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Boundedness and pointwise differentiability
of weak solutions to quasi-linear elliptic
differential equations and variational inequalities

JANA JEZKOVA*

Abstract. The local boundedness of weak solutions to variational inequalities (obstacle
problem) with the linear growth condition is obtained. Consequently, an analogue of
a theorem by Reshetnyak about a.e. differentiability of weak solutions to elliptic diver-
gence type differential equations is proved for variational inequalities.

Keywords: quasi-linear elliptic equations and inequalities, weak solution, local bound-
edness, pointwise differentiability, difference quotient

Classification: 35B65, 35J60, 35R45

1. Introduction

In this paper we are interested in local boundedness and a.e. differentiability
of weak solutions to the quasi-linear differential equation

div A(z,u, Vu) = Bz, u, Vu)

and to the variational inequality

/AxuVu) u—w /B:CuVu(u— w) <0 foral we K,

where K = {u € W01’2(Q) tu > in QF.

We will show that a theorem by Serrin about local boundedness of weak so-
lutions (and thus their a.e. differentiability, see [4]) can be proved not only for
elliptic differential equations with linear growth conditions on the coefficients but
also for variational inequalities of the same type.

We also extend the result about a.e. differentiability to equations and inequal-
ities with coefficients satisfying a quadratic growth condition.

In the following, Q will be an open subset of R"®, n > 3. B,(x) will denote
the ball with center at z and radius r, for simplicity we will write B, instead of

*The results of this article were obtained when the author was studying under the supervision
of Doc. Jana Stard at the Faculty of Mathematics and Physics, Charles University, Prague.
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B;-(0) unless otherwise stated. By f, f we will denote the integral mean value

IN|=t [y f, where |N| is the n-dimensional Lebesgue measure of N C R™.

Since we will be concerned with values of Sobolev functions at a given point,
we will, for clarity, consider the representative of a Sobolev function, say u, which
satisfies

u(z) = lim sup ][ u(y) dy .
—0
" By ()
Let us first consider the following quasi-linear equation

(1.1) div A(z,u, Vu) = B(z, u, Vu),

WhereueVVli’f(Q) and A: QxRXxR" > R"and B: @ x R xR" — R are
Carathéodory functions.
We will moreover assume that the function A satisfies the following ellipticity
condition, namely that
|A(z, u, q)| < alq| + b(x)[u] + e(z),
q- Az,u,q) > |q|* - d()[ul? - g(x)

hold for all z € Q, u € R and ¢ € R™. Here a > 1 is a constant, b,e € L* ()

loc

(1.2)

and d,g € Lfo?(ﬁ) for some 0 < e < 1.

It was shown by Reshetnyak in [9] that if the function B satisfies the linear
growth condition

(1.3) 1B(, u,q)| < c(x)|q| + d(x)lu] + f(z),

where ¢ € Li; °(Q) and d, f € L °(Q) for some 0 < & < 1, then the a.e. dif-
ferentiability of weak solutions to (1.1) is an easy consequence of their Holder
continuity. In the case of the linear equation div (a(m)Vu) =0, the a.e. differen-
tiability of weak solutions was proved independently by Bojarski, see [1]. Hajtasz
and Strzelecki showed in [4] that using Bojarski’s method one can under the con-
ditions (1.2) and (1.3) simplify Reshetnyak’s proof. The idea of the method is as

follows:

Definition 1.1. Let u € Wli’cz(ﬂ) and xzg € Q. For 0 < h < %dist (x0,00) and
X € By, we define the difference quotient vy, of u at the point xg by

u(zg + hX) — u(zg
0 (3) = M £ 1) —ula)
Theorem 1.2 (Reshetnyak, see Theorem 1 in [8]). Let u € W*P(Q). Then for

a.a. r el

%{U(I—Fh,}()— 3 %!(w)hlaxa}

0<|a|<k

= 0.

lim
h—0

’Wk’p(Bz)
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Remark. It is also possible to use a standard result concerning the LP-derivatives
of Sobolev functions, see e.g. Theorem 3.4.2 in [12], instead.

Theorem 1.3 (Stepanov, see [11] or Theorem 3.1.9 in [2]). For u : Q — R™ put
A—{CLEQ:IimsupM <oo}.
r—a |$ — a|

Then A is Lebesgue measurable and u is differentiable a.e. in A.

