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SPINOR EQUATIONS IN WEYL GEOMETRY
VOLKER BUCHHOLZ

ABSTRACT. In this paper, the Dirac, twistor and Killing equations on Weyl mani-
folds with CSpin structures are investigated. A conformal Schrédinger-Lichnerowicz
formula is presented and used to show integrability conditions for these equations.
By introducing the Killing equation for spinors of arbitrary weight, the result of
Andrei Moroianu in (8] is generalized in the following sense. The only non-closed
Weyl manifolds of dimension greater than 3 that admit solutions of the real Killing
equation are 4-dimensional and non-compact. Any Weyl manifold admitting a real
Killing spinor and being of dimension greater than 3 has to be Einstein-Weyl.

INTRODUCTION

In the first section, we state some basic definitions of density bundles, Weyl struc-
tures, curvature terms and Einstein-Weyl structures.

The second section is dedicated to Dirac- and twistor operators on Weyl manifolds.
In {1], [5], [6] and [7] the properties and integrability conditions of the twistor and
Killing equation were intensively studied in the context of Riemannian geometry. Here
we want to generalize some of these results to arbitrary Weyl structures and spinor
fields of arbitrary weight. The first result in this area is due to Andrei Moroianu
[8] and deals with the integrability conditions for the existence of non-trivial parallel
spinors of weight 0. He found that the given Weyl structure has to be flat (closed)
on manifolds, which are not 4-dimensional and non-compact. Furthermore, he gave
several counter examples by showing, that in dimension 4 the existence of a parallel
spinor field is equivalent to the existence of a hypercomplex structure. This means
in particular (see [10]), that the Weyl structure is Einstein-Weyl. We generalize this
result to any dimension n > 2 as well as for Killing spinor fields 1 of arbitrary weight
satisfying

V¥ =BX -9,
where § denotes a complex density of weight —1.

The only-nonclosed Weyl manifolds that admit solutions of the real Killing equation

are 4-dimensional and non-compact. Any Weyl manifold admitting a real Killing spinor
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and being of dimension greater than 3 has to be Einstein-Weyl. To this end it is crucial
to proof a generalized Schrédinger-Lichnerowicz formula:

2., _ AS 1 n—2+42w '
Dw_Aw+4R¢+(————4 )F W,

where R denotes the scalar curvature and F' the Faraday curvature of the Weyl struc-
ture.

This formula is also used in order to investigate integrability conditions of the twistor
equation, which is defined by

0=Twi:= VS + %ump.

We then compute

1 1 1 2
VSDy = —-1’Rid + —— ( ——) F+ ————vuF
Ve | Rt ot v g) W E g | ¢
on its kernel, where Ric’ is the Ricci curvature of the o(n)-component W’ of the Weyl
structure W. This equation corresponds to the equation

L R — Ri .
VxDy = 5 —2) (Q(n — 1)X ch(X)) P
in [1]. We use this result to prove, that the two well known first integrals C() and
Q(%) are parallel densities if the weight of v is L or df - ¢ = 0. Furthermore, we use

2
it in order show that the zeros of a twistor spinor field form a discrete set.

I would like to thank Thomas Friedrich for numerous discussions and hints on this
subject.

1. WEYL GEOMETRY ON CONFORMAL SPIN MANIFOLDS

Let M™ be a smooth, oriented manifold and (R, M™, 7, GL(n, R) its frame bundle.
Let CO(n)4+ = SO(n) x R,.. For a conformal class ¢ let P denote the corresponding
CO(n)+-reduction. We define a two-fold covering A° : Spin(n) x R, =: CSpin(n) —
CO(n); = {A € CO(n)|det(A) > 0} by

X(a,9) = 9X(a),
A : Spin(n) — SO(n) is the covering of the SO(n). The spinor representation k¥

of CSpin(n) on A, := <C?['ﬂ with weight w is defined as follows: £*(a,¥) = 9¥«(a),
where « is the Spin(n)-representation on A,. Like a Spin structure a CSpin structure
on (M™,c¢) is a pair (Pcgpin, A°), where
(Pcspins Tespin, M™, CSpin(n)) is a CSpin(n)-principal fibre bundle on M™ and
A¢ : Pespin — Peo, is a two-fold covering that commutes with A° and the action of
the structure group. The existence of C'Spin structures is equivalent to the existence
of Spin structures, since Spin(n) is maximally compact in CSpin(n). We have the
following vector bundles: 1. LY := Pcspin X getore| ¥ R is called density bundle with
weight w.

