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Abstract. In this paper, after giving the basic results related to the product of functions
and the graph of functions in intuitionistic fuzzy topological spaces, we introduce and study
the concept of fuzzy completely continuous functions between intuitionistic fuzzy topological
spaces.
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1. INTRODUCTION

In [1], [2], Atanassov introduced the fundamental concept of an intuitionistic fuzzy
set. Coker in [4], [5] introduced the notion of an intuitionistic fuzzy topological
space, fuzzy continuity, fuzzy near compactness and some other related concepts.
Completely continuous functions and results related to the product in fuzzy topo-
logical spaces were introduced in [7] and [3], respectively. In this paper, some of
results related to the product of functions and the graph of functions are obtained
in intuitionistic fuzzy topological spaces. Mainly we introduce and study completely
continuous functions between intuitionistic fuzzy topological spaces. Some coun-

terexamples are given and also, Theorem 3.14 in [4] is strengthened.
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2. PRELIMINARIES

Throughout this section, we shall present the fundamental definitions and results
of intuitionistic fuzzy sets as given by Atanassov [2] and Coker [5].

Definition 1 ([2]). Let X be a nonempty fixed set. An intuitionistic fuzzy set
(IFS, for short) A is an object having the form A = {{x,pa(z),va(2)): = € X}
where the functions p4: X — I and y4: X — I denote respectively the degree of
membership (namely pa(z)) and the degree of nonmembership (namely v4(x)) of
each element z € X to the set A, and 0 < pa(x) +ya(x) <1 for each x € X.

Obviously, every fuzzy set A on a nonempty set X is an IFS having the form
A= {{z,pa(2), 1 = 7a(2): @€ X}.

Definition 2 ([2]). Let X be a nonempty set and let the IFS’s A and B be in
the form A = {(z, pa(z),va(x)): z € X}, B = {{z,up(z),yp(z)): x € X} and let
{A;: j € J} be an arbitrary family of IFS’s in X. Then
(i) ASBiff Vo € X [pa(z) < pp(z) and va(z) = vp(2)];

A= {{z,74(x), pa(2)): v € X};
Aj =@, Apa; (@), V ya, (2)): 2 € X}
A, {< Vopa; (@), Ava, () x € X
0): € X}and 0= {(z,0,1): z € X};
A:A 6:1 and T = 0.
Definition 3 ([5]). Let X and Y be two nonempty sets and f: X — Y a

function.

(i) f B = {{y,pus(y),y8(y)): vy € Y} is an IFS in Y, then the preimage of B
under f is denoted and defined by f~Y(B) = {(z,f '(up)(z), ftvs)(x)):
x € X}

(ii) If A= {(z, a(x),va(z)): v € X}isan IFS in X, then the image of A under f
is denoted and defined by f(A4) = {{y, f(Aa)(W), f~(va)(¥)): y € Y} where
f-(wa)=1—f(1—wva4).

In (i), (ii), since pg, v8, Aa, U4 are fuzzy sets, we explain that

f ) (x) = pa(f (),

and

supAalx) it FI(y) £ 0,

0 otherwise.

FQa)(y) = {

Definition 4. An intuitionistic fuzzy topology (IFT, for short) on a nonempty
set X is a family ¥ of IFS’s in X satisfying the following axioms:
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(i) 0,1 €V
(il) A1 N Ay € U for any A, Ay € U;
(i) YA, € ¥ for any {A4;: je J} C 0.

In this case the pair (X, ¥) is called an intuitionistic fuzzy topological space (IFTS,
for short) and each IFS in ¥ is known as an intuitionistic fuzzy open set (IFOS, for
short) in X.

Definition 5. The complement A of IFOS A in IFTS (X, ¥) is called an intu-
itionistic fuzzy closed set (IFCS, for short).

Definition 6. Let (X,¥) be an IFTS and A = (x, pa(z),v4(x)) an IFS in X.
Then the fuzzy interior and the fuzzy closure of A are defined by
cl(A)={K: K isanIFCSin X and A < K} and
int(A) = U{G: G isan IFOS in X and G < K}.

Definition 7. An IFS A of all IFTS X is called
(i) an intuitionistic fuzzy regular open set (IFROS, for short) of X if intcl(A) =

A
(ii) an intuitionistic fuzzy regular closed set (IFRCS, for short) of X if clint(A) = A.

