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COVERING DIMENSIONS AND PARTITIONS OF UNITY
J. HEJCMAN
Praha

Various covering dimensions are studied in topology. They are
defined by means of the order of covers. In this note, another charac-
terization of covering dimensions is given. Their values can be deriveg
from a certain quantitative characteristic of partitions of unity,
which is closely related to the Lebesgue number of uniform covers.

A partition of upity on a set X is a family {fa} of non-nega-
tive real-valued functions on X such that :%:fa(X) =1 for each Xx .
Given such a partition of unity, put

l{fa} = inf {sup fa(x)} .
: xe X a

We say that the partition is subordinated to a cover g,, if the family
{coz £,} refines ( ; recall that coz f = {x e X|f(x) # 0} . Partit-
ions of unity with finite index sets are said to be finite. If X is
a topological space and (fa} is a partition of unity on X , then
all functions fa are supposed to be continuous. Let X be a uniform
space. A partition {fa} of unity on X is said to be uniform if all
f, eare uniformly continuous; it is said to be equiuniform if {fa} is
a uniformly equicontinuous femily of functions.

Let us start with the uniform covering dimensions (for the defi-
nitions see e.g. [3]).

Theorem 1. ILet X be a uniform space, () a basis for uniform
covers of X . For any uniform cover g, of X and a cardinal number
y >card Q. , put c(4) = sup X{fa} where the supremum is taken over
all equiuniform partitions {fa} of unity on X which are subordi-
nated to ¢, and c'(Q) = sup l{fa} where the supremum is taken only
over those partitions for which the cardinality of their index set is
less than j . Then c’(¢) = c(}) for each § and

inf ¢(Q) = —t—mn .
geQ Adx +1

Remark. The formula above is to be understood with the usual
conventions, like 1/w = 0 etc. If X 1is void one has to be care-
ful giving sense the used symbols.

The proof of Theorem 1 will be omitted here. It is, in fact,
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identical with the proof of Theorem 1 in [2]. We present here only a
sequence of lemmas, without proofs, which correspond to the main steps
of the proof. Notice that the order of a collection C of sets is
understood as the smallest number, denoted by ord C , such that the
intersection of more than ord C members of C 1is void.

Llemma 1. Let {Ua} be a uniform cover of a uniform space X ,
ord {Ua} finite. Then there exists an equiuniform partition {fa) of
unity on X such that coz fa 4 Ua for each a .

Lemma 2. Let {f,} be a partition of unity, ord {coz fa} £m .
Then A{f,} % 1/m .

Lemma 3. Let {fa} be an equiuniform partition of unity on a
uniform space X and let A{fa} > 1/m . Then there exists a uniform
cover {Va} of X such that V < coz fa for each a and
ord {Va} <m .

Lemma 4. Let g be a uniform cover of a uniform space X .
Let m (finite or infinite) be the minimum of the orders of all uni-
form covers of X which refine g, . Then (the notation from Theorem 1)

c'(g,) = c(g,) =1/m .

To prove Lemma 4, it suffices to show that
1/m £ c¢(Q) $c(@)$1/m.
The second inequality is obvious. The first one follows from Lemmas 1
and 2, the third one follows from Lemma 3. Lemma 4 and the definition
of the dimension immediately imply Theorem 1. The following theorem
follows from Lemma 4 applied to finite covers only.

Theorem 2. Let X be a uniform space. Let ﬂo be the collect-

ion of all finite uniform covers of X . For Q in () let c(@),
¢,(Q) be the supremum of A{fa} over all equiuniform, finite uniform,
respectively, partitions {fa} of unity on X , which are subordinated

to 9, . Then

Cinf e(Q) = inf ¢ (Q) = —=
gercg geno%g) §a X +1

Now, let us characterize the topological covering dimension.

Theorem 3. Let X be a normal topological space. Let {1 be
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the collection of all locally finite open covers of X and ﬂo the
collection of all finite open covers of X . For 9 in () 1let c(Q) ,
co(g,) be the supremum of l{fa} over all, all finite, respectively,
partitions {fa} of unity on X which are subordinated to G . Then

£ (@)= inf c(Q) = inf ¢ (Q) = ——te .
glénﬂcg’ gleﬂcg g,eﬂc 9 dim X + 1

Theorem 3 can be proved directly in a similar way es Theorem 1
(see also [2]). However, it follows from Theorems 1 and 2 applied to X
endowed with the fine uniformity. We need only to know that any partit-
ion of unity is equiuniform. This is implied by the following lemma.

Lemma 5. Let {fa} be a family of continuous non-negative real-
valued functions on a fine uniform space X such that g defined by
g(x) = Za:fa(x) is a continuous function on X . Then {f,} is uni-
formly equicontinuous.

