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KINETICAL SYSTEMS
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Abstract. The aim of the paper is to give some preliminary information concerning a
class of nonlinear differential equations often used in physical chemistry and biology. Such
systems are often very large and it is well known that where studying properties of such
systems difficulties rapidly increase with their dimension. One way how to get over the
difficulties is to use special forms of such systems.

Keywords: ordinary differential equations, asymptotic properties, chemical kinetics

MSC 2000: 34D05

1. KINETICAL SYSTEM

Consider a “chemical system” S which is composed of n “components” Sy,..., S,
of “concentrations” yi,...,y,. The components S; of the system are composed of d <
n “base elements” Py, ..., P; where the base element is understood to be a substance

which does not decompose into simple substances. Therefore each component S; is
characterized as a linear combination of the base elements Py, ..., Py, formally

Sj:uijP1+...+uded, j=1...,n.

Coefficients of these linear combinations, usually expressed by nonnegative integers,
form the rows of a matrix called in physical chemistry the “formula matrix” of the
system S.

Let us suppose that there are m “reactions” in S described by stoichiometric
equations

(1) Cljsl+-~-+an5n§03jsl+"'+C/7Ljsn’

J

t=1,....m; j=1,...,n,
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o ,
where nonnegative integers c;;, Cij

nent in the j-th reaction, and r;, d; are non-negative functions of temperature T’

are stoichiometric coefficients of the i-th compo-

called “rate constants”.

Assuming further that the temperature of S is a known time function 7'(¢) and
that every reaction (1) leads after Guldberg and Waage to a time variation in the
concentration of the i-th component

Yi = (cij — i)

the total change of the concentration of the i-th component is

Yi = Z(Cij cij [ H Y+ d;(t) H ZU;;”] )

Jj=1

We are now ready to formulate our system mathematically.

Definition 1.1.  Let us consider n x m matrices C' = [c;5], " = [c];], where
cij, ¢i; € Lzoand A = [a;5] :== C—C", 0 < L := rank(A) <n. Let ;,d;: R — [0, 00)
be continuous functions and G = [G,] an m-dimensional vector such that

2) Gj(t,y) == —r(t Hy% H

The system of equations
(3) y=AG(y), (ty) e RxR",

is called a kinetical system.

Remark 1. We shall always assume that the principal submatrix A(1,...,L)
composed of the first L columns and the first L rows of A is nonsingular.

Our plan is as follows. In §2 we derive basic properties of nonnegative solutions
of the non-autonomous system (3). In §3 we give a proof of existence of a critical
point for the autonomous case. The main results are concentrated in §4 and they
concern the asymptotic properties of a subset of (3)—the so called detailed balanced
systems. The technique of proofs in this paper is based on the methods of differential
inequalities, on the elementary fixed point method and on the invariance principle.

Through the paper we use the following notation:

R—the set of real numbers.

Z—the set of integers.
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R™—the space of n dimensional column vectors z = col[z1,...,z,], z; € R, i =

1,...,n.
RZ, :={z =col[z1,...,2,] € R": 2; > 04 =1,...,n}—the positive orthant.
RY, := {z = col[z1,...,z,] € R": ; > 0i=1,...,n}—the nonnegative orthant.
R™*™ — the space of n x m matrices A = [a;;], a;; €R, i =1,...n,j=1,....,m

The previous notation is used also in the case when the set R is replaced by the
set of integers 7.
Ifz,ye R" thenz >y (v 2 y) &= 2 -y e RY, (v —y € RY,).
LUb) :={yeR" : Uy=0>}, be R, U = [uy;] € 29"
H :=L(U,b)NRY,.

If 2 € B then flal, = [ ji[P] 7 p € [1, 00].

Bh(z,€) :=={y =y, ... 7yn] Iz —yllp <e}.
0A—the boundary of the set A.

If A is an n x m matrix then A(iy,...,is) denotes the principal submatrix of
A which consists of the i;1-th, ..., is-th columns and i;-th, ..., i;-th rows of the
matrix A.

