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Cyclic and dihedral constructions of even order

ALES DRAPAL

Abstract. Let G(o) and G(*) be two groups of finite order n, and suppose that they
share a normal subgroup S such that uov = u*xv if u € S or v € S. Cases when
G/S is cyclic or dihedral and when u o v # u * v for exactly n?/4 pairs (u,v) € G x G
have been shown to be of crucial importance when studying pairs of 2-groups with the
latter property. In such cases one can describe two general constructions how to get
all possible G(x) from a given G = G(o). The constructions, denoted by Gla, h] and
G[B,~, h], respectively, depend on a coset « (or two cosets 3 and ) modulo S, and on an
element h € S (certain additional properties must be satisfied as well). The purpose of
the paper is to expose various aspects of these constructions, with a stress on conditions
that allow to establish an isomorphism between G and G[a, h] (or G[8,7, h]).

Keywords: cyclic construction, dihedral construction, quarter distance

Classification: Primary 20D60; Secondary 05B15

For groups G(o) and G(x) define d(o, *) as the size of the set {(u,v) € G x G;
uov #uxv}y. If G is of order n and n is a power of two, then d(o,*) < n?/4
implies G(0) = G(), by [3]. The cases with d(o, *) = n?/4 were studied in [2],
[7], [6] and [4]. It has been observed in [4] that a relatively general assumption
on the structure of the distance set {(u,v) € G X G; wov # u* v} implies the
existence of S <1 G such that G(0)/S = G(*)/S is cyclic or dihedral. In such cases
the relation of G(x) and G(o) is so close that one can give a prescription how to
construct all G(x) given S and G = G(o). These constructions are the subject of
this paper.

The mathematics we use remains within elementary group theory. The main
concept behind our work is an effort to interpret groups of certain order as a
graph with edges corresponding to passages between those groups that exhibit
a large amount of similarity, measured by the least possible distance computed
over all situations, in which the groups share their underlying sets. At this point
it is too early to decide, if this effort will end as a combinatorial curiosity, or
will develop into a new effective tool of group theory (other constructions in
addition to the cyclic and dihedral ones would probably had to exist in such a
case). Nevertheless, experiments on small sets (see below) are encouraging and
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this paper was motivated by these experiments in the sense that the constructions
very often yield a group isomorphic to the original group. Some theory explaining
why this is happening seemed to be desirable.

The parameters of the cyclic construction are a normal subgroup S < G, a
generating coset & € G/S and an element h € SN Z(G). The group G(x)
constructed from these parameters is denoted by G|a, h]. We shall show that the
possible isomorphism types of G(x) do not depend on the choice of the generating
coset «, and that G[a, h1] = Gla, ha] when h1h2_1 = 2™ for some z € SN
Z(@), |G : S| = 2m. (In fact, the isomorphism already follows from h1h2_1 =
22% 2" where w € o and z € Z(S).)

The parameters of the dihedral construction are a normal subgroup S < G,
generating cosets 3,7 € G/S such that (%2 =~2 =5, and an element h € S that
satisfies hah = x for all z € U ~. The group G(x) is here denoted by G[3,~, h].
We shall show that the possible isomorphism types of G(x) do not depend on the
choice of the generating cosets § and v, and that G[8,v, h1] = G[8,~, ha] when
h1h2_1 = 22" for some z € S with zxz = x for all z € BU~, |G : S| = 4m. (The

isomorphism already follows from h1h2_1 =zz"... z“’2m*1, where w € (v, and

where z = pq for some p,q € S such that pxp = x for all z € # and qrq = z for
all x € v.)

The cyclic group of order r will be denoted by C;, and the dihedral group of
order 2r will be denoted by Ds,.. For the purposes of this paper we shall assume
r > 2, thus regarding Klein’s 4-group C2 x C3 as the smallest dihedral group.

In our main statements we shall always assume G/S = Cop, or G/S = Dy,
m > 1. The constructions can be also considered when G/S = C, or G/S =
Do, for an odd r > 3, but then they behave somewhat differently. They yield
d(o, %) < n?/4 and seem to have no bearing on the distances of 2-groups, to which
the results of this paper are directed. First steps towards understanding distances
of 3-groups were taken in [5], and it is to be expected that the cyclic and dihedral
constructions with r» odd will receive more attention later.

The basic properties of the cyclic construction are developed in Section 2, and
its structural properties mentioned above are proved in Section 3.

Section 4 describes the dihedral construction and discusses the maximum possi-
ble difference of the nilpotency degrees of G and G|, ~, h] when they are nilpotent
(cf. Proposition 4.10). Section 5 gives an abstract characterization of the dihedral
construction and Section 6 describes some of its structural properties (including
those that were mentioned earlier in this introduction).

In abstract group theory one investigates isomorphism types irrespective of
their underlying sets. Hence the situation where two group operations are defined
on the same set may seem to be of little relevance. However, this changes when
one asks in which cases a group (up to an isomorphism) could have been obtained
from another group by one of our constructions. We thus ask for which groups
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G1 and Gg there exist groups G = G and G(*) = G such that G(x) can be ex-
pressed as Gla, h] or G[8, 7, h]. The answers are in Theorems 2.10 and 5.3, which
give, respectively, the abstract characterizations of the cyclic and the dihedral
construction.

The groups G and Go are called Co,,-related, if G2 can be obtained in the
sense above (i.e., up to an isomorphism) from G by the cyclic construction where
the common quotient is the cyclic group of order 2m. Similarly, the groups G1
and Go are said to be Dy, -related if Go can be obtained from (G1 by means of
the dihedral construction. We also say that the groups GG1 and G2 can be placed
at quarter distance if they are finite of order n and there exist G(o) & G1 and
G() = Go with d(o, *) = n?/4.

It is known that for n < 32, n a power of two, one can construct for any
two groups GG and Go a sequence Hy = G, Hg, ..., H. = G2 in such a way
that H; and H;41 can be placed at quarter distance for all 4, 1 < ¢ < k. For
n > 64 this seems to remain an open problem. In the case n = 64 the cyclic and
dihedral constructions yield two blocks. One contains six groups, and the other
all remaining ones.

All presently known cases of groups that can be placed at quarter distance
correspond either to the cyclic or to the dihedral construction. Moreover, there
are reasons to believe that any other construction, if it exists, is an expansion
of these constructions (as the dihedral construction is an expansion of the cyclic
construction).

When computing the neighbourhood of a group G (say a 2-group) with respect
to Copy-relationship and Dyy,-relationship, one can profit from knowing that cer-
tain choices of parameters do not bring anything new. We therefore wish to know
when certain parameters yield a group isomorphic to the group obtained from
other parameters. For example, when all choices for a given S have been consid-
ered, there is no need to consider the cases corresponding to ¢(S), ¢ € Aut Q.
Suppose now that S is fixed. Then we can consider just one generating coset
a € G/S (see Proposition 3.10 and Corollary 3.11) and just one generating pair
B,7 € G/S (cf. Theorem 6.10), respectively. We have already mentioned that
for some choices of h the group obtained by the cyclic or dihedral construction
is isomorphic to the original group. The elements h, for which the isomorphism
will be proved, form a subgroup, say T, of the group of all possible choices of h.
If two choices h1 and hg are congruent modulo 7', then the groups constructed
are isomorphic (see Theorems 3.4 and 6.4). This follows from what is called here
the affine behaviour (see Propositions 3.3 and 6.3) of the cyclic and dihedral con-
structions. This behaviour also implies that all groups which are Cay,-related (or
Dym-related) to G, with respect to a fixed subgroup S, are mutually Cag,,-related
(or Dy -related, respectively).