It is shown that vy, solves an equation similar to (1.1) and this together with
a theorem by Serrin about local boundedness of weak solutions to such equations
(see Theorem 1 in [10]) is used to obtain the estimate
(1.4) esssupxep, |vnl < Qp,

where the constant @, depends only on the parameters of the equation (1.1) and
on |[vp|l12(p,)- Reshetnyak’s theorem (for k = 1) implies that
, ash—0

Z Ug; (xO)Xz
i=1 L2(Bs)

and thus |lvp|lp2(p,) < 2[Vu(zo)| 4+ 1 for small h. It follows that there exists
a constant () < oo such that @, < @ for sufficiently small i. Hence
hX) —
i up 10+ 1)~ ulzo)| _
h—0 h

for a.a. xg €  and by Stepanov’s theorem, the weak solution u is totally differ-
entiable a.e. in ().

lvallp2(By) —

2. Quadratic growth condition

We will show that with some modifications the above method can be used to
prove the almost everywhere differentiability of weak solutions of the equation
(1.1) even in the case when the function B satisfies a (more natural) limited
quadratic growth condition

(2.1) B, u,q)| < e(2)|q? + d(@) ul* + f(2),

where d, f € Lfo% () for some 0 < e < 1, c € LS (Q) and for a.a. 9 € § there
exist 0 < p < % dist (xg,9) and £ > 0 such that
(2.2) 2M esssuPLe B, (2q) le(z)] < 1€,
where M = esssup,ep, (x0) lu(z)].
A function u € Wli’cz (Q)NL>®(Q) is called a weak solution of the equation (1.1),
if
/A(x,u, Vu)Veodr + /B(x,u, Vu)pdx =0
Q Q
is satisfied for all ¢ € Wy'2(Q) N L®(Q).
We will need the following simple lemma (for the proof see Lemma 2 in [10]).
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Lemma 2.1. Let o be a positive exponent and let a; and 3;,1=1,2,... ,N be
two sets of real numbers such that 0 < a; < oo and 0 < [3; < «. Suppose that z
is a positive number satisfying

Then

where v; = (a — 3;)~! and the constant C' depends only on N, a and ;.

The following theorem generalizes Serrin’s theorem in such a way that it com-
bines Serrin’s method with that of Hajlasz and Strzelecki and applies it directly to
the difference quotient v;,. This makes it possible to handle the quadratic growth
in the calculations and obtain the required estimate (1.4).

Theorem 2.2. Letu € Wﬁ)’f (Q)NL>(Q) be a weak solution to the equation (1.1)
and suppose that the conditions (1.2), (2.1) and (2.2) are satisfied.

Then for a.a. zg € Q) there exists 0 < 0 < p and a constant C depending only
onn, e, & a, M, §, u(xg), b(zg), d(xo), e(xo), f(xo) and g(xg), such that for
0 < h < 9, the difference quotient vy, of the solution u at the point xq satisfies
the a priori estimate

lonllzoeqany < € (Ionllzaga) +1) -

PRrROOF: Step 1: Let zg € Q2 be an LP-Lebesgue point of the functions b, d, e, f and
g (p is taken for each function according to (1.2) and (2.1)), which also satisfies
(2.2). It is clear that a.a. xg € 2 have the above properties. Put ug = u(xg).

Using the change of variables x = zg+hX and the definition of a weak solution
to the equation (1.1) it is easy to show that for 0 < h < § < p, the difference
quotient vy, of u is a weak solution to the equation

div Ay (X, v, Vop) = Bp(X, vp, Vop),

where

Ap(X,v,q) = Alxg + hX, ug + hv, q),

2.3
23) Ba(X.v.q) = hB(xo + hX,ug + hv, q)
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for X € B2, v € R and ¢ € R™. Since u € L°°(Q), we may assume that b = 0
and d = 0, for if we define

e(x) = Mb(x)XB,, (xo) (%) + €(x),
f(x) = M?d(2)X By, (w0) (@) + f(x),
9(@) = M2d(2) Xy, (20) (&) + 9(x),
then € € L™(Q), f,g € L7 and for z € Byy(x0), v € R, Ju| < M and ¢ € R",
the following simplified conditions hold:
Az, u, q)| < alq| + &(x),
|B(w, u,q)| < e(2)la® + f(x),
q- Alw,u,q) > |q|* - g(a).
It is now straightforward that the functions A;, and By, satisfy
AR (X, v, )| < aplgl + en(X),
(2.4) Bi(X, v,9)] < cn(X)lal® + fr(X),
g An(X,v,9) > |q* = gn(X),
where
ap = a,
cp(X) = he(zg + hX),
en(X) = e(zo + hX),
frn(X) = hf(zo + hX),
gn(X) = gz + hX).

