Commentationes Mathematicae Universitatis Carolinae

Tilak Bhattacharya; Francesco Leonetti

Some remarks on the regularity of minimizers of integrals with anisotropic
growth

Commentationes Mathematicae Universitatis Carolinae, Vol. 34 (1993), No. 4, 597--611

Persistent URL: http://dml.cz/dmlcz/118619

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1993

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/118619
http://project.dml.cz

Comment.Math.Univ.Carolin. 34,4 (1993)597-611

Some remarks on the regularity of minimizers
of integrals with anisotropic growth

TILAK BHATTACHARYA, FRANCESCO LEONETTI

Abstract. We prove higher integrability for minimizers of some integrals of the calculus
of variations; such an improved integrability allows us to get existence of weak second
derivatives.
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0. Introduction.

Let Q be a bounded open set in R, n > 2; u be such that u: Q — RN, N > 1.
Consider the integral functional

(0.1) I(u) = /QF(DU(:C)) dz,

where F' satisfies an anisotropic growth condition, namely

n n
(0.2) a) [G|T—b< F(§) <cd |67 +d,
i=1 =1
V¢ e R™V. Here a,b,c and d are positive constants and 1 < ¢;, ¢ = 1,...,n. It is
well known that the standard results of the isotropic case, i.e. ¢; =¢q, 1 =1,...,n,

fail to hold if the ¢;’s are too far apart [10], [14], [15]. The main aim of this paper
is to show that under some restrictions on the g;’s, an improved integrability result
holds for minimizers u of (0.1) verifying (0.2) and some additional restrictions. The
prototype for our work is the integral

0.3) I(w) / ( Z Dyu(x (1+|D u(@)| )p/2> da,

where Du = (D1u,...,Dpu) and 1 < p < 2, for which (0.2) holds with ¢; = --- =
gn—1 = 2 and ¢ = p. We have arranged our work as follows. In Section 1 we state
the main result, Section 2 contains some preliminaries while Sections 3 and 4 deal
with the proofs of the results of the paper.

This work has been supported by MURST and GNAFA-CNR.
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598 T. Bhattacharya, F.Leonetti

1. Notation and main results.

Let 2 be a bounded open set of R®, n > 2, u be a vector-valued function,
uw:Q — RN, N > 1; we consider integrals

(1.1) /QF(DU(I)) dx,

based on (0.3). More precisely, we assume that F': R™V — R is in C2(R™") and
satisfies, for some positive constants ¢, m, M, p,

n—1
(1.2) IFO] < c(l+ Y [&I* + €alP);
i=1
oF = 2 12 ¢
(03) g (@ <+ DIl + )2 it =1 n -
( i=1
OF n—1
(1.4) @(ﬁ)I <c(1+ ) 1Eil% + €0 |P)1L/P;
n i=1
and
= 2 2\(p—2)/2 2 = Y &*F B
(1.5) m IAil= + (L + [En]5) P75 A7) < (NN
(; ) Z:lﬁzzl ocfogg Y

n—1
< M2 NP+ @+ 6D A P2),
i=1

for every \,& € R™™. Here, A = {\?}, £ = {£&}, |\i? = fovzl IA|2, etc. About
p, we assume that

(1.6) l<p<2

We remark that the integrand of (0.3) satisfies (1.2), ... ,(1.5). We say that u
minimizes the integral (1.1) if u : @ — RN, u € WIP(Q) with D;u € L3(Q),
i=1,...,n—1, and for every ¢ : @ — RY with ¢ € Wol’p(Q) and D;¢ € L?(Q),
i=1,...,n—1, we have

(1.7) I(w) < I(u+ @).

We have the following regularity results.

Theorem 1. Let u : Q — RY satisfy u € WIP(Q) N L2(Q) with D;u € L(Q),
i=1,...,n—1, where

(1.8) 1<p<?2 if n=2,3;

(1.9) 98/97 < p <2 if n=4;



Some remarks on the regularity of minimizers of integrals ...

and

(1.10) 2—-4/n<p<2 if n>5.

If F satisfies (1.2), ... , (1.5) and u minimizes the integral (1.1) in the sense of (1.7),
then

(1.11) Dpu € L2 ().

This result of higher integrability implies the following improved differentiability.

