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INTRODUCTION

Let M be a differentiable manifold of finite dimension n which we are going to
assume to be connected and of class C*. It is known that a differential system on
M is a G-structure, Bg, where G is the group of all linear transformations leaving
invariant a subspace V; of a n-dimensional vector space V. The Lie algebra of G is
identified with a subspace of Hom(V, V). Such G-structure is interpreted as the set
of all the adapted frames to a differential distribution, which, usually, is determined
by a system in total differentials of Pfaffian system. The integral submanifolds of
this distribution constitute the dynamical system of the G-structure.

Studying such G-structures the first situation that cannot be completely analyzed
on the basis of Frobenius’ and Darboux’s theorems occurs when V is 5-dimensional
and Vj is 2 or 3-dimensional, even though it is known that the problem of classifying
generic 3-dimensional and 2-dimensional differential systems on a five manifold are
totally equivalent, when completely integrable systems and flag systems are excluded.

Then, let us consider a Pfaffian system of constant rank 3 on a 5-dimensional
manifold, i.e., dimV = 5, dimV; = 2. In this case the group G is the group of
all non-singular linear transformations of V leaving the subspace V; invariant. If
we choose a basis {e1, e3,€3,e4,€5} of V such that {e4,e5} span V) then G can be
identified with the subgroup of the general linear group, GL(5), of the matrices of

* Research partially supported by DGICYT grants PS87-0115&PB90-0014/C03-02

429



the form
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*
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* *x  * 0
* ok * * ok
* X  * *

i.e., with zeros in the upper right-hand block and arbitrary entries elsewhere. This
group is 19-dimensional and we will call it G;9.

By means of the effective application of the reduction technique for G-structures
designed by Sternberg, we prove the following result:

Theorem. Let Bg,, be the Gig-structure associated to a Pfaffian System S, of
constant rank 3 on a 5-dimensional manifold. If S is neither completely integrable
nor a flag system, then:

(1) Bg,, is reduced to a G-structure Bg,,, which has 16-dimensional group struc-
ture.

(1) Bg,, Is reduced to a G-structure Bg,,, which has 12-dimensional group struc-
ture.

iii) No reduction is obtained on Bg,, by reiterating the Sternberg’s procedure.
12 g gs p

Remark. The calculations that carry to the reduction in (ii) do not agree with
those indicated by Sternberg.

STERNBERG’S STRUCTURE FUNCTION

In order to apply this technique, let us briefly describe the (first-order) structure
function of a G-structure Bg, which we will call ¢ (for details see [S. 1964]).

Let us first consider the differential form defined on the bundle of frames F(M) and
V-valued given by w(X) = p~!(m.(X)) for each p € F(M) and each X € T, (F(M)),
with 7(p) = z. We can restrict w so as to obtain a V-valued form on B¢, which we
will continue to call w. As w gives an isomorphism of any horizontal subspace H at
p onto V, identifying A%(H) with A%2(V) we obtain a map

e A2(V) =V

defined as follows:
c(uAv) = dw(X AY) Vu,veV

where X and Y are the elements of H such that w(X) = u, w(Y) = v.
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If we denote by g the projection of Hom(V A V, V) onto the quotient space
Hom(V AV, V)/< (Hom(V, g)),
we have a well defined function, ¢, on Bg
¢: Bg — Hom(V AV, V)/o/(Hom(V, g))

given by
c(p) = e(cn)

which does not depend on the choise of the horizontal subspace H at p.

This structure function is very useful for studying the equivalence of G-structures.
In fact, we have the next result ([S. 1964]): Let BL and B% be G-structures over
M, and M,. If ¢ is an isomorphism of M, onto M3, then c? o p, = ¢!, where c!
is the structure function of B}, and c? the structure function of B%; where by an
isomorphism we mean a diffeomorphism ¢: M; — M, such that ¢.(BL) = B%.

The practical procedure of using this result is based on the searching of the isotropy
group of a certain action of G on Hom(V A V,V)/«/(Hom(V,g)). Specifically, the

action induced by
(1) o(a)L(uAv) =aL(a 'uAalv)

for each a € G and each L € Hom(V AV, V).

If the orbits of this action are of maximal dimension, discrete, and finite in number,
it has sense to restrict the local equivalence problem for G-structures to generic
points; i.e., those £ € M such that ¢(p) = z lies in an orbit of maximal dimension.

Let z be some fixed point of this orbit and let Gy be the isotropy subgroup of z. By
using this method we reduce the G-structure equivalence problem to a G-structure
equivalence problem. This G;-structure can be reduced itself by means of its own

structure function and the procedure can be reiterated until the corresponding struc-
ture function is constant.
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CALCULATION ON DIFFERENTIAL SYSTEMS

In order to prove the Theorem, let us now apply this reduction procedure to the
case of differential systems. Let £ € M be a fixed generic point, p € Bg,,, with
7(p) = z, and z = c¢'*(p) € Hom(V AV, V)/o/ (Hom(V, g15)), where c!® denotes the
Sternberg’s structure function on Bg,,. We look for the isotropy group of z, that is,
the elements a € G9 such that

az(a'una lv) = 2(uAv)  Yu,veV
or equivalently, the elements a € G such that
(2) z(au A av) = az(u A v) Yu,v e V.