An easy calculation (using the fact that zqg is an LP-Lebesgue point) shows that
by making ¢ sufficiently small, one can ensure that for 0 < h < 6,

lenllLn(py) < 20(n)™|e(z0) + Mb(zo)| + 1

1Fnll 2 g,y <1

— 2—¢
lgnll 22 (g, < 22~%a(n) = |g(wo) + M?d(zo)| + 1,

where a(n) is the volume of the unit ball in R™. For example

1l 22 gy = ([ Vo0 4 RO ax ) "
Bs

n

(2.5) —h(2"a<n> ]l \f<l’>+Md<I>|22d“’>

Bap (z0)
—0, ash—0.



68

J. Jezkova

Step 2: We continue by Moser’s iteration method (see also [6] and [7]). The
calculations are similar to those in the proof of Serrin’s theorem, see [10]. Put
v = |vp| + 1, then clearly

2M
h

IN

(2.6) 1<0< = +1.

Define for fixed k > 1
F(?) = o",
G(vp) = F(0)F'(0) sgn vy,
$(X) = n(X)?G(vp),

where 7 is a nonnegative C'° function with compact support in By. It then follows
from (2.4) that

Ah(X7 Uh,, V’Uh)V(b(X) + Bh(X7 Uh,, V’Uh)(b(X)
> (P2 = n2en(X)|GI) Vonl® = 2an| V| 1G] [T
— 2e5,(X)n| V| |G| = fr(X)n?|G| = 291(X) (nF")?.
Using |G| = 9(F")?/k and |F'| < k|F| together with 1 < @, the last inequality
can be simplified by setting w = w(X) = F(?)
An(X; 0n, Vo) VO(X) + Bp (X, vp, Vop)o(X)
> (1= ep(X)0) [nVw|? = 2a|nVuw| [wVn|
= 2hen,(X) | [w¥n] — K F(X) ],

where fz 2gn + fn-
Using the estimates (2.2) and (2.6) together with the definition of ¢, it follows

thatf0r0<h<6<2M§and§=§2,

2.7) cMXﬁ<dm+WXMM4+M<!j;@M+2MQ:1—§

Thus the integration over By together with the definition of a weak solution leads
to

€Vl s, < 20 [ Vol Vil dX + 2k [ (Xl juvn] dx

B B
(2.8) : 2

+H/ﬂxmﬂwx.
B>
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The terms on the right-hand side can be estimated by means of the Holder, Sobo-
lev and Minkowski inequalities as follows (see also pages 257 and 258 in [10])

/ V] [0V dX < 9Vl 2 070l 22(5y):

Ba
/eh(X)Inwl [wVn|dX < llep||Ln(By) 1wVl L2 (By) MWl L2+ (3,
Bs
< ci(n)llenllLr B lwVnl L2(B,)
(IVnl 2 (5,) + Vel 2(s,) ).
FOO) w2 dx = / FO) ol w22 dX
B2 B>

IN

Il . g 005,
2- 2—
(lwvnlZsgs,, + Vel )
where 2* = 2n/(n —2) is the Sobolev exponent and ¢1(n) is the absolute constant

from the Sobolev inequality. Putting z = ||nVw||/||lwVnll, s = ||nw]||/||lwV7]|| and
inserting the above estimates in (2.8) yields

22 < &7 (202 + 201 (Wkllenll(1+ 2) + 1 (WE Tl (55 + 552279 ).
It now follows from Lemma 2.1 that z < C1k%/¢(1 + s), or rather
InVeoll gz < C1k¥= (Il 2(s,) + 100l 125, )

where the constant C7 depends only on n, €, a, £ and on the norms of ej, and f
Another use of the Sobolev inequality gives

Inwll L2+ g,y < C2k2/€(||77w||L2(B2) + ||?UV77||L2(BZ))7

where Cy = ¢1(n)(Cy +1).