Corollary 1. Under the assumptions of Theorem 1, we obtain the existence of the
weak second derivatives. Furthermore,

DiDue L} (Q), i=1,...,n—1 and D,Due I[P _(Q).

loc loc

Remark 1. We prove Theorem 1 by employing a technique in [6]. The idea is to
gain a fractional order derivative of Du thereby improving its integrability. Also
see [4], [7], [13].

Remark 2. It is not clear to us whether the restriction 2—4/n < p is a consequence
of the technique we have used. We are unable to prove or disprove Theorem 1
outside this range. It must be mentioned that the same restriction was arrived at
in a slightly different context in the work [7].

Remark 3. It is to be noted that local boundedness of scalar valued minimizers
has been proved without any restrictions on p from below [8], [9].

2. Preliminaries.

For a vector-valued function f(z), define the difference

Tonf () = f(x + hes) — f(2),

where h € R, eg is the unit vector in the xg direction, and s = 1,2,...,n. For
xg € R™, let Bgr(xzg) be the ball centered at zg with radius R. We will often
suppress xg whenever there is no danger of confusion. We now state several lemmas
that are crucial to our work. In the following f : Q@ — RF, k > 1; Bpgr, Bogp and
Bspg are concentric balls.

Lemma 2.1. If f, Dsf € L}(Bsg) with 1 <t < oo then

/ o nf @[ da: < [B" / D f ()] d,
Br Bar

for every h with |h| < R. (See [11, p. 45], [5, p. 28].)
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Lemma 2.2. Let f € L}(Byg), 1 < t < ooc; if there exists a positive constant C
such that

[ st de< e
B

R
for every h with |h| < R, then there exists Dsf € L'(Bg). (See [11, p. 45], [5,
p. 26].)
Lemma 2.3. If f € L?(Bsp) and for some d € (0,1) and C > 0

n
3 / iry nf (@) d < CJR[2,
s=17Br

for every h with |h| < R, then f € L"(Bgy,) for every r < 2n/(n — 2d).

PROOF: The previous inequality tells us that f € Wb72(BR/2) for every b < d, so

we can apply the imbedding theorem for fractional Sobolev spaces [3, Chapter VII].
O

Lemma 2.4. For every t with 1 <t < oo there exists a positive constant C' such
that

/B ol @ltde <0 [ |f@)lde,

Bar

for every f € L*(BypR), for every h with |h| < R, for every s =1,2,... n.

Lemma 2.5 (Anisotropic Sobolev imbedding theorem). Ifg; > 1,i=1,...,n, we
assume that f € WHY(Q) and f,D;f € L9%(Q), Vi = 1,...,n, where Q C R" is
a cube with faces parallel to the coordinate planes. Define § by

:lii and set q*_{nﬁ/(n—q), it g<n,
— 4

1
5 ni— any number, if g > n.

Ifq; <g* Vi=1,...,n, then f € L77(Q). (See [16], [1].)
Now we state some basic inequalities.
Lemma 2.6. For every y € (—1/2,0) we have

P Jy @+ b+ t(a—b)2)7dt 8
- (1 + |a|? + [b|2)7 T 2y+4+17

for all a,b € R*. (See [2].)
Lemma 2.7. For every v € (—1/2,0) we have

|(1+Jal®)Ya — (1 + [p*)7b] _ (k)

2v+1 —b| <
(2y+1la—b < 1+ a2 + o) =2yt

|a_b|7

for all a,b € R*. (See [2].)
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3. Proof of Theorem 1.

Since v minimizes the integral (1.1) with growth conditions as in (1.2), ... ,(1.4),
u solves the Euler equation,

(31) I ZZ g (D) Did () do =0

=1la=1

for all functions ¢ : @ — R, with ¢ € W(}’P(Q) and D1¢,...,Dy_1¢ € L?(Q). Let
R > 0 be such that Bsr C 2 and let B, and Bg be concentric balls, 0 < o < R < 1.
Fix s, take 0 < |h| < R and let 77 : R” — R be a “cut off” function in C§(Bg) with

n=1 on B,, 0<7n<1 and |[Dy| <c/(R- o).