Let us consider a horizontal subspace H, at p. Since wp,: Hp — V is an isomorphism,
for each u in V' there exists an unique vector X of Hy, such that w,(X}') = u. We
consider a connection ) = {H,/q € Bg,,} such that the horizontal subspace at p
is the initial Hp, for having horizontal differentiable vector fields in a neighborhood
of p. (Remark: it is not necessary to take a connection; it is sufficient to consider
a family J# of horizontal subspaces). When we fix a basis {e4,e5} of V; we get
X = X°, Y = X°* horizontal vector fields such that w,(X,) = eq4 and wy(Yy) = e5
for each ¢ € Bg,,. Then

ci, (9)(ea Aes) = dwg(X AY)
= Xg(w(Y)) = Yy (w(X)) = we([X,Y]g) = —wg([X, Y]y).

Let e3 = —c}?’(p)(m Aes) = wg([X,Y],).

Excluding the integrable differential systems, {e3, e4, €5} are linearly independent.
Therefore X, Y and the horizontal projection of [X, Y] are linearly independent in
a neighborhood of p. In general, [X,Y], will not be a vector of H,, but chang-
ing, if necessary, the horizontal distribution, we can get subspaces H, such that
X, Yy, [X, Y]y € Hq for each ¢ in a neighborhood of p. (This horizontal distribution
may not verify the connection relations: R, (H) = Hyq, for all @ € Gy9. A discus-
sion of conditions on this subspaces to be a connection can be found in [S. 1964]).

Let G’ be the subgroup of isotropy of z, and let Bg: be the G'-structure consisting
of those ¢ in Bg,, such that ¢(q) = z. Since

c},gq (¢)(ea Nes) = c}fy(e4 Nes) = —e3 Vq € Bg' C Bg,,

the horizontal vector field [X,Y] = X* is a horizontal lift, i.e., for each ¢ in a
neighborhood of p [X,Y], = X{°.
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By using wy, we can define for u,v € V, the bracket
[u,v] = wp([X™, XU]P)'

This bracket depends on the choice of the horizontal subspaces. However this de-
pedence does no affect the isotropy of z because, if we change the subspaces, the
corresponding brackets differ in an element of @ (Hom(V, g1s)). So equation (2) is
equivalent to

(2) [au, av] = a[u, v] + O(u, v) Yu,v eV

with 0 € w’(Hom(V,glg)). To characterize the elements of d(Hom(V,glg)) let us
call 05- the coordinates of 8 with respect to a natural basis of Hom(V AV, V). We
have 0!‘]- = —0;‘,-. Furthemore

o) =0 iff 0} =af; —a};
with A; = (af;) € g19, i = 1,2,3,4,5. Since given A; = (af;) € g1o,
af; =0 if j=4,5k=1,23,i=1273,4,5

we obtain

0k =05 =0 k=1,2,3

and hence if o(cH,) = 21, o(cn,) = 22
21 =z iff b= k= ks = 5 fork =1,2,3
1 2 1 (CHI )54 (CH1 )45 (Cﬂz )45 (CH2)54» or y &y
or, equivalently
21 =29 Mff 2z (84 A 65) +W = 22(64 A 65) + W

and therefore (2') is equivalent to

2") [aea,aes] + Vi = aez + V.
Suppose
* % 0 0
x k% 0 0
a=|* * = 0 0
*  x % a B
* ok * vy 6
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and let A = aé — #v. Then

[aeq, aes] = [aeq + ves, Beq + Ses) = Alea, e5] = Aes.

Thus @ € (9 is an element of the group of isotropy of z if and only if a is of the
form

* x 0 00
* % 0 0 0
a=|* * A 0 0
* % % a f
* k% Yy 6

where A = ab — 7.
Therefore we have reduced the G/jg-structure to a structure Bg,, whose structure
group, G, is 16-dimensional.
We have to reiterate the procedure on this new G-structure. Let now 2 = ¢!5(p).
In the same way that before we consider

cr,(es Nes) = —e3, cpy,(e3Nes) = —e1, cy,(e3Nes)= —e
i.e., in a neighborhood of p
[X*, XS] = X, [X,X9] =X, [X®,X%]= X
Identifying by w, we have
[64765] = €3, [63, 94] =é€1, [63,65] =é€2
where {e1, e2,€3,¢€4,€5} is a basis of V in the general case that the system is neither
completely integrable nor a flag system.
Now we look for those elements a € G/1¢ such that

