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LINEAR FORMS ON FREE MODULES
OVER CERTAIN LOCAL RING

MAREK JUKL

(Received December 12, 1992)

Abstract
A real linear algebra A having a R-basis < 1,7,...,7™~? > with

n™ = 0 will be called the plural algebra. The linear forms on a
free finite-dimensional module M — especially their kernel — are
investigated.
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MS Classification: 13C99

The problem solved in the article may be formulated as follows: It is known
that the kernel of linear form on a vector space is a n — 1-dimensional subspace.
Can this be suitably generalizated in the case the real vector space be replaced
by a free finite-dimensional module over a certain local ring?

In the article, it will be shown that an analogic relation between linear forms
on this module and its (certain) hyperplanes can be found.

1 Real plural algebra of finite order.

Definition 1.1 Real plural algebra of order m is every linear algebra A on R
having as a vector space over R a basis {1,7,7%,..., 7™~ !}, where n™ = 0.

Definition 1.2 By a system of projections A—1R it is meant a system of map-
pings pr : A onto R, defined for k = 0,...,m — 1, as follows:

m—1

VBEA, 8= b’ pu(B) Y b

=0
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Proposition 1.3 An element € €A is a unit if and only if po(¢) # 0.

Proof

1) Let € €A be a unit and let py(e) = 0,
Po(6) =0 =>3Iu € A; € =npu Then 1 = ee~! = (gu)e™! = n(ue™"). Multi-
plying the equality n(ue=!) = 1 by n™~! we get 0 = ™', which contradicts
D.1.1.

2) Let po(e) # 0.
Let € = Y10  e;n'. Then e=! = 10! fin' exists if and only if the following
system of equations (expressing just the fact Z:-'_l_;l en - :'_'__51 fint =1)is
solvable.

(k) eofr +e1fe—1+ ...+ exfo = ok, 0<k<m-1

It is solvable if and only if e, = po(€) # 0.

Proposition 1.4 Let a unit o € A be given. Then there exrists a f € A with
B% = a if and only if p,(e) > 0.

Proof Let a = Z;":_OI agn®. Let us take 3, 8 = Z:’;Bl b;n*. Then

m~1 o
ﬂ2: Z b,’bj?’[z'w.

i+5=0
Thus
m-—1 m-—1
o =fwa= Z agn® = Z bibjn't,
k=0 i+5=0

which is equivalent to the system of equations:

(0) ao = b3
(1) a = 2b0b1
(2) a,; = 2b0b2 + b%

(m—=1) am-1= 2bgby—1 + bibm_2+ ...+ bm_2b;

With respect to the condition po(8) = by # 0 (P.1.3) it is solvable if and only
if ag = pg(a) > 0. .

Proposition 1.5 A is a local ring with the mazimal ideal nA. The ideals 77 A,
1 < j<m, are the all ideals in A.



Proof
1) nA is the only maximal ideal in A
nA is evidently an ideal. According to P.1.3 A\nA consists just of units of A.

From this follows (see the consequence 1.6.(I) of theorem 1.3. in [1]) that A is
a local ring and nA the maximal ideal of one.

2) P A, 1< j < m are the only ideals in A
Let J, J # A, is an ideal in A and let us suppose that
Vi, l<j<m; J#1A.

For such ideal certainly 3k, 1<k<m; JCn*rAAJ ¢ nFHiA.
Let a € J,

m—1

a¢nk+‘A=>a=Zaij, @ =...=ar-; =0, ax #0.
j=0

Thus € = Z;":_kl a;n? =% is a unit, « = n¥e. If € € n* A then:

BeA;, E=rgB=PcNaztel > J=0A

which is a contradiction.

Proposition 1.6 The ring A is isomorphic to the factor Ting of polynoms

Rlz]/(=™).

Proof Let us consider the mapping
f:Rz] = A, f(h(z)) = h(n), Vh(z)€ Rz].

Then f is clearly an epimorphismus with the kernel (™). Therefore following
diagram commutes:

R[z] 2 R(z]/(z™)

A

and the mapping F is an isomorphism.

Proposition 1.7 The ring A is isomorphic to the linear algebra of matrix
Mmm(R) of the form:

bo b1 ... bm—o
0 bo ... bmoo
0 0 bo



Proof Let us define g: A — M, (R) in the following way:

m-—1
. de . . . .
o= a2 g(@) d (@) &[G <i=aj =0 AG >i=a;=q;)].
j=0

Considered mapping is evidently the founded isomorphism A—M.