Obviously, an IFS A in an IFTS X is IFROS iff A is IFRCS.

Definition 8. Let (X, ¥) and (Y, ®) be two IFTS’s and f: X — Y a function.
Then

(i) f is fuzzy continuous iff the preimage of each IFS in ® is an IFS in ¥ ([5]);
(ii) f is fuzzy strongly continuous iff for each IFS A in X, f(cl(A4)) < f(A4) ([4]);
(iii) f is fuzzy almost open iff the image of each IFROS in X is an IFOS in Y ([4]).

Definition 9. An IFTS (X, ¥) is called fuzzy nearly compact iff every fuzzy
open cover of X has a finite subcollection such that the interior of closures of IFS’s

in this subcollection covers X.

3. BASIC RESULTS
Definition 10. A subfamily 8 of IFTS (X, ) is called a base for ¥ if each IFS
of ¥ is a union of some members of (.

Definition 11. Let X, Y be nonempty sets and A = (x, pa(z),va(x)), B =
(y, uB(y),vB(y)) IFS’s of X and Y, respectively. Then A x B is an IFS of X x Y
defined by

(Ax B)(z,y) = ((z,y), min(pa(z), ps(y)), max(ya(z), v8(y)))-
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Notice that

1 — (A x B)(z,y) = ((=,y), max(va(x), v5(y)), min(ua(x), up(y)))-

Lemma 12. If A is an IFS of X and B is an IFS of Y, then
() (Ax1)N(1x B)=AxB;

(i) (Ax1)U(1x B)=1- A x B
(iii) 1-Ax B=(Ax1)U(l x B).

Proof. Let A= (z,pa(x),va(x)), B= (y,u5(y),v8(y)).
(i) Since Ax 1 = (z,min(u,, 1), max(y4,0)) = (z, pa(x),va(r)) = A and similarly

1 x B = (y,min(1, up), max(0,v5)) = B, we have

(Ax1)N (1 x B) = A(z) N B(y)
= ((x,y), pa(z) A ps(y), va(z) Vyp(y)) = A x B.

(ii) Similarly to (i).
(iii) Obvious by putting A, B instead of A, B in (ii). O

Definition 13. Let (X,¥) and (Y, ®) be IFTS’s. The intuitionistic fuzzy
product space (IFPTS, for short) of (X,¥) and (Y,®) is the cartesian product
X xY of IFS’s X and Y together with the IFT ¢ of X x Y which is generated
by the family {P;'(4;), Py '(B;): A; € ¥,B; € ®and P;, P, are projections
of X xY onto X and Y, respectively} (i.e. the family {P;*(A;), Py *(B;): A; €
U, B; € ®} is a subbase for IFT £ of X x Y.

Remark 1. In the above definition, since P, '(A4;) = A;x1 and P, *(B;) = 1 x B,
and Ai X lﬂl XBj :Ai XBj, thefamllyﬁ: {Az XBjZ Ai € \If, Bj S @} forms a
base for IFPTS £ of X x Y.

Definition 14. Let f1: X7 — Y7 and fo: Xo — Y5. The product fi; x fs:
X1 X X2 — Y1 X }/2 is defined by

(f1 x fo)(w1,22) = (fi(x1), fa(22)) VY(21,22) € X1 X Xo.

Definition 15. Let f: X — Y be a function. The graph g: X — X xY of f
is defined by

g(z) = (z, f(z)) VzelX.
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Lemma 16. Let f;: X; — Y; (i = 1,2) be functions and A, B IFS’s of Y1, Ya,
respectively, then

(fr x f2)71 = f(A) x f,(B).

Proof. Let A = (x1,p,(x1),v,(x1)), B = (xa,up(x2),v5(x2)). For each
(z1,22) € X1 X Xa, we have
(f1 X f2)" (A, B)(z1,22) = (A X B)(f1 X f2)(21,22)
= (A x B)(f1(z1), fa(z2))
= ((f1(21), f2(22)), min(ua(f1(21)), pB(f2(22))),
max(va(f1(z1)), v8(f2(22))))
= (w1, w2), min(f (pa) (1), £ (uB)(22)),
max(fi " (va)(@1), f5  (v)(22)))
= (f 1(A) x f3 1(B)) (1, 22).
O

