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Cancellative actions

PIERRE ANTOINE GRILLET

Abstract. The following problem is considered: when can the action of a cancellative
semigroup S on a set be extended to a simply transitive action of the universal group of
S on a larger set.

Keywords: semigroup action, monoid action, cancellative action, universal actions, S-
set, tensor product
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Introduction

The following problem arose in [4]. Let S be a cancellative semigroup and G(.5)
be its universal group. Assume that S can be embedded in G(S). When can the
action of S on a set X be extended to a simply transitive action of G(S) on some
set Y DO X7 When S is commutative the solution of this problem is easy but
leads to concepts that are of great importance for finitely generated commutative
semigroups [4].

Here we consider the general case of an arbitrary semigroup S which acts on
a set X. In Section 1 we use the universal group G(S5) of S, and the canonical
homomorphism v : S — G(5), to construct a set Y, a mapping ¢ : X — Y,
and an action of G(S) on Y which extends the action of S in the sense that
t(s.z) = v(s).e(z) for all s and x, and has a universal property. This leads
in Section 2 to necessary and sufficient conditions for extending the action of S
on X to a simply transitive action of G(S) on some set Z O X, or to a simply
transitive action of G(S) on Y. A later article will show that the latter conditions
are equivalent to explicit sets of implications.

We do not assume that S is a monoid. But, if S is a monoid, then we may
assume that it acts on X as a monoid (1.x = z for all z € X), since otherwise
its action cannot be extended to a group action.

Recall that a semigroup is a set with an associative operation, which we write
as a multiplication. A semigroup S is cancellative when zz = yz implies x = y,
and zx = zy implies x = y (for all z,y,z € S5). A left semigroup action . of a
semigroup S on a set X is a mapping (s,z) — sz of S x X into X. Then S
acts simply on X when s.z =t.z implies x = t; S acts transitively on X when,
for every z,y € X, there exists some s € S such that s.z = y.
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1. Universal actions

This section takes place in the category Act of semigroup acts. The objects
of Act are all ordered triples (S, X, .) of a semigroup S, a set X, and a left
semigroup action . of S on X; then X is an S-set and (5, X, .) is an S-act.
In Act, a morphism from (S, X, .) to (T,Y, .) is an ordered pair (¢, f) of a se-
migroup homomorphism ¢ : S — T and a mapping f : X — Y such that
f(s.xz) = ¢(s). f(z) for all s € S and = € X; if ¢ and f are injective, then
the action of 7" on Y extends the action of S on X. Composition and identity
morphisms are componentwise.

1. When ¢ : S — T is a semigroup homomorphism, every S-act has a
universal T-act:

Proposition 1.1. Let (S, X, .) be a semigroup act and ¢ : S — T be a homo-
morphism. There exist aset Y, an action . of T onY, and a mappingt: X — Y
such that (¢,t) : (S,X,.) — (T,Y, .) is a morphism and, for every morphism
(p,) : (S, X,.) — (T,Z,.), there exists a unique action-preserving mapping
B:Y — Z such that fo1 = a.

X—>Y

N

Z

PROOF: We construct Y as a tensor product of S-sets (as introduced in [5]):
namely, Y = T! ®g X, where S acts on T' on the right by t.s =t ¢(s). The
details are as follows. Let ~ be the smallest equivalence relation on the set T'x X
such that

(1) for all t,u,v € T* and z,y € X, (u,x) ~ (v,y) implies (tu,z) ~ (tv,y);

and

(2) for all s € S and z € X, (¢(s),z) ~ (1,s.x).
This exists since an intersection of equivalence relations with properties (1) and
(2) again has properties (1) and (2). A more detailed description of ~ is given in
Lemma 1.2 below.

We show that Y = (T1 x X )/~ serves. Let cls(t, z) denote the ~-class of (¢,z).
The mapping ¢ : X — Y is given by

v(xz) = cls(1, ).
By (1), an action . of T on Y is well defined by

t.cls(u,x) = cls(tu, z).
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This is a monoid action since 1. cls(u, z) = cls(u, z) and
t.(u.cs(v,z)) = t.cs(uww,z) = cls(tuv,z) = tu. cls(v, z).
In particular, T acts on Y. Also
s.x) = cls(l,s.x) = cls(p(s),z) = (s).u(x)

by (2). Thus (7,7, .) is an object of Act and (¢, () is a morphism.