2 Free finite-dimensional modules over
the algebra A

Agreement 2.1 In the following text we denote by A the R-algebra introduced
in section 1. We will have a deal with the free finite-dimensional modules over
the algebra A !. The capital M denotes always such module.

Proposition 2.2 Let {E,,...E,} be some system of generators of a module
M. IfU,,...,U; are linearly independent elements from M then:

(1) k<n

(2) by a suitable renumbering of elements E,,..., E,,
{Uy,.. . Uk  Exyrs - Ep} will be a set of generators of M.

Proof (by induction)
(a)k=1
(1): evidently fulfiled

i n
(2): let U, be linearly independent, U, = ngﬁi (%)
i=1

We will show that there exists at least one unit among &, ...&,. In the opposite
case multiplying () by n™~! we have: n™~1U, = oAn™"! # 0= U, is linearly
dependent — contradiction. Let for example &; be a unit. Then from (%) it
follows:

n
B =&'U+) (~6¢7E;.
j=2
Consequently [U,, E,, ..., E,] =M.
(b) Let P.2.2 be fulfiled for k& — 1.

LAs A is a local ring, that M is an A-space in the sence of [2].
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AsU,,..., Uy are linearly independent, then U, ..., U, _, are linearly indepen-
dent as well. By the induction supposition we have by a suitable renumbering
of B;: [U,,...,Us_1,Ey, ..., E,] =M. Now

k-1 7
Uy €M=Up=Y &U + Y &1 (+%)
i=1 j=k
Let us derive that there exists at least one unit among &,...,&, . Otherwise

m—1

after multiplying (**) by 7 we would obtain:

(" NEDU 4 A (" ) =0T U = o AT #O

which contradicts to linear independence of U,,...,U,.
Let for example £, be a unit. Then from (*%) we have:

Ep= (=61 60U + -+ (=& &) Ug g+
+ &6 Ug + (—€7 k) By + - + (=67 60 E,,

It follows from this that: [U,,..., U}, Eryy, ..., E,] =M, ie. (2) is true.
From the induction supposition we get that k — 1 < n.

From (xx) it follows that £k — 1 = n implies the linear dependence of U, ..., Uy,
which is not possible, i.e. (1).

Consequence 2.3 If the module M has one basis consisting of n elements then
any its basis consists of the same number n elements. Any linear independent
system of n elements of M forms a basis of M. The number n is called the
dimension (more precisely A-dimension) of the M. Moreover it follows from the
proof of P.2.2 that a linear independence of the system {E,,...,E,} implies
the linear independence of the system {U,,..., Uy, Ey,y,..., E,}

y=nl-

Proposition 2.4 Let M be a free n-dimensional module on A. Then M is an
mn-dimensional vector-space over R (m denotes —as usually— the order of A).

Proof Let E=< E,,...,E, > be a basis. of A-module M. Let U € M, & € A,

n m—1 n m-
U= &E;, &= gy, 1<i<n = Zzl”(q]
i=1 i=1 j=0

j=0

L.e. M is evidently a vector-space over R. It remains to prove that the system
of generators

B::<.EJ)“-)_A>UFH:”' ]Eny“')nm—lgh:-u)nm_léh >
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is (over R) linearly independent.
Let us suppose that

n m-—1

Je; €R; DY ei(PE) =0

i=1 j=0

It follows from this

n

m-1 m-—1
Z(Z eijnj)_E_i =0 = Z eijnj = 0’
j=0

i=1 j=0
Vi, 1<i<n(asE; €€)=> Vi, 1<i<n, Vj, 0<j<m—1; ¢; =0.

Therefore B is a basis of M as a vector-space on R, thus card B= d}{mM: mn.