2. GLOBAL EXISTENCE OF NONNEGATIVE SOLUTIONS OF KINETICAL SYSTEMS

In this section we consider the Cauchy problem

(4> Y= AG<t’ y)v y(tO) = yov (t>y) € [0’ OO) x R™,

where the matrix A and the vector G were introduced in Definition 1.1.
It is easy to see that

where P;;(t,y), Qi;(t,y) are monoms of y such that if y > 0 then also P;;(¢,y) > 0,
Qij(t,y) = 0. Indeed a;; = ¢;; — ¢}; and if ¢;; = c - then a;; = 0 and (5) holds. If

L)
Cij > C/ij > 0, then aij > 0, Cij > 1,

ai;Gj(t,y) = laij|G; (t,y) = —la;| |yir; (t H Y — H ycka )
o

and we obtain (5) for

n
=1 .
Pij(t.y) = r;(t)y;” uls Qii(ty) H ZUCM~
=t
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Similarly if a;; < 0 then we obtain (5) for

n
.—1 el
Pyj(t,y) = d;(t)y; v Qijlty) = r(t) Ily%%
=t
Assertion 2.1. Let y denote a solution of (4) and [tg,w™) the right maximal

interval of existence for y. If there is a t; € [to,w™) such that y(t1) > 0, then y > 0
on [t1,w™).

Proof. We may suppose that ty := t;. Let us choose T € (tp,w™) fixed and
consider a sequence of mappings {f7(t, Y)}521, where

. 1
fit,y) == AG(t,y)+3[1,...,1}T, j=1,2,....

There is a positive integer jo such that for all j > jo the solution of

L= fi(t,2), 2(to) =4,

exists on [tg, 7] and owing to the uniqueness, z/ — y uniformly on [ty, T for j — oco.
Let j > jo and let ¢ € [to, T'| be the first number such that 2] = 0.
It follows from (5) that

fz’j(t, Z) = —z; Z |aik|PZ-k(t, Z) + Z ‘aik‘Qik(t, Z) + %

k k

Hence Z; (tg) > 1/j > 0, and in virtue of continuity of f’ the same holds also for ¢
near to ta. If £y = to, then 2 (t) > 21 (t2) = 0 for t > ty near ty. If ty > to, then

21 (t) < 2](t2) = 0 for t < ty near ta, however this contradicts the definition of t.
Altogether we have z/ > 0 on [tg,T] and also y = ]li)rgo 27 > 0 on [ty,T] as results

from passing to the limit. This result is valid for all T € (to,w™), therefore y > 0 on
[to, w+). O

Lemma 2.2. The equation (3) has at least d := n — L time independent first
integrals in the form

(6) Zuijyj:bi, ’iil,...,d,

where u;j, b; € R are suitable constants.
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Proof. Since 0 < L =rank(A) < n there is a real d x n matrix U = [u;;] such
that rank(U) = d and UA = 0. Therefore

Uy(e) - Ustto) = [ Uits)ds = [ ULAG(s,(s))] ds = [ WAG(s, () ds =

to to to

Hence it follows that (6) holds with
(7) bz = Zuwyj (to)
j=1

O

Definition 2.3.  The real d x n matrix U = [u;;], rank(U) = d = n — L such
that UA = 0 is called the formula matriz. If in addition

uij€Z>0, i=1,....d, j=1,...,n,

(8) - .
Zuij>0, ij=1,...,n,
i=1

the matrix U is called the nonnegative formula matriz.

We shall need the following hypotheses:
H1 there is at least one nonnegative formula matriz U —one of them is chosen fized.
Let us denote by L(U, b) the subset of R™ satisfying (6), clearly L(U,b) is a linear

L = n —d dimensional manifold and it is obvious from Assertion 2.1 and Lemma 2.2

that L(U,b) N RL0 is a (positively) invariant set of (3). To ensure that this set is

“sufficiently big” we assume the following:

H2 there exists a vector b € RL, such that there is a nonnegative solution y € Réo
of (6), that is the set H := L(U,b) N Ry, is not empty. One such vector is
chosen fized.

Our general hypotheses in the next theorem will be almost those of Assertion 2.1,
the main difference being that we further assume:

H3 r;(t), d;(t) are positive for j =1,...,m.

In this case we easily obtain a bit sharper results.

Theorem 2.4. Suppose that (4) satisfies H1, H2, H3 and y is a solution of (4)
with the maximal interval of existence [to,w™).