Let (p,a) : (S,X,.) — (T, Z, .) be a morphism. The mapping « induces a
mapping @ : T! x X — Z defined by

a(t,z) = t.a(z)

(with @(1,z) = a(z) if t = 1 € TY). If @(u, x) = @(v,y), then u.a(z) = v. ay)

and
a(tu,z) = tu.a(z) = t.(u.a(z))
)

=t.(v.afy) = tv.afy
Also
ale(s),z) = ¢(s).a(z) = a(s.z) = 1.a(s.z) = @(l, s.x)
by the choice of a. Thus the equivalence relation induced by @ satisfies (1) and (2).

It therefore contains ~: (t,x) ~ (u,y) implies @(t, ) = @(u,y). Hence a mapping
B :Y — Z is well defined by

B(cls(t,z)) = alt,z) = t.az).
In particular 3(c(z)) = 3(cls(1,z)) =1.a(z) = a(z) and f o = a. If moreover
y = cls(u,z) €Y, then
Bt.y) = B(cs(tu,z)) = tu.afz) = t.(u.a(z)) = t.6(y).
Thus S is action-preserving.
If conversely 3’ : Y — Z is action-preserving and ' o . = «, then

B (cls(t,x)) B(t. cs(l,z)) = B'(t.ux))
= t. () = t.a(z) = B(cs(t,2));

hence ( is unique. O

We give a more precise description of ~ (which would work more generally in
any tensor product of S-sets). For this it is convenient to regard the elements
of T1 x X as the vertices of a directed graph, in which there is a labelled edge
(t,s.x) = (tp(s),z) for every (t,z) € T' x X and s € S'. In particular there is
an identity edge (¢, x) 1 (t,z) for every (t,z) € T x X. We note two properties:

If a =, b =, ¢, then a BN ¢: indeed, if a = (t,—) and ¢ = (—, z),
then b = (to(s'),s”.z), so that a = (¢, s'.(s".2)), ¢ = (te(s)p(s"),r), and

s/s//

If (u,s.2) —— (up(s),z), then (tu,s.z) —— (tugp(s), ).
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Lemma 1.2. In T' x X, a ~ b if and only if

_ 81 59 S2n—1 S2n _b
A=0y A =70y " Aoy o lop_q = 0oy =
1 1
for some n > 0, ag,...,a9, €T" x X, and 51, 89,...,8, € S".

PrOOF: Let a C b if and only if

_ S1 EP) S2n—1 Son _ b
a=0ay Ay — 0y " Qg o lgyp_1 = 09y =
1 1 .. .
for some n > 0, ay,...,ay, €T" X X, and s{,..., 8y, € S*. It is immediate that

C is reflexive (let n = 0), symmetric, and transitive. Also (u,x) C (v, y) implies
(tu, ) C (tv,y), since (u,s.z) —— (ugp(s),z) implies (tu,s.z) —— (tup(s),z);
and (p(s),x) C (1,s.x), since (p(s),z) —— (1,5.x) R (1,s.2). Thus C is an
equivalence relation with properties (1) and (2).

If conversely A is an equivalence relation with properties (1) and (2), then
(to(s),xz) A (t,s.z) for all t, s, and z; hence (t,s.x) —— (to(s),z) implies
(t,s.z) A (te(s),z), and a C b implies a A b. Therefore C coincides with ~. O

2. Proposition 1.1 implies that every semigroup act has a universal group act
in Act. First recall that every semigroup S has a universal group in the category
of semigroups and homomorphisms: that is, there exist a group G(S) and a
homomorphism v : S — G(S), such that every homomorphism ¢ of S into a
group G factors uniquely through v (¢ = ¢ oy for some unique homomorphism
Y : G(S) — G). For instance let F be the free monoid on the set S U S’, where
S’ is disjoint from S and comes with a bijection s —— s’ of S onto S’. Let
t:SUS" — F be the canonical mapping. Let C be the smallest congruence on
F such that t(st) C i(s) u(t), t(s) ¢(s') C 1, and (") «(s) C 1, for all s,t € S; then
F/C and the canonical mapping S — F — F/C serve as G(S) and v. The
existence of a universal group also follows from the Adjoint Functor Theorem.