Using ¢ = 787_h(772787hu) in (3.1), via a standard reduction, we get the following
Caccioppoli estimate, i.e. for some positive constants Cy = Co(n, N,p, m, M),

/ Z|TshDU )|? da

97,1

+/ (1+|Dnu(x)|2—|—|Dnu(I—|—hes)|2)(p_2)/2|7'87thu(:17)|2 dx
(3.2) B,

<= P / {(14+(1+|Dnu(@) ®+| Dnu(z+hes) 2)P=2/2Y |7, pu(z)|? da
(R_Q) Br ’

2C / 2
T Te pu(x)|” d,
< toap [, 1@

where we have used the fact that p < 2. Set

n—1
(33) VO =IVE)+ D &l V(€)= +[&aHPD/e,, veer™N.
=1
Clearly,
n—1
(3.4) 75wV (Du)| < |75,V (Du)| + > |75 5 Diui]
i=1
and
(35)  V(Du)€L" if and onl 'f{D“‘ELT’ (= hen=l
. u 1I and on 1
YU U Dyue Lrp/2,
Using Lemma 2.7 we find
75,1,V (Dnu(z))|

C1|7s.nDn <
o) NP S D @R+ Do + e PO

< Ca|7s p Dnu(z),
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where C1, Co depend only on N and p. From (3.4), (3.6) and (3.2) we get

n—1
/ |Ts,hV(Du)|2d:v§03/ 3 |Ts7hDiu|2dx+Cg/ 7y 1V (Do) 2 d
(3.7) 7Be Be i=1 Be

Cy / 2
< pulda,
(R - 9)2 Br *

for some positive constants C3 = C3(n) and Cq = C4(n, N,p, m, M). Recalling that
Dsue L?fors=1,...,n—1, we may use Lemma 2.1 in order to get

(3.9) /|Ts,hu|2dxgc5|h|2 Vs=1,...n—1, Vh:|h <R,
Br

with C5 independent of h. Since we do not know apriori that Dpu € L2, the integral
corresponding to s = n in (3.8) is dealt with as follows. We write

(3.9) / o pul? dir = / a2 e,
Br Bgr

where 0 < a < 2 is to be chosen later. Let us first assume that
(3.10) w,DuelL] , 2<r Yi=1,...,n—1, and Dyue L, p<t<2.

In order to apply the anisotropic Sobolev imbedding theorem contained in

Lemma 2.5, let 7 be the harmonic mean of the numbers ¢; =7, i =1,...,n—1 and
qn =1, i.e.
nrt
3.11 T=—".
(3:.11) " (n=1)t+r

Note that 7 < n if and only if » < t(n — 1)/(t — 1); define 7* as

. {nf/(n—?), if T<n,
'S =

any number > 7, if ¥>n.
In either case, 7* > r and Lemma 2.5 yields
(3.12) we L]

Thus applying Holder’s inequality on (3.9), with exponents t/a, t/(t — a), provided
0 < a < t, it follows that

(3.13) / il do < ( / |Tn7hu|tdx)“/t( / |Tn,hu|<2—a>t/<t—a>dw)@—“)/ﬁ
BR BR B

R
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Because of (3.10) we may use Lemma 2.2 in order to get
‘ a/t
(3.14) (/ rugeultde) " < Colnle wh s ) < R
Bpr

with Cg independent of h. If
(3.15) (2—a)t/(t—a) <T¥,

then we may use Lemma 2.4 in order to get
t—a)/t
(3.16) (/ 7y pu G0/ (t=a) d:c)( Y or vhi <R,
Br
with C7 independent of h. The inequalities (3.14), (3.16) and (3.13) yield
(3.17) / o pul?dz < Cslh®  Vh:|h| <R,
Br

with Cyg independent of h. Thus, noting that a < 2 and R < 1, (3.8), (3.17) and
(3.7) yield

n
(3.18) Z/ sV (Dw)2de < Colh®  Vh:|h| <R,
s=1 B,

with Cy independent of h. Straightforward computations in (3.15) yield that

r(tn42(t—1))—2(n—1)t e
(3.19) 0<asx r(ntt—1)—(n-1t ° if 7<n,
a any number in (0,1), it 7> n.

Let us remark that, when 7 < n,

r(tn+2(t—1)) —2(n— 1)t

(3:20) 0< rin+t—1)—(n—1)t

Now via Lemma 2.3 we improve on integrability:

V(Du) e Ll, V#<2n/(n—a).