2. (T™*)" := Pespin X(preoreyw (@"(R?)* @°R"), is the (r,s)-Tensor bundle with
weight w. (p™* o A°)* denotes the the standard representation of C'Spin(n) on the
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(r, s)-tensors with weight w, (p™* o A¢)¥(a,¥) = 9“(p™* o A°)(a). T shall denote the
ordinary tagent bundle and T™ its dual.

3. S := Pcspin Xxw Ay is the spinor bundle with weight w. S := S! denotes the
ordinary spin bundle,
Let |voly| ™ =: 1, € L' denote the density corresponding to a metric g € c. Then we
are given the following conformally invariant operators

Lc=10lg:T*@T" — LY, |X|*:=¢(X,X) € L2 for X € T".

2. (Je:=B8()g: T — (T*)¥,

3. tr =170y (TH0)Y — (T72), 7 > 2.

4. the conformal, hermitian product (.,.) := i2(.,.), : [(S¥ ® §**) — [(L¥*1)

and

5. the conformal Clifford product p := lyp, : T(T% ® S*') — [(S¥*1),
where (.,.), and p, denote the hermitian product and the Clifford product given on
(M™, g € c). We can use (.) in order to define the x on arbitrary (r, s)-tensor fields.
The operator u® : T™* ® S¥ — S¥ is the conformal Clifford product of a spinor field
of weight w with the b*® and then with the a** component of a tensor field. Example:

PPy XQuwey=w®X v,

where y® X € (T"")¥, w € T*® and ¢ € A¥t. Whenever there are no indices, the
Clifford product ranges over all components of the corresponding tensor, i.e. pA®Y =
A =3, i Alei, ..., €:,)e;, - €, . The operator v : AY — T Q@AY is defined
as follows:

Xvwp=pXQ@¢p=X- 1.

Then pv = —n holds. Some well known identities have then the following appearance:
Pwy = —pllu@yp - 2rwy (1)

trowy = w-y (2)

Re(vi,vy) = ($,9)c:= [y|* (3)

Moreover, we define some operators on T7%;

1. Let (ab) denote the transposition of the components a and b,

2. Sym = Id + (12), Alt = Id — (12), Zyk := Id + (23)(12) + (12)(23), Zyk'®B* :=
Id+ (12)(23)(34) + (34)(23)(12) + (13)(24).
A torsion-free connection W : TP — ¢o(n) on a conformal manifold (M™, ¢) is called
Weyl structure. V shall denote the induced covariant derivatives on associated vector
bundles. The operators ¢, tr and (.). are parallel with respect to any Weyl structure.
On L! the curvature of a Weyl structure is given by AtVT"®'VE' = F ¢ Q¥(M).
This globally defined 2-form is called Faraday curvature. Choosing a gauge g on M™
provides a 1-form § € Q'(M™) in the following way: Vi, = 6 ® l,. For any gauge,
we obtain F = df. Since the Lie algebra of the conformal group splits into two
components, there is also a splitting of a Weyl structure into a metric part W’ and a
scalar part ¢’ ® Id.