Lemma 17. Let g: X — X x Y be the graph of a function f: X — Y. If A is
an IFS of X and B is an IFS of Y, then

g~ (A x B)(x) = (AN f71(B)) ().
Proof. Let A= (x,pa(x),va(z)), B = (z,up(x),yp(x)). For each x € X, we
have
Ax B)g(z) = (A x B)(z, f(z))
(

in(pa(x), pp(f(x)), max(ya(x), v5(f(z)))
in(pa(z), f~ (up)(2)), max(ya(z), f~ (v8)(x)))

Lemma 18. Let A, B, C and D be IFS’s in X. Then

ALB, C<D=AxC<BxD.
Proof. Let A = (z,pa(x),74(x)), B = (z,pp(x),78(2)), C = (z,puc(z),
vo(x)) and D = (x, up(x),vp(z)) be IFS’s. Since A < B = ua < up, 74 = VB

and also C < D = pc < up, Yo 2 vp, we have min(ua, ue) < min(up, pp) and
max(ya,vc) = max(yg,vp). Hence the result. O
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Lemma 19. Let A and B be IFCS’s in IFTS’s X and Y, respectively. Then
A x B is an IFCS in the IFPTS of X x Y.

Proof. Let A= (z,pa(x),va(z)), B= (y,up(y),v5(y)). From Lemma 12 we
have (1 — A x B)(z,y) = (A x 1) U (1 x B)(x,y). Since A x 1 and 1 x B are IFOS’s
in X and Y respectively, hence A x 1 U1 x B is IFOS of X x Y. Hence 1 — A x B
is an IFOS of X x Y and consequently A x B is an IFCS of X x Y. a

Remark 2. In ordinary topology, it is well known that the closure of the product
is the product of the closures, while this property is not true in fuzzy setting (see [3]).
The next example shows that
(i) this property is not true in intuitionistic fuzzy setting, either.
(ii) If A, B are IFS’s of X and C, D are IFS’s of Y such that Ax1U1xC > Bx D,
then it need not be true that A > B or C > D. However, A > B, C > D
implies that A x 1ULl x C > B x D.

Example 20. Let X =Y = I = [0,1] and consider the IFS’s A = (z, pa(x),

va(z)), B = (2, up(x),v8(2)), C = (2, pc(x),vc(2)) and D = (z, up(x), vp(z)) as
follows:

—3r4+1 f 0<a
pa(r) = _

——
o
—
=

N[

@) 2 if o<z <3,
A\T) =
! ¢ if 2w,
@) 0 if 0<z<3,
B(z) =
8 dr -3 if 2 <2<,
3 .
’YB(x):Z if 0<z <1,
(@) % if x= %,
pel\x) =
0 otherwise,
(@) % if x= %,
Yelr) =
% otherwise,
(@) % if z= %,
uplT) =
0 otherwise,
(@) % if x = %,
TYD(T) =
% otherwise.
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Then ¥ = {0,1, A} and ® = {0,1, B} are IFTS’s on X and Y, respectively. Now,
we notice that
i) AZC and B # D;
(ii) cl(C) = (z,1,0) =1 in X,
cl(D) = (z,1,0) =1in Y and
c(C) x cl(D) = {(x,y),1,0) = 1;
(i) (C x D)(z,y) = (&), min{uc, ip), max(v6, 1)) = {(,1), Hex by 10xD)
where poxp = ¢ if (z,9) = (3,3); voxp = & if (z,y) = (3,2) and (A x
1V1xB)(2,3) = <r—AxBx§§>=«§%xmmum4m>mmmAvw>
((2,2), paxB,vaxp) where paxp = £ if (z,y) = (2,2); yaxp = L if (z,y) =
(g g) Then we have (A x 1U1 x B) > C x D;
(iv) Ax1UlxBisIFCSof X xY,then 1 #Ax1U1l x B > cl(C x D), and since
cl(C) x cl(D) = 1, we observe that cl(C x D) # cl(C) x cl(D).

Theorem 21. If A and B are IFS’s of IFTS’s X and Y, respectively, then
(i) cl(A) x cl(B) = cl(A x B);
(i) int(A) x int(B) < int(A4 x B).

