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Abstract. In the paper some properties of weakly
associative lattice ordered groups (wal-groups) are shown,
solid, prime and straightening subgroups of wal-groups are

studied and transitive wal-groups are characterized.
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The notion of a weakly associative lattice group
(wal-group) is a generalization of that of a lattice ordered
group (l-group) in which a weakly associative lattice is used
instead of a lattice. In the paper some properties of wal-groups
are shown, solid, prime, and straightening subgroups of
wal-groups are studied, and transitive wal-groups are

characterized.

1. BASIC PROPERTIES

A veakly associative lattice (wa-lattice) is an algebra
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A= (A,A,v) with two binary operations such that
1. VaeA} ana = a , ava = a ;
2. VYa,be€A; anb = bAa , avb = bva ;
3. Va,bea; aa(avb) = a , av(aab) = a ;
4. Va,b,ce€d; ((aac)v(bac))vc = ¢ , ((avc)a(bvc))ac = c

Define a binary relation " = on A as follows:
Va,beld; as<b ® aAb = & (or equivalently a<b i avb=b).
Then it holds:
5. Vaea; asa ;
6. Va,beld; asb & bsa = a=b ;
7. Va,beA3ded; (asd & b=d) & (Vued; (asu & b=u) = dsu) ;
8. Va,beA3Jecd; (esa & esb) & (Vved; (v=a & vsb) = v=e)
It is also true that if a relation "= " satisfies the conditions
5 - 8 and if we denote d by avb and e by aab, then the algebra
(A,A, V) satisfies the conditions 1 - 4. (See [3].)
If a binary relation " = " on 4 satisfies the conditions 5
and 6, then " = " is <called a semi-order on 24 and (A4, s)
is called a semi-ordered set (so-set). If a semi-ordered set
(A,=) satisfies the condition 7, then it is called a
v-semilattice-ordered set (v-wa-semilattice). A semi-ordered set
(A,=<) is said to be a tournament if any elements a,b€2 are
comparable.
A system G=(G,+,=) is called a semi-ordered group
(so-group) if
a) (G,+) is a group;
b) (G,=) is a so-set;
c) Va,b,c,deG; asb = c+a+d = c+b+d
If (G,=) is a wa-lattice, then we say that (G,+,=) is a -
weakly associative lattice group (wal-group). If (G,=) is a
lattice, then (G,+,=) is said to beé a lattice ordered group
(1-group).
(For necessary results concerning ordered groups and
l-groups see e.g. [1], for some properties of so-groups and
wal-groups see [2].)

Let G be a so-group. Denote G = {x€G; Osx}. Then G’ will
be called the positive cone of G. Evidently we have
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Proposition 1.1. If G is a wal-group, then G is an l-group
if and only if G' is a subsemigroup of G. o

The proofs of the following propositions are (formally) the
same as the proofs of the analogical propositions for I-groups
in [1], and then they are omitted.

Proposition 1.2. Let G be a so-group. Then for any
a,b,c,deG it holds:

(a) If bvc exists, then (a+b+d)v(a+c+d) exists and
a+(bvc)+d = (a+b+d)v(a+c+d).

(b) If bac exists, then (a+b+d)a(a+c+d) exists and
a+(bac)+d = (a+b+d)Aa(a+c+d).

(c) If anb exists, then -av-b exists and -av-b = -(aAb). D

Proposition 1.3. If G is a so-group, a,beG, and if avb
exists, then anb exists, too, and aAb = b+(-(avb))+a . D

Corollary 1.4. If (G,+,=<) is a Vv-semilattice semi-order,
then the following conditions are equivalent.

(a) G is a wal-group.

(b) Va,b,c,deG; a+(bvc)+d = (a+b+d)v(a+c+d) . o]

Proposition 1.5. Let for elements a,b in a so-group G aAb
exist. Let a = x+(aAb), b=y+(aab), ¢ = a-b. Then
XAy =0, x-y =c, x = cv0 , y = -cv0 . u]

Proposition 1.6. If G is a so-group, then the following
conditions are equivalent:

(a) G is a wal-group.