Let 7 and ' be real numbers satisfying 1 < r’ < r < 2 and let the function
n € C5°(B2) be chosen so that 0 <7 < 1,7 = 1in B,s, n = 0 outside B, and
|Vn| < 2(r — /)71, Inserting 7 to the last estimate yields immediately

||77k||L2*(BT,) < 302/€2/E(7" - 7“/)_1||77I~C||L2(BT)
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and by putting p = 2k and k = n/(n — 2) it becomes

_ _1712/P
ol w5,y < [3C2/205 =) 1l o,
Iterating this inequality (with p; = 27, rj =1+ 277 and 7’3- = rjy1, see also
page 259 in [10]) we finally get
5 _
< CFE? 0]l 2y,

”T}HL”J'“(BTJ»H)

where K = 2x2/¢, C5 = 6C5 and
[e.e] ) K oo ) K
1 ZK’ :“:'/_17 2 Z.]K’ (K}—l)2
Jj=0 7=0
By taking a limit for j — oo, it follows from the definition of ¥ that
lonll o (1) < € (Ilonllz2(s,) +1) -

It is clear that the constant C' depends only on n, §, a, £, M, u(zg) and on the
values of the functions b, d, e, f and ¢ at the point xg. O

3. Variational inequalities

In this section, we will deal with variational inequalities and will show that
a method similar to that described above can be applied to prove that their weak
solutions satisfy the a priori estimate (1.4) (and are thus differentiable a.e.).

Let ue K = {u S Wol’z(Q) tu > in Q}, 1 < 0 on 9N, be a weak solution
to the variational inequality

(3.1) /A(w,u,Vu)V(u—w) dx —l—/B(w,u,Vu)(u—w) dr <0 forallwe K,
Q Q

where 4 : @ x Rx R" - R" and B : 2 x R x R" — R are Carathéodory
functions.

To prove the main results of this section, namely Theorems 3.4, 3.5 and 3.6,
we will need the following three lemmas.

Lemma 3.1. Let z¢ € Q and § > 0 be such that Bog(zg) C Q. Let u be a weak
solution to the inequality (3.1) and put ug = u(xg). Then the difference quotient
vy, (see Definition 1.1) satisfies, for 0 < h < 2§ and for allwy, € K}, the variational
inequality

(3.2)
/ .Ah(X, ’Uh,vvh)V(Uh —wh) dX + / Bh(X, Uh,vvh)(vh —wh) dX <0,
Qh,zo Qh,:vo

where the functions Ay, and By, are defined as in (2.3) and
Qoo ={X €eR" 129+ hX € Q},
Un(X) = (¥(zo + hX) —ug)/h,
Ky, = {u =v—ug/h:vE W01’2(Qh7m0), u > in Qh,xo}-
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ProoF: Clearly v, € Kj,. Let wy, € Kj, and put, for 0 < h < 2§ and X € Qy, 5,
w(zg + hX) = ug + hwp,(X).

Then w € K and inserting w into (3.1) and using the definition of the difference

quotient vy, we obtain the required result. (|

Lemma 3.2 (Lemma 3.1 in Chapter V in [3]). Let f(t) be a nonnegative function
defined on [r1,r2], where r1 > 0. Suppose that for all r; <t < s <rg

f@) <0f(s)+[(s —t)"*A+ B,

where A, B, o and 6 are nonnegative constants and @ < 1. Then for all ] <r <
R<nry
fr) < Cl(R—r)""A+ B],

where C is a constant depending only on « and 6.

Lemma 3.3 (Theorem 5.3 in Chapter I in [5]). Let u € W2(Q) and zg € Q.
Suppose that for all k > ko > 0 and T/2 <t < s < T < dist (xg, 00Q)

1 2—¢
2 2 2 1—
[ wutar <[z [ ehan A,
Apt ks
where 0 < ¢ < 1, wy, = max(u — k,0) and Ay, ¢ = {x € Bs(xo) : u(w) > k}.
Then there exists k' > ko depending only on v, ¢, kg, T and on fAk . w,%o dx,
0>

such that
esSSUPR,. , (z) u(z) < 2K

In the following, we will show that the local boundedness of weak solutions can
be proved also for variational inequalities, cf. Theorem 1 in [10].