If y° > 0, then y(t) > 0 on [to,w™).

Ify° > 0and y? =0 fori € I C {1,...,n}, then for each i € I only one of the
following possibilities takes place:

a) yi(t) > 0 on (to,w™)

b) y;(t) =0 on [to,w™).

Always y;(t) > 0 on [to,w™) for eachi € {1,...,n} \ I.
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Proof. First we shall investigate the case when y° > 0. Let us consider in
the contrary that there is a T € (to,w™) such that y;(T) < 0 for at least one
j € {1,...,n}. Then there is a largest t; € [to,T") such that y(t) > 0 on [to,?1)
and y;(t1) = 0 for i € I, where T is a suitable subset of {1,...,n}. We may assume
without loss of generality that I = {1,...,p}, 1 < p < n. If we denote

Vi (ty) = (cij — ciy) [=Pj(t,y) + Q;(t y)],

where P;(t,y) := r;(t) H v, Qi(ty) = d;(8) T ", then
=1

m
ZV”ty j=1...,n.
j=1

If ¢ = t1, it is possible to obtain a useful classification of values of Vij (t1,y(t1))

with respect to certain combinations of the coefficients ¢;j, ¢;; for i = 1,....p;

Z
j=1,...,m. For example if c1; + ...+ cp; >0 and ¢j; +... +¢,; =0 and ¢;; = c;

then V;;(t1,y(t1)) = 0. All such important cases are contained in Table 1:

J

Clj+...+ij 0/17-+...+C;)7- ‘/ij(tlay(tl))
>0 >0 0
>0 =0 Cij :C;j 0
>0 =0 Cij >C;j Cz’ij<t1,0,...,O,yp_,_l,...,yn)
=0 >0 C/ij = Cij 0
=0 >0 C/ij > Cij C;ij@l,O, .. .,O,yp+1, .. .,yn)
=0 =0 0
Table 1

Thus Vi;(t1,y(t1)) > 0fori=1,...,p; j =1,...,m. At the same time it is easy to
see that for each ¢ € I two mutually exclusive cases are possible:

(9) Jje{l,...,m}: cij # iy Aer oA i) ey o+ ) =0,
(10) Vie{l,...,m}: cij =ciy V(e + .o Fep)(chy 4.+ ) 0.

Let us put [ = I, UIy (I1 NIz = (), where (9) holds for each i € I; and (10) holds
for each 7 € I>.
Let ¢ € Iy, then there is j(i) € {1,...,m} such that

Vijey (t1,y(t1)) = iy Piciy (81,05, 0, yp1a(t1), -+, yn (1)) > 0

or

Vi) (t1,y(t1)) = ¢y Qi) (81,0, ..+, 0, ypr1(t1), - - -, yn(t1)) > 0.
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Therefore
Z Vii(t1,y > Vij)(t1,y(t1)) > 0,
Jj=1

and this inequality holds on (¢t; — e,t1 + ¢) for € > 0 small enough. But this means
that y;(t1 — ) < yi(t1) = 0 which contradicts the definition of ¢, also I = @) and
I =1.

Let ¢ € Io. We can suppose, without loss of generality, that Io = {1,...,p}. Then

m
= Vi(ti,y(t) =0, i=1,...,p.
j=1

It is seen from Table 1 that Vi;(t1,y(t1)) = Vij(t1, 0,...,0,yp+1(t1), ..., yn(t1)) for
i=1,...,n; 5 =1,...,m, therefore for t = t; and in general for every ¢t* such that
yi(t*) = 0, i=1,...,p it is possible to write (4) in the form

yz(t*) = fi(t*,oa s ,anp+1(t*)a s ayn(t*)), i=p+1,...,n,
where f; is the i-th element on the right hand side of (3). Consider the problem

dz’ = 07 ui(tl) = 0, (a)
(11) ’le = fj(t,O,. . .,O,Up+1,. .. ,Un), Uj(tl) = yj(tl)a (b)
1=1,...,p, j=p+1,...,n,

with the unique solution u = colfuq, ..., uy],
(12)

1

on (w!,wl). If we substitute this solution into the right-hand side of (4), we obtain