The purpose of this paper therefore rests in a description of tools that can make
easier the enumeration of all groups which are Cy,,-related and Dy, -related to
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a given group. The paper is a generalization of [6], where only the case m =1
was treated. Applications of results of this paper can be found in [1].

Section 1 contains various prerequisites for Sections 2—6.

When x is used for a group operation, the inverse element is denoted by x*.

1. Group properties

This section is of an auxiliary nature. It is concerned with those group prop-
erties which do not require the presence of two group operations, but which will
turn to be relevant in such situations.

Lemma 1.1. Let A(+,—,0) be an abelian group, and suppose that o € Aut(A)
is an automorphism of order r. If 3 € (a) is of order r as well, then o® + ol +
"'+O‘T_1:60+61+"'+ﬂr_1-

PROOF: We have f = o/ for some j that is invertible modulo r. The set
{0,1,...,r — 1} coincides, modulo r, with the set {0j,17,...,(r — 1)j}. O

The additive notation of Lemma 1.1 is replaced from now on by multiplicative
notation. This is necessary, since our abelian groups will occur as subgroups of a
general group G.

Lemma 1.2. Assume S 4G, z € Z(S), x € G, (S,x) = G and |G/S| = r. Then
h=z".. . 2% ' ¢ Z(G) and (zz)" = (zz)" = 2" h.

PROOF: Our first goal is to show that h = zz% .. 27" commutes with z. We
have h® = (2%...2% ).z =2 (2%...2% ") = h. To compute (zz)" and (z2)"
express the i-th occurence of © when counted from the right as 2'2~ (1) in both
terms, 1 < i < r. We obtain (zz)" = (z:c")(zmril L2 = (:c"z)(zmril L2 =

r—1
2"h and (zz)" =a"2% ... 2%z =2a"h. O

Proposition 1.3. Suppose that G/S is cyclic of order r, S < G. If z,y € G are
such that (S,z) = (S,y) = G, then zz® ... 2% " = 2zY ... 2" forall z € Z(S).
The set of all elements that can be expressed in this way forms a subgroup of
Z (@), and this subgroup contains the group {z"; z € Z(G)}.

PRrROOF: The automorphisms z — 2% and z — zY generate the same cyclic sub-
group of Aut(Z(S)). By Lemma 1.1 these automorphisms yield the same endo-
morphism of Z(S), and the elements described in our statement correspond to
the image of this endomorphism. They belong to Z(G) by Lemma 1.2. Finally,

observe that for z € Z(G) we have z¥ = z and 227 .. 2T =g O

Let G be a group. For X C G put

QX)={he(X)\X; hgh=g foral ge X}.
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Furthermore, for X7, X9 C G put
Q(X1, X2) = Q(X1 \ X2) N Q(X2 \ X1).

These definitions are taken from [6]. In this paper the sets X; and X5 will be
always disjoint, and in such a case we have Q(X1, X2) = Q(X1) N Q(X2). The
next statement is also based on [6] (cf. Proposition 1.3 and Lemma 1.5), and we
state it without a proof (which is not difficult).

Lemma 1.4. Assume T < G and |G : T| = 2. Then Q(G\ T) is a subgroup of
Z(T), and h € Z(T) belongs to Q(G \ T') if and only if hgh = g for at least one
(and thus for all) g € G\T. If h € Q(G\T) and g € G\ T, then h9 = h~! and
lg.h] = h2.

Proposition 1.5. Assume S < G, where G/S is dihedral of order 2r, r > 2.
Suppose that the cosets  and v generate G/S and that 62 =~%2 =S. Put
a = (v and denote by G the subgroup of G that is generated by «. Then
S <Gy <G, |G: Gyl =2 and

Q(B,7) = SN Q(G\ Go).

PRrROOF: The inclusion S N Q(G \ Gg) C Q(B,) follows from SU~v C G\ Go;
to prove the converse consider h € Q(8,7). If u € § and v € 7, then huv =
huhh~vh™'h = uvh, and we see that h centralizes every element of «, and thus
h e Z(Gp)nS. If x € G\ Gy, then x = uy for some u € § and y € Gy, and
hah = huhh™lyh = uy = . O

Lemma 1.6. Let S < Gy < G be such that S <« G, G/S is dihedral of order
2r and G/ S is cyclic of order r. Consider 3 € G/S and p € Q(8), and suppose
that $ does not intersect Gg. Suppose also that wS, where w € Gq, generates
Go/S. Then h = pp® .. """ belongs to Q(G \ Gy), and pp® .. % = h for
all x € Gy such that xS generates G/Gj.

PrOOF: We have p € Z(S), by Lemma 1.4, and hence the definition of h does not
depend on the choice of w € Gy, Gg = (w, S), by Proposition 1.3. We can assume
w = uv, where u € §. Put v = vS and note that 8 and ~ satisfy the assumptions
of Proposition 1.5. We have h € Z(S), since p* € Z(S) for all z € G, and hence
we only need to show h € Q(8,v). This is equivalent to proving h* = h~1 and
hY =h~L.

We have p* = p~!, by Lemma 1.4, and h = pp"? .. .p(“”)ril. Hence A =
p_l(p_l)”“...(]9_1)(”“)7'71 = (pp”“...p(”“)ril)_l, and this is equal to A1,
since vuS generates Go/S as well.

Now, v2 and (vu)” belong to S, and hence p¥ = (p ) ((p“z)“)(”“)?u:l =
(p_l)(”“)ril. We can express h as p¥((p“) .. ( ) vu) )”2 and this is equal to
N A R (R O I I A
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Proposition 1.7. Suppose that G/S is dihedral of order 2r, S < G, and let
Go < G be such that S < Gg and Go/S is cyclic and of order r > 2. Let
B1, ..., Br be all the cosets modulo S outside Gy, and put Z = Q(f1) ...Q(Br).
Then Z < Z(S), and if (S,z) = (S,y) = Gy, then 2282 =YY
for all z € Z and z,y € Ggy. The set of all such elements forms a subgroup of
SN Q(G\ Gy), and this subgroup contains the group {z"; z € SNQ(G \ Go)}.

PrOOF: We have Q(3;) < Z(S), 1 <i <r, by Lemma 1.4, and hence Z < Z(S).
Consider z = p1 ...pr € Z, where p; € Q(53;), and put h; = p;py .. .pfril, 1<i<
r, where xS generates Go/S. From Lemma 1.6 we see that h; does not depend on

the choice of = and that h; belongs to Q(G\ Gp). Thus zz” .. 2 =hy..  hy €
Q(G\ Gp) does not depend on the choice of = either. We are considering the image

of Z by the endomorphism z — 227 .. 2% of Z(S), and we have observed that
this image is a subgroup of Q(G \ Go). Finally, if z € SN Q(G \ Go) = N(Q(5:);
1<i<r)<Z, then z € Z(Gy), by Lemma 1.4, and hence zz%. .. 22— T for
every = € Gy. (]

The subgroup of all zz% . .. 2" described in Proposition 1.7 can be perceived
as an image of Z < Z(S) by an endomorphism z — 227 ... 2" The purpose of
the next proposition is to show that this image does not change when the elements
z are chosen from Q(01)Q(052), where B2 = B12. The proposition assumes that
r is even. It will be clear from its proof that in the case of odd order r one can
choose z just from Q(81).

Proposition 1.8. Suppose that G/S is dihedral of order 4m, m > 1, S < G,
and let Gy < G be such that S < Gg and Go/S is cyclic and of order 2m. Let

a generate Gg/S, choose w € «, and consider 8 € G/S that does not intersect
w2m71 .

Go. Put Z = Q(ﬁl)g(ﬂa) L QBP Y and T = {22% ... 2 ;2€ Z}. Then
T={zz%...2""""; 2€ Q(B)Q(Ba)}.

