Acta Universitatis Palackianae Olomucensis. Facultas Rerum
Naturalium. Mathematica

Wiestaw Kotarski

Optimal control of a system governed by Petrowsky type equation with an infinite
number of variables

Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica, Vol. 35 (1996), No.
1, 73--82

Persistent URL: http://dml.cz/dmlcz/120355

Terms of use:

© Palacky University Olomouc, Faculty of Science, 1996

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/120355
http://project.dml.cz

Acta Univ. Palacki. Olomuc., Fac. rer. nat.,
Mathematica 35 (1996) 73-82

Optimal Control of a System Governed
by Petrowsky Type Equation with an
Infinite Number of Variables

Wiestaw KOTARSKI

Institute of Mathematics, Silesian University,
Bankowa 14, 40-007 Katowice, Poland
e-mail: Kotarski@gate.math.us.edu.pl

(Received November 27, 1995)

Abstract

We derive necessary and sufficient conditions of optimality for a sys-
Porrs Ao d b v nndiidlon anviadioan A Dotnawerclry b a oot o :-.C“:t»
LI QTSLIvCG DYy afi CVOiLLIGI CGUalion O1 reSirOWSKY vyPE€ Wit all ifuiiiiie
number of variables. The time of control is assumed to be fixed. Con-
straints on controls and states are imposed. The performance index is
more general than quadratic one and has an integral form. To obtain op-

timality conditions we use the well-known Dubovitskii-Milyutin method.

Key words: Petrowsky type equation, infinite number of variables,
optimal control, Dubovitskii-Milyutin method.
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1 Introduction

In [4], [5], [6] optimal control problems for systems described by operators with
an infinite number of variables have been considered. That operators are similar
to the stationary Schrédinger operator. The interests in the study of that class
of operators is stimulated by problems in quantum field theory [2], [4]. In [4],
[5], [6] to obtain optimality conditions arguments of [12] have been applied.

In our paper making use of the Dubovitskii-Milyutin method [3], [7], [13]
similarly as in [9], [10] we derive necessary and sufficient conditions of optimality
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for a system described by Petrowsky type equation with an infinite number
of variables. That problem with quadratic performance index and contraints
imposed only on controls has been earlier considered by Gali and El-Saify in [6].

2 Some functional spaces ([4], [5], [6], [9])

Let (Pe(t))52, be a fixed sequence of weights such that 0 < Py (t) € C*®(R!),
S Pe(t)dt = 1. With respect to this sequence on R® = R! x R! x ... with the
boundary I' (I' is meant as the boundary of the support of the measure do(z)
defined below) it can be introduced the measure dg(z) in the following way

do(z) = (Pi(z1)dz:) ® (Pa(z2)dz2) @ ..., (R™ 3z = (z4)f2,, zx € R').

The examples of the construction of the measure dp(z) are given in [1]. On R*®
one can construct the space Ly(R*®) := L3(R*,dg(x)) with the norm

/2 .
[ullL,(reey = ( / IUIZdQ(r)) < +oo.
R°°

The space Lo(R™) is a Hilbert one with the scalar product

(4, V) Ly(R) = /u(a:)v(:c)dg(z:).

Roo

For functions which are | = 1,2,. tlmes contlnuosly differentiable up to the
boundary I' of R* and which vamsh on T'it can be introduced the scalar product

(w,0)gi(rey = Y (D%u, De V) Lo(R>)
la]<I !

where D is defined by

. olel
D* = ey ey lof = Z“’

Understanding the differentation in the distributional sense, after the standard
procedure of completion one can obtain Sobolev spaces H'(R®) (I =1,2,...).
The space H°(R™) is equivalent to La(R*).

To the spaces H'(R®) (I =1,2,...) one can construct their duals H~'(R*).
The duality between the spaces H / (R°°) and H~/(R®) is mduced by the sca.lar
product of the space La(R*). )

Next one can define the following space

HY)(R®) :={u:u€ H(R®), D°u=0 onT, [of<I=1,1>1}" -

and its dual Hg'(R®).
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For spaces mentioned above we have the following chains

H'(R®) C Ly(R®)=H°(R®) C H™'(R™)
H{(R®) C Ly(R™) C Hy'(R™)
and
lull ez (reey 2 Nullza(reer 2 [ull gt (rooy-

L3(0,T; H:(R>)) denotes the space of measurable functions (0, 7') — H}(R*) :
t — f(t), where T' < 400, such that '

T 1/2
WAL (o,; (o) = (/Hf(ﬂ”?{;(nm)dt) < +oo.
0

The space L2(0,T; H{(R*)) is a Hilbert one with the scalar product

T

(£,9) L2007, B (Re)) = /(f(t),g(t))nf,(nw)dt-

0
Analogously it can be defined the spaces
L5(0,T; La(R™®))  and  La(0, 7 Hy' (1))
For them we have the chain

Ly (0, T; HY(R®)) C La(0,T; La(R*®)) C La(0, T; Hy'(R*)).