Proposition 1.3. Let (S, X, .) be a semigroup act. Let G(S) be the univer-
sal group of S and v : S — G(S) be the canonical homomorphism. The
universal G(S)-set Y of X and its canonical morphism (v,¢) : (S, X,.) —
(G(S),Y, .) have the following universal property: for every morphism (p, ) :
(S,X,.) — (G,Z,.), where G is a group, there exists a unique morphism

(1/175) : (G(S),Y, ) - (Gv Z, ) such that (waﬁ) o (’77L) = (Spva)'

5 —1> G(S) X —tsvy

NN

G Z
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PRrOOF: By Proposition 1.1, (y,¢) : (5, X,.) — (G(5),Y, .) is a morphism
and, for every morphism (v,a) : (S, X, .) — (G(S), Z, .), there exists a unique
action-preserving mapping § : Y — Z such that § o+ = «. We now prove the
stronger universal property in the statement.

Let G be a group and (p,a) : (S,X,.) — (G,Z, .) be a morphism. Since
G(S) is the universal group of S there exists a unique homomorphism ¢ : G(S) —
G such that 1 oy = . The action of G on Z then induces an action of G(S) on
Z, given by

for all g € G(S) and z € Z. Then

a(s.x) = ¢(s).alz) = P((s))-alz) = (s). alz)

for all s€ S and z € X, and (v,) : (S,X, .) — (G(S),Z, .) is a morphism of
acts. Hence there is a unique mapping 5 : Y — Z such that fo:. = « and §
preserves the action of G(S). This last condition states that

Blg-y) = g-By) = ¥(9).By)

forall g € G(S) and y € Y, ie. (¢,0): (G(S),Y,.) — (G, Z,.)isa morphism
of acts. Thus there is a unique morphism (¢, 8) : (G(S5),Y, .) — (G, Z, .) such
that (¢, 8) o (v,4) = (¢, ). O

3. In Proposition 1.3 (up to isomorphism of acts) Y = (G(S) x X) /~, where ~
is the smallest equivalence relation on the set G(S)x X such that (1) (g, z) ~ (h,y)
implies (kg,z) ~ (kh,y) and (2) (v(s),z) ~ (1, s.x), for all g,h, k € G(S),
z,y € X,and s € S; then g. cls(h, z) = cls(gh, z) and ¢(z) = cls(1, x). Lemma 1.2
then leads to a better description of ~.

When z,y € X, a connected sequence from x to y is a triple of sequences
Ty, Tys. 5T, € X, 51,...,8, € st tyy..ost, € S! (where n > 0) such that
T =1z, T, =y, and

tl.xozsl.x17 t2.,’E1=S2.ZE2,...,t . T 1:S . T

holds in X (with 1.2 = x in case S is not a monoid). The group value of a
connected sequence z, Ty,...,7, € X, 51,...,8, € st ty,...,t, € Stis

Y(t) 7 v(sy) v(t) T A(sy) < A(t,) T A(s,) € G(S)

(with v(1) =1 € G(S) in case S is not a monoid).
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Lemma 1.4. (g,x) ~ (h,y) if and only if there exists a connected sequence from
x to y with group value g_lh.

PROOF: Assume (g,7) ~ (h,y). By Lemma 1.2 there exist n > 0, (gy, %),
(91:%1)s - (Gop>Toy,) € G(S) x X, and sq,...,sy, € S such that (gq,24) =
(gux)7 (gznuxQn) = (hay)7 and

S
(907330) (gla 5131) (927332) =
S2n—2 S2n—1 52

(92n—2:Top—2) —— (921 Top—1) —— (9a> Tap,)

Then gy = g17(s1), 81- %9 = T1 = Sy Ty, and gy = g17(85) = g 7(51)_1 7(s5)-

. - _ 21 _

Similarly s5. x5 = 5,. 2y, gil =gy Y(83)" V(S4)s -+, Sgp_1 - Top_9 = Sop, - Loy,
and gy, = go,_9 V(S9p_1)" " V(8y,)- Hence xy,xq,..., 29, € X, S9,54,...,89, €
st 51,885+ +589,_1 € S' is a connected sequence from z to y, whose group

value is go_l Gop = g_lh, since
-1 -1 -1
Jon = 90 V(s1) ™ ¥(s9) V(s3)7" ¥(s4) - V(S9p—1)" V(S2p)-