Proof. It suffices to prove that ¢ defined by
\P(x,y) = %Ifa(x) - fa(y)l

is a continuous pseudometric. Since ¢(x,y) g %fa(x) + %fa(y) =

= g(x) + g(y) , the value of @ 1is always finite. The other properties
of pseudometric being clear, it remains to prove the continuity of ¢ .

Let y ¢X, ¢ >0 . Choose a finite K with g(y) - =>_ £,(¥) < €.
ae K
As g and fa are continuous there is a neighbourhood U of y such

that, for x ¢ U , g(x)-Zf(x)<a and fo (x) - £, (N < €.

ek
Hence ¢(x,y) £ =>_I|f, (x) - f A+ S (£ (x) +£(y) < Je .
asg kK a¢kK

A similar characterization of the covering dimension of non-nor-
mal spaces is also possible. However, let us consider, instead, another
general concept of covering dimension including various special cases
which was introduced and extensively studied by M. G. Charalambous.

Let 9 denote a uniformly closed ring of bounded real-valued
functions on a set X containing all constant functions. One may sup-
pose that X is a space and the functions are continuous but it is not
essential here. The subsets of the form coz £ for f in T are
called ¥ -open, their complements sre called F-closed. Finite inter-
sections and countable unions of % -open sets are also F-open, etc.
(see [1] for details). A cover consisting of ¥ -open sets is said to be
¥ -open. Further, %-dim X £ n means each finite ¥ -open cover can be
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refined by a finite ¥ -open cover with the order at most n + 1 .

Of course, %-dim X is the least n with this property, etc. This
dimension can be also characterized by means of partitions of unity.
We shall prove two lemmas which enable to get the desired result as
a consequence of Theorem 1. Let X , ¥ keep their meaning and let I
stand for the unit interval of the reals. A function f : X > 1 {is
called an F-function if f'lt(}] is F-open for each open subset G
of I . A partition of unity on X consisting of F-functions will
be called an F -partition of unity.

Lemma_6. The collection of all finite F-open covers of X is
a base of a uniformity on X .

Proof. If Q , # are finite F-open covers of X then the
collection of all G~ H where Ge¢Q , He ® , is a finite F-open
cover, too. Let ( be a finite F-open cover and let us search for
a star-refinement of § . Let Q= {G; |1 e M} where M 1is a finite
non-void set. Notice that 7 is also a lattice. Therefore we msy
suppose Gi ={x € X| gi(x) > 0} where g ¢ ¥ 1is non-negative. Put

BK={xexlie K,,je)l\l(-#gi(x)>gj(x)} for ;ZJ#K;M,
Hy={x¢ X1l g(x) >0 for esch 1 ¢ M}.

Each HK is F-open, as it is the intersection of finitely many sets
of the form {x ¢ X|1g(x) > 0} for g in ¥F . We assert that the
collection {HKI @ +KcM} is the desired star-refining cover. If
x¢ X and L={ie M|g(x) >0}, then L+ and x ¢ H ; thus
it is a cover. For x ¢ X , choose h ¢ M such that gh(x) 2 gi(x)
for any i1 € M . Then erK implies h ¢ K , hence H.KCGh,so
that the star of x is a subset of Gh B

Lemma 7. Let X be endowed with the uniformity described in
Lemma 6. Then f : X -1 1is uniformly continuous if and only if f
is an F-function.

Proof. If f 1is an F-function and X is a uniform cover of I
then X can be refined by a finite open cover and the inverse images
under f form a finite ¥ -open cover of X , hence f is uniformly
continuous. Let f be uniformly continuous and let G ¢ I be open.

o]
Choose V, open in I such that qvn =I~G . Then, for each n ,
n=
{G, V,} 1s an open cover of I ;j therefore {f"lEGII, f'lfvn]} is a
uniform cover of X . It can be refined by a finite ¥ -open cover. We
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may suppose this cover is {H , W,} where Hj ¢ £1ta3 )y Wy < r’lcvnn .
®
Now, 7161 = \JHy, , hence £71(61 is F-open.
n=

Lemmas 6 and 7 and Theorem 1 or 2 imply the following theorem.

Theorem 4. Let F be a uniformly closed ring of bounded real-
valued functions on a set X containing all constant functions. Let
(), be the collection of all finite F-open covers of X . For Q in
0, 1let c,(Q) be the supremum of A{f,} over all finite F-partit-
ions {fa} of unity on X which ere subordinated to Q . Then

inf ¢ (Q) = 1
geq2, ¥ Fmral
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