Theorem 3.4. Let u € K be a weak solution to the variational inequality (3.1)
with K = {u =v—-S:v¢€ VVol’2(Q)7 u > Y in Q}, where 1) < —S on 9 and
S eR. Let g € Q, 0 < T < dist (xg,dQ) and suppose that

€SS SUP B (o) ¥(2) < 00.

We further assume that for all x € Bp(zg) and all u € R, ¢ € R", the following
conditions are satisfied:

|A(z, u, q)| < alg| + b(z)|ul + e(),
(3.3) 1B(z,u, q)| < c(x)|q| + d(z)lu| + f(=),
q- A(w,u,q) > |qI” — d(x)[u]* — g(x),

71
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where a > 1 is a real constant, b, c,e € L1 (Br(zg)) and d, f,g € L7 (Br(x0))
for some 0 < e < 1.

Then there exists T’ < T (T’ depending on a, €, n and on the LP-norms of
b, ¢, d, e, f and g) and @Q € R (depending only on a, €, n, xg, HUHL?(BT/(xo))’
€SS SUP B, () ¥ (x) and on the LP-norms of b, ¢, d, e, f and g) such that

eSSSUPB,, , (ao) u(z) < Q.

PROOF: Step 1: Let us, for simplicity, write By = Bp(zg) and Byr = B (xg).
First we will show that without loss of generality it can be assumed that e = 0,
f=0and g =0. Put

= lell e gy + 1 gy 60

and % = |u| +m. Then the functions A and B obviously satisfy
|A(@, u, q)| < alq| + b(x)lal,

(3.4) 1B(x,u,q)| < c(x)|q| + d(z)|ul,
q- Az, u,q) = |q|* — d(=)[af?,

where b(x) = b(z) + e(z)/m and d(x) = d(z) + f(z)/m + g(x)/m?.

Step 2: For 0 < s < T and k > max(esssupp,, (), m) put
w(z) = max(u(z) — k,0)

and define Ay, ; as in Lemma 3.3. Choose, for 0 < t < s, a function n € C*°(2)
such that 0 <7 <1, n =1 on B¢(zg), n = 0 outside Bs(xg) and |Vn| <2/(s—1).

Put w = u — nw. It is easy to check that w € K and w is admissible as a test
function in (3.1). Since w = wu outside Ay ;, we can integrate over Ay, in (3.1)
and the inequality will still remain true. Hence

/ Az, u, Vu)V (nw) dz + / B(z,u, Vu)nwdz <0
Ak:,s Ak:,s
and using Vu = Vw on Ay, ; together with (3.4) it follows that

0> / \Vul?dz — /(1—77)|Vu|2d:v— / d(z)|a|? dz

Ak,s Ak,s Ak,s

- /(Q|Vw|—|—l_7(a:)|ﬁ|)w|V77|d:1: - /(c(z)|Vu|+J(x)|ﬂ|)wdz.

Ak,s Ak,s
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Since 0 < w <u < @ in Ay, we obtain

/|Vu|2d:v < /(1—77)|Vu|2dac
Ak,s

Ak,s

(3.5) +2 /J(:z:)|ﬁ|2d:c —|—/aw|V77||Vw|d:c

Ak:,s Ak,s

+ / b(z)w|Vn| @] dz + / c(x)w|Vu| de .
Ak,s Ak,s
The terms on the right-hand side are estimated by means of the Holder and
Poincaré inequalities. Assuming |Bs(zg)| < 1, |spt w| < %|Bs(x0)| and using
|u| < 2k 4w in Ay, ; we get

(3.6)
a® 2 2 1 2
aw|Vn||Vw|dz < 7 [Vn|*w? dz + 3 |[Vw|® dz,
Ak,s Ak,s Ak,s
(3.7)

_ 1 _ _
/b(w)w|Vn||ﬂ|d:c < 3 / |Vn)?w? da +4k2/b(:v)2d:t + /b(:v)2w2dx
Ak,s Ak,s Ak,s Ak,s