The converse is similar. Let gy, zy,...,z,, € X, s¢,...,s,, € St tyy.ot, € St
be a connected sequence from x to y with group value g_lh. Let

Y1 =11-Tg=81-T1, Yg =19.Ty1 =89.Tg, ..., Y, =1,-Tp,_1=8,-T,

and gy = g, hy = gy ’Y(t1)_1a 91 = hv(s1) hg =gy ”Y(tz)_lv 9y = hov(s3), -+,
h, =9,_1 W(tn)_l, 9, = h,v(s,). Then g, = h, since

In = 90 7Yt A(s1) Y(te) T A(sy) o ()T (s,) = g9 MR

Moreover,
t
(907550) (hlayl) (917551) =
Sn— tn n
— = (G 1 By y) < (B Y) = (9 7,)-
Hence (g,x) ~ (h,y). O

It is convenient to write z —2- y when z,y € X and there is a connected
sequence from x to y with group value g € G(S). We note the following properties.
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Lemma 1.5. x#wands.xﬂxforevery:veXandsES. Ifxi>y,
thenyg—>a:. Ifx—gayandyLz, then z —2° 2.

PrROOF: When z € X, then z B since there is a connected sequence with
n = 0 (also, (1,z) ~ (1,z)). More generally, when s € S, then s.z = ),
z; =z €X,8 =s5€ St t;=1¢ St is a connected sequence from s.x to x

with group value ~(s); hence s. z ), x.

If v =xy,2q,...,2, =y € X, 51,...,sn€S1,t1,...,tn65’1 is a connected
sequence from z to y with group value

g = ()T A(s) A(te) T A(sg) o ()T A(sy),

theny =x,,z, {,...,5g=2€ X, 1,,...,1; e sl s - € Sl is a connected

sequence from y to x with group value

n’’

-1 -1 —1
V(sp) 7 () V(spo1) ™ A1) o (s) T () = g
g g !
Hence x —— y implies y —— =.
If finally # = zg,2y,...,2,, =y € X, 51,...,5, € St tiyeeost,, € Sis a
connected sequence from z to y with group value

g = ”Y(t1)_1 7(51) ”Y(tz)_l 7(52) ”Y(tm)_l ’Y(Sm)a

and ¥y = Yo, Y1, Y, =2 € X, uy,...,u, € St Vi, 0, € St is a connected
sequence from y to z with group value

ho= (o) y(ug) v(vy) T y(uy) <. A(v,) T (),

then x = zg,2y,...,%,, = Yg» Y>> Yy € X, 8150, 8,, Upy---sU, € Sl,
Eyyeneslys Vpsevesy, € St is a connected sequence from z to z with group value
—1 —1 —1
Y(t) 7 (sq) v(Ea) ™ v(sg) oo v(t,) 7 A(sy)
-1 -1 -1
V() A(ug) Y(vg) T A(uy) - ()T Y(wy,) = gh
g h . . gh

Hence © — y and y — z implies z —— z. (]

When S acts on X, the relation

x = y if and only if there exists a connected sequence from z to y
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is by Lemma 1.5 an equivalence relation on X; we call its equivalence classes
the connected components of X. We write the quotient set X/= (the set of all
connected components of X) as a family (C;),;-

We say that the action of S on X is connected when there is only one connected
component (when for every z,y € X there exists a connected sequence from x
to y); we also say that the S-set X is connected. This is weaker than the usual
transitivity conditions in, say, [3]. The connected components of any S-set are
themselves connected S-sets.

4. We now give an alternate construction of the universal group act, in which
the orbits of Y (under the action of G(S)) are constructed from the connected
components of X. First we note:

Proposition 1.6. In the universal group act (G(S),Y, .) of (S, X, .), «(z) and
t(y) lie in the same orbit if and only if x and y lie in the same connected component
of S.

PrROOF: Let z,y € X. If «(z) and «(y) lie in the same orbit, then cls(1,z) =
g. cls(l,y) = cls(g,y) for some g € G(S) and there exists a connected sequence
from z to y, by Lemma 1.4. If conversely there exists a connected sequence from
x to y, and g € G(95) is its group value, then «(x) = cls(1,z) = cls(g,y) = g t(y),
by Lemma 1.4, so that «(z) and ¢(y) lie in the same orbit. O

Stabilizers and orbits in Y can be retrieved from X as follows.