Filt,ur(t), .. up(t), 1 (t), -y un () = fi(t,0,...,0,hpi1(t),. .., hn(t))
=0=1u(t), i=1,...,p,

Filt,ur(t), .. up(t), tupp 1 (t), - un () = fi(t,0,...,0,hpi1(t),. .., hn(t))
= hi(t) = w;(t), i=p+1,...,n

and this means that (12) is the solution of (4) on (¢t1—8,¢1] C (w?, t1]N[to, t1] for 6 > 0
small enough. Therefore (4) has a couple of solutions w,y such that u(t;) = y(t1)
and u(t; —1/26) = 0 # y(t1 —1/26), which is absurd. Hence y(t) > 0 for t € [to,w™).
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It remains to investigate the case y° > 0, y¥ = 0 for i € I # ). The proof, which
is almost the same as in the previous case, is only outlined here for completeness.

We shall again write I = I; U I, where (9) [(10)] holds for each ¢ € I [i € I3]. If
i € I, then y;(to + o) > y;(to) = 0, > 0. If i € I, then two mutually exclusive
cases are possible. Either y; = 0 or there exists a t§ € [to,w™), t§ := inf{t €
[to,w™): yi(t) > 0}.

Let t2 be the minimum of such t}, i € I. Consider (11) and its solution (12), this
time for an initial time t2, on [ta,t2 + 7). It is easy to see that (12) is a solution
of (4), too. But this contradicts the uniqueness property, therefore if i € I then
y; = 0. Theorem 2.4 is proved. U

Remark 2. It follows from the proof of Theorem 2.4 that if r;(¢), d;(t) > 0
for i = 1,...,n, it is possible to suppose that for any nonnegative solution y of (4)
we have in fact y;(t) > 0 for i =1,...,n on (to,w™). This assumption does not lead
to loss of generality, indeed it is always possible to work with the “lower dimensional
system” (b)(11) (which has again the structure of a kinetical system).

Theorem 2.5. Suppose that (4) satisfies H1, H2. If y is a solution of (4) such
that y° > 0, then the maximal interval of existence of y is [tg, o0).

Proof. It follows from Assertion 2.1 that y(t) > 0 for t > ty. Let us put
m = min{u;;: w; > 0,4 =1,...,d; 7 = 1,...,n}. (8) implies that for each
j € {1,...,n} there is an index i = z( j) € {1,...,d} such that u;;); > 0 and we
easily get from Lemma 2.2 that

[blloc .
< i(5) — Zyk uz(])k) < Too, j=1,...,n.

k#a

0<yj(t)=u()
J)3

Hence

d n
<ol = Zbk =3 S w0 = mae () )

k=1 j=1

I
—
=
-
<
I
S
[E—"

Consequently we have
1611

n
y < lly@ll < nlly@llse < — [1blloo-
k=1

illoo
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The kinetic problem (4) has especially simple structure if m = 1. In this case there
are n — 1 linearly independent first integrals and (4) is essentially a scalar problem.
That is why the following corollary holds:

Corollary 2.6. If the assumptions of Theorem 2.5 are fulfilled, m = 1 and all the
functions r;(t), d;(t) are constant functions, then the limit tlim y(t) exists.

3. AUTONOMOUS CASE—EXISTENCE OF STATIONARY POINTS

This section is concerned with the problem of existence of nonnegative stationary
points of (3) in the case when r;, d; are constants, i.e. (3) is in the form

(13) J=AG(y), y(0)=19° y°=>0.

Definition 3.1. Let F' be continuous on an open y-set 2 C R”, let Qg be a
subset of  and 3° € 99y N Q. The point y° is called an egress point of )y with
respect to

(14) y=F(y),

if for every solution y = y(£;0,1°) of (14), y(0) = y° there exists an ¢ > 0 such that
y(t) & Qo for t € (0,¢] [3, p. 173].

Lemma 3.2. If F is a continuous function on an open y-set ) C R", solutions
of (14) are uniquely determined by the initial condition and H C Q, H # () is a
compact, convex set such that the points of OH are not egress points of H with
respect to (14), then (14) possesses at least one stationary point on H.