W=W+6oId, W:TP—o(n), 6¢cQ(P)

A Weyl structure W is exact (closed) if and only if 0 is exact (closed) with respect to
any gauge.
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For a given Weyl manifold (M™, c, W) the curvature tensor R € ['(T*°)~2 is defined
b
’ R(X, Y., Z, U) = C(VxVyU—VnyZ - V[xly]Z, U),
for any vector fields X,Y, Z,U € I'(T"). The Ricci curvature is given by:
Ric := tr"*R and Ric' := tr'*R' = Ric+ F,
where the primed objects belong to the connection W'. Ric is not symmetric. In fact,
we obtain: -Altch = —3F. Finally, we define the scalar curvature

R = tr(Ric) = trtr"R e I'(L7?),
which is not a function, but a density of weight -2.
Lemma 1.1 (Symmetry properties). Let R’ be the curvature tensor of W'. Then
= (13)(24)R' +[(13) + (23) — (14) — (24)] F R c. (4)
Proof. We have ZykR' = —ZykF ® ¢, which is just a version of the first Bianchi
identity for R. This yields:
ZykR' Zyk'®* = —ZykF ® cZyk'®*,
We choose vector fields X, Y, Z,T. Then:
ZykR'Zyk"®4(X,Y,Z,T) = R'(X,Y, Z,T) + R'(Y, Z, X,T) + R'(Z, X, Y, T)

+R'(Y,Z, T, X)+R'(Z,T,Y,X)+R'(T,Y,Z,X)+ R'(Z,T, X,Y)

+R'(T,X,Z,Y)+R'(X,2,T.Y)+ R(T,X,Y,Z) + R'(X,Y,T, Z)

+R'(Y, T, X,2)=2(R(Z,X,Y,T) + R'(T,Y, Z, X))

=2(12)(23)(R' — (13)(24)R')(X, Y, Z,T) .

Similarly, we get for FQc: ZykF®cZyk'?* = 2Zyk'?* F ®c. Putting all this together
implies:

R’ = (13)(24)R' - (12)(23) Zyk'** F® c = (13)(24)R'+[(13) +(23) - (14) - (4)] F®c,

since

(12)(23)Zyk'**F@c = (12)(23)[Id +(12)(23)(34) + (34)(23)(12) + (13)(24)]F ® ¢
= [-(13) — (13)(23)(12) + (14) + (23)(24)34)|F @ c
= [-(1 ) (23) + (14) + (H)]F ® c. a
For n > 3 a Weyl structure W on (M™",c, W) is said to be Einstein-Wey! if and only if
Ric:E-c——EF or Ric'::ﬁ-c—n“ZF. (5)
n 2 n 2

The symmetric part of Ric reduces to its trace if and only if W is Einstein-Weyl.
(M™, ¢, W) is called an Einstein-Weyl manifold.

Let WS be the lift of W into the CSpin structure and denote its induced covariant
derivative on S¥ by V5.

Theorem 1.2. [4] Fiz a gauge g € ¢ and a spinor ¢ € I'(S¥). Then the difference
between the spinor derivatives of W and W9, the Levi-Civita connection is as follows:

1 1
Vi -V =X 0+ (w- 5) 8(X )
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We define the spinorial curvature by RS := AltVT ®5 0 VS = k%05, where QF is
the curvature form of WS,

Lemma 1.3.

1
RS = Zu““n’ +wF (6)
pR = 24 Ric — 2u°F — vuF (7)
pR' = 2R+2(n—2)uF (8)

Proof. (1) According to the splitting W = W' + 6’ ® Id we get for the corresponding
curvature form: Q = Q' + F.

RS = k205 = K2(K)7 = K207 4 wF = JuR +uF
(2) First we use the symmetry properties of F ® ¢ and (1) to calculate:
—p'?[(13) + (23) — (14) — (24)]F ® ¢
— [“H324 _ “134 + u124(14) _ u124 _ Zﬂltrﬂ] F®c
— [2”234 + 2u2tr23 _ N214(14) _ 2t'r12u4(14) _ ”124 + 2u2tr23] FQec
- [2ﬂ234 + 4u2tr23 + u214 + 2u1trl4 _ 2#1"23 _ um] FQc
— {2u234 42— 2 42 ﬂ124] F®c
[2;1234 + 8p%tr® — Zum] FRc=(-2n+8)u’F —-2F -v

and

— ' ZykF @ ¢ = —p® [Id + (23)(12) + (12)(23)] F® ¢
_ [u234 _ u234(23) + um] FQc=— [2#234 + 2#2”23 + um] F®c
(2n—2)u’F —F -v.