Lemma 1.7. Let C' be a connected component of X and ¢ € C. Then
H(C) = {heG(S)|c—L e}

is a subgroup of G(S); for every x € C, {g € G(5) | = 2. ¢} is a left coset
of H(C).

PROOF: H = H(C) is a subgroup of G(S) by Lemma 1.5. Let 2 —2 ¢. If ¢ SN c,

h -1 ’
then z —2— c. If conversely x g, ¢, then ¢ SN N c, g_lg/ € H, and
g/EgH;thus{g/eG(S)’ch}:gH. O

Recall that, when H is a subgroup of a group G, then the left cosets of H
constitute a set G/H, on which G acts by left multiplication: ¢'. gH = ¢'gH.

Proposition 1.8. Let (S, X, .) be a semigroup act, (G(S),Y, .) be its universal
group act, and (C;),; be its connected components. For any cross-section (c;);c
of =,Y is (up to an isomorphism of G(S)-acts) the disjoint union

v = U(CE)/HEG) x ).

iel
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with g.(¢'H(C,),i) = (99'H(C}),i) and «(z) = (9H(C,;),i) when = € C, and

g
I———’Ci.

PROOF: We need a cross-section (c;),c; of = (with ¢; € ;) to define H(C;) =

{(heG(S)|e; L= e} Let

z = |J(6(8)/H(G) x {i}),

iel

with g. (¢'H(C}),i) = (99’H(C;),i) as in the statement. Then Z is a G(S)-set.
By Lemma 1.7, a mapping « : X — Z is well-defined by

a(z) = (gH(C;),i) when x € C; and x <, c;-
(s)

Let x € X,z € C;, and s € S. Then s.2 —— z by Lemma 1.5, in particular

s.xeC. Ifx N ¢;, so that a(z) = (gH(C;), i), then s.x ), ¢; and

a(s.x) = (v(s)gH(C;),1) = v(s).a(z).

Thus (v,a): (S, X, .) — (G(S), Z, .) is a morphism of acts.

By Proposition 1.1, there exists an action-preserving mapping 5 : Y — Z
such that 3ot = a. We show that (3 is bijective. Since [ is action-preserving, we
have

plels(g, ) = Blg. cls(l,2)) = Blg-u(x)) = g.6((z)) = g.a()

for all 2 € X and g € G(S). Now a(c;) = (H(C,),i), since ¢, SN ¢;; hence
(9H(C;),i) = g.a(c;) and (3 is surjective.
Now assume that 3(cls(g,x)) = B(cls(h,y)). Let € C,, 2 — ¢; and y € G

y 2 ¢;, so that a(z) = (aH(C}), i) and a(y) = (bH(C;), j). We have
(gaH (C)),1) = g.a(x) = h.ay) = (WH(C)),]),

so that ¢ = j (z and y lie in the same connected component) and gaH (C;) =
—1
hbH(C;). Hence aH(C,) = g~ hbH(C,), there exists x g kb, ¢; by Lemma 1.7,
—1 1 —1
and z 2" ¢ b y yields z 9k, y and cls(g,z) = cls(h,y), by
Lemma 1.4. Thus £ is injective. (]

5. A notable particular case occurs when S acts on itself by left multiplication.
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Proposition 1.9. When a semigroup S acts on itself by left multiplication, the
connected components of S are left ideals, and = is the smallest congruence C
on S such that S/C is a right zero semigroup.

ProoF: For all z,y € S the equality z.y = zy = 1. xy shows that y = xy; hence
the =-classes (L;);c; are left ideals. In particular Lz‘Lj C Lj for all ¢, j; hence =
is a congruence and S/= is a right zero semigroup (ab = b for all a,b € S/=).
Conversely let C be a right zero semigroup congruence on S. If z,y € S and
s,t € ST, then sz = ty implies  C sx C ty C y; therefore = is contained in C. [

Proposition 1.9 goes back to Dubreil [2]. A semigroup S may be called left
connected when S, as an S-set under left multiplication, has only one connected
component. For example, every monoid is left connected (s ~ 1 for every s since
1.s=s.1). (On the other hand, nontrivial right zero bands, and free semigroups
with two or more generators, are not left connected.) Proposition 1.9 implies that
every semigroup is a right zero band of left-connected semigroups. Additional
results on band decompositions, including right zero band decompositions, can
be found in [1].