Proof. It is based on the fact that the set of maps T,: H — H, T,(y°) :=
y(a;0,4°) behaves like an Abelian group and on the fixed point theorem due to
Brouwer. The detailed proof is omitted here because it is almost the same as the
proof of Theorem 8.2 in [1, p. 48]. O

Theorem 3.3. Suppose that (13) satisfies H1 and H2. Then (13) has a stationary
pointy € H.

Proof. The set H = L(U,b) N RY, is the subset of R" containing all points
y = col[y1, ..., yn) such that

UYL + - ..+ ULnYn = b1,
Uyt + ... + UgnYn = bq,
n >Oa>yn>0
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Therefore H is a bounded closed convex set. Moreover, 0H C dL(U,b) UIRY, and
due to Assertion 2.1 and Lemma 2.2 the points of OH are not egress points with
respect to the system (13). By Lemma 3.2 there is a stationary point y € H. O

4. ASYMPTOTIC PROPERTIES

In the previous section the problem of existence of nonnegative stationary points
of the system

(15) v = AG(y)

was solved without any discussion of their properties. This section concerns asymp-
totic properties of the system

(16) y=AG(t,y).

At the beginning we outline a rather smaller class of kinetical systems fulfilling the
principle of detailed balance and point out some of the basic properties of such
systems. The main results we will obtain for autonomous detailed balanced systems
by using the invariance principle. In the whole section we suppose H1, H2, that is
we are interested in asymptotic properties of the system

(17) y=AG(ty), (ty) € [to,00) x H,
(18) y=AG(y), (t,y) € [to,00) x H,

in the autonomous case. These systems are correct due to Assertion 2.1 and
Lemma 2.2. In this sense we speak of critical points of (17)—that is of critical points
of (16) belonging to the integral manifold H, of the stability of solutions of (17), that
is of the stability of solutions with respect to the solutions belonging to the integral
manifold H, similarly for the concepts of an isolated point, closure, boundary and
o om.

Instead of H3 we use a stronger hypothesis:

H4 T‘i(t), dz(t) >& >0 fO?" 1=1,...,m.
Some of the theorems also involve the following assumption:

H5 if y = [y1,-..,Yn] is a nonnegative solution of (17), then y; £ 0 on the right
mazximal interval of existence [tg,00) fori=1,... n.
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It follows from H5 that any nonnegative critical point y of (17) should be in fact
included in RZ,. Due to Remark 2 this hypothesis is no strong restriction.

As rank(A) = L < n and the columns coly(A4),...,col;(A) of the matrix A are
linearly independent, there exists a unique real L x m matrix Z = [z;;] such that

L
(19) col;(A) = Z col;(A)zij, j=1,...,m,
i=1

obviously

a1 ... Q-1 @15 Q141 ... Q1L

det
(20) 5 artr ... Q-1 @y Gri41 ... ALL
“ a1 air ’
det :
ari1 ... arr

i=1,...,L, j=1,...,m

Definition 4.1.  System (3) is detailed balanced if

i)™ _di(t)
(21) - . G=1,...,m,
2-1;[1 |:Ti<t)] j !

where z;; are the constants introduced in (19).
Of course, for m = L every kinetical system (3) is detailed balanced trivially.

Definition 4.2. A critical point 3° of a kinetical system (3) is said to be
balanced if G;(t,y°) = 0 for each i € {1,...,m}.

The previous definitions may appear to be a bit cumbersome but as we will see
detailed balanced kinetical systems have very nice and natural properties especially
from the point of view of applications, e.g. if the “chemical system” S described
by a detailed balanced kinetical system is in a “state of equilibrium”, then all its
“reactions” are in a “state of equilibrium” as well.

Balanced critical points are in strong correspondence with detailed balanced sys-
tems. This connection is expressed in the following algebraic lemmas.

Lemma 4.3. Suppose that (16) satisfies H1, H2, H4. If (16) possesses a balanced
critical point y € R, then it is detailed balanced.
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Proof. Lety e RY, be a balanced critical point of (16) and let L = rank(A).
If L = m, the lemma is trivially satisfied. Let L < m, then from the assumption
Gj(t,y) =0,j=1,...,m we obtain

ck Do c ans  di(t
ool <[ 1] 48]
k=1 k=1 J

hence

H d;(t)
Akj —
Y o = () j=1,...,m.