Proposition 2.5 Let E=< E,,...,E,, > be a basis of A-module M. Let us
define a system of vector-spaces Py, ..., Py _1 over R:

Pj=[MEy,....nE,], 0<j<m—1,
Considering M as an R-vector space, then the following statements are valid:
(1) M= @] 'P;
(2) VXeM 3(Xo,...,Xpm ) €EPY; X=Y73' X,

Proof
1) As € is a basis of A-module M, then according to the proof of P.2.4

B:< Eli'--)gn)nﬁly-"1”&!17‘":nm—lﬁly"'ynm_lﬁn >

is a basis of a vector-space M over R, from which we have (1).
2) Let X eM.

n m—1

Then X =) &E;, €= wym, z; €R, 1<i<n0<j<m.
i=1 j=0
n m-—1

Then X = Z Z i E; = 2(7)] ley.E_;)
i=1 j=0 i i
n m-—1 )

Let us put Zf,g =X,. Then X = Z 7X;, X;€ Pg, 0<j<m
i=1 j=0 -

As B is a basis of the vector-space M, we get from this that the system of
elements z;; € R, 1 <7< n,0 < j < m, and thus also vectors X; are unique

ie. (1).

Notation 2.6 The system of vector-spaces Py,...,Pn_1 is determined by a
given basis of A-module M. Therefore “unique” in 2.5 (2) means unique up to
selection of a basis of M.
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3 Linear forms on modules over the algebra A

Proposition 3.1 Let ¢ be a linear form on M (A.2.1). Then there exists ez-
actly one system of linear forms ¢o,...,¢m—1 M into R such that:

m-—1
¢ = ;1
j=0
Proof e
UeM=o(U) =Y w7 =pi(6(l)=u, 0<j<m.
j=0

Denoting ¢; = ¢op;, 0 < j < m, we cleary obtain a system of mappings

b0, - .-, ¢m—1 satisfying the equality ¢ = 37—, ¢]7r7 Exactly one such system
exists for arbitrary lmear form ¢. [if {¢]} {J ¥;} are two such systems then

¢= Z¢J"JA¢ 21/}3777:’0-2(‘751 ’/’1)777 = ¢; =9;,0<j <m]

j=0 7j=0 j=0
Due to D.1.2 it follows that {¢;} is a system of linear forms M into R.

Proposition 3.2 If ¢g,...,P¢m-1 are linear forms then the mapping

m—1
¢= E éin
j=0
15 a linear form M into A if and only if VX € M:
¢0(n_X_) = 0:
1<k<m-1 (*)
¢k (nX) = dr-1(X)
Proof
1) Let ¢ = 57, qS]nJ be a linear form As ¢ is a linear form M into A,
then VX € M; ¢(1 = né(X). Thus
m—1 m—1
6 (X = Z G = 3 651 (X0,
j=0 k=0 ji=1

we get from this
[6;(X) €R] : ¢o(nX) =0, ¢;(nX)=¢;j-1(X), 1<j<m-~1,
Le. (%).

2) Let (%) be true
(a) as ¢; are linear forms, evidently YU,V € M; ¢(U + V) = ¢(U) + ¢(V)
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(b) we prove: VX € M;  ¢(nX) = n.6(X):

m-—1

$(nX) = Z $i (X ()] =

j=0

m—1 m—2

=3 b (X =a(> ¢.(X>n)—n<2 i (X)) = n.6(X)

j=1 1=0 j=

(c) weprove: VX €M, Va €A, a= Z;’n;ol a5 $(aX) = a.¢(X):

m-1 m-—1
$(aX) = ¢( D (a;n)X) ()] = D d(a;n’ X) =
j=0 j=0

m—1lm-—1 -1

$i(ajm X)n* = Za] mexm

I
EM

j=0 j=0 k=0
m-—1 m-—1

a;6(n’ X)[(B)] = (D a;n)$(X) = . 4(X)
j=0 7j=0

It follows that ¢ is a linear form.

Proposition 3.3 Let ¢g,...,¢m—1: M — R be a system of linear forms such
that

is the linear form M into A. Then

m-—1 k
VXEM, X=)Y nX; X;€Po; ¢(X)=) éj(X;), 0<j<m—1L
ji=0 j=0

Proof Let X = Y2723 ' n/ X;. Then
(X)) = de(Xo+nX, + +0° X+ 0" X)) =
= ¢e(Xo+ X, + 7" X+ +
AP (X pgr + -+ 02 X,0) [P3.2) =
= ¢k(Xo) + dr-1(Xy) + -+ do(Xy) +
+oo(M( X1 + -+ 1" X)) =
= ¢e(Xo) + dr-1(Xy) + -+ do(Xy) +0, 0<k<m-—1