1 2 2 2712 1-20-2)
< - \Y% d 4E“||b||* = A n
< [ 19 e AR A
Ak:,s
2 2 2 2/
b "d Ay %/
2 ey () b
Ak,s
1 2 2 207012 1—2=¢
< - \Y% d 4E“||b||* = A n
< [ 190 e AR e A
Ak:,s
b% » A E/"/ 24
+ci(n)]| ||L176(BT)| k| IVw|? dz,

k,s

1/2
<l i ([ 1V a0)
Ak,s

) 1/2*
-(/w2 da:) |Ak78|€/"

Ak,s

—
2
=
&
<
£
&
8
A

73
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< el g2, [ Aesl " [ 10 do,
Ak,s
(3.9)
/ d(z)|a|? dz < 2 / d(z)w? dz + 8k? / d(z) da
Ak,s Ak:,s Ak:,s
< 2l 2y el [ (Ve
Ak,s
— _2—¢

where c1(n) is the constant from the Poincaré inequality. We find 77 < T small
enough to ensure |By/| <1 and

c1(n) ([IBlI? = + el 2 +4|d|| |BT’|€/"§1-
) Br) L 4

n
L1-=(Br Li==( —<(Br)

+ 16||cz|\L%( , the inequality (3.5) can be for

By putting C' = 4[|b|?> x
y putting 1817 22 Br)

Br)

s < T’ rewritten as

(3.10) i/|Vu|2dx§ /(1—77)|VU|2dx
Ap s Ag.s
1+a?
2

2

/ V2 dr + Ok Ay 155
Ak:,s

Notice that T’ and the constant C' depend only on a, €, n and on the norms of b,
c and d. To ensure the assumption |spt w| < %|BS (x0)], we first notice that for
all s < T’

K2 Ay < / ful? de
By

and thus there exists ky > max(esssupp,, 1/, m) such that for all & > ko, it is

_ 1
[Ars| < K2 (lullEap,,) < 51Bra(zo)l.

For such k and for 77/2 < s < T’ then |spt w| < %|BT//2($0)| < %|Bs(:vo)| and
the estimates (3.6) to (3.9) hold.



Boundedness and pointwise differentiability of weak solutions

Again, kg can be chosen in such a way so that its value depends only on
T, |lullz2(B,)» @0, m and esssupp, ¥(z). Using n = 1 in By(zo), it follows
from (3.10) that

2—¢
/ \Vul|? d §’y{ / \Vul? de + / w?|Vn|? dx +k2|Ak,s|1_ n |,
Agt Ap,s\ Akt Ak,s

where v = 4max(C, (1 + a?)/2).

We will continue by “hole-filling” —add ~y-times the left-hand side to both sides
of the inequality and using |Vn| < 2/(s — t) conclude that for all k& > kg and
T'/2 <t < s < s (s1 is an arbitrary number not exceeding 7”),

4 —e
/ Vul?dz < #{ / \Vul?dz + 612 / w? dzx —|—k2|Ak751|1_2n }

k,t k,s k,s1

Lemma 3.2 implies

1 2—¢
2 ~ 2 2 1-

Akt Ak, sy

where 7 depends only on v and thus on C and a. By Lemma 3.3, we conclude
that
eSSSUPR,, , (z0) W) < Q,
= ! 2 2
where ) depends only on 7, €, kg, 77 and on fAko,T’ wi, do < fBT’ |u|® dx . The
special choice of the constants ¥ and kg above completes the proof. ([l

Remark. If we put

"Z(:Eu u, q) = _A(.’II, —u, _Q)a
E(Ia u, Q) = —B(CC, —u, _q)7
K=-K= {u:v+5:v€W(}’2(Q),u§—w in Q},
then the functions A and B satisfy the conditions (3.3) and & = —u is a weak
solution to the inequality

/Z(x,a, Vi)V (i — o) + /E(x,a, Vi) (u—w) <0 for allwe K.
Q Q

Assume that the constant @ from Theorem 3.4 satisfies

Q < —esssupp,. () Y-
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Using the notation /le,s = {x € Bs(zg) : u(x) > k}, w(z) = max(u(z) — k,0) and
w=u—nw, for s <T, m <k < Q one easily verifies that w € K and in the same
way as in the proof of Theorem 3.4 (with u, w, w, A and B replaced by @, w, @,

A and B) it can be shown that
ess SUPBT//Q(xo)(_“(w)) = eSSSUPR_, , (a0) u(z) <Q

holds for all 0 < h < 4.
The following theorem provides us with the required estimate (1.4).