3 Petrowsky type equation with an infinite
number of variables

For the operator A(t) in the form [6]

09 = 3 YDt T (VAo 18(0) + (20000

|al<l k=1

where gq(z,t) for all t € (0,T) is a real-valued function in z that is bounded and
measurable on R*, such that ¢(z,t) > ¢ > 0, ¢ a constant, the bilinear form
m(t; ®, ¥) := (A(t)®, ¥) 1, (r) is coercive on H§(R®).

The operator A(t) is a bounded self-adjoint elliptic operator of 21th order
with an infinite number of variables mapping H}(R®) onto Hy'(R®).
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Now let us consider the following evolution equation of Petrowsky type

62

Ay + = 57 = f r€R®, te(0,T) (3.1)
y(z,0) = y1(z) z € R® (3.2)
%tq(z, 0) = ya(z) z € R® (3.3)
y(z,t) =0 z€T, te(0,T) (3.4)

where f € L2(0,T; Hy'(R®)), y1 € H5(R®), y2 € Ly(R™).
Denote by @ = R*® x (0,T) and Ly(Q) := L2(0,T; L2(R*)). From [6] and

the results of [12] we know that there is a unique solution
oy o0
v, 2L) € La(0,T; HY(R™)) x Lo(Q)

to the equations (3.1)—(3.4) and the mapping (f, y1,y2) — (y, %‘ti) :
Ly(0,T; HyY(R*®)) x H§(R™®) x Ly(R™)) = La(0,T; Hi(R®)) x L2(Q)

is (norm,norm)-continuous. Moreover, the operator A(t) + 5"’?2; [6] is a linear
bounded operator which maps L (0, T; Hy(R*®)) onto Ly (0, T; Hy'(R®)).

4 Statement of optimal control problem
Optimality conditions
We consider the following optimization problem
0%y

A(t)y+a—t2-:u z € R*, t€ (0,T) (4.1)
y(z,0) = yi(x) z € R® (4.2)
9y o0
y (:c 0) = ya(x) TER (4.3)
y(z,t) =0 z€eT, te(0,7) (4.4)

Let us denote by Y = L3(0,T; H{(R*)) x Ly(Q) the space of states and by
U = L2(Q) the space of controls.

The control time T is assumed to be fixed.

The performance functional is given by

- I(y,u) :/F(z,t,y, u)dp(z)dt — min (4.5)
Q

where F: Reo x [0, 7] x R! x R! > R! satisfies the following conditions:
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Al) F(z,t,y,u) is continuous with respect to (z,t,y, u),

A2) there exist Fy(z,t,y,u), Fu(z,t,y, u) which are continuous with respect to
(‘17) t; Y, u);

A3) F(z,t,y,u) is strictly convex with respect to the pair (y,u) i.e.

F(z,t,Ay1 + (1= A)yz, Aus + (1 - Nuz) < AF(z,t,y1,u1) + (1= A)F(z,t, y2, uz),
Yy, ¥z, u1,u2 € R, (y1,u1) # (y2,u2), A €(0,1).

We assume the following contraints on controls:
u € Uyq is a closed, convex subset of the space Ly(Q) (4.6)

and on states:

y € Uyq is a closed, convex subset of Ly(0,7; Hy(R™))

with non-empty interior. (47

Also we assume the following condition: there exists (g, ) such that y €
intYaa, @ € Uaq and (7, @) satisfies the equation (4.1)—(4.4) (the so-called Slater’s
condition).

The necessary and sufficient optimality.conditions to the problem (4.1)—(4.7)
are formulated in the following theorem:

Theorem 1 Under the assumptions mentioned above, there is a unique solution
(¥°, u®) to the problem (4.1)—(4.7). Moreover, there is the adjoint state p,

which satisfies (in the weak sense) the adjoint equation given below and the
necessary and sufficient conditions of optimality are characterized by the fol-
lowing system of partial differential equations and inequalities:

state equation

62y°

AWy’ + 5=’ c€R™ te(0,7) (4.8)
¥°(z,0) = yi () z € R™ (4.9)
0y° o

2 @ 0) = v2(z) z€R (4.10)
¥ (2,1) =0 z€T, te(0,T) (4.11)

adjoint equation '

. 8%p .