Lemma 1.10. When S acts on itself by left multiplication, every connected

sequence from z to y has group value v(z) v(y) L.

PROOF: As in the proof of Lemma 1.4, let x4, 2,...,2, € X, 51,...,5, € 5,

ty,...,t, €S be a connected sequence from x to y with group value g. Then
1Ty = 8121, to®y = S9%y, ..., L, @, 1 = 8,7,

and ’y(tl)_l v(sy) ”y(t2)_1 Y(s9) - V(tn)_l v(s,) = g. In G(S) we have

’Y(tl)_l ’7(51) = ”Y(?Co) 7(171)_1, ’Y(tz)_l 7(52) = ’Y(Il) 7(552)_17
) T A s) = (@) ()T
Hence
g = At v(sy) ()T A(sy) A(t,) T A(sy,)
= () Y(z,) " = (@) YY)~
0

Lemma 1.10 implies that H(C) = {1} for every connected component C of S.
Proposition 1.8 then yields:

Corollary 1.11. Let S act on itself by left multiplication. The universal group
act of S is isomorphic to a disjoint union of copies of G(S), one for every connected
component of S, on which G(S) acts by left multiplication.

If in particular S is left connected (e.g. if S is a monoid), then the universal
group act of S is isomorphic to G(S), acting on itself by left multiplication.
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2. Simply transitive actions

1. We now turn to the general problem posed in the beginning: can the action
of S on a set X be extended to a simply transitive action of G(S)? that is, is
there an action-preserving injection o : X — Z, where G(S) acts simply and
transitively on Z7

We note some necessary conditions.

Proposition 2.1. Let (S, X, .) be a semigroup act, (G(S),Y, .) be its universal
group act, and (v,a) : (S, X, .) — (G(S), Z, .) be a morphism of acts, so that
a = Bou If ais injective, then ¢ is injective. If G(S) acts simply on Z, then
G(S) acts simply on Y. If X # () and G(S) acts simply and transitively on Z,
then B :' Y — Z is surjective; moreover, for every z € Z, ﬁ_l(z) contains a
single element of every orbit of Y .

PRrROOF: By Proposition 1.1 there is a unique action-preserving mapping 5 : ¥ —
Z such that a = B o¢. If « is injective, then so is ¢.

If G(S) acts simply on Z and g.y = h.y for some y € Y, then g.3(y) =
B(g.y) =p0B(h.y) =h.B(y) and g = h; thus G(S) acts simply on Y.

If X # () and G(S) acts simply and transitively on Z, then Y # () and, for any
z€ Zandy €Y, wehave z = g.(y) = B(g.y) for some unique g € G(S5); thus
0 is surjective, and 6_1(2) contains exactly one element g .y of the orbit of y.

O

When « is injective and G(S) acts simply and transitively on Z, Proposition 2.1
implies that § is made of bijections from every orbit of Y onto Z.

As in Section 1, let (C;);c; be the family of connected components of X, and
let (c;);cr be a cross-section of = (with ¢; € C;). Let V, be the set of all g € G(S)
such that g is the group value of a connected sequence from some x € C; to c¢;:

V. = {geG(S)}x—g—»ciforsomexeC;}.

By Lemma 1.7, V is a union of left cosets of H(C;).

Lemma 2.2. In Proposition 2.1, let « be injective and G(S) act simply and
transitively on Z. Let p € Z. Then

alz) = d(z).p
defines an injective mapping 6 : X — G(S). Moreover

0(G) = V; d(e)

(2
for every connected component C; of X and c; € C,.

PROOF: ¢ is well-defined: since G(S) act simply and transitively on Z there is for
every ¢ € X a unique 6(z) € G(S) such that a(z) = §(z).p. Then ¢ is injective,
since « is injective.
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If 2 -2 ¢;, then (1,z) ~ (g,¢;) by Lemma 1.4 and «(x) = g.¢(c;). Applying
8 yields

a(z) = Bux)) = B(g-ue)) = g-B(ley) = g-ale).
Hence () .p = gd(c;) . p and 6(x) = gd(c;). Therefore 6(C;) =V, 6(c;). O

(2

We say that the connected components of S have disjoint images in G(S)
(relative to a cross-section of =) if there exist g, € G(S5) such that the sets
V.g; are disjoint. If the action of S on a set X can be extended to a simply
transitive action of G(59), then (relative to any cross-section of =) the connected
components of S have disjoint images in G(5), by Lemma 2.2.