PRrooOF: Consider z = PO - - - P2m—1, Where p; € Q(ﬁai), 0<i<2m. Ifi=2j
is even, then p;, = a;-”] for some a; € Q(B3), and if i = 2j + 1 is odd, then

m—1

pi = b;-”J for some b; € Q(Ba). Put 21 = apal’...apm_1 , 1 = apay...am—1,

m—1
zZ9 = bobllu...biun_l ,and cg = bgb1...bm—_1. Then z = 2129, 1 € Q(ﬂ), c2 €
Q(Ba), and it suffices to prove z.z% . .. z}f’szl },”2"%1, for both values
of r € {1,2}. We shall consider just the case r = 1, the other case is similar.
w2m—1 w2m—1

Put h; = aja;-”...aj , 0 < j < m. Then z2{... 2] can be ex-

pressed as hoh{’ ... h;‘rf_nbfl. However, h; € Q(G \ Go), by Lemma 1.6, and thus
h; € Z(Gp), by Lemma 1.4, for all j, 0 < j < m. Therefore z12{". ..zi’ﬁmil =

2m—1
hohi ... hm—1 =c1c{ ... c¢ . O

=c¢cf...c
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2. The cyclic construction

We shall now investigate the properties of a construction that appears in The-
orem 6.8 of [4]. This construction will be called cyclic. From Section 4 on we
shall also be investigating another construction from [4], and that will be called
dihedral. The goal of [4] was to prove that both these constructions are obtained
naturally from certain general assumptions on the relationship of n-element groups
G (o) and G(*) with d(o, *) = n?/4. However, that motivation is of no importance
for our investigation here, and hence Theorem 6.8 mentioned above is the only
result of [4] relevant to the cyclic construction that is needed in this paper. We
start by restating it.

Theorem 2.1. Assume S < G, with G/S cyclic of an even order 2m. Suppose
that o € G/S is a generator and that h € SN Z(G). Define an operation * on G
by . .
xyh, ifreao*andy € o,
where 1 <i,5 <m and i+ j > m;
rxy=< ayh™l, ifreatandyeca,
where 1 < 4,5 <m and i+ j > m;

xy, in the other cases.
Then G(x) is a group.

The group G(x) of Theorem 2.1 will be denoted by G|a, h]. The case |G : S| = 2
was investigated already in [6], and in that paper the group G|G\ S, h] was denoted
by G[S,h]. If m > 1, then a choice of a generating coset of G/S is necessary to
determine G(x) completely, and hence some change in notation could not have
been avoided.

Note that for every pair of integers (i, j) there exists ¢ € {—1,0,1} such that
x %y = xyh® for all (z,7) € (a’,ad). The operation  is defined so that for all
i,jeM={-m+1,...,-1,0,1,...,m} the value of ¢ is equal to o(i + j), where
ok)=0ifke M,ok)=1ifk>mand o(k) = —1if k < —m. We can thus
write

TRy = gcyh”(i""j), where z € of, yeal and i,j € M.

By writing G(x) = G|a, h] we implicitly assume that « is a coset of S < G
that generates a cyclic group G/S of an even order. Unless otherwise stated, this
order is assumed to be equal to 2m, and we shall also use M and ¢ : M — Z
with the meaning defined above. Furthermore, with respect to h the notation
G(*) = Gla, h] carries the assumption that h is an element of Z(G) N S.

To envisage the value of ¢, where h® = (zy)~! - (x * y), use a table with the
bottom row and the rightmost column labelled by «, and with the remaining rows
and columns labelled by o, 2 < i < 2m, working from right to left and bottom
to top. The top row and the leftmost column thus correspond to the neutral
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element S = o™, and their neighbours correspond to a~!. In this way we

obtain a 2m x 2m square table, and we shall consider its natural division into four
m x m subsquares. The value e = 1 corresponds to those cells in the bottom right
subsquare that are on and over its right-left (i.e., northeast-southwest) diagonal,
while € = —1 corresponds to the cells under the right-left diagonal of the upper
left subsquare. The other cells have ¢ = 0. Figure 1 depicts the table for m = 4
(with + standing for 1 and — for —1).

2m

T 48 5
0 0
0

n
'
w
)

Q
Q
2
Q

W

Q@
0
0
0

O Q0 L Q| 2 9

N W R Ot O
co o oo oo
oo o o |
oo o o |
oo o o |
o+ + +|looc oo
co + tlooo o
coc o +t|looc o oo

++ + tooo o

Figure 1: Distribution of the powers of h in the cyclic construction

The operation * determines both a and h uniquely. To see this observe that
o™ is the only row with m occurences of € # 0, and that « is the only row, for
which the only occurence of € # 0 takes place in the column indexed by ™.

The table conveys the definition of * in a clear way. It also seems to suggest
that an exchange of o and o~ might be useful, since rows and columns would
become labelled in a natural order, and not in the reverse order induced by our
choice of a. However, such an exchange would require the differentiation of the
cases m = 1 and m > 1 in some formulas. For example, in G(*) the 2m-th power
of € o always equals 22™h, while for z € a~! it equals 2™h~1 if m > 1, and
22h if m = 1.

Lemma 2.2. Assume G(x) = Gla, h] and xy € S, for some z,y € G. If © ¢ o™,
then x xy = xzy. If x € o™, then x xy = xyh.

PROOF: Define i,j € M by z € o and y € of. If i # m, then j = —i, and
i+j=0¢€ M implies xxy = zy. If z,y € @™, then z*y = xyh, by the definition
of G(x). O

Corollary 2.3. Assume G(x) = G|a, h] and consider x € G. If x ¢ o™, then
o =z71. If x € ™, then z* = 2~ h~ L.

The next statement expresses one of the main properties of G[a, h).

Theorem 2.4. Assume G(x) = Gla, h]. Then zxy*z* = zyz~" and 2* xy*x =
z lyx for all z,y € G.
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PROOF: Let z € of and y € oJ, where i,j € M. Suppose first i # m. Then
z* = 271, by Corollary 2.3, and —i € M. By definition, zxy+z ™! = (xyho(i"‘j))*
1= xy:b_lha(i+j)+"((i€9j)_i), where @ refers to addition in M modulo 2m. We
shall show o(i + j) +o((i ®j) —i) = 0. If i+ j = i ® j, then both ¢ + j and
(i@ j) —j =i belong to M, and hence their o values equal 0. If i + j > m, then
o(i+j)=1,and o((i®j)—i) = —1 follows from (i ®j)—i = ((i+j) —2m) —i =
Jj—2m < m —2m = —m. Similarly, ¢ + j < —m induces opposite o values, since
(i@j)—i=(i+j)+2m—i=j+2m > —m+2m =m. Hence z*y*z* = zyz !
for x ¢ o™, and from z* = 271 and z = (z71)* we also get z* x y x z = 2~ Ly
Suppose now & € a”. Then z* = = 'h~!, and we have to show zxy* 2z~ 1 =
zyz~ h and z7 1 sy« x = 2~ lyzh, for all y € oJ, j € M. It suffices to prove the
former equality, as 2~ also falls into o/™. If j > 1, then —m < j —m < 0 and
(xxy)xaz™t = (zyh) * 27! = zyha™!, and if j < 0, then 1 < j +m < m and
(zxy) szt = (zy) x 2~ = zyz—Lh. O
1,1

Corollary 2.5. Assume G(x) = G[a, h|. Then z xy x 2™ x y* = xyx™ y~+ and

ey oy = a* «y* xxxy, forallz,y € G.