Proposition 3.4 If ¢ : M — A is a linear form then there ezists ezactly one
system of linear forms fy, ..., fm—1 : Po — R such that

m~—1
VX eM, &:Zrﬂ'l}-, X; € Po
j=0

the following relation is valid:

k
o(X) =) fe-j(X;), 0<k<m-1. (*)
j=0
where »
d i =¢
j=0

Proof Putting f; = ¢;/Po, 0 < j < m — 1, we get (due to P.3.3) the system
of linear forms Py — R fulfiling (%), i.e.

k
(X)) = feoi(X;), 0<k<m-1

j=0

We prove the unicity of this system: {f;},{g;} being two systems fulfiling (*)
and determining systems of linear forms M into A {¢;}, {#;} consecutively.
From the equality ¢ = Z?—__ol ¢in = Z;";ol ¥;n it follows (due to P.3.1):
¢; =, 0<j< m-—1. From this we arrive in equalities 3.4 (*) in the form
as follows VX, X =Y 75 WX :

(0) k=0: go(Xo) = %o(X) = do(X) = fo(Xo) = fo =90
1) k=1: g1(Xg) + 90(X,) = ¥1(X) = ¢1(_&) = fi(Xy) + fo(Xy),
dueto (0)=>g1=f1
(m—-1) k=m-1:
gm—l(l(_o) + .‘Im—?(_)il) +-+ 90(2(_m-2) = 'pm-l(é) =
= bm-1(X) = fno1(Xo) + fma(Xa) + -+ fo(Ximon),
due to (0),(1),...,(m=1)= gm-1= fm-1.

Thus f; = gj, 0 < j < m—1 and the unicity of the system is proved.

Proposition 3.5 If {f; ;."z_ol is a system of linear forms Pg into A and let

{45,9};"____01 be the system of linear forms M into R defined as follows:
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VXEM, X =375 nX;;

k
6 X)E Y fioi(X;),  0<k<m-1 ()

j=0

then the mapping ¢ = Z',;:,l éxn* is the linear form M — A determined
uniquely by the system {f;}.

Proof If fo,..., fm-1: P — R are linear forms then the system of mappings
{#x} defined by () is evidently the system of linear forms M into R. Hands the
supposition is correct. It is necessary to show that the mapping ¢ is the linear
form M — A. According to P.3.2 it is sufficient to show linear forms defined by
(**) have the property 3.2.(%) i.e.:
VX e M;

(1)  do(nX) =0,

(2)  ¢k(mX)=¢r-1(X), 1<k<m-1
. L

Let X = Y7o v X,

Then obviously (nX); = X;_1,1 <j <m and (nX)o =0.
So we have:

(1) ¢o(nX)[(+*)] = fo((nX)o) = fo(e) =0

@) SX)(N)] = Tig fi-i((1X);) [fe(@) = 0] = 5oy fui((0X);) =
= Y5y feei(Xjoy) = 1= 1= Al = T3 fe-1)-n(Xa) = dr-1(X).

From this ¢ = E;";ol é;jn, {¢;} defined by (*x) is the linear form. Due to P.3.1

the unicity is evident.

Definition 3.6 A linear form ¢ M into A is called a linear form of order k
(0 <k <m)if:
(1) VX eM; ¢(X)€n*A,

(2) X eM; ¢(Y)¢ n*t'A.

In the special case k = 0 the linear form is called the epiform.

Proposition 3.7 If ¢ is a linear form of order k then there ezists at least one
epiform x such that

é=n*x.
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Proof Let ¢ be a linear form of order k. We get clearly from this:
po=¢1=.. =1 =0 A FY. eM; ¢(Y)#0.

Let us denote ¢* = ¢ +---+n7™"¥"1¢,,_). Then ¢ = n¥¢*, though ¢* is not a
linear form from M to A generally. According to P.3.4 there is the system {f;}
of linear forms Py into R fulfilling 3.4 (%) for the linear form ¢. Since ¢ is the
form of order k from 3.4 (%) we have:

fo=fi=...=fr-1=0.
Let us define the system {h; ;-";01 of linear forms P, into IR as follows:
ho=fr, hi=ferr,  hmok-1= fnoa. (%)
and linear forms h,,_g, ..., hm—1 are arbitrary.

According to P.3.5 to the {h;} we can construct the system {x;} by means of

3.5 (*) for which x = Z?-_—_ol x;j7 is the linear form. And due to (x) we get:
¢e(X) = fe(Xo) + fe-1(Xy) + -+ fo(Xe) = fe(Xo) = ho(Xo) = xo(X)
Pe+1(X) = Si41(Xo) + fe(Xy) + 0 = hy(Xo) + ho(X,) = x2(X)

¢m—1(i) = fmﬁl(_X_O) +-+ fk(im—k—l) + 0=
=hmok-1( X))+ -+ ho(Xpmoko1) = Xm-k-1(X).

