —8,5]
7
@) > )= 1S,
weE[V—-S,5]

the conclusion will follow immediately.

For convenience, for any v € S we define h(v) = > g(uv).
uweN (v)N(V-95)
Note that

> =X X gw)) =)

uwveE[V—8,5] vES MEN (v)N(V-=S5) vES

If the following condition holds, then condition (2) holds as well:
7
For any vertex v €S, h(v) > 1

In the following, we will define a function g: E[V —S,S] — {0,

conditions (1) and (3).
For any vertex v € Jy and wv € E[V — S, 5], define

} satisfying

][

) )

IS

(uw) 1, u € Ny(v,S),
uv) =
g 0, otherwise.

Assuming that wy,ws € N1(v, S), we have h(v) > g(wiv) + g(wav) = 2.
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For any vertex v € J; and uwv € E[V — S, 5], define

(uw) 1, u € Ny(v,S),
uv) =
g L otherwise.

1

Thus we have

3 7
Mo = g(P@0 + Y gl =143 =T,
w€N (v)—{P(v)}
For any v € Jy and wv € E[V — S, 5], if u € Na(v,.S), define
1
g(w) = f(uv) = 5.

Before proceeding further, we introduce the following notation:
Let K={veJy: No)NN(Jp—{v})=0} and L = Jy — K.
Denote

My ={ye N(K)NN4(S)|N(y) — K C J;
and for any vertex = € N(y) — K, Na(z,S) = 0},
Q1 ={y e N(K)NNy(S)|N(y) - K €

and there exist two vertices x1,z2 € N(y) — K

such that No(z1,S) =0 and Na(z2,5) = 0 and an other vertex z3 € N(y) — K such
that NQ(.T:;,S) 75 (Z)}
Now, we consider the following two cases.

Case 1. ve K.
Case 1.1. |[N(v) N Q1| < 1.

Case 1.1.1. N(v) N M; = 0.

For any u € N(v) — Q1 — Na(5), if u € N3(S) then there exists a vertex x € V — S5
such that uz € E(G). Define g(uv) = f(uv) + f(uz) = 14+ 1 = 3. If u € Ny(5),
then (N(u) —{v}) C Jy U Ja. If (N(u) — {v}) N J2 # 0, then there exists a vertex
z € N(u) N Jo. Define g(uv) = f(uv) + f(uz) = + + 1 = 1. Otherwise, there exist
two vertices z1, 2 € N(u)—{v} such that Nao(z1,5) # 0 and No(wa, S) # (). Assume
that wy € Na(z1,5) and we € Nao(z2,S) and define

g(uv) = f(uv) + %(f(wla:l) - i) + %(f(wgzrg) - i) = l
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If N(v) N Q1 # 0, for any vertex u € N(v) N Q1 define g(uv) = f(uv) = ;. Thus

NN

hw)y= > gluw) = > gluv)+ > gluw) >

ueN (v)N(V-S) ueN (v)N(V-5-Q1) uweEN (v)NQ1

Case 1.1.2. N(v) N M; # 0.

There exists a vertex u € N(v) N M;. For any vertex € N(u) — {v}, by Claim 4,
we can select a vertex z € N(P(z)) N N3(S). We claim that z € N3(S) — (R— N(v)).
Suppose to the contrary that z € R— N(v), then there exists a vertex b € B such that
bz € E(G) and b # v. Since N(v) N N(b) = 0, we let S’ = (S — {b,v,z}) U {z,u}.
Then S’ is a dominating set of G with cardinality less than S, a contradiction.
Assume that N(u) — {v} = {@1,22,23}. Then for 1 < i < 3 there exist z; €
N(P(z;)) N (N3(S) — (R— N(v))). Assume N(v) = {uy,us,us,uqs}. Fori=1,2,3,
define

g(uiv) = fuw) + f(ziP(x;)) =

N =

Moreover, define g(uqv) = f(u4v) > 1. Thus we have

Case 1.2. |[N(v) N Q4| > 2.

Then there exist two vertices u,u’ € N(v) N Q1. Further, there exist z1,z5 €
N(u)NJy and =}, 2 € N(u')NJ; such that Na(z1,5) = 0, Na(z2,5) = 0, Na(z),5) =
() and No(ah, S) = 0. By Claim 4 there exist z; € N(P(z;))N(N3(S)—(R—N(v))) and
zi € N(P(z}))N(N3(S)—(R—N(v))) where i = 1,2. Assume N (v) = {uy, ua, us, us}.
For i = 1,2, define

g(uiv) = f(uw) + f(ziP(x;)) =

N =

Moreover, define g(usv) = f(usv) + f(2{P(z})) > 3 and g(usv) = f(usv). Thus

we have
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Case 2. v € L.