Theorem 3.5. Let u € K be a weak solution to the inequality (3.1) with
K={ueW,? Q) : u>¢inQ}
and let ¢ : R™ — R be a continuous function differentiable almost everywhere,

¥ < 0 on 0f). Assume that the functions A and B satisfy, for all x € Q and all
u € R, g € R", the ellipticity condition

|A(z,u, q)| < alg| +b(z)|u| + e(x),
q Az, u,q) > |gf* — d(@)|ul* — g(2),

where a > 1 is a real constant, b,e € L () and d,g € L °(Q) for some
0 < ¢ < 1, and the linear growth condition (1.3).

Then for a.a. xg € ) there exists § > 0 such that the difference quotient vy, of
u at xg (see Definition 1.1) satisfies for 0 < h < ¢ the a priori estimate

(3.11)

esssupxep, [vp(X)| < @
Here the constant @y, depends only on d, u, xg, on the parameters of the varia-

tional inequality and on vy z2(,)-

PrOOF: Step 1: Let zg € © be an LP-Lebesgue point of b, ¢, d, e, f and g
(p taken for each function in accordance with (1.3) and (3.11)) and let ¢ be
totally differentiable at zg. Clearly a.a. xg € ) have the above property. Put
ug = u(xg).

By Lemma 3.1 there exists 0 < § < %dist (z0,00) such that the difference
quotient vy, of u at xq satisfies, for 0 < h < ¢ and for all wy, € K}, the inequality

/ .Ah(X, U, Vvh)V(Uh — wh) dX + / Bh(X, Vp,, Vvh)(vh — wh) dX <0,

Qh,zo Qh,:vo

with K}, defined as in Lemma 3.1. An easy calculation yields that the functions
Aj, and By, satisfy

|AR(X,v,q)| < aplg| + by (X)|v] + ep(X),
IBR(X,v,q)] < ep(X)lg| + dp(X)|v| + fr(X),
g Ap(X,v,q) > |g|* = dp(X)[v]* — gn(X),
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where
ap = a,
bp(X) = hb(zg + hX),
cp(X) = he(zg + hX),
dp(X) = 2h2d(zg + hX),
en(X) = e(zo + hX) + [ug| b(zo + hX),
fn(X) = hf(zo + hX) + hlug| d(zo + hX),
gn(X) = g(zo + hX) + 2Jug|2d(xo + hX).

Another calculation similar to that of (2.5) shows that by making § small enough
one obtains for 0 < h < §

Honll vz g,y <1

HChHLi%(&) <1,

ldnl, ey <1,

2—¢ (Bz)
1/l

L?ﬁ_E(Bz) <1

1— 1—¢
||6h|\L1%5(B2) <27 %a(n) " |e(xo) + luolb(zo)| + 1,

2—¢
llgnll <22 %a(n) " |g(zo) + 2|uo|*d(zo)| + 1.

L7°F (By)
Step 2: We will distinguish between two cases:
(i) ug = ¥(xzg): Then }{iﬁb?/fh(X) = Ox¥(xg) = Vib(xg) X, since v is differ-

entiable at xg. Further diminishing of § gives
esssupp, [ (X)] < 2[Vi(zo)| + 1.

(i) wo > ¥(xo): Then since v is continuous, there exist ¢ > 0 and § > 0
such that ug > ¥(zg + hX) +( for 0 < h < § and X € Bog, and thus
1/)h(X) < —</5 < 0.
In both cases esssuppg, ¥, (X) < oo and thus the assumptions of Theorem 3.4
with 7' = 2 and zg = 0 are satisfied. Hence there exists 0 < 7" < 2 such that for
all0<h <o

(3.12) esssupp,. vp(X) < Qp.

Here @} depends only on n, ¢, a, u, 9, ||”h||L2(BT) and on the values of b,
¢, d, e, f and g at the point xg. To finish the proof we need to estimate

esssupp, , (—vp(X)).
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For (i), it is straightforward that for small enough h
esssupp, , (—vp(X)) < esssupp, (—¢5(X)) < 2|Vi(zo)| + 1.