(b) VaeG3x,y€G; a = x-y , XAy = 0O

(c) YaeG; av0 exists. = D

Example 1.1. Denote (G,+) = (Z,+), ¢ = {0,1,2,4,... } . It
is evident that G' is the positive cone of a semi-order of the
group G. If xe€G, then it‘holds:

a) xeG" » xv0 = x ;

b) -xe€G* = xv0 = 0 ;



c) xeG',-xeG' =» xv0 = max{x,0}+1 , where max{x,0} is meant
in the natural ordering of Z.

Denote " = " the semi-order defined by G'. Then, by
Proposition 1.6, (G,+,=<) is a wal-group. Note that G is neither
an l-group nor a to-group.

Proposition 1.7. A wal-group G is a to-group if and only if
Va,beG; anb = 0 = a=0 or b=0. o

Proposition 1.8. For any so-group G, the following
conditions are equivalent:

(a) G is a wal-group. )

(b) 6 is directed (i.e. for each x,yeG there exists 2z€G
such that x,y=z) and for each a,beG’ there exists their infimum
in G (that belongs to G').

Proof. a=»b: Evident.

b®a: Let a,beG. Then there exists ce€G such that c=a,b, i.e.
0<-c+a, =-c+b. Hence there exists (-c+a)A(-c+b)=d, too. Therefore
c+d=a,b. Let h=a,b. Then -c+h=-c+a, -c+b, and thus -c+h=d. That
means hsc+d, and so c+d=aAb. a]

Remark 1.1. If G is a wal-group, then G° mneed not be a
v-wa-subsemilattice. For instance, if 6 is the wal-group in
Example 1.1, then 1v4=5 in G, but 5€&G .

Remark 1.2. In a wal-group G the identity
an(bvc) = (aab)v(aac)
need not be satisfied in general. For example, let us consider
the group Z3 = {0,1,2} with the addition mod 3. Let 13 be
semi-ordered as a tournament such that 0<1, 1<2, 2<0. Then
0A(1v2) = 0A2 = 2, (0A1)V(0A2) = OV2 = O

Nevertheless we have the following proposition.

Proposition 1.9. If G is a wal-group, then
Va,b,ceG; (avc=bvc & aAc=bAc) = a=b .
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Proof. a = O+a = [(avc)-(avc)l+a =

[(avec)+(-c+(aac)-a)l+a = (avc)-c+(aac) = (bvc)-c+(bac) =
[(bvc)-(bvc)]+b = b . o
Proposition 1.10. 24 wal~-group G is an l-group if and only if
Va,b,ceG; an(bvc) = (aab)v(aac) )

Proof. Let a,b,ceG, asb, bs=c. Then
an(bvc) = anc , (aab)v(aac) = av(aac) = a ,
and if the considered condition is satisfied, we have aac = a,
and so asc.
" The converse implication is trivial. o

Theorem 1.11. Let G be a wal-group, let al,...a ,b,...beg"
n

m 1

and let a+...+a = b1+...+bn. Then there exist elements creGﬂ
J

i=1,...,m, j=1,...,n, such that

j=1 i=1
Now we get the following proposition as a consequence.

+

Proposition 1.12. If a,bl,...,bnEG are such that
asb +...+b , then there exist a,...,a€G such that a b,
(i=1,...n) and a=a +...+a
[a}

We say that elements a,beG’ are orthogonal (denote: aib) if
anb = 0

Proposition 1.13. If a,beG’, then aib if and only if
atb = avb . u]

Proposition 1.14. If a,beG’ and aib, then a+b = b+a . o

Proposition 1.15. If G is a wal-group, then the following
conditions are equivalent:

(a) 6 is an l1-group.