Il

fl

This implies, by using F - v = vuF + 4u*F and equation (4):
PR = —p®([(12)(23) + (23)(12)] R’ — ZykF ® ]
PR — W R~y ZykF @ ¢
= PR — p(13)RAR — w[(13) + (23) - (14) - 2O F & ¢
B ZykF ®c
= pP(23)R + PR + 2utr* R’ + (—2n + 8)p’F
—2F v+ (2n—-2)u’F - F-v
= 2R — 6u’Ric +6u*F —3F -v
= —2u”MR' — 6u’Ric — 6uF — 3vpuF.
(3) From (7), we obtain

HR' = puu®*R' — 2uRic’ — pF + npF = —p(Alt(Ric) + Sym(Ric')) + (n — 2)uF
(n=2)uF + 2R+ (n— 2)uF =2(n - 2)uF +2R. 0O

Il

Il
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2. SPINOR EQUATIONS IN WEYL GEOMETRY

2.1 The Dirac operator.

Definition 2.1 (Dirac operator). The Dirac operator Dy : I'(S¥) — T(S¥!) is

defined by:
Dy = uVS.

If there is no ambiguity to be expected, we will omit the index W.

Definition 2.2. The spinor Laplacian is given by AS% : T(S¥) — T'(S¥~2?)

Y ASY = VTS o VS,

Theorem 2.3 (Schrodinger-Lichnerowicz formula). Let ¢ € I'(S¥). Then

n—2+42w

1
2, _ AS 1
D¢—A¢+4Rw+< 1

)F-w.

(9)

Proof. This can be obtained directly. The final reduction of the curvature terms is

due to the equations (6) and (8).

:D2,¢ — uvsﬂvs,w — “vT'®Svs¢ — ué(Alth'QbSVs + SymvT'QbSvs),w

u%’RSdJ —trVTeSYSy = ASy + %u'R’z/) + %wF )
n—2
4

AS¢+2R¢+( +3;’-)F-¢.

2.2 The twistor operator.

Definition 2.4 (twistor operator). We define the twistor operator Tw : T'(S*) —

[(T* ® S*) of a CSpin manifold (M™,c,W) by Ty := V5% 4+ LyD,

Let (M",c, W) be a CSpin manifold and ¢ € ['(S*) a twistor spinor field, i.e. an

element of the kernel of 7. Then V5S¢ = —%VD‘I/) is true and therefore

Ay = —trVT eSSy = %trVT'quw = %truVS’Dzj; = -:;D%/;

is satisfied. From the Schrédinger-Lichnerowicz formula we obtain:

2 M (n—2+2w)n
b _4(n—1)R+ 4(n—1)

uF.

This leads to
Theorem 2.5. Let ¢ € ['(SY) be a twistor spinor. Then:

n—2_g 1y, 1
- VDY = 2p,ch ®1/)+———4(n_1)Rm,b

+ (w - %) (u2F+ Z—(-;LZTBVNF) ® Y.

(10)

(11)

(12)
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Proof. We use (7) and (6) in the first and second step. Then finally, after some direct
calculations, we use (11)

——u2Rw % - -#’Fw - —quw = 4u2347€’
= p’RSy— w,ﬂFw = P AVT OS5V — wpFy
- _%MZAzth'MVDw — WPy = %;ﬁAztuvqup — Wit Fy
- %l[‘)uVst) - %pluvsw — Wi FY
- _1v5D2¢ - —Z-stzp + VSDY — wplFy

_ (n—2-2w)
- 4n(n—1)R¢ dn-1 H

Theorem 2.6. If the term (w - —) ( :F + e l)upF) 1 reduces to a single Clifford

product or even vanishes, e.g. if w = % or F - ¢ =0 1is satisfied, the sections

C(¢) := Re(¢, Dy) € T(L™7)

2v5D¢ — wplFp. o

and
Q) := [$I*|Dy[* — trRe(Dy, vih)* € T(L*7?)
are W-parallel.

