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Abstract

After some modification of Toyoda’s representation theorem for idem-
potent medial quasigroups we characterize the role of golden section quasi-
groups according to this theorem.

Key words: quasigroup: medial, idempotent, linear over a commu-
tative group.
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1 We deduce some modification of Toyoda’s theorem, following [1],
pp- 240-244

An element a of a groupoid (G, e) is said to be idempotent if aea=a.

A groupoid (G, e) is said to be idempotent if all elements of it are idempotent.
It is called medial if it satisfies the identity abe cd = ac e bd.

A groupoid (G, e) is called linear over a commutative group (G, +), with the
dilatation @ if there is an automorfism ¢ # idg of (G,+) such that it holds
rey=y+p(z—y) forallz,yeG.

If (Q,e) is a quasigroup and e some element of it, then we define the map
Q — @,  — °x such that the image °z is the solution e\(z e ¢) of the equation
ce‘r==zxeec.t

1\ and / are accompanying operations of ¢, l.e. z0y =z <= y==z\z < z = z/y

for all elements z, v, z of a quasigroup (Q,e).
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Lemma 1 Every medial quasigroup (Q, ®) satisfies the “cross rule”

bby
bba

aja

= ajby = agby.
asa 192 2V1

Proof We have
arbyeab = ajaebsh = bbyebsb = bbyeb b = asaebib = ayb; eab.
by mediality by substitution by mediality by substitution by mediality
aya = bby bby = aga

Thus a1b, @ ab = ayby e ab and by cancellation from right we obtain a;1by = asb;.

Lemma 2 Every medial quasigroup (Q,e) satisfies the “pseudocommutativity
rule” a e °b = b e ®a where e is an arbitrary idempotent element of Q and a,b
are arbitrary elements of Q.

Proof By cross rule applied to ae = e “a, be = e °b.

Lemma 3 Let (Q,e) be a medial quasigroup with an idempotent element e.
The binary operation o, defined by (ze) o, (ey) = zy for all x,y € Q leads to a
commutative group (Q,o.) with neutral element e.

Proof We see that (Q,o.) is a principal loop isotop of (@, ) and that e is its
neutral element. For all a,b € Q we have

ao.b={(a/e)o(b/e) = (b/e)e(aje) =bo.a

(asa=(a/e)ee=ceo(aje), b= (b/e)eec =ce’(b/e)). Similarly we obtain for
all a,b,c€ Q

(afc) o *(b/e) = dre = c“dy = (b/ec) » *(a/e),
(b/e)“(¢/e) = dae = e*dy = (b/e) “(c/e)
so that dy °(c/e) = dy*(a/e) = (a/e) °ds and finally
(a 00 b) op ¢ = ((afe)(b/e)) oc ¢ = dr(c/e),
aoc (boe ) = ao, ((b/e) *(c/e)) = (a/e)*ds.
Thus from d; ¢(c/e) = (a/e) *ds we get
(a0sb)o,c=aoe(bogc).

Lemma 4 Let (Q,e) be a medial quasigroup with an idempotent element e.
The “mized mediality rule” holds

(ab) o (cd) = (aoc c)(bo, d) for alla,b,c,d € Q.
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Proof After a routine arrangement the expression (ab) o, (c¢d) goes over onto
(*acb)(°(°c)*(°d)) and (a o, ¢)(b o d) onto (¢a®(°c))(°b°(°d)). Thus using the
mediality we obtain the requisted equality.

Lemma 5 Let (), o) be a medial quasigroup with an idempotent element e.
Then the translations R, : ¢ — z ®e, L, : x — e oy are commuling automor-

phisms of the group (Q,o.).
Proof According to mixed mediality rule we have
re o, ye = (z o, y) e, ex o, ey = e(x o, y) for all z,y € Q
so that R. and L, result as automorphisms of (@, o.). Furthermore
R.Lc(z) = ez oe, L.R(z)=eceze foralze@
and, by mediality, ex e ee = ee @ ze and consenquently ex e ¢ = ¢ o ze.

Theorem la If a quasigroup (Q,e) is a medial and contains an idempotent
element e then there is a commutative group (Q,o) which admits commuting
automorphisms o and T such that

zey=o(z)eT(y) forallz,y € Q.

Proof Let (Q, ) be a medial quasigroup with an idempotent element e. Then
by Lemmas 3-5 for ¢ = R., 7 = L., o = o, we get the commutative group
(@, o) having all the properties requested.

Theorem 1b Let a groupoid (Q,e) arise from a commutative group (Q,o),
which admits commuting automorphisms o and T by the rule

zeoy=o(r)oT(y) forallz,y € Q.

Then (Q,e) is a medial quasigroup with an idempotent element e such that
c=R, and 7= L,.