ProOOF: If 3 ¢ o™, then y* = y~1, by Corollary 2.3, and z * y * * % y* =
(zyz~1) * y~1, by Theorem 2.4. This is equal to zyz~1y~! by Lemma 2.2. For
y € a™ we get y* = y Al and @ xy x 2* x gt = (xyz ) x (y"hTL) =
zyz~y~ h=1h = zyz—ly~1. The computation of z* % y* x z %y is done similarly.

O

Proposition 2.6. Assume G(x) = G[a, h]. A (normal) subgroup H of G(-) is a
(normal) subgroup of G(x) if and only if H < S or h € H.

PROOF: From the definition of G(*) we see that if h € H or H C S, then H C G
is a subgroup of G(-) if and only if it is a subgroup of G(*). From Theorem 2.4 we
see that this correspondence retains normality. If H < G(-) is a subgroup of G(x)
that is not contained in S, then HS/S is a nontrivial subgroup of G/S. Hence it
is generated by some o, where k divides 2m and is less than 2m. Thus k < m,
and we can consider the greatest » > 1 such that kr < m. Choose z € HN o’k
andy € HN o and observe that (k + 1)r > m implies x * y = zyh. However,
that means h € H, since both z * y and xy are assumed to belong to H. (]

If G(x) = Gla, h], then from the preceding two statements one easily derives
the coincidence of the members of the lower and the upper central series.

Proposition 2.7. Assume G(x) = G[a, h]. Then v;(G) = ~;(G(x)), for every
i > 1, and 9;(G) = 9;(G(*)), for every j > 0.

PROOF: We shall use induction. We have v1(G(x)) = G = y1(G(")). If v(G) =
~i(G(%)), then the next member is generated in both operations by the same set
of commutators, by Corollary 2.5. This set is included in S, since G/S is abelian,
and hence in both operations it generates the same subgroup of S.
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The operations - and * share the unit element, and hence Jo(G) = Jo(G(%)).
Assume 9;(G) = ¥;(G(x)). The next member of the series can be defined just
by means of the commutators, and hence in both operations we get the same
subgroup. ([

Proposition 2.8. For r € {1,2} assume G, = (S,u,), where S < G, is normal
and of index 2m, m > 1. Put h = u%mul_2m. If s¥1 = sY2 for all s € S, then h is
central in both G1 and G, and G1(*) = G1[u1S, h] is isomorphic to Gs.

PRrROOF: The computation of s43™ in G2, s € S, can be perceived as a result of 2m
iterations of the automorphism s — s%2. Since u; gives the same automorphism
of S, we get s = s“%m, for all s € S. The element h is defined as the product
of u%m € S and u1_2m €9, and so s" = s for all s € S. Since u%m commutes with
uy, by (™)™ = (u3™)¥2 = u3™, we also get K" = h, and hence h € Z(Gq).
Symmetry yields h~! € Z(Gs). We have proved that h is central in both G
and Gg.

Define ¢ : Go — G1 by p(ubs) = uis for all s € S and alli € M = {-m +
1,...,-1,0,1,....m}. If i € M and s € S, then (p(sué) = <p(u§u5’sué) =

Define the group Gi(x) by z x5y = p(¢ ()¢ (y)). Clearly G1(*) = Gs.
Our goal is to verify that our definition of * coincides with that of G1[u1S,h].
Ifi,j € M and s, € S, then our definition gives (uls) * (tujl) = go(uéstu%) =
gp(uéstu?iuéﬂ) = uﬁstul_igp(uéﬂ). Set k = j+i. We need to prove that (u5) =
u’fhg(k), for every k, —2m +2 < k < 2m.

If k € M, then o(k) = 0 and @(uf) = u¥, by the definition of . If k > m,

then o(k) = 1, and gp(ué) = @(u%mug_zm) = u%mulf_zm = hu%mulf_%n =
ufh. Similarly, if & < —m, then o(k) = —1 and @(uf) = p(uh™?muy?m) =
ulf+2mu2—2m _ ullc+2mu1—2mh—1 _ u]fh_l. 0

Corollary 2.9. For r € {1,2} assume G, = (S,u,), where S < G, is normal
and of index 2m, m > 1. Assume also u%m = u%m, and s¥1 = s¥2 for all s € S.
Then there exists an isomorphism ¢ : Go = Gy such that p(ubs) = uis and

p(sub) = su} for all s € S and i € Z.

ProOF: Consider G1(*) and ¢ from the proof of Proposition 2.8. We assume
h =1, and hence G1(*) does not differ from G1(-). The assumption u3™ = u2™

makes it possible to extend the formulas for ¢ from ¢ € M to all ¢ € Z. (]

Recall that the groups G1 and Go are Coyy, -related, m > 1, if there exist a group
G = G(-), its subgroup S < G, an element h € SN Z(G), and a coset a € G/S,
such that |G : S| = 2m, a generates G/S, G1 2 G(-) and G2 = G(x) = G|a, h)].
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Theorem 2.10. The groups G1 and Go are Co,,-related, m > 1, if and only if
there exist groups Hy = Gy, their common subgroup S < H;, |Hy : S| = 2m, and
elements u, € H;, such that u,S generates H,/S, r € {1,2}, and s"1 = s“2 for
all s € S.

Proor: If groups H, and elements wu, satisfying the above conditions exist, then
G1 and Gy are Cagy,-related by Proposition 2.8. If G; = G(-) and G = G(x),
where G(*) = G[a, h] and |G : S| = 2m, then we can put H; = G(-), Ho = G(x),
and consider any u; = uz € a. The inner automorphisms coincide on S by
Theorem 2.4. (|

Proposition 2.11. Assume G(*) = G[a, h|. Then G(-)/{h) = G(x)/{h).

PRrROOF: The group (h) is a central subgroup (and thus a normal subgroup) of
both G(-) and G(x). The statement hence follows directly from the definition of *.
O

Proposition 2.11 shows that the groups G(-) and G(x) could be handled as cen-
tral extensions of the same group by the same quotient. Each of these extensions
can be represented by a factor system, and many of our results could be obtained
alternatively by considering the difference of these two factor systems.

3. Isomorphisms of cyclic constructions

Lemma 3.1. Assume G(x) = G|a, h], and consider x € . Denote by x; the i-th
power xx---xx,1 > 0. If 0 <1 <m, then x; = 2*. If m < i < 2m, then x; = x*h.

PrOOF: We have z; € of, and hence x; * * = x;o whenever 0 < i < 2m and
1 #% m. We also have x, * x = xy,xh, and the rest is clear. [l

The next statement describes the principal case, in which we can establish an
isomorphism G[a, h] = G without resorting to a specific structural investigation
of G.

Proposition 3.2. Assume G = (S,x), where S < G and |G : S| = 2m. Consider

z € Z(S), and put h = zxzfnil ...2z%z. Then there exists an isomorphism ¢ :
G[zS, h] = G such that o(sz*) = s(zx)" for all s € S and i € Z.

PROOF: The element h belongs to Z(G) by Lemma 1.2, and the inner auto-
morphisms of ug = = and u; = zx coincide on S with respect to both group
operations, by Theorem 2.4. Hence to apply Corollary 2.9 it suffices to show that
(zz)?™ equals 22™h, since the latter element is equal to the 2m-th power of z in
G(*), by Lemma 3.1. However, (22)2™ = z?™h follows from Lemma 1.2. O

We shall now point to a property that can be described as the affine behaviour
(of the cyclic construction). This behaviour will allow us to derive from Propo-
sition 3.2 an isomorphism Gla, h1] 2 Gla, ho] for all hi,he € SN Z(G) that are

equivalent modulo T' = {2x2m71 2z 2 € Z(9)}.
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Proposition 3.3. Assume G1 = Glo, hy] and Go = G|a, hihs], where hi, hy €
SN Z(G). Then Ga = G1la, ha).