Proof. In (12) there are only single Clifford products left. Then (3) yields
VO(Y) = Re(V*Y, DY) + Re(, V°DY) = Re(~—vD, D) = 0
and

VQ(¥)

Il

2Re(V54, Y) Re(Dy, DY) + 2Re(1, ¥) Re(VSDy, D)
—2tr® Re(V5Dy, vip) Re(Dy, vip) + %t’rwRe(’Dd), vvDY) Re(D, vih)
= 0. Od

2.2.1 The zeros of a twistor spinor field. In this section we show that the zeros of
a twistor spinor field are a discrete set in M™. Let M™ be connected. We define
E" = S* @ S¥~! and regard the covariant derivative VZ*, which is characterized by

w Vs’w ll/
VE =( Kv Vy,w—l) ,

where K¥(X) = V3*7'D : [(S¥) — I(S¥1).
Theorem 2.7. For all twistor spinor fields ¢ € T'(S¥)

v”(&):o

holds. Conversely, any VE* -parallel section ¢ € T'(EY) yields:
Y, any "

Twd=0 and 3 =Dg¢.
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Since parallel sections on vector bundles over connected manifolds are uniquely
determined by their value in a single point, we obtain:

Corollary 2.8. The dimension of the space of all twistor spinor fields of connected
CSpin manifold is less than or equal to 253141, Furthermore, a twistor spinor field v
on a connected CSpin manifold for that (m) = 0 and DyY(m) =0 in a point m € M™
is trivial.

Theorem 2.9. The set Ny := {¢p € T'(S¥) : ¥(m) =0 and Two = 0} of a twistor
spinor field 0 # ¢ € I'(S™) is discrete in M™.

Proof. (12) yields V5D(m) =.0 and for g € c:
0 = 2Re(Vy,9)(m) = V|$|*(m) = V*|y[*(m),

since VI¥ = V9I¥ + wh @ I¥. |[|? is a density, i.e a section of £2¥. Therefore, we get
for vector fields X,Y on M™:

Vx Vy|y[*(m) = V& Vy [ (m) + 2w0(X) Vy [ (m) = V4 V4 [ (m) .
If we choose X and Y to be W-parallel in m, we finally obtain by applying (3)

Vv [(m) = 29 (Y, 9)(m) = ~ 2V x(Y - D, 9)(m)

2 2
= (Y- D¢, X -Dy)(m) = —c(X,Y)[Dy[*(m).
The combination of the latter two equations yields that Hess,(|%|?) is not degenerated
if Dy(m) is not trivial. Therefore, m is an isolated point of N(¢). Otherwise, it follows

from the last corollary that ¢ must be trivial. O
2.3 The Killing equation. In this section, M™ shall be connected.

Definition 2.10 (Killing spinor fields). A spinor field ¥ € T'(S¥) is called a Killing
spinor field if it satisfies the following differential equation:

V% =pvp, BeT(CRLT),
where (3 is the Killing density of .

A non-trivial Killing spinor field vanishes nowhere on a connected manifold, since
it is parallel with respect to the covariant derivative V5 — Bv. It is obvious, that any
Killing spinor field satisfies the twistor equation and can be taken as an eigenspinor of
the Dirac operator with the eigen density —nf. We now investigate the integrability
conditions for the existence of non-trivial Killing spinor fields.

Theorem 2.11. Let ¢ € T'(S¥) be a Killing spinor field.
1. B pureley imaginary, w # %52: (F - ¢,%) =0.
2. B real: R=4n(n — 1)52.
(a) w # 0: W is ezact and Einstein- Weyl
(b) w=0:
(i) B#0, n>4: W is ezact and Einstein- Weyl
(i) B=0,n>2, (4#n or M compact): W is closed and Einstein Weyl
(ii) =0, n =4, M non-compact: W is Einstein-Weyl and F is harmonic.
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Remark. For the latter case (n = 4 and M™ non-compact) Moroianu gave-in [8] an
example of a CSpin manifold together with a non-closed Weyl structure that carries
non-trivial parallel spinor fields.