Atlp+ 57 = Fy z€R™, te(0,T) (4.12)
p(z,T)=0 z € R® (4.13)
d

gg(z,T) = z € R (4.14)

p(z,t)=0 zeTl, te(0,7) (4.15)
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mazimum conditions

/(p+ F)(u— u®)dp(z)dt >0 Vu € Ugg (4.16)
Q
[+ PR - )e)te >0 Vy € aa (4.17)
2

where Fy, F, are Fréchet derivatives of F with respect to y, u, respectively at the
point (y°,u°), F: {y € Ly(0,T; H)(R®)); A(t)y+ %;% € Lz(Q)} — U is the
operator related to the equation (4.1)—(4.4) with zero-initial conditions.

Proof We apply the generalized Dubovitskii-Milyutin theorem (Theorem 4.1
[13]).

Denoge by Q1,Q2,Q3 the sets in the space £ := Y x U with elements
2= ((y, 57),u)

( 62
A(t)y+an:u z€R®, te(0,7) W
y(z,0) =yi(z) =€ R>®
Q1 = (z€E L, 5 RERSTE ’
a—f(z,O) =ys(z) .z € R™
y(z,t) =0 xEI‘,té(O,T) )

Q2

{zEE: (y,-g—zt!)EY, uEUad}

Q3 = {Z€E§ erad,'B—g-ELz(Q), “EUT

Thus the optimization problem may be formulated in the form
I(y,u) > min subject to (y,u) EQ1NQ2NQ3

We aproximate the sets J; and @ by the regular tangent cones (RTC), the
set Q3 by the regular admissible cone (RAC) and the performance index by the
regular improvement cone (RFC) [7], [13].

The cone tangent to the set Q; at 2° has the form

RTC (Ql:zo) = {EE E; PI(ZD)E: 0} =

( 62—y‘ _ 3
A(t)y+—[ﬁ5——u z € R®, te(0,T)
Y(z,0) =yi(z) =z €R™®

{zZ€EE, ?

o0
a—?:(w,o) = yo(2) z € R®

L P(z,t) =0 zel, te(0,T) )
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where P’(z°)Z is the Fréchet differential of the operator

2
P (0 %) = (400w + ¥~ (6.0~ () 5.0 - (o))

mapping from the space V := Ly(0,T; H5(R™®)) x L2(Q) % L2(Q) into the space
Q:= Ly(0,T; Hy'(R®)) x H5(R®) x Ly(R™®).

Knowing that there exists a unique solution to the equation (4.1)-(4.4) for
every u,y; and y, it is easy to prove that P’(2°) is the mapping from the space
V onto Q, as it is needed in the Lusternik theorem (Theorem 9.1 [7]).

The tangent cone RTC(Q2, 2°) to the set @, at 2° has the form Y x RTC
(Uad, u°), where RTC (U,4, u%) is the tangent cone to the set U,4 at the point
uf,

Following [14] it is easy to show that

RTC (Q1 N Q3,2°) = RTC (Q1, 2°) N RTC (Q2, 2°).

We only need to show the inclusion “2”, because always we have “C” [11].
It can be easily checked that in the neighbourhood Vj; of the point

((72) )

the operator P satisfies the assumptions of the implicit function theorem [8].
Consequently the set @ can be represented in the neighbourhood V5 in the
form

7 a

{((y %) u) €5 (% %ﬂ\) = SO(U)} (4.18)

where ¢ : La(Q) = L2(0,T; H{(R™®)) x L3(Q) is an operator of the class C*
satisfying the condition P(¢(u),u) = 0 for u such that (¢(u),u) € Vo.
From this we have

RTC(Q,2°%) = {E € E; (g, %g) = ¢u(u°)a} : (4.19)

Let ((7, &), 7) be any element of the set RTC (Q;, 2°) N RTC(Qs, 2°).
From the definition of the tangent cone [7] we have that there exists an

2
operator 72 : R! + U such that r—“e(il —+0ase— 0% and

((yo, %i’;) ,u°> +e ((y,%g) ﬁ) +(r2,r2) € Q2 (4.20)

for a sufficiently small ¢ and with any r2(e).