Theorem 2.3. Let (5, X, . ) be a semigroup act and (G(S),Y, .) be its universal
group act. The action of S on X can be extended to a simply transitive action
of G(S) on some set Z O X if and only if ¢ is injective, G(S) acts simply on Y,
and, relative to some cross-section of =, the connected components of S have
disjoint images in G(S).

PrOOF: These conditions are necessary by Proposition 2.1 and Lemma 2.2. Con-
versely, assume that ¢ is injective, G(S) acts simply on Y, and, relative to a
cross-section (Ci)ie 7 of =, the connected components of S have disjoint images
in G(S): the sets Vg, are disjoint for some g, € G(S).

Construct o : X — G(S) as follows. Let x € C;. When x <, c;, then
(1,z) ~ (g,¢;) by Lemma 1.4 and «(z) = cls(1,z) = cls(g,¢;) = g.t(c;). Since
G(S) acts simply on Y, g depends only on z (all connected sequences from x to c;
have the same group value). Therefore a mapping « : X — G(5) is well-defined
by

a(r) = gg; when z € C; and <, c;-

Let 2,y € X. If z and y lie in different connected components C; and Cj, then
a(x) # a(y), since the sets Vg, and V;g; are disjoint. Now let 2 and y lie in the

same connected component C;. Let EEAN c; and y LN ¢;- If a(z) = a(y), then
g=h,
Uz) = g.ue) = uy)
by Lemma 1.4, and x = y since ¢ is injective. Thus « is injective.
Now G(S) acts simply and transitively on itself by left multiplication. We show
that (v,a) : (S,X,.) — (G(S),Z, .) is a morphism of acts. Let z € X and

s€eS. LethCZ-andeci. By Lemma 1.5,s.xﬂ>x,s.x&>c

and

1

a(s.x) = v(s)gg; = v(s)a(z).

2. The following results complete Theorem 2.3.



Cancellative actions

Proposition 2.4. In the universal group act (G(S),Y, .) of (S, X, .), t(x) = (y)
if and only if there exists a connected sequence from x to y with group value 1.
If . is injective, then S acts by injections.

PROOF: u(z) = «(y) if and only if (1,z) ~ (1,y), so the first part of the statement
follows from Lemma 1.4. Now assume that ¢ is injective. If s.z = s.y, then
Ty =T, Ty =Y, 5 = 8, t; = s is a connected sequence from x to y with group
value 1; hence x = y; thus S acts by injections. O

Proposition 2.5. In the universal group act (G(S),Y, .) of (S, X, .), G(S) acts
simply on Y if and only if, for every x € X, every connected sequence from x to
x has group value 1.

PRrOOF: This follows from Proposition 1.8, but we give a direct proof. If 4, x,
then (1,z) ~ (g,z) by Lemma 1.4 and 1. cls(1,z) = g. cls(1,z); if G(S) acts
simply on Y this implies g = 1. Conversely let g. cls(k,x) = h. cls(k,x). Then
(gk,x) ~ (hk,x); by Lemma 1.4, there is a connected sequence from x to x with
group value (gk)™! (hk). If all such sequences have group value 1, then gk = hk
and g = h; thus G(S) acts simply on Y. O

Propositions 2.4 and 2.5 will be made more explicit in Section 4.
If X is connected, then the universal G(S)-set Y of X serves in Theorem 2.3:

Proposition 2.6. In the universal group action (G(S),Y, .) of (S,X, .), G(S)
acts transitively on Y if and only if X is connected.

PrOOF: This follows from Proposition 1.6, and from Proposition 1.8, but can be
shown directly as follows. Let z,y € X. If G(S) acts transitively on Y, then
cls(1,z) = g. cls(1,y) = cls(g, y) for some g € G(S) and there exists a connected
sequence from z to y, by Lemma 1.4; thus X is connected. Conversely let cls(h, x),
cls(k,y) € Y. If X is connected, there exists a connected sequence from z to y
and (h,z) ~ (g,y) for some g € G(S), by Lemma 1.4; then kg~!. cls(h,z) =
kg~1. cls(g,y) = cls(k,y). Thus G(S) acts transitively on Y. O
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