3) [au,av) = a[u,v] + O(u,v)  Vu,v€V

where 0 € .d(Hom(V, 816)). Since gy6 is the algebra of the matrices of the form

* x 0 0 0
* 0 0 0
A=|* * a1ta4 0 0
x * a; ap
*  * * az a4
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given A; = (n,kj) € 016, 1=1,2,3,4,5, we have

a; =0 ifj=4,5 k=123, i=1234,5
aj; =0 ifj=3 k=12 i=1234,5,
al=aly+a} if i=1,2,3,4,5,

Hence we deduce for # € Hom(V AV, V)
e(0) =0 iff 0,“1 = afj - a}‘i, (a,’-‘j) € 816
i.e., if and only if
0:5=0§4= k=la273|
05, =055=0 k=12,
0 =05,=0 k=12

Therefore, given two horizontal subspaces at p such that g(cy,) = 21, ¢(CHh,) = 22,
2y = 29 if and only if

(Cll.)gq = (cn, )55 = (CH:)§5 = (CH:)§4 k=1,2,3,
(cn, ):3 = (cn, ):’;4 = (cﬂz)§4 = (0”2)23 k=12,
(c)sa = (emy)3s = (em)is = (emy)ss k=1,2.
That is, 2y = 29 ifl
zi(eaAes) + Vi =22(ea Aes) + W,
z1(ea Aeq) + Vo =z2(e3 Aeq) + Vs,
z1(eaAes) + Va =22(ea Aes) + Vs,

where V2 = span{es, e4, e5}. Therefore, given a € G,¢

*+ x 0 0 0
* x 0 0 0
a=|* = A 0 0
* *x € a f
* x pu oy 6

where A = aé — 37, since

[(184, 065] =Ae3,
[aes, aeq] =Aae; + Aves + (67 — ap)es,
[aes, aes]) =APe; + Abes + (€6 — Bp)es,
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we deduce that the isotropy subgroup of z is the 12-dimensional group which we will
call G2, consisting of all the matrices of the form

Aa Ap 0 0 0

Ay Ab 0 0 0

* * A 0 0

* * * a f

* * * vy 6

with A = ab — 7.
The Lie algebra of this group is

2a; + a4 az 0 0 0
as aj + 2a4 0 0 0
g12: * * a) + a4 0 0
* * * a a
* * * az Qa4

For applying again the same procedure on this Gia-structure, Bg,,, we must
consider the projection

¢: Hom(V A V,V) = Hom(V AV, V)/o (Hom(V, g12))

and characterize previously the elements of & (Hom(V, 912)).
Given 6 € Hom(V AV, V), o(8) = 0iff 65 = af; — af;, (af;) € g12.
In this case the conditions on the components of the matrices of g, are:

afj:O ifj=4,5, k=1,2,3, i=1,23,4,5,
af =0 ifj=3, k=12 i=123,4,5
aly = a}y + a}; if 1=1,23,4,5,
aj, = afs if i=1,2,3,4,5,
a} = a}, if i=1,23,4,5,
al, :2(134+a,~55 if 1=1,2,3,4,5,
aZ = aly +2a}; if i=1,2,3,4,5,

So, in terms of the coordinates of 6 we get:

655 = 0 k=1,2,3,

6k = —0%  ifi=1,2,3,4,5,j=1,2345 k=1234,5,
4
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( 0{2 = 0?5 - 2‘134 - “gsy
03, = aiy + 2035 — a3y,
013 = "2‘134 — a3s,

033 = —aly,
0{4 = —2024 - 025)
0?4 = “aim
9%5 = —2a3, - ads,
) Lo oo
015 = —asy,
0%3 = —agsv
9%3 = —a3, - 2“:5;5,
0;4 = —-025,
9%4 = _034 - 2ajs,
0;5 = —‘125’
\ 02, = —ad, — 2a3;.

Conditions (4) are the same that those ones we have when we consider
&/ (Hom(V, g16)). From (5) the unique relations that we obtain among the com-
ponents of @ are:

= 5 3
(6) { 014 + 034 = —3a3, — 3ai; — 3ads,
015 + 035 = —3a3, — 3ads — 3ads.
4 4
. . . a; a; . . . .
Since a?; is the trace of the submatrix ( o '55) which is arbitrary in the
Gia Q45

elements of g2, the relations (6) do not impose any new condition on @, and hence
its components only must verify (4).
When we consider the structure function

¢'?: Bg,, = Hom(V AV, V)/o/(Hom(V, g12))

for trying to reduce the Gja-structure, Bg,,, we must search the elements a € G2
such that there exists 6 € &/ (Hom(V, g12)) verifying for every u,v € V

(7 [au, av] = a[u, v] + 0(u, v).

Since Bg,, is the reduction of Bg,,, every element of G2 verifies the relation (3),
similar to (7), but with a rest in & (Hom(V, g16)), so they verify (7) because we are
not imposing any new condition on 8. Hence the isotropy of any value z = ¢(p), with
w(p) = z, where z is a generic point of M, is all the group G2, and therefore using
this procedure no reduction is obtained on structure Bg,,.
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