From (4.18) follows that for sufficiently small ¢, we have
p(u° + £+ 12(6)) = p(u) + s (W) T+ 7 (e)

r; (e)

for some 7} (¢) such that = — 0 as ¢ — 0*.
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Taking into account (4.18) and (4.19), we get

(%)) +e((3F) 1)+ i@ e@ @

If in (4.20) we have r2(g) = ry(e), then it follows from (4.20) and (4.21) that
((ﬂ, %?) ,H) is an element of the cone tangent to the set @1 N Q> at 2°.

It finishes the proof of the inclusion “>7”.

From [11] it is known that tangent cones are closed.

Further applying Theorem 3.3 [13] we can prove that the adjoint cones
[RTCQ1, 2°)]* and [RTC (Q2, 2°)]* are of the same sense [13].

The admissible cone RAC (Q3, 2°) to the set Q3 at 2° is RAC (Yaq, %) X
Ls(Q) x U, where RAC (Ya4,°) is the admissible cone to the set Y4 at y°.

Using Theorem 7.5 [7] we find the regular improvement cone

'RFC(I,2°) = {z € E; I'(z°)z < 0}

where I'(2%)7 is the Fréchet differential of the performance functional.
By the assumptions (Al) (A2) this differential exists (compare with the
example 7.2 [7]) and can be written as

/(Fy'g]—}- Fyu)do(z)dt.
Q

If RFC(I,2%) # 0, then the adjoint cone to it consists of the elements of the
form (Theorem 10.2 [7]):

fa(Z) = =0 / (FyT + Fua)do(z)dt
A ,

where Ao > 0.
Since RTC (Q1,2°) is a subspace of E, then the functionals belonging to
[RTC(Q1,2°)]* are (Theorem 10.1 [7]):

fi()=0  Vz €RTC(Q,2°.
The functionals f2(Z) € [RTC (Q2, 2°)]* can be expressed as follows
= _ 0y -
20 =14 (1.%) + 2@

where f3 (y, %?) =0V (y,%?) € Y (Theorem 10.1 [7]), fZ(w) is the support
functional to the set U,q at the point u® (Theorem 10.5 [7]).
Similarly, the functionals f3(Z) € [RAC (Qs, 2°)]* can be expressed as follows

fs(2) = @)+ f3 (Z—'f) +f3(@)
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where f3(7) is the support functional to the set Y4 at the point y° (Theorem
10.5 (7)), 3 (§F) =0 ¥4 € L5(Q) and f3(z) =0 Va € U (Theorem 10.1 [7]).
Since all assumptions of the Dubovitskii-Milyutin theorem (Theorem 4.1

[13]) are satisfied and we know suitable cones we are now ready to write down
the Euler-Lagrange equation in the following form

2@+ 1@ = o / (B3 + Fui)de(z)dt = ) / (Fy§+ Fui)do(x)dt+
Q Q
+ %Ao / (F,7+ Fu)de(z)dt  Vz € RTC(Q1,2°). (4.22)
Q

We transform fQ Fyjdp(z)dt introducing the adjoint variable p by the equa-
tion (4.12)-(4.15) and taking into account that (y, %?) is the solution of

P'(2°)z = 0 for any fixed %.
In turn, we get

32
/Fy‘gdg(a:)dt = /(A(t)p+ bt—g) ydg(z)dtz/pA(t)'y‘dg(x)dt+
Q Q Q
b T 57 T 82_
+ [ 0 de@) - [ 2| deto)+ [ p5 T dete)at =
- jf pdg(e)dt
Q

Further [ F,udp(z)dt can be replaced by [ F,F ydo(z)dt.
a ‘

Q
Taking the above into account from (4.22), we obtain

B@+ 7@ = o [ o+ Pyude@ic+ o [ (F, + FuF)de(e)dt. (4.29)
Q Q

Ao in (4.23) cannot be equal to zero, because in this case all functionals in the
Euler-Lagrange equation would be zero, which is impossible according to the
Dubovitskii-Milyutin theorem.

Using the definition of the support functional {7] and dividing both sides of
the obtained inequalities by %)\0, we finally get (4.16), (4.17).

If RFC (!, 2%) = @, then optimality conditions (4.8)—(4.17) are fulfilled with
equalities in the maximum conditions (4.16), (4.17).

In order to prove sufficiency of the derived conditions of optimality we use the
fact that the constraints are convex, the performance functional is continuous
and convex and the Slater condition is satisfied (Theorem 15.2 [7]).

The uniqueness of the solution to the problem (4.1)-(4.7) follows from the
strict convexity of the performance functional (4.5) (assumption (A43)).

This last remark completes the proof of Theorem 4.1.
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