(b) Va,b,ceG; alb & cz0 = aAc = aa(b+c)

(c) Va,b,ceG; alb & aic = al(b+c)



Proof. The conditions (b) and (c) are satisfied in any
l-group.

b=»a, c=2a: It is evident that for xe€G, Oix if and only if
0=x. Hence, if (b) or (c) is true, then G is a subsemigroup

of G, and so G is an I-group.

2. PRIME SUBGROUPS AND STRAIGHTENING SUBGROUPS

Let (G,+.=) and (G',+,s) be so-groups. A mapping ¢:G-G’' is
called a homomorphism of so-groups (so-homomorphism), if ¢ is
simultaneously a group homomorphism of (G,+) into (G’ ,+) and a
so-homomorphism of (G,=<) into (G’s) (i.e. asb implies ¢(a)se(b)
for any a, beG).

If (G,+,=<) and (G',+,s) are wal-groups and if ¢ is a
so-homomorphism of (G,+,=<) into (G',+,<) which is also a
wa-lattice homomorphism, then ¢ is called a homomorphism of
wal-groups (wal-homomorphism).

Let (G,+,=) be a wal-group and A a subgroup of G. Then 24 is
said to be a wal-subgroup of G, if A4 is a wa-sublattice of (G, =).
If a normal convex wal-subgroup A satisfies the condition:

For any a,b€A, x,y€G such that x=a, y=b, there exists ce€i
()

such that xvysc,
then 4 is called a wal-ideal of G.

It is proved (in [2]) that exactly all normal convex
subgroups are Kkernels of so-homomorphisms and exactly all

wal-ideals are kernels of wal-homomorphisms.

Lemma 2.1. A normal convex wal-subgroup 2 of a wal-group G
is a wal-ideal of G if and only if
(*xx) Va,b,ce€l,x,y€G; x<a, y<b = (xVy)VceA.

Proof. Let A be a wal-ideal, x,y€G, a,b,c€A, x=a, y=b. Then

A is the kernel of some wal-homomorphism ¢:G-G’ , and it holds
p((xvy)vc) = p(xvy)ve(c) = p(xvy)vo' ,
where 0’ is the zero-element in G'. But ¢(x)=¢(a)=0',

¢(y)=p(b)=0',hence ¢(xvy)=p(x)ve(y)=<0’,and thus ¢((xvy)vc) = 0’.
Therefore (xvy)vcea.
Conversely, let a normal convex wal-subgroup A& of G satisfy
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the condition (#%) and let a,b,c€d, x,yeG, xsa, ysb. Then there
exists deA such that (xvy)vc=d, and so xvysd. Therefore A is a
wal-ideal of G. o

If A is a convex wal-subgroup of G satisfying the condition
(xx), then A will be called a solid subgroup of G.

Denote by £(G) the set of all wal-ideals and by €(G) the
set of all solid subgroups of a wal-group G. It is evident that,
by means of set inclusion, £(G) and 6(G) form complete lattices
with the least element {0} and the greatest element G and that
infima are formed, in both cases, by set intersections.

Remark 2.1. Let G be a so-group, 4 a convex subgroup of G
and G/lA the set of all left cosets modulo A. Put '
x+A = y+A ® 3a€a; x+a =y ,

for any x,y€G. Then " = " is a semi-order on G/XA.

Let G be a wal-group and He6(G). Consider the following
conditions for H.
(1) If x,yeG and OsxAy€H, then x€H or ye€H.
(2) If x,yeG and xAy=0, then x€H or yeH.
(3) G/IH is a tournament semi-ordered set.
(4) {A€€(G); HsA} is a linearly ordered set.
(S) If A,Be6(G) and AnB=H, then A=H or B=H.

Theorem 2.2. If H is a solid subgroup of a wal-group G, then
(1) ® (2) & (3) > (4) > (5)

Proof. (1) = (2): Trivial.