ProOF: Consider z € o’ and y € of, where i,j € M. The product of z and y
in Gla, hihg) is equal to @y(hihe)?(t) = :zzyh(lj(lﬂ)hg(lﬂ), while the product

of z and y in G1[S, ho] equals z * y * hg(i"_j) = (z * y)hg(i+j), where * denotes
the group operation of G = G[a, h1]. We have z xy = a:yhir(lﬂ), and thus the
products considered give the same result. O

Theorem 3.4. Assume S <1 G, |G : S| = 2m, and suppose that G/S is cyclic.
Forze S, (S,z) =G, putT = {29”277171 ...2%2;2€ Z(S)}. ThenT is a subgroup
of SNZ(QG). It does not depend on the choice of z € G, (S,z) = G, and contains
{22™; 2 € SN Z(G)}. If o generates G/S, then G|, h1] = Gla, hg] whenever
hi,ha € SN Z(G) are equivalent modulo T. In particular, Gla, h| = G for every
heT.

ProOOF: The above properties of T are taken from Proposition 1.3. If hy =
ho mod T, then G[a, ho] = G1lo, h], where G1 = Gla, hy] and h = hl_lhg eT,
by Proposition 3.3. From Theorem 2.4 we see that by defining 7" with respect to
G1 and G we get the same subgroup of S, and hence G[a, ho] 2 G follows from
Proposition 3.2. O

Corollary 3.5. Assume G(*) = G[a, h|. Then there exists k' € SN Z(G) such
that every prime divisor of its order divides 2m, and G(x) = G|, I].

PRroor: Express h as a product of its powers, h = h'h”, in such a way that the
order of A" is coprime to 2m. Then h” = 22™ for certain z € (h") < SN Z(G).

The following two statements can be easily directly verified, and their proof
is thus omitted. They are included here in order to make the list of available
isomorphisms as large as possible.

Proposition 3.6. Assume Gy = G|, h]. Then G1 = Ga[a, h™1].
Proposition 3.7. Suppose ¢ : G1 = G9 and G1(x¥) = Gi[a,h]. Then ¢ also
yields an isomorphism G1(x) = Ga(*), where Ga (%) = Ga[p(a), o(h)].

We shall now show that the possible isomorphism types of G|, h] depend only

on the subgroup S, and not on the choice of the generating coset a € G/S. To
this purpose we first record two easy lemmas.

Lemma 3.8. Assume G(x) = G[a, h|, and consider z € « and j € M. Then the
j-th powers of x in G(x) and in G(-) are the same.

PROOF: The equality follows from Lemma 3.1 immediately if 0 < j < m. Assume
—1>j > —m+1, and denote by x; the i-th power of x in G(x). From Corollary 2.3
we get (z;)* =x_; =277 = (27)71 = (29)*, and hence z; = 27. O
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Lemma 3.9. Assume G(x) = G|a, h], and consider j € M and y € oJ. Then the
2m-th power of y in G(x) is equal to y>™hi.

PRrROOF: Let us again use lower indices to denote the powers induced by *. If
Y,y € aJ, then there exist e, ¢’ € Z such that ya, = y?"h¢ and yb = (y/)>"he’.
The indices € and ¢’ have to coincide, as the powers of h in the definition of *
depend only on the incidence to the cosets of S. Hence we can assume y = 27,
for some x € a. Lemma 3.8 gives 1; = 27, and from Lemma 3.1 we thus get
Yom = Tomj = (2m)! = ($2mh)j = (:Cj)zmhj = y2mpd. O

Proposition 3.10. Assume G(x) = G[a?, h], where a generates G/S, |G : S| =
2m, and j € M is coprime to 2m. Consider k € M with jk = 1 mod 2m. Then
G(%) = Gla, hF).

PROOF: We shall use Corollary 2.9 with respect to Go = G(x), G1 = Gla, h¥]
and ug = x = uy, where = is an element of a. The automorphisms of S that
are induced by z are the same, by Theorem 2.4. From Lemma 3.1 we see that
the 2m-th power of z in Gy equals 22™h¥. Let us consider the 2m-th power of z
in Go. We have a = (o), and hence Lemma 3.9 implies that this power is also
equal to z2Mhk. O

Corollary 3.11. Suppose that a generates G/S, |G : S| = 2m. If H = G[d/, h],
where o is another generator of G/S, then there exists h' € SN Z(G) such that
H = Gla, I].

4. The dihedral construction

The dihedral construction refers to the situation when there exists S <1 G such
that G/S = Dy, is a dihedral group of order 4m, m > 1.

Theorem 4.1. Assume S <1 G, with G/S dihedral of order 4m, m > 1. Suppose
that G/S = (8,v), where 8 and ~ are involutions in G/S, and let h € S be such
that hah = x for all x € S U~. Put a = (v, and for each (x,y) € G x G find
i,j € {—=m +1,...,-1,0,1,...,m} and €,n7 € {0,1} such that € 5o’ and
y € ady". Put &€ = (—1)", and define an operation * on G by

zyht, if 1<i,j<mandi+j>m;
zxy=1< ayh~¢, if —m<i,j<—-landi+j<—m;
xy, in the other cases.

Then G(x) is a group.

The proof is not necessary, since the construction is the same as that of [4, The-
orem 7.8]. However, some observations should be made since the wording of the
two theorems is not exactly the same.
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Firstly, in [4] one does not use the notational shortcut involving &, but gives
an explicit formula for all cases (,m) € {0,1} x {0,1}. Secondly, the condition
(B,7) = G/S is clearly equivalent to the requirement of [4] that @ = (v is of
order 2m. Put Gg = («) and note that Q(5,v) = SNQ(G\Gy), by Proposition 1.5.
Hence, thirdly, the choice of h € Q(3,~) in Theorem 4.1 is the same as the choice
of he SNQ(G\ Gp) in [4].

The group G(*) will be denoted by G[3,7, h], and whenever we write G(x) =
G|[B,7, h] we implicitly assume that G/S, where S = 3% = 42, is a dihedral group
of order 4m, that G/S = (8,v) and that h € S satisfies hxh = x for all x € BU~.
Furthermore, the meaning of m, S, Gg and a will be regarded as generically fixed.
The set {—m+1,...,—1,0,1,...,m} will be denoted by M as in the preceding
sections, and we shall also use the mapping ¢ in the same sense.

The notation G[U,V,h| that was used in [7] and [6] means in our present
notation G[3, v, h™ 1], where m =1, U = SUB and V = S U+.

Note that the operation * can be expressed by

2y =ayh"D"7 ) where z € Fal, y € aly, i,j € M and e,n € {0,1}.

The following facts are therefore clear.

Lemma 4.2. Assume G(x) = G[83,7,h]. Then SUS = {x € G; xxy = xy for all
y € G} and SU~y ={z € G; yxx = yx for all y € G}. Furthermore, Gy is also a
subgroup of G(x), and Go(*) = Gola, h].

The formula x xy = :Cyh(_l)na(i+j ) is not fully satisfactory, as the description
of the cosets is different for 2 and y. Now, 3af = a'~J~ and afy = Bal™I for
all j € Z, and the mapping p : j — 1 — j yields an involutory permutation of M.
We obtain

TRy = gcyh(_l)na(i"'”n(j)), where z € Fa’, y € a7, i,j € M and e, € {0,1}.