Proof. (i) Since A < cl(A) and B < cl(B), hence A x B < cl(A) x cl(B) implies
cl(Ax B) < cl(cl(A) x cl(B)) and from Lemma 19 we have cl(A x B) < cl(A) x cl(B).
(ii) follows from (i) and the fact that 1 — cl(A) = int(1 — A). O

Definition 22. Let (X, V), (Y,®) be IFTS’s and A € ¥ , B € &. We say that
(X, ") is product related to (Y, ®) if for any IFS’s C of X and D of Y, whenever
A}CandB}D (Ax1Ulx B> C x D), there exist A; € ¥, B; € ® such
that Ay >Cor By >Dand A; x 1Ulx B =Ax1Ulx B.

Lemma 23. For IFS’s A;’s and B;’s of IFTS’s X and Y, respectively, we have
(i) A{Ai Bj} =min(A A, ABj); V{4, B;} = max(V 4;,V By).

(i) A{Ai1}=(A4) x1L V{4i,1}=(VA)x1

(i) A{Lx B} =1x (ABy); Vilx B} =1x (VB,).

Proof. Obvious. O

Theorem 24. Let (X, ¥) and (Y, ®) be IFTS’s such that X is product related
to Y. Then for IFS’s A of X and B of Y, we have

(i) cl(A x B) =cl(A) x cl(B);
(i) int(A x B) = int(A) x int(B).
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Proof. (i) Since cl(4 x B) < cl(A4) x cl(B) (see Theorem 21) it is sufficient to
show that cl(A x B) > cl(A) x cl(B). Let A; € U and B; € ®. Then

cl(A x B)
— (@), NTA < Bj}: TAi < Bj} > Ax B,
\/{4; x B;}: {Ai x Bj} < A><B>

:<(:r,y),/\(Aix1U1xB) A x1U1xB; > Ax B,

V(A x1N1xB)): Aix1N1xB;<AxB

= (@9, N x1U1x B)): &> A or B; > B,

V(4 x 101 x By): A; < A and B; < B)

= (@), min( \{&ix 101 x Bj: &> A}, \[Aix 1V1x B;: B,
max(\/{A x1N1x Bj: A; A}\/{Aixlﬁlej:ngB})>.

Since

I
—~
—

8
S
~

o

—
—

o
~—

X
l\.l—‘

—_

X

o

—
—

sy
~
~_—

and
<($,y)7\/{Ai x1N1xBj: A; gA,\/{AZ-x 1N1x B;: B, gB}>
< <(:E,y),\/{Ai x1: A; <A}, \/{Lx B;: B <B}>

= (@9, V{4 4 <A} x1,1x\/{B;: B; < B})
= {(2,y),int(4) x 1,1 x int(B)),

cl(4) x 1,1 x cl(B)), max(int(A) x 1,1 x int(B)))
cl(A), cl(B)), max(int(A), int(B)))

(ii) follows from (i). O

800



4. COMPLETELY CONTINUOUS FUNCTIONS

Throughout this section (X, ¥), (Y, ®) will denote IFTS’s and f: X — Y will

denote a function.

Definition 25. f: (X, ¥) — (Y, ®) is called a fuzzy completely continuous func-
tion if f~1(B) is an IFROS in X for each B € 9.

Remark 3. For f: X — Y the following implications hold: fuzzy strongly con-
tinuous = fuzzy completely continuous =- fuzzy continuous.

The following examples show that none of the above implications is reversible.

Example 26. A fuzzy continuous functions need not be fuzzy completely contin-
uous.

Let X = {a,b} and A = (z, (%, &), (%, -%)). Then the family ¥ = {0,1, A}

0.40.5/°\0.4> 04
of IFS’s in X is an IFT on X and the identity function f: (X,¥) — (X,7P) is
fuzzy continuous, but not fuzzy completely continuous. (Indeed, f~1(A) = A and

intcl(A) =14 A)

Remark 4. For an IFTS (X, V) it is obvious that the identity function f:
(X,0) — (X,0) is fuzzy strongly continuous iff ¥ is the intuitionistic fuzzy dis-
crete topology on X (i.e., every IFS of X is IFOS).

Example 27. Let X = {a,b,c} and A = (z, (5%, o3 53): (% 59> 55))- Then
the family ¥ = {0,1, A} of IFS’s in X is an IFT on X, but it is not an intuitionistic
fuzzy discrete topology. Also notice that if A € ® and cl(A) = A, intcl(4) =
int(A) = A, then A is an IFROS in X. Hence the identity function f: (X,¥) —
(X, 0) is fuzzy completely continuous but not fuzzy strongly continuous.