By the definition of L and Claim 3 there exists v/ € L such that |N2(v,S) N
No(v', S)| > 2.

If |[N2(v,S) N Na(v', S)| = 4, then

_ _ 1 _ N AN 1 _
h(v) = Z g(uv)—4x§—2 and h(v') = Z g(uv)—4x§—2.
uwEN (v) u' €N (v')

_ gl 1T . RIIE

yEN (v) u' €N (v')

If |[Na(v,S) N Na(v',S)| = 2, then we assume that uy, us € Na(v,S) N Na(v/, S)
and distinguish the following cases.

Case 2.1. |(N(v) UN (")) N (N3(S)UN(J2))| = 2.

Case 2.1.1. |(N(v) UN ()N N(J2)| > 2.

Without loss of generality, there exist y € N(v) N N(J2) and ¢y’ € N(v') N N(J2).
Then there exist vertices z,z’ € Jy such that zy € E(G) and z'y’ € E(G). Define
glyv) = flyv) + flyx) = ; + 1 = 5 and g(y'v') = f(y"V') + fy'2) = 1+ 1 = 5
For z € N(v) — {u1,u2,y} and 2’ € N(v') — {uy, us,y’'}, define g(zv) = f(z2v) = i
and g(z'v') = f(Z0) = i. Therefore, we have

1 1 1 1 7
h(v) = g(u1v) + g(u2v) + g(yv) + g(zv) = gtststi1=1
and
, , , , , 1 1 1 1 7
h(”)Zg(ulv)+9(U2U)+9(yv)+9(zv):§+§+§+Z= 1

Case 2.1.2. |(N(v) UN(v")) N N3(S)| > 2.

Without loss of generality, there exist vertices y € N(v) N N3(S) and ¢’ € N(v')N
N3(S). Then there exist vertices z, z' € V — S such that zy € E(G) and 2y’ € E(G).
If z € N3(S), define g(yv) = f(yv) + 2 f(yz) = 1 + 1 x 1 = 1. Otherwise, define
g(yv) = f(yv) + f(yz) = 1+ + 1 = 4. Similarly, we can define g(y'v’) = 1. For
z € N(v) — {ur,uz,y} and 2’ € N(v') — {u1,u2,y'}, define g(zv) = f(zv) = 1 and
g(z'v') = f('v') = L. Therefore, we have

1 1 1 1 7
h(v) = g(u1v) + g(uzv) + g(yv) +9(zv) = 5+ 5+ 5+ 7=
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and 1 1 1 1 7
h(v') = g(u1v") + g(uv’) + g(yv') + g(2v") = sTotstiTT

[\]

Case 2.3. |(N(v)UN(@"))NN(J2)| =1 and |(N(v) UN(v")) N N3(S)| = 1.

Without loss of generality, there exist vertices y € N(v) N N3(S) and ¢’ € N(v')N
N(Jz). Then there exist a vertex € V' — S such that 2y € E(G) and a vertex 2’ € J,

such that 2'y’ € E(G). If z € N3(S), define g(yv) = f(yv)+5f(yz) = 1 +i x4 =1,

Otherwise, define g(yv) = f(yv) + f(yz) = § + 1 = 1. Define g(y'v') = f(y'v') +
fyz') =1+ 5 =3 Forze€ N@)—{ur,u,y} and 2’ € N(v') — {u1, uz,y'}, define
g(zv) = f(2v) = } and g(2"v") = f(z'v') = L. Therefore, we have

1 1 1 1 7
h(v) = g(u1v) + g(uav) + g(yv) + g(2v) = ststst1=1

and
/ / / 1,0 1,/ 1 1 1 1
h(v)——g(ulv)—i-g(ugv)—i—g(yv)—i—g(zv)——§—|—§+§—|—————.

Case 2.2. |(N(v) UN(0")) N (N3(S) UN(J))| < 1.

Denote

My ={y € N(L)N Ny (S)|N(y) — L C J; and there exist two vertices
x1,%2 € N(y) — L such that Ny(z1,S) =0, Na(xe,S) = 0},
Q2 ={y € N(L)NN4(S)|N(y) —LC Jy and [N(y) — L| =2
and for z1,x2 € N(y) — L, Na(z1,S) =0, No(xe,S) # 0}.