According to (19) ax; = Z ZijOki, 7 =1,...,m; k=1,...,n, hencefor j =1,...,m
i=1

wor oz L n o Zia‘i di Zij
U - T -1 (1e) -T2

k=1i=1 i=1 i=1
which means that (16) is detailed balanced. O
Lemma 4.4. Let (16) be detailed balanced, satisfies H1, H2, H4, and let a matrix

B consist exactly of the first L columns of the matrix A. If a point y € R, is a
critical point of the system

(22) y = BG(t,y),
then it is also the critical point for the system (16).

Proof. In accordance with Remark 1 the principal minor det A(1,..., L) of the
matrix A is not equal zero. If y € RZ, is a critical point of (22), then 0 = BG(t,y)
for t > tog and consequently G1(t,y) =... = Gr(t,y) =0 or

[y = di(t) i=1,...,L

k=1 g ri(t)’

For j =L+ 1,...,m we obtain

=
<o
z~

Gj(t,y) = —r;(t)

1
=
—=
<
ES)
kol
)
|
~ |+
S— | —
—_

o
Il
—
Il
—

o
kj

= —r;(t)

—=
<
g

\

[
S
—

~
N

/N N/~
==
£
<
~ ~— ~—
L
Il 3
< N
— =
L
<
X
k@
T
N——
|
==
| S

—_——
S
Il ~
=
| —
R
S
~|—
~+ |+
S— | —
—_
n
S
\
3| &
|~
~ |
S— | —
——

>
Il
—

=0.

Altogether, G;(t,y) =0fort > tg,i=1,...,m and y is a critical point of (15). O
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Our next aim will be to show when it is possible to turn the Lemma 4.3. Therefore
we shall assume that the conditions (21) are satisfied. We shall restrict ourselves to
the autonomous case where LaSalle’s invariance principle will demonstrate its power.
At the same time we shall obtain useful information about asymptotic properties of
(18).

We start our considerations with the description of properties of an auxiliary
function V.

Remark 3. Leth;: R— R, i=1,...,nbeC" functions and let V: RxR™ —
R be a continuous function defined by V': (t,3) — 3. Vi(t,y;) where V;: Rx R — R
i=1

is such that
- zlh;(t) +1Inl|z]] if x#0
Uty o { O T
0 if =0

fori=1,...,n. Let f: RxR™ — R" be a continuous mapping and (to,4°) € Rx R"
a fixed chosen point. Without loss of generality it is possible to suppose that there is
a 0 <k < nsuch that y° = [y9,...,942,0,...,0/" and ¢ #0 for i = 1,...,k. Then
for h >0

1 N
Jim = [V(to + h, y° + hf(to,y°)) — V(to,y°)]

> yPhi(to) + 3o [ha(t%) + 1+ Iyl filto,y%) if k=n
i=1 i=1

—00 if k<n.

If hi(t) = h; € R, i = 1,...,n then the restriction of V to the set RY, is a strictly
convex function as follows from the fact that V; as a function of y; is strictly convex
on [0, c0).

4.0.1. Construction and properties of V(y)
Let us consider an n-parametric system of functions

Vi Ry, — R,
23 -
(23) Viy—V(y) ::Zyi(hi+lnyi), hi eR, i=1,...,n,

i=1

where as in Remark 3 the terms y;(h; + Iny;) are replaced by 0 if y; = 0, with
parameters h; € R chosen in such a way that

n n
d.
(24) E aijhi:—g aij—ln—] for j=1,...,m.
r
i=1 i=1 J
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Remark 1 and the fact that (18) is detailed balanced, imply solvability of (24).
From (24) we get for the derivative of V along a solution of (18)

Z +lnyz] Yi

)¢ ) i )

for y € RY,. With respect to Remark 3 it is possible to extend the domain of V to
R, with V(y) = —o0 if y € ARZ,. In addition

n

<.
[

(25) Vi) =0<=G; =0, j=1,....m.

Indeed, if there is an index j € {1,...,m} such that G;(y) # 0, then

< (r] Hy%> ( kﬁl %> (mHy% In —) <0.

The other implication is obvious.
From (25) the theorem inverse to Lemma 4.3 and Lemma 4.4 follows.