(2) » (3): Let a+H,b+H € G/IH. By Pfoposition 1.5, there
exist x,ye€G such that a=(aAb)+x, b=(aAb)+y, xAy=0. If xe€H, then
a+H = ((aab)+x)+H = (aAb)+H = b+H. If ye€H, then b+Hsa+H. Thus
G/lH is a tournament.

(3) = (1): Let G/1H be a tournament, a,be€ G\H, Osaab. By the
assumption, a+H and b+H are comparable. If, for example, a+H=<b+H,
then (aAb)+H = (a+H)A(b+H) = a+H , and hence aAbgH.

(3) 2 (4): Let A,Bet(G), HsA, HsB and A¢B. Since (by [2,
Theorem 3]) every wal-subgroup of G is generated by its positive
elements, there exists 0=xe€A\B. Let OsbeB. If x+Hs<b+H, then
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there exists he€H such that x+hsb, i.e. xsb-h. Since 0=x=b-he€B,
we get x€B, a contradiction. Hence b+Hsx+H, that means there
exists ke€H such that b+ksx. Then Osbsx-keA. Therefore B'€d, and
because A4 and B are wal-subgroups, we have B<A.

(4) = (5): Trivial. o

A solid subgroup H of a wal-group G satisfying the
conditions (1), (2) and (3) will be <called a straightening
subgroup of G.

If a solid subgroup H of a wal-group G satisfies the
condition (5), then H is said to be a prime subgroup of G.

Remark 2.2, It is well known (see e.g. [1, Théoréme 2.4.1])
that for solid subgroups of an l-group all conditions (1)-(5)
are equivalent.

But for wal-groups this equivalence generally is not true,
because there exist prime subgroups of wal-groups not being
straightening.

For example, let G be the direct product ZxZ, where (Z,+)
is semi-ordered by the same semi-order as in Example 1.1, i.e.
(z,+) = {0,1,2,4,6,...}. G is, as a direct product of
wal-groups, a wal-group. Denote H = {(x,0); x€z}. Evidently, H
is a wal-ideal of G.

H is not a straightening subgroup, because, for example,
(1,4)A(4,1) = (0,0) but neither (1,4) nor (4,1) belongs to H.

Let A€6(G), let H be a proper subgroup of A2 and let
(al,az)eA\H. Then azto and (O,a2)=(a1,az)-(a1,0)EA. Since the
convex subgroup of Z generated by a, is equal to Z, we get
(xl,x2)=(x1,0)+(o,x2)EA for any element (x&,xz) in G,hence A4 =G.

Therefore A4 is a prime subgroup of G that is not
straightening.

Let G be a wal-group, 0O+a€G, HeG6(G). We say that H is a
value of a if H is a maximal solid subgroup of G not containing
a. (The set of all values of an element a will be denoted by
val(a).)

A solid subgroup H of G is said to be regular if
H = n(Al;iEI) (AiEG(G)) implies the existence of an ioe I such

that H=4 . (Evidently every regular subgroup is prime.)
° .
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Proposition 2.3. Hetg(G) is regular if and only if there
exists aeG such that Heval(a).

Proof is the same as in [1, Propositon 2.5.3] and then it

is omitted. D

Theorem 2.4. If He€(G) and a€G\H, then there exists Ceval(a)
such that He<C.

Proof. Let (A‘; ieI) be a linearly ordered system of solid
subgroups such that HQA‘ and aeAi for each ie€I. Evidently,
A= U(Ai; i€I) is a wal-subgroup of G. Let a,b,c€i, x,yeG, x=a,

y<b. Then there exist io’i1’i261 such that aeAi, bEAi,CEA‘
o] 1 2
Let e.g. A <€A , A <€A .Then (XVy)VCEAxgﬂ, hence 2€6(G). That

1 o 2 o} 0
means (by the Zorn’s lemma) the set of all Bet(G) with H<B, a€¢B
contains a maximal element which is a value of a. o]

Corollary 2.5. a) Every solid subgroup of a wal-group is an
intersection of regular subgroups.