Proof Let there exist a commutative group (Q,o) with commuting automor-
phisms o, 7 satisfying zy = o(z)o7(y) for all z, y € Q. Then the groupoid (Q, »)
is an isotop of (@, o) and as such it is a quasigroup. On the other side (Q, o)
is a principal loop isotop of (@, e) so that ¢ = R, and 7 = L, for convenient
elements u,v € Q. Since o, 7 are automorphisms of (@, o), the neutral element
e of (Q,0) satisfies equalities eu = ve = e, ee = euove = e o e = e. Herefrom
we obtain u = v = e. Thus for all a,b,¢,d € Q we have

abecd = (aeoeb)(ceoed) =
= ((aeoceb)e)o(e(ceced)) = (acoee)o(cboec)o(eoce)o(eeed).
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Similarly we can deduce that
acebd = (acee)o(ecee)o(eobe)o(ceed).
Since R, and L. commute, we obtain ¢ @ ze = ex ® ¢ and consequently
(aeoe)o(ebee)o(eoce)o(coed) = (acoe)o(ecec)o(cebe)o(eeed).
Thus (Q, ¢) must be medial.

Theorem 2a If (Q,e) is a non-irivial idempotent medial quasigroup then for
each e € Q there is a commutative group (Q,+.) (zy = ze+cey for allz,y € Q)
such that R., L. are commuting automorphisms of (Q,+.) and z +.ex = z for
all z € Q. Further, (Q,e) is linear over (Q,+.) with dilatation L.. Various
choices of the element e lead to mutually isomorphic groups (Q,+.).

Proof Follows from Theorem la. If (@, e) is a non-trivial idempotent medial
quasigroup then z = zz = ze 4+, ez and

TY=Le+o ey =Te+ceT —cex +eoey =T +e Le(y—e )

for all z,y € Q. As L. # idg,? (Q, ) is linear over (Q, +.) with dilatation L.
By Lemma 5, R, and L. are commuting automorphisms of (@, +.). The groups
for various e € @ are isotopic as isotops of the same quasigroup (Q,e), and
isotopic groups are necessarily isomorphic as it is well known from the elements
of the quasigroup theory.

Theorem 2b Let (Q, ) be a groupoid linear over a commutative group (@, +)
with a dilatation ¢. Then (Q,e) is a non-trivial idempotent medial quasigroup
and ¢ = L, for some element e € Q. R

Proof The map 3 = idg —¢ is an automorphism of (@, +) too, as
b+y)=z+y—plz+y)=z—pe)+y-e(y) =y()+ YY)
for all z,y € Q. Moreover, '
 Yple) = p(z) — p(e(z),  eu(e) =l - p(z)) = p(z) — $(z)

so that ¢ and 1 are commuting. All which remains is already the consequence
of Theorem 1b (o =9, 7 = ). ;

2 From Le = idg it would follow that ez = zz and consequently e = « for all z € Q so
that (Q, e) would be trivial.
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2 We are prepared to find some specialization of Theorems 2a-b

Let (@, ) be a quasigroup. We shall investigate an identity of the form

[z, f(z,y,2),2) =y

namely the identity a(abe c) @ c = b so that f(z,y,z) = xy e z called the first
golden section identity. It is equivalent with the identity a e (a e bc)e = b,
the second golden section identity (cf. [3], p. 307). The golden section identity
implies the mediality. Mediality and idempotency imply autodistributivities
(zoeyz=wzyerz, zyez==xzzeyz) and elasticity (r e yz = zy o z).

A quasigroup satisfying golden section identities and idempotency is called
golden section quasigroup (according to V. Volenec, [3], p. 307).

Example 1la Let (C, +,e) be the ficld of all complex numbers and g a binary
operation on C such that e o b= a+ q(b — a) for all a,b € C, where

1
q:i(ld:\/g), ?=q+1

Thus
a0Ob—a aob—1b b—a
e — 0 - bil=lig o= ooy

Then (C,q) can be shown to be a golden section quasigroup. This example was
a first inspiration for golden section quasigroups.

Example 2 Let (F,+,e) be a field, ¢ an element of F' satisfying the equation
¢ = ¢*> -1 and O a binary operation on F such that a 0 b= a+ q(b— a) for all
a,b € F. Hence z — gz is a non-identical additive automorphism of (F,+) and
(F,0) is linear over (F,+) with dilatation /' — F| z + qz. It can be shown
that (F,0) is a golden section quasigroup.

Theorem 3a Every quasigroup (Q,e) linear over a commutative group (Q,+)
with a dilatation ¢ = ¢? —idg is a golden section quasigroup. (Cf. also [3], pp.
307-308.)

Proof By definition of the binary operation e, we have
zy = (idg —¢)(x) + o(y) for all z,y € Q,

so that (@, +) is a principal isotop of (@, ). For all a,b € Q we obtain succes-
sively

ab=a+ (b - a),
abec=(a+p(b—a))+e(c—a—pb-a))=
=a+p(b+c—2a)— p*(b—a) = 2a— b+ p(c—a),
a(abec)ec=2a—(2a—b+ o(c—a))+ p(c—a) =b.
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Theorem 3b Every golden section quasigroup (Q,e) is linear over a commu-
tative group (Q,+) with a dilatation ¢ = ¢* —idq. (Cf. also [3], Theorem 19
on p. 817.)