Theorem 4.5. Suppose that (15) satisfies H1, H2, H4, H5, then:

1. Every stationary point of a detailed balanced system (15) is balanced.
2. If w € H is a stationary point of a detailed balanced autonomous system (15),
then it is also a stationary point of

y = BG(y),

where the integer n x rank(A) matrix B consists of linearly independent columns
of the matrix A.

It follows from (25) that positive stationary points of (18) do not depend on the
values of the constants r;, d; for j = 1,...,n but only on their ratios. From this
point of view it is possible to make a decomposition of the class of all systems (18)
into equivalence classes where two systems are equivalent iff their stationary points
are identical.

It follows from § 3 that there exists at least one stationary point of (18) even if
(18) is not a detailed balanced system. In the case when (18) is a detailed balanced
system it is possible to obtain stronger results by using much simpler tools than
Brouwer’s fixed point theorem.
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Assertion 4.6. Suppose that (18) satisfies H1, H2, H4, H5. If (18) is a detailed
balanced system, then (18) has at least one balanced stationary point z € H.

Proof. 1If (18) has a stationary point z then by Theorem 4.5 this point is
balanced. Therefore it is sufficient to prove the existence.

Since the set H = L(U,b)N RY, is compact and convex, the continuous and strictly
convex function V' assumes exactly one minimum at a point z = [z1,...,2,] € H.

It follows from the Remark 3 that the point z & J(RZ), hence z > 0 and

d
h1+1+lnzl+2)\iui1 :0,

i=1

d
hn+1+lnzn+2)\ium =0,
1=1
1121 + ... + Up2n = b1,

Ug121 + ...+ UdnZn = by,

where A1, ..., A\g € R are Lagrange multipliers. Using the first n equations we obtain

d
ZL = exp <1thAiuik), k=1,...,n.
i=1

From (24) we derive

n n d
H Z:kj = H exp Kl — hy — Z)\iuik>akj]
k=1

fe1 k=1
n n n d
= exp { apj — E agjhy — E Qkj E /\zuzk]
k=1 k=1 =1 =1
d n

Therefore G;(z) = 0 for every j € {1,...,m} and z is a balanced stationary point.
O
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The knowledge of the function V' gives us the possibility to answer questions of
asymptotic properties of solutions of (18) in a neighbourhood of stationary points.
The easiest way is to use the well known Chetaev’s theorem [3, p. 19, 21—autonomous
casel:

Theorem 4.7. Let 2 C R® be an open connected set containing the origin. Let
f: Q — R® be smooth enough in order that through every xz° € ) there passes
one and only one solution of & = f(x) and let f(0) = 0. If there exist ¢ > 0 (with
BY(0,¢) c ), an open set ¥ € B,(0,¢) and a C' function V: B,(0,e) — R such
that

i) V() >0 on T,

ii) V(z) >0 on ¥;

iii) the origin of the xz-space belongs to 9V,

iv) V() =0 on 0¥ N B, (0,¢), then the origin is unstable.

Theorem 4.8. Suppose that the detailed balanced system (18) satisfies H1, H2,
H4, H5. If the stationary points of (18) are isolated, then (18) has exactly one
stationary point uniformly stable with respect to the set H, the other stationary
points (if they exist) are unstable.

Proof. There exists exactly one point z* € H such that V(z*) < V(z) for
z € H\ {z*}. Evidently z* is a balanced stationary point of (18). The stationary
solution y(t) = z* is (uniformly) asymptotically stable, since for sufficiently small
€1 > 0 there is no other stationary point in By (2*,e1) := B(2*,e1)NH,V € C* on
By (z*,e1), V(2*) =0,V <0 on H\ {z*} and V is convex on H.

If z # z* is another stationary point of (18), let us consider the function

W:.: H— R,
W:y—W(y):=V(z) - V()

For ¢ > 0 sufficiently small there is no other stationary point in the closed ball
Br(z,¢) = B(z,6)NH and ¥ := {y € H: W(y) > 0}, then ¥ is an open set in H
and for y € ¥ we have W(y) > 0, W(y) > 0 and W(y) = 0 for y € OV N By(z,¢)
where the boundary is determined with respect to the set H. Therefore according
to Theorem 4.7 z is an unstable stationary point. O
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