The pictorial representation of G(x) = G[8,~, h] is discussed in [4], following
Theorem 7.8. It consists of four subsquares, where the left upper subsquare cor-
responds to the pictorial representation of G|, h] that is discussed in Section 2.
The other three subsquares are obtained by propagating its pattern first down
and then to the right. Rows of G\ Gy are labelled § = Ba?™m, a1 Ba,
and the motion down is just a shift. There are two ways of representing the sub-
squares on the right, depending on our choice of column labels. If the columns are
denoted by v = a®™y, o®™ 1y, ... v, then the pattern is obtained by shifting,
and if they are denoted by 8 = a®™, 3a®™~1, ..., Ba, one has to use mirroring.
However, in both cases the value of ¢, where h® = (z % y)(zy) !, changes to —e.
Figure 2 gives the table for the case m = 2 (with + standing for 1 and — for —1).
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1 od a? 8 Bad Ba?  Ba
1 0 0 0 0 0 o0 0 0
a? 0o - 0 0 0 0 + 0
a? 0 0 +  + - - 0 0
a 0 0 + 0 0o - 0 0
g 0 0 0 0 0 0 0 0
Ba3 0o - 0 0 0 0 + 0
Bz [0 0 + + - - 0 0
Ba 0 0 + 0 0o - 0 0

Distribution of the powers of h in the dihedral construction

Lemma 4.3. Assume G(x) = G[3,7,h] and xy € S, for some z,y € G. If
x ¢ ™, then v xy = xy. If x € ", then x xy = zyh.

PrRoOOF: We have z € Gy if and only if y € Gp. One can use Lemma 2.2, when
x € Gp, and so we can assume z € G \ Gg. Then =S = yS, and for x € fa’,
i € M, we obtain z * y = zyh =7 +1=0) = 2y as o(l)=0. O

Lemma 4.4. Assume G(x) = G[8,7,h], and consider w € G\ Gy. Then H =
S U Su is a common subgroup of both G(-) and G(x), and x *y = xy for all
x,y € H.

PRrROOF: To observe that H is a subgroup, it is sufficient to note that Su is an
involution in G/S. Assume x,y € H \ S. Then z *x y = 2y, by Lemma 4.3. (]

Corollary 2.3 can be thus extended to

Corollary 4.5. Assume G(x) = G[3,7, h] and consider x € G. If x ¢ o, then
o =271 If x € ™, then 2* =z~ 1h~!

In the dihedral construction there always exist cases with z %y * z* # zyz~L:

Lemma 4.6. Assume G(x) = G[B,7,h]. If s € S, then = % s % 2* = xsz ™1,
¥k sxx=a lsx and s* xx* x sxx = s o~ lsx, for all x € G. If u € o™, then
wxzxu* =uzu"thTl and @ x ux 2* xu* = zuzluT AT for allz € G\ Gy.

PrOOF: The equalities with s € S follow from Theorem 2.4, Corollary 2.5 and
Lemma 4.4. Assume u € o' and = € fa’, i € M. Express z as e x y = ey,
where e € § and y € o', i € M, and note that o™ is in the centre of G/S.
We obtain u  z * ¥ = (u* e x u*) * (uxy * u*) = (u* (eu " Th™ 1)) (uyu™1) =
(weuw=th=1p=o(mH1=m)y (9= 1) = yeyu=1h ! = uzu"'h L, using Theorem 2.4,
Lemma 4.2, Lemma 2.2 and the definition of . The last equality now easily follows
from Lemma 4.4 and Corollary 4.5. ]
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Proposition 4.7. Assume G(x) = G[3,7,h|. A subgroup H of G(-) is a sub-
group of G(x) if and only if h € H or H < SUSx, for somex € G\ Gy. If H is a
common subgroup of G(-) and G(*), and H is normal in G(-), then H is normal
in G(x) if and only if h€ H or H < S.

PROOF: A subset H C G with h € H is clearly a (normal) subgroup of G(+) if and
only if it is a (normal) subgroup of G(x). For subgroups of S U Sz, z € G\ Gy,
use Lemma 4.4. If H < S, then the normality is retained by Lemma 4.6. The
same lemma implies h € H when H is normal in both G(-) and G(x), and satisfies
H < SUSzand HN Sz # 0, for some z € G\ Go. If H < G(-) is contained in
no SU Sz, z € G\ Gy, then Gy N H is not contained in S. If in such a case H
is to be a subgroup of G(x), then Go N H is a subgroup of both Go(-) and Gp(*).
Since it is not contained in S, it has to contain h, by Proposition 2.6. (I

If G(x) = G[B3,7, h], then h € Q(G \ Gy), and h9 = h*!| by Lemma 1.4. From
Lemma 4.6 we see that (h) is a normal subgroup of both G(-) and G(x). The
following statement is therefore an immediate consequence of the definition of *.

Proposition 4.8. Assume G(x) = G|f3,~,h]. Then (h) is a cyclic normal sub-
group of both G(-) and G(x), and the quotient groups G(-)/(h) and G(x)/(h)

coincide.

It is clear that the operation - can be recovered from * by a converse proce-
dure, and hence we can state without a proof the following proposition, which is
analogous to Proposition 3.6.

Proposition 4.9. If G(x) = G[3,7,h], then G(-) = G(x)[8,~,h 1.

The dihedral group Dy, is nilpotent if and only if m = 2% for some k > 0, and
in such a case its nilpotency degree is equal to k + 1. These are the only cases
when it makes sense to consider the nilpotency of G|[3,, h].

Proposition 4.10. Assume G(x) = G[fB,~,h| and suppose that G/S = Dy,
m = 2F. The group G() is nilpotent if and only if G(-) is nilpotent, and their
nilpotency differs at most by k + 1.

PROOF: The relationship of G(-) and G(x) is symmetric, by Proposition 4.9. We
can thus assume that G(-) is nilpotent. Let 1 < Gy < Gy—1 < ...G1 < Gy =G
be the upper central series of G(+), and let S = Hj, < ... < Hy = G be such that
Hy/S <...< Hy/S is the lower central series of G/S = Dgy12. The series

1=G;NS<G1NS<D...AGINS<AS<AH, 1<...<Hy=G

is a central series in G(x), by Proposition 4.7 and Lemma 4.6, since the commu-
tators in G(*) and G(-) coincide when one of their arguments lies in 5.
O
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Surprisingly, the estimate of Proposition 4.10 is the best possible. Indeed,
consider the group

k k
G=(x,y,z 2> =y =22 =1, zz=1zx, 2% =21, 2¥=271),

where k > 1. This group is a semidirect product of Cor x Cor with Ca, and is of
order 226*1 Tt is nilpotent of degree k, and we shall show that for S = (z) and
h = « we can get G(x) that is isomorphic to Dyzr+1. This will be the example we
need, since G/S = Dogy1.

Put 8 = yS and v = y2S. The crucial point is to show that the 2m-th power
of z in G(x) is an element of S that is of order 2m (we have 2m = 2¥). However,
by Lemma 3.1 it is equal to 2 = z, and so the order of z in G(x) is 22F.
Furthermore, y *y = y2 = 1 and y * z = yz, by Lemma 4.2, and for m > 2 we
have y * z %y = (yz) *y = yzyh U+ = 2y = 2=1 = 2* by Lemma 4.5, while
for m = 1 we obtain y * z x y = (yz) *y = yzyh ™t = zh~1 = 2*.

Further information about the groups that can be derived from D, by means

of cyclic and dihedral constructions can be found in [1]. For the case m =1 see
also [7].

5. Characterization of the dihedral construction

Proposition 5.1. Fori € {1,2} assume G; = (S, u;, v;), where S is normal in G},
G;/S is dihedral of order 4m, G;/S = (u; S, v;S), u% = u% € S and v% = v% es.
Put h = (ugug)®™(uivy) 2™, If s = s¥2 and s = sY2 for all s € S, then
h € Q(u;S,v;S) for both i € {1,2}, and G1(x) = G1[u1S,v15, h] is isomorphic
to Go.