b) Every prime subgroup is an intersection of a linearly
ordered system of regular subgroups. o

If G is a wal-group, then G is called representable if it
is isomorphic to a subdirect sum of to-groups. It is clear that
we have:

Theorem 2.6. A wal-group is representable if and only if
the intersection of all its straightening ideals is equal to {0}.

o

Corollary 2.7. If a wal-group G 1is representable, then G
contains a system of prime ideals such that the intersection of
that system is equal to {0}. s}

3. TRANSITIVE WAL-GROUPS

Let T be a tournament and 4utT be the set of all
automorphisms of T. It is evident that £utT forms a group with
respect to the composition of mappings. For f,gedutT we put

fsg &, VteT; £(t)sg(t)
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Evidently "s" is a wa-lattice semi-order on 4utT and «utT with
this semi-order is a wal-group.
Suppose that G is a wal-group of 4uT. If t is an element

in T, then the set G, = {gec; g(t)=t} will be called the
stabilizer of t.

Proposition 3.1. Gt is a straightening subgroup of G for
any teT.

Proof. Obviously, G, is a convex wal-subgroup of G.
Let x,Y€G,f,g,h€G, xsf, ysg. Then x(t)=sy(t)=t, and hence

[(xvy)vh](t) = (xvy)(t)vh(t) = [x(t)vy(t)]lvt =t

so (xvy)vhth‘ Therefore Gt is a solid subgroup of G.
Let x,ye€G, idTSXAyEGt. Then x(t)=t or y(t)=t, thus XGGt or
Y€G,, and so G, is straightening. o

’

Theorem 3.2. If G 1is a wal-group, A a straightening
subgroup of G, and u the canonical mapping of G into dui(G/xA),
then it holds:

a) u is a wal-homomorphism;

b) u(G) acts transitively on G/IA;

c) Ker u is equal to the intersection of all the conjugates
of A. o

A wal-group G is called transitive if there exists a
tournament T and an injective wal-homomorphism u:G-4wtT such
that u(G) acts transitively on T.

Theorem 3.3, A wal-group G is transitive if and only if it
contains a straightening subgroup A such that the intersection
of all conjugates of A is equal to {0}.

Proof. Let G be a transitive wal-group. Consider G as a
wal-subgroup of £utT, where T is a tournament. Let t,t’'€T, xe€G,
x(t')=t, gEGt. Then

(x'gx)(t") = (x'g)(x(t')) = (x'g)(t) = x"(¢) = t',

-1
hence x Gx £ G,,.
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Let g’ecv. Then

(xg’x")(t) = (xg")(x"(t)) = x(g’' (")) = x(t') =t ,

thus xg’x '

€G, ,and we have g’ = xNxg'x")x , so G, < x"G‘x.

Therefore from the transitivity cf G we get for a fixed teT

n {x'¢ x; xe6} = n {6 t'eT} = {0}.

Conversely, let G be a wal-group and A a straightening
subgroup of G such that the intersection of all the conjugates
of A is equal to {0}. Then G/IA is a tournament and the mnatural
mapping u:GaAui(G/lA) fulfils, by the preceding theorem, the
condition of a transitive wal-group, o

Corollary 3.4. A commutative wal-group is transitive if and
only if it is a to-group.

Proof. If G is a commutative wal-group, then for every its
subgroup A and every x€G it holds x'ax = 4. Then, by the
preceding theorem, G is transitive if and only if {0} is a
straightening subgroup, i.e. if G is a to-group.

The following theorem could be proved by a similar way as
Théoréme 4.1.7 in [1].

Theorem 3.5, If a wal-group G contains a system of
straightening subgroups (Gi; ieI) such that n(Gx;iEI) = {0},
then G 1is 1isomorphic to a subdirect sum of transitive

wal-groups. o
Corollary 3.6. If a commutative wal-group G contains a

system of straightening subgroups with the zero intersection,

then G is a subdirect sum of to-groups. o
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