Case 2.2.1. [IN(v)UN(@')N Q2| < 1.

Case 2.2.1.1. (N(v) UN (")) N My = 0.

If N(v)N Q2 # 0, assume uz € N(v) N Q2 and uy € N(v) — {u1,u2,us} and
us € N(v') — {u1,u2,us}. Then, without loss of generality, there exist vertices
x1, 2,23 and x4 such that 21,22 € N(uz) — L, 3,24 € N(u4) — L and Na(x1,S5) =
0, Na(xa,S) # 0, Na(z3,5) # O and No(zy,S) # 0. Assume w; € No(z;,S) for
i =2,3,4. By Claim 4 we can select z; € (N(P(z1))N(N3(S)—(R—(N(v)NN(v")))).
Define g(uyt’) = f(usv) + f(2121) = 3, glusv) = f(ugo) = & and glugv) = f(ugv) =
1 9(usv') = flusv')+ 5 x (f(wawz) — 1) + 5 x (f(wszs) = )+ 5 % (fwawa) — ) > 5.
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Therefore, we have

h(v) = g(u1v) + g(uzv) + g(uzv) + g(usv) >

RIS
RPN e

h(v') = g(u1v’) + g(usv’) + g(usv’) + g(usv') >

If N(v) N Q2 =0, assume ug,uy € N(v) — {u1,u2} and us,ug € N(v') — {uz, ua}.
Then, without loss of generality, there exist vertices x1,x2,x3 and x4 such that
x1,T2 € N(ug)—L, x3,74 € N(ug)—L and Nao(z1,S) # 0, Na(z2,S) # 0, No(z3,S) #
() and No(xy,S) # 0. Assume w; € Ny(z;, S) for i = 1,2, 3,4.

Define g(uzv) = f(ugv) + 3 x (fwiz1) — §) + 3 x (f(waza) — 3) = 3, 9(uav) =
flugw) = 1 and g(usv') = f(usv') + 5 x (f(wsws) — 3) + 5 x (f(wazs) — ) =
3,9(ugv’) = f(ugv') = ;. Therefore, we have

h(v) = g(u1v) + g(uzv) + g(uzv) + g(usv) >

)

| =3

and

B~ =~

h(v') = g(urv’) + g(ugv’) + g(usv’) + g(ue) >

Case 2.2.1.2. (N(v)UN((')) N My # 0.

Assume u € (N(v) UN(v')) N Mz, then there exist two vertices 1,22 € N(u) —
{v,v'} C Jy such that Na(z1,5) = 0, Na(z2,5) = 0. By the same argument as in
case 1, we can select two vertices z; € N(P(z1)) N N3(S), 22 € N(P(z2)) N N3(S);
we claim that z1,20 € N3(S) — (R — (N(v) U N(v'))). Without loss of generality,
suppose to the contrary that there exists a vertex b € B such that bz; € F(G) and
b ¢ {v,v'}. Since N(v)NN(b) =0, S" = S—{b,v,z1}U{z1, u} is a dominating set of G
with cardinality less than S, a contradiction. Assume that y1,y2 € N(v) — {u1,us},
Y1,y € N(v')—{u1, us}, define g(y1v) = f(y10)+f(21P(a1)) = 3,9(y20) = f(y2v) >
1 and g(y1v') = f(y1v') + f(22P(22)) = 3,9(y5v") = f(y5v') = . Thus we have

1 1 1 1 7
h(v) = g(u1v) + g(ugv) + g(y1v) + g(y2v) = s+ 5+ 5+~ =~
272724 4

and

1 1 1 1
h(v') = g(urv’) + gugv’) + g(y1v") + g(yov') > sttt ITT
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Case 2.2.2. |[N(v) UN®') N Q2| = 2.

Then there exist two distinct vertices y, ¥’ € (N(v) U N(v')) N Q2, so there exist
z1,72 € (N(y) UN(y')) N Jy such that Na(z1,S) =0 and No(zs,S) = 0. (Note that
this is possible for x1 = z2). By Claim 4, we can select z; € (N(P(z1)) N (N3(S) —
(R— (N(v) NN (®")))),z2 € N(P(x2)) N (N3(S) — (R— (N(v) " N(v)))). We can

argue in the same way as before, and conclude that h(v) > I and h(v') > I.
Thus we complete the definition of the function g. It is easy to find that g satisfies
conditions (1) and (3). This completes the proof of the theorem. O
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