Proof.
1. B is purely imaginary: We have
-2
Rw+2(%—+w)F-¢:4(n—l)nﬁ2¢—4(n-—1)V,B-¢, (13)
which itself follows from (11):
n (n—2+2w)n 2 s 2 12
F- - —nVj- .

Tt ) F Y =D = VO (By) = iV -y + iy

The imaginary part of the product of (13) with v is as follows:

("

i.e., we have shown the assertion.
2. § is real: By multiplying (13) with ¢ we see that R = 4n(n — 1)5? holds.

w # 0: We obtain Vx(v,9) = (Vx¥,9) + (¥, Vx¥) = 8(X - ¢,9) — (X
¥,%) = 0, by assumption. Hence, W is exact. This means, that there is a
metric g of the conformal class ¢, for that W is the Levi-Civita connection and
W admits a Killingspinor. Therefore, (M",g) is Einstein, hence (M™,c, W) is
Einstein-Weyl.

w = 0: By using the definition of Killing spinor fields we obtain: RSy =
ALV B + 26%(v*! + c)t, where X, Y |vp =Y - X - 4. This yields:

PR = —nVA Y — VB - v — 202 (n — 1)vy.
Together with (7) we obtain:

=) (Fp9) =0,

WPRicY =2nVB @Y + 2V - v + 4% (n — Vv — p?Frp — %I/F .
(14)

By (13) and the assumption R = 4n(n — 1)3? holds and thus we obtain again
from (13):

_ -1
Fep=-=mg VB9 (15)
Inserting (15) into (14) yields:
WRid = :mVB@ Y +2VB- v+ s — weFy + B gy,

(16)

The operator V3 - v consists of double Clifford products and scalar parts. We
now rearrange (16) accordingly.

1R =2 ( ) VBRY+ (1 - ——2) URAPYV A + —-—m/) J2FY.
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If we multiply this equation by 1, we see that V3 must vanish for n # 3 since
all the other terms are purely imaginary. Therfore, W is exact and as before, W
is Einstein-Weyl.

3. The equations (6) and (7) together with the assumption yield

[2Ric) = —p?Fop — %I/F .

Then (13), R = 0 and the assumption impose F -1 to vanish. Since 3 vanishes
nowhere however, Ri¢ = —F. Therefore, the symmetric part of Ric' reduces to
its trace (which is 0), i.e., W is Einstein-Weyl. Hence, Theorem 3.6 in [9] is
applicable, which yields all remaining assertions.

2.4 Two dimensional examples.

1. Killing spinor fields of weight 3.
We can find imaginary Killing spinor.fields 1 of weight % on (R?, [g], z1dz?). Because
of Theorem 1.2 they have to be a solution of

1 1
XW)=5X-0-9+8X b=X (500+5,) -,

where X € R? and T'(C ® L') 5 B = f4l, hold true. (8, ...,0,) are said to be the
standard basis in R2. If one uses the following representation of the Clifford algebra

i 0 0 i
3‘*‘*(0 —i)’ 32'_’(2‘ 0)’

(B 5Ty, =
x:(f, 1 )m=o

2
We find a non-trivial kernel of the matrix for all X if and only if g, = :}:%zl, An

one obtains

element of this kernel must be of the form 1y = ( @ ) with a € C. We obtain, just

TFa
as stated in Theorem 2.11:

rsr=a (3 ) (2) () ==(2) (2)-

2. Parallel spinor fields of weight 0.
On (R?, [g], z1dz?) we have to solve:

X(y) = %X.9.¢+%0(X)¢= %Xlzlal'a?"‘/)

for 1 € T'(S°), where X = Y2, X;6;.
We use the following representation of the Clifford algebra

0 2 0 -1

Therfore
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and so we are given
; .
X@h = zXmy*, X)) =z Ximy,

where ¥+ and ¥~ correspond to the splitting Ay = AT @ A;. It is, however, not
difficult to determine the solution of this system.

¢+()_GXP<411)¢(): "p_()'—exl)( )1/)0,
where ¢ € C.
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