PrOOF: We start by proving (ujv1)7 (viug)? = (ugv)? (voug)? € S, for all j > 0.
The case j = 0 is clear. Assume j > 0 and put s = (ujv1)’(viu1)?. The
induction step follows from (uqv1)? 1 (viu1)? ! = wjvisviu; = ul(v%svl)ul =
u%(v%s”)“l = u%(vgsvg)“Z = ugugsvgug = (ugve) T (vaug)? 1. The role of u;
and v;, i € {1,2}, is at this stage symmetric, and hence also (viu1)’(ujv1)! =
(voug)? (ugvz)?, for all j > 0. Both equalities can be inverted, and therefore they
hold for all integers j.

The index of S in (S, u;v;), ¢ € {1,2}, is equal to 2m, and the respective
quotient is cyclic. We have s¥1Y1 = g%2%2 for all s € S, and hence h lies in the
centre of (S, u;v;), by Proposition 2.8. From h(ujv1)®™ = (ujv1)?™h we obtain
(u202)?™ (u1v1)?™ = (uqv1)?™(ugv2)?™, and this gives

(ugv2)?™ (ugv1) ™2™ (vaug) ™ (vyuy ) "2 =

(u1v1) 2™ (ug2) 2™ (vgug) ™ (vyuy ) T2 =

(ulvl)—2m (ulvl)zm(vlul)2m (Ulul)_2m =1.
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This means A1 = (vaug)?™ (viu1)~2™. Now, h = ((ugu2)?™)% ((uyvy)~2m)%
= ((ugv2)?™)¥2 ((ugv1)~2™)™ = (vaug)?™(viu1) ™2™ = h™!, for both i € {1,2}.
We have proved h € Q(u;S), by Lemma 1.4. Symmetrically we also get h™1 €
Q(viS), and so h € Q(u;5,v;5), i € {1,2}. ‘

Define now ¢ : Go — G1 by ¢(uj(ugv2)’s) = uj(ujvi)’s, for all s € 5,
ecf{0,1}andj e M = {-m+1,...,-1,0,1,...,m}. If & is another element
of S, then p(u5s’ (ugva)/s) = <p2(u§(u202)j(s/)(“1vl)] s) = u‘isg(ulvl)js. Simi-
laurly,6 for s1,52,53 € S we get p(s1ussa(ugva)lsz) = @(U%S?ZSQ(’U,QUQ)]Sg) =
u‘iszfl sz(ulvl)j53 = 51u552(u1v1)j53.

For s1,s9,83 € S, e € {0,1} and j € M we also obtain

p(s1u552(vauz) I s3) = p(s1u§sa(vaus) ™ (ugve) ™ (ugve ) s3) =
Sl’UESQ(’Ul’U,l)_j(’U,l’Ul)_j(u1’l)1)j83 = SlUiSQ(’UlUl)_ng.
If j € M, then —(j — 1) € M as well, and (ugv3)7vy is equal to

ug(vguz)j_lvg(vgw)_(j_l)(vguz)j_l = ug(vlul)j_lv%(vlul)_(j_l)(vguz)j_l.

Hence ¢(s1u5s2 (ugvg)? s3v9) is equal to
<p(51u552u2(vlul)j_lv%(vlul)_(j_l)(vguz)j_lsgl).

For ¢ = 0 this gives s1s9 (ulvl)j83v1, while for ¢ = 1 we obtain

slu%sgl (vlul)j_lv%(vlul)_(j_l)(vlul)j_ls§1 = slulsg(ulvl)j53vl.

We have proved that
o(s1u5s2 (uzvg)js;gvg) = squjso(uivy )j53v?

for all s1,s9,83 € S,j€ M and ¢,n € {0,1}.

Assume i,j € M, ¢,n € {0,1} and s,t € S. When = = u‘i(ulvl)is and
Yy = t(ulvl)jv? are multiplied in G1[u1S,v1.5,h], then one gets zyh(~D"o(i+5),
Define * on G1 by zxy = (o~ (2)¢ 1 (y)). Then ¢ : G1(*) = G3, and it remains
to show that z +y = wyh(=1"7(+3) | We have  xy = o(u§(ugua)st(ugvz)ivg) =
go(ug(st)(uzvz)ﬂ (ugv2)*™vy), and from the above formula for ¢ we see that z*y is

equal to ui(st)(ulvl)ﬂwvg, where w = p((ugv2)F) and k = i+ j. If o((ugw2)¥) =
(ulvl)khg(k), then z xy = uﬁ(ulvl)ist(ulvl)jh"(i"'j)vg, and from hvy = vgh~!
one really gets the required formula = xy = xyh(_l)""(i"'j ). Hence we need to
prove o((ugvz)¥) = (ugv1)¥ho®) for every k, —2m < k < 2m. This can be
done by repeating the last paragraph of the proof of Proposition 2.8 (where u; is
replaced by u;v;, i € {1,2}). O
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Corollary 5.2. Fori € {1,2} assume G; = (S, u;,v;), where S < G is a normal
subgroup of index 4m, and G;/ S is generated by involutions u;S and v;S. Assume
also u% = u%, v% = v%, (u1v1)?™ = (ugu2)®™, and suppose s"' = s"2 and
sV = s¥2 for all s € S. Then there exists an isomorphism ¢ : Go = Gy such that
@(ugs(ugvg)jtvg) = u‘?s(ulvl)jtv;7 for all s,t € S and all e,n,j € Z.

PRrOOF: Consider G1(x) and ¢ from the proof of Proposition Diso. We assume
h =1, and hence G1(*) does not differ from G1(-). The isomorphism ¢ maps ug
to u1, v to v, ugvy to ujvy, and fixes each s € S. Hence the formula for ¢ can
be extended to all integers €, n and j. O

Recall that the groups G1 and G2 are Dyy,-related, m > 1, if there exist
a group G = G(-), a subgroup S < G, involutory cosets 3,7 € G/S and an
element h € Q(B,v) such that |G : S| = 4m, G/S = (8,7v), G1 = G(-) and
Go = G(x) = G[B,7, h].

Theorem 5.3. The groups G1 and Go are Dyy,-related, m > 1, if and only if
there exist groups H; = Gy, i € {1,2}, a common subgroup S < H;, and elements
u;,v; € H; \ S such that H;/S = (u;S,v;S), |H; : S| = 4m, ¢ € {1,2}, and
u% = u% es, ’U% = v% €8, s" =352 and sV =2, forall s € S.

Proor: If groups H; and elements u; and v; exist, then H;/S is dihedral, and
the groups G1 and Gg are Dyp,-related by Proposition 5.1. If G; = G(-) and
G2 = G(x), where G(x) = G[f,~, h] and |G : S| = 4m, then we can put H; = G(-),
Hs = G(*), and consider any u; = ug € 8 and v1 = vy € 4. The rest follows from
Lemmas 4.4 and 4.6. (I

6. Isomorphisms of dihedral constructions

Proposition 6.1. Assume G = (S,u,v), where S < G, u?> € S, v?> € S and G/S
is dihedral of order 4m, m > 1. Suppose that h = (pq)(“”)zmi1 . (p0) @) (pq),
where p € Q(uS) and ¢ € Q(vS). Then h € Q(uS,vS), and there exists an iso-
morphism ¢ : G[uS,vS, h] = G such that o(ufs(uv)itv) = (pu)®s(puvq)t(vg)"
for all j,e,n € Z.