Theorem 28. A function f: X — Y is fuzzy completely continuous iff f~*(B)
is an IFRCS in X for each IFCS B in Y.
Proof. Since f~1(B) = (f~1(B)) for any IFS B of Y, and a fuzzy set B is

IFROS iff B is IFRCS, the proof is obvious. O

Theorem 29. For any two fuzzy completely continuous functions f1, fo: (X, ¥)—
(Y, ®), the function (f1, f2): (X,¥) — (Y x Y, ® x ®) is also a fuzzy completely
continuous function, where (f1, f2)(z) = (f1(z), f2(z)) Vz € X.
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Proof. Let Ax B beany IFOSinY x Y. Then

(f1.f2) "1 (A x B)(x)
= (A x B)(f1(z), fa(2))
= (z, min(pa(f1(2)), p(f2(2)), max(ya(f1(2)), v8(f2(2)))
= (z,min(f7 " (pa)(2), f3 ' (up)(2)), max(fi ' (va) (), £ (v8)(x)))
= (fi (AN f71(B))(x)
By using the fuzzy complete continuity of f; and f,, we find that f;'(A) and

f5 Y(B) are IFROS in X and f; '(A) N f, *(B) is also IFROS (see Theorem 2.8 (b)
in [6]). Hence (f1, f2) is fuzzy completely continuous. a

Theorem 30. If f is fuzzy completely continuous and g is fuzzy continuous, then
g o f is fuzzy completely continuous.

Proof. Obvious. O

Corollary 31. The composite of two fuzzy completely continuous functions is
fuzzy completely continuous.

Corollary 32. Let P;: X; x Xo — Y; (i = 1,2) be the projection of X1 x Xs
into Y; where X1, X5, Y; are IFTS’s. If f: B — By X Bs is a fuzzy completely
continuous function, then P; o f is also a fuzzy completely continuous function.

Proof. Since f is fuzzy completely continuous and P; is fuzzy continuous, hence
P; o f is fuzzy completely continuous by the above theorem. O

Theorem 33. Let f: (X,¥) — (Y,®) be a function and g: X — X x Y the
graph of the function f. Then f is fuzzy completely continuous if g is so.

Proof. Let B€ @, then f~}(B) = f}(1 xB)=1Nnf"YB) =g (1 x B).
Since B is IFOS in Y, 1 x B is IFOS in X x Y. Also, the fact that g is fuzzy
completely continuous implies that ¢g=1(1 x B) is IFROS in X. Hence f~!(B) is
IFROS in X and so f is fuzzy completely continuous. O

Theorem 34. Let X, Y and Z be IFTS’s. If f: X — Y is a fuzzy almost open
and fuzzy completely continuous surjection function and g: Y — Z is a function
such that g o f is fuzzy completely continuous, hence g is fuzzy continuous.

Proof. Let B=(z,up,vy5) be any IFOS of Z. Since g o f is fuzzy completely
continuous, hence (g o f)~!(B) is IFROS of X. Since f is fuzzy almost open, hence

fl(go /)7 YB)) = f(f~ g7 (B))) = f~4B) is IFOS of Y. Hence f is fuzzy
continuous. O
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Remark 5. Since every fuzzy strongly continuous function is fuzzy completely
continuous, the following theorem improves Theorem 3.14 in [4].

Theorem 35. The image of a fuzzy nearly compact IFTS under a fuzzy com-
pletely continuous surjection function is fuzzy compact.

Proof. Let f: X — Y, andlet B={B;: j € J} be a fuzzy open cover of Y,
where B; = (y,uB,,7VB;), j € J. Then from fuzzy completely continuity of f it
follows that A = {f~'(B;): j € J} is a fuzzy regular open cover of X. Since X is
fuzzy nearly compact, there exists a finite subfamily {B;: j = 1,...,n} such that

V ff71(B;j) = 1. From the surjectivity of f we have
i=1

(V@) =V are) =V = -1

i=1

Hence Y is fuzzy compact. O

Acknowledgment. The author remains thankful to the referee for his kind com-
ments leading to the revision of the paper to the present form.
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