Proof As (Q,e) is idempotent and medial we can use Theorem 2a and ex-
press (@, ) as a linear quasigroup over a commutative group (@, +) with some
dilatation ¢ : ab = a + ¢(b — a) for all a,b € ). We obtain succesively

abec=(a+p(b—a))+¢(c—(a+pb—a)=a+eb+c—2a)—p*(b-a),
a(abec)ec=

= atp(atip(b+o—20)—p* (b-a) +e—a)—p (a+p(b+o—20) ¢ (b-a)—a) =

=a+p(c—a)+ @ (b+c—2a) — p*(2b + ¢ — 3a) + p* (b — a),
a+¢(c—a)+b+c—2a)— @320+ c—3a) + (b —a) = b,
—(b—a)+ p(c—a)+ p*((b—a) + (c— @) — g (2(b—a) + (c—a) +$*(b—a) = 0.
Ifweputb—a=2z,c—a=y we get

—z + oY) + ¢’ (x +y) — > (22 +y) + 9" (2) = 0

For z = 0 it follows that

o(y) + ©*(y) — ¢*(y) = 0.

Thus the substitution ¢(y) = z gives
24 9(2) —9%(2) =0, ie  (z) = p(z) —idg(2).

Since ¢ is a bijection, the preceding equality holds for every z € @ and we get
p = (,02 - idQ.

V. Volenec obtained Theorem 3b without use of Toyoda’s theorem as a final
conclusion of his reasoning in the adjacent parallelogram space. But herein they
occur some difficulties namely with the construction of the basic commutative
group.

Now we utilize Theorems 3a-b and express the condition ¢ = ¢? —idg in
form of some identities over the quasigroup under consideration.

Theorem 4 Let (Q, o) be a non-trivial idempotent medial quasigroup. Il is a
golden section quasigroup if and only if it satisfies the identity yeyz = (z/y) oy
or the identity y e yr = z o ((y\z)(z/y)). '

Proof Using Theorem 2b (@), e) can be expressed as a linear quasigroup over a
commutative group (@, +.) with the dilatation ¢ = L, for some e € Q. (Q, o) is
then a golden section quasigroup if and only if ¢ = ¢? —, idg (Theorem 3a-b).
Recall that zy = = +. ¢(y —c z) for all z,y € Q. Thus ¢? = idg +. ¢ may be
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written as ¢ e ex = x +. ex and this is equal to (z/e) e e +. ex = (x/e) @  or,
respectively, to

zt+ceo(z+ez—cz)=x0(z+.z) =0 ((e\x)(x/6)).

This reasoning can be conversed. The element e € @ can be taken arbitrarily (as
(Q, o) is idempotent) so that we have obtained the identity yeyz = (z/y) ez or,
respectively the identity y e yz = z o ((y\z)(z/y)) as a necessary and sufficient
condition for (@, e) to be a golden section quasigroup.

Our final remark concerns finite nearfields. If (F,+,e) is a finite nearfield
and ¢ its element such that ¢ : FF — F, £ — qa is non-identifical additive
automorphism then we shall speak of a standard dilatation ¢ with slope q. Every
groupoid (F, o) linear over the additive group of a finite nearfield (F,+, o), with
a standard dilatation, is 2-homogeneous, i.e., the full automorphism group of
(F, o) operates strongly doubly transitively on F. Conversely, every finite 2-
homogeneous quasigroup (@, o) is linear over the additive group of some finite
nearfield (Q,+,e) with a standard dilatation. (For proofs, cf. [2], pp. 1093-
1098.) It can be proved that every quasigroup linear over the additive group
of some finite nearfield with a standard dilatation is medial if and only if this
nearfield is associative (i.e., a field). Thus a golden section quasigroup is linear
over the additive group of a finite field, with standard dilatation, if and only if
it is 2-homogeneus.

In GF(2), 1 = ¢ = ¢> = ¢+ 1 implies ¢ = 0 and similarly, in GF(3),
1 =¢%=q+ 1 implies ¢ = 0. On the other side, in GF(4),

l=¢=¢*eqg=(q+1)g=¢*+q=q+14+q < q¢+q¢=0.

Thus no slope ¢ exists for a standard dilatation over GF(2), GF(3) and GF(4).
On the other side, in GF(5)

l=¢*=¢*eq=(¢"eq)eq=(q+1)geq=
=(?+q)q=(q+qg+1)eg=q+1+qg+1+g=(g+qg+qg)+1+1

E.g. ¢ = 1 + 1+ 1 satisfies the equation ¢ + ¢+ ¢+ 1 = 0 and is a slope for a
standard dilatation over GF(5).
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