PROOF: Put w = uv and z = pg. We have z € Z = Q(uw?S) ... Q(uw?™15),
and hence h € SN Q(G\ Gog) = Q(uS,vS), by Propositions 1.7 and 1.5. The
existence of ¢ will be proved by means of Corollary 5.2, setting G2 = G[uS, vS, h],
G1 =G, ug = u, vg = v, u; = pu and v; = uq. The groups S U Su; = S U Suz
and S U Sv; = S U Svg are the same in both G; and G2, by Lemma 4.4, and
hence to verify that u% = u%, s = g¥2, v% = v% and s = s¥2, s € S, we
can compute both sides of each of these equations in G. Conjugation by u; and
v;, © € {1,2}, coincides on S, since p,q € Z(S), by Lemma 1.4. Furthermore,

u? = (pup)u = u? = u3 and v? = v(qug) = v? = v3.
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The product of ug and vg in G is equal to ugvg = w, by Lemma 4.2, and the
2m-th power of w in G is equal to w?™h, by Lemma 3.1. To fulfil the assumptions
of Corollary 5.2 it remains to verify w?™h = (pwq)zm, since pwq = u1v1.

The elements p, g belong to Z(S) and (S,w) = Gp. A double application of
Lemma 1.2 therefore gives

w2m—1 2m . w w w

(pwg)®™ = (wq)*"pp® ...p =w"qq" ... q pp¥ . ..p =w

Corollary 6.2. Assume G(x) = G[8,7, h], a« = B, and put

Z = Q(AQ(Pa)...Q(Ba>" ).
wX™ Tl We then G(x) 2 G.
PRrOOF: This is a direct consequence of Propositions 1.8 and 6.1. O

The subgroup Z = Q(B)Q(Ba) ... Q(Ba*™~1) has for the dihedral construc-
tion a similar role to that of Z(S) for the cyclic construction. By setting T =
{zzw...zwzn%l; z € Z} we get a subgroup of Q(3,7) such that G[3,v, h1] =
G|[B,7, ha] whenever hi,ha € Q(3,7) are congruent modulo 7. This is proved
below, but first we have to observe that the dihedral construction exhibits an

affine behaviour similar to that of the cyclic case.

Proposition 6.3. Assume G1 = G[8,v,h1] and Gy = G|[3,, h1ha], where hy
and hg are elements of Q(3,v). Then Go = G1[3,7, ha).

PRrROOF: Consider z € 50 and y € a?+", where i,j € M and €,1 € {0,1}. The
product of z and y in Go = G[3, 7, h1ha] is equal to zy(h1h2)® = xyh{hg, where
a = (—=1)"0(i + j). Denote by * the operation of G; = G[8,~, h1]. The product
of z and y in G1[8,7, ho| is equal to x *y x h§ = (z*y)h§ = xyh{hg. We see that
both products give the same result. (I
Theorem 6.4. Assume S <1 G, G/S = Dy, m > 1, and suppose that G/S
is generated by the cosets 3 and v, 2 = 42 = S. Put a = By, Gg = (o, ),
and Z = Q(3)Q(Ba) ... Q(Ba2m=1). If (w,S) = Go, then T = {z2% ... """,
z € Z} is a subgroup of Q(83,7) = SNQ(G\ Gy). It contains {z*™; 2 € Q(3,7)}
and does not depend on the choice of w € G, (w,S) = Gy. If h1,ho € Q(3,7)
are such that h1h2_1 € T, then G[S3,~, h1] = G[B, 7, ha].

ProOF: All of the above mentioned properties of the subgroup 7' are proved in
Proposition 1.7. If hy = ho mod T, then G[3,~, ha] = G1[8, 7, h], where G1 =
G[B,7,h1] and h = h1_1h2 € T, by Proposition 6.3. Inner automorphisms act
on S in the same way in G’ and Gy, by Lemma 4.6. Hence the group Q(Ba),
0 < j < 2m, does not change when defined with respect to Gy. The groups Z
and T do not change as well, and so G|[3,, ha] = G follows from Corollary 6.2.

O

If there exists z € Z and w € o« with h = 2
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Corollary 6.5. Assume G(x) = G[3,7,h]. Then there exists h' € Q(3,7) such
that every prime divisor of its order divides 2m, and G(x) = G|[3,~, I'].

PRroor: Express h as a product of its powers, h = h'h”, in such a way that the
order of 1" is coprime to 2m. Then h” = 22™ for certain z € (h") < Q(B,v). O

Proposition 6.6. Assume G(x) = G[y,3,h™1]. Then there exists an isomor-
phism ¢ : G(x) = G|[3,, h] that fixes all elements of FU~U S.

PRrROOF: Fix u € 8 and v € . The product of u and v in G[3,~, h] is equal to
uv, and the 2m-th power of uv in G[8,7, k] is equal to (uv)*™h, by Lemma 3.1.
We shall construct the required isomorphism by means of Corollary 5.2 (with
up = ug = w and v; = vy = v), and we see that the only fact to verify is the
equality of the 2m-th power of u % v in G(*) to (uv)?™h.

Suppose first m = 1. Then z *y = zyh~! for (z,y) € (aUB) X o, = *xy = xyh
for (z,y) € (¢ UB) x v, and = *xy = 2y in other cases. Hence (u * v) * (u*v) =
(uvh) * (uvh) = uwwhuvhh™' = (uv)2h, as required.

Let us now have m > 1. Then u* v = wwv, as u € v(vu)S, v € (vu)uS and
1+1=2<m. Wehave uv € (vu)~1S and —1 € M, which implies that the
2m-th power of uv in G(x) equals (uv)?™(h~1) ™1 = (uv)?*™h, by Lemma 3.9.

]

The next proposition resembles Proposition 3.7, and it is clear that it can be
stated without proof.

Proposition 6.7. Suppose ¢ : G1 & G9 and G1(x) = G1[B,7,h]. Then ¢ also
yields an isomorphism G1(x) & Ga(x), where Ga(x) = Ga[o(83), o(7), ¢(h)].

Proposition 6.8. Assume G(x) = G[3,7,h] and let 8’ be a coset of G/S that
does not intersect Go. Then there exist v/ € G/S and h' € Q(8,7) = Q(5',7")
such that G(x) = G[3',+/, h'].

ProOOF: We have G(x) = G[v, 3, h~1], by Proposition 6.6, and (' is a conjugate
of either 3, or v = Ba. The rest can be derived from Proposition 6.7, with ¢ an
appropriate inner automorphism of G = G(-). O

Proposition 6.9. Assume G(x) = G[3,va?,h], where 3 and v generate G/S,
a = Py and j € M is coprime to 2m. Consider k € M with jk = 1 mod 2m.
Then G(x) = G[B, v, h*].

PRrROOF: Put Gy = G(*) and G1 = G[3,7, hk], choose u € 8 and v € v, and set
ug = u1 = u and vo = v; = v. Note that the product of v and v is equal to
uv in both G and G2, by Lemma 4.2. We shall again construct the required
isomorphism by means of Corollary 5.2. From Lemma 4.4 we see that we need
only to verify that the 2m-th powers of w = uv are the same. In G this power
equals w?™h¥, by Lemma 3.1. To compute it in Gog, first observe that o = (af)*.

From Lemma 3.9 we now obtain that it equals w?™hk as well. ([l
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Theorem 6.10. Let S < G and (3;,7; € G/S be such that G/S = Dy, is
generated by (3; and ~;, 62.2 = ”yiz =S, i € {1,2}. For m = 1 also assume

8171 = B2ve. Then Q(B1,71) = Q(B2,72) and for every hy from this set there
exists an element hg of the same set such that G[31,v1, h1] = G[B2, v2, ha].

PRrROOF: By Proposition 1.5 we have Q(53;,7;) = S N Q(G \ Gg). For m > 2
the subgroup Gy is determined uniquely. However, for m = 1 there are three
possibilities, and hence the assumption #1771 = (2772 is needed to guarantee that
we are dealing with the same group G for both i € {1,2}. Proposition 6.8 reduces
the statement to the case 81 = 2, and this case is solved in Proposition 6.9. [
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