For (ii), it first follows from Reshetnyak’s theorem that ¢ can be made smaller so
that
lvnllp2(Byy < L < o0

and thus @, < @ holds for 0 < h < § and some @) < co. Further diminishing of §
(so that @ < ¢/¢) yields (for 0 < h < § and X € Bp) Qp < ¢/h < —¢p(X), and
using the remark after Theorem 3.4 we conclude that

esssupp, , (~un(X)) < Q.

Putting 6 = 0T /2 finishes the proof. O

Combining the methods used in the proofs of Theorems 2.2, 3.4 and 3.5, it is
possible to prove the a priori estimate (1.4) also for variational inequalities with
the limited quadratic growth condition. We will just sketch the main idea of the
proof.

Theorem 3.6. Let u € K be a weak solution to the variational inequality (3.1)
with K = {u € VVol’2 NL(Q) :u > in Q}, where ¢ : R" — R is a continuous
function differentiable almost everywhere and ¢ < 0 on 0f). Assume that the
conditions (2.1), (2.2) and (3.11) hold.

Then for a.a. xg € ) there exists 6 > 0 and constants @y, € R, which depend
only on §, u, o, on the parameters of the inequality and on |lvg|/12(p,), such
that for 0 < h < 9

esssupxep, |V (X)| < Q.

PROOF: Step 1: As in Theorem 3.5, the difference quotient vy, is a solution to the
inequality (3.2) with

1,2 .
Kp={u=v—up/h:v € Wy (Uzo) N LZ(Qp00): ©>1p inQp 40}

As in the proof of Theorem 2.2, it can be assumed that b = 0 and d = 0 and the
same calculation yields that for small enough § and 0 < h < §

1—
lenll, n <2 a(n)

LT (By) e(zo) + Mb(xo)

+1,

1l 2z 5,y < 1

2—¢

<22 %a(n) 7 |g(xo) + M3d(zo)| + 1.

ol 2 g,
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Step 2: The method used in Step 2 of the proof of Theorem 3.4 is applied to
obtain the estimate (3.12). It goes as follows:
We assume that v, is bounded from above on By and put for s < 2 and k >

max(esssupp, 1 (X),1)

Ap,s =1{z € Bs : vp(z) > k},
w = max(vy, — k,0), wp = v — Nw,

where the function 7 is chosen as in the proof of Theorem 3.4. Then wy € Kp,
and inserting wy, in (3.2) we get using (2.7)

5/ V|2 dX < /(1—n)|Vvh|2dX+ / apw|Vn||Vw| dX

Ak,s Ak,s Ak,s
(3.13) + / ep(X) w|VnldX + / fn(X)wdX
Ak:,s Ak:,s
+ / gh(X)dX.
Ak,s

The terms on the right-hand side are estimated as in the prooonf Theorem 3.4.
We choose 0 < T' < 2 such that %cl(n) I fall o |Bp|e/™ < £/4 and |Bp| < 1
L2 (B2)

hold and find kg > max(esssupp,, ¥, (X), 1) such that for k > ko, the assumption
| spt w| < %|BT /2| holds. The Hélder and Poincaré inequalities then yield

2
—’L / |V77|2w2dX+ /|Vw|2dX

/ahw|V77||Vw|dX <

Ak,s Ak,s Ak,s
1 2 2 L2 2=c

< — — n n
[ en0utvaax <5 [ 19nPatax « Glenl? 14k
Ak,s
1 2 €
[ nowdx < Sl .y, [ V0P dX gl
Ak,s

b L P

2—¢

1—
[ anX0aX < lanl 0. 1Ak
Ak,s

A
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and (3.13) can be rewritten as

[ wulax < [ @-nivupa
Aks Aks

B

2—¢
oy

A-i- a?
+ i—gh / w? |V dX + Ck?| Ag o'~
k,s

where C' = %H%”Li% . The rest of Step 2

1

= n n
ey T 2Bl 22 s HloRl e
goes as in the proof of Theorem 3.4.

Step 3: It is first shown that the function 1, is bounded from above on By. This
is done in the same way as in Step 2 of Theorem 3.5. The estimate (3.12) follows.
Finally the trick of the remark after Theorem 3.4 is used on the inequality (3.2)
and this gives the required estimate for vy, = —vy,. O
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