Thus n*x = ¢ and since IY € M; ¢x(Y) = xo(¥) # 0, x is the epiform.

4 Kernels of linear forms

Definition 4.1 Let M be a n-dimensional A-module (by C.2.1).
A free (n — 1)-dimensional submodule of M is called a hyperplane of the M.

Theorem 4.2 If ¢ is an epiform then there exisis ezactly one hyperplane N of
the M such that
N = Ker ¢.

Proof Let &= {E,,...,E,} be a basis of the A-module M. X =7 | &E; is
a vector from M. Let us put '

¢(—E—i):ai’ 1515"

Then ¢(X) = S &, &ay. As ¢ is an epiform there exists an aj, 1 <j<n,
being a unit. We may suppose that «, is a unit. We will construct vectors
Vi, ..., V,._, as follows:

Vj, 1 < .7 <m K] = anE.j - aj_lg.n'
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Evidently each of them turns the form ¢ to zero. Let us prove their linear
independence over A: Let us suppose that 35; € A, 1<j<n—-1;

n-1 n—-1
Y BiVi=o=) Bi(anE; - oE,) = 0>
j=1 i=1

5 02 (Y an(BE;) - Ea(Bag) = 0=
ji=1

n-1 n—1
=Y BE; + (-7 (Y Biay))En =0 =
i=1 j=1

=>ﬂ1:-~-:ﬂn—l=0-

Let us put
N=[V,y,..., Vil

yZn-—1
We show N= Ker ¢.
1) Let XEN=>X =176V, 2 ¢(X)=0=> X €Ker ¢

2) Let X € Ker ¢. The X has the expression X = i, &GE;.
We get

$(X) =) Giai A $(X)=0 A (V& 3IN; & =ank) >

i=1

n n-1 n—-1
=>0= Zfiai =an Y Noi + anbn = E'\iai +& =0,
i=1

i=1 i=1
n-1
i.e. f,, = - E /\,-a;.
=1
Then of course:

n—1 n-1
X=) &E; =) (ah)E - () Na)E, =
i=1 i=1

=1

3
|
e
S
i
-

=) AilanE; —oiE,)= ) MV;=>XeEN.

Theorem 4.3 If N is an hyperplane of module M then there exists an epiform
¢ such that

Ker ¢ = N.
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Proof Let {V,,...,V, _,} be a basis of N. Then (by P.2.2) there is V,, € M
such that {V,,...,V, _,,V..} is a basis of M. Take X € M, X = Y &V,
Let us define a mapping ¢ : M — A by the relation ¢(X) = .. Then ¢ evidently
is the epiform. [¢(V,,) = 1] with Ker ¢ = N.

Consequence 4.4 Let NC M. N is a hyperplane of M if and only if there
exists the epiform ¢ such that

N = Ker ¢

Theorem 4.5 Let ¢, be epiforms. Then Ker ¢ = Ker 1 if and only if there
exisls a unit € € A such that ¢ = €.

Proof

1) Let ¢ = ey where ¢ is a unit, then obviously Ker ¢ =Ker 1.

2) Let Ker ¢ = Ker v =N where N is (by T.4.2) the hyperplane of M.
Let {V,,...,V,_1} be a basis of N. Then there exists a £, € M such that
Vs, Yooy, Bal = M (by P.2.2).

Then VX € M:

X =) &V = ¢(X) =&d(E,) and $(X) = &(E,).
i=1

As ¢, are epiforms ¢(E,,),¥(£, ) are units and therefore we can find € for
which ¢(E,,) = e.9(E,,) and thus ¢ = e3.

Theorem 4.6 If x : M — A is a linear form of order k then there exists a
hyperplane N of M such that

Kerx={XeM; * X eN

Proof If x is a form of order k then there is an epiform ¢ such that y = n*¢
(by P.3.7). Then by T.4.2 there exists NCM, N=Ker ¢.

1) f*X €N = x(X)=n*¢(X)=¢(n*X) =0=> X € Ker x

2) Let X € Ker x = x(X) = 0= n°¢(X) = 0= ¢(1*X) = 0 > n* X € N,
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