Tf C/ 2. Elemen-

This implies via (3.5) that D;u € LT ,i=1,...,n—1and Dpu € L

loc?

tary computations from (3.12) yield
(3.21) 2n/(n—a) <T¥,

7

1o Let us summarize as follows. If

implying that u € L

w,Diuc L}, ., 2<r, Vi=1,...,n—1 and Dpuc Ll , p<t<2,
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then

(3.22) w,DjuelLl ., Vi=1,...,n—1 and Dyue Llii/g, Vi< 2n/(n—a).
It is useful to remark that (3.22) continues to hold if (3.10) is replaced by a weaker
condition, namely

(3.23)  wDmelLl, Vi<r Vi=1,...,n—1 and Dpue Ll Vi<t

provided 2 < r and p < t < 2. Assuming that # > r and 7#p/2 > ¢, we may improve
upon 7* by using Lemma 2.5 and hence in turn improve on a. Thus the whole
analysis behind higher integrability depends upon whether the above process leads
to an augmented value of a at each stage of iteration. In what follows we show that
this can actually be realized. Although some improvement in ¢ is always possible
we can show that ¢ can be boosted to 2, i.e. Dpu € LIQOC, for only a limited range
of p. We now describe the iterative process that will be used to boost integrability.
At each stage we will compare r to the initial values of r = 2 and ¢t = p. In the
following we have broken down the analysis into two steps. Also, we will firstly
assume n > 5 and although the most of the analysis is valid for n = 2,3 and 4, we
treat these separately for better presentation.

Step 1. Since u, Dju € L?,i=1,...,n—1, and Dpu € LP, (3.10) holds with r = 2
and t = p; we insert the values r = 2 and ¢ = p into (3.11). Call 7(0) the resulting
expression, i.e.

2pn

(3.24) 7(0) = CESTER

We remark that 7(0) < n so that, by the first line of (3.19) with r = 2 and ¢t = p,
we choose a(0) to be the maximum value allowed for a, that is

B 2(3p — 2)
(3.25) O = e +Er=2"
We set
o 4(3p—2)
(3.26) e(0) = — a0 TRt -G -2)

From (3.22) we find

(327) w,Djue Ll ., Vi<2+e0) Vi=1,...,n—1
and Dpue LL_ Vi< p(1+¢(0)/2).

We now describe an intermediate stage in the iterative process.
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Step 2. Let € > 0, take r(e) = 2 +¢, t(¢) = p(1 +¢/2); assume that

(3.28) w,Djue Ll Vi <r(e), Yi=1,...,n—1 and Dnuc LL_, Vi<t(e).
We now split the discussion into three cases, namely (i) 0 < ¢ < 2(2 — p)/p,
(if) e = 2(2 — p)/p and (iil) € > 2(2 — p)/p.

Case (i). We assume that

(3.29) 0<e<2(2-p)/p.

Then 2 < r(¢) and p < t(e) < 2. Clearly, (3.23) holds with r = r(¢) and t = t(e).

The improvements as in (3.22) are as follows. We insert r = r(¢) = 2 4+ ¢ and

t =1t(e) = p(1 4+ ¢/2) into (3.11); setting 7(¢) as the resulting expression, we have
2pn

MRS

Note that, for n > 3, the condition (3.29) implies 7(¢) < n, so that we use the first
line in (3.19) with » = r(¢) and ¢t = t(¢). We choose a(e) to be the maximum value
allowed for a, that is

(3.30) (1+¢/2).

=3l

2(3p—2)+ (n+2)ep

(3.31) a(e) = @i Gr 2t
Set
(3.32) Ie)= —2" _ 4(3p —2) +2(n + 2)ep

n—a(g) n2(2—p)+(n—2)3p—2)—2p
and thus in (3.22) we get
(333) w,DjuclLi_, Vi<2+I(e) Vi=1,...,n—1
and Dpue LL_, Vi<pl+1(s)/2).
Case (ii). We now assume
(3.34) - =22 p)/p;
then the assumption (3.28) implies that, for every ¢’ < ¢ = 2(2 — p)/p we have
(3.35) w,DjueLl. Vi<r(E) Vi=1,...,n—1
and Dnu € Lfoc, Vi< t(e).

Now ¢’ < 2(2 — p)/p so that we can apply the method in Case (i) with &’ instead of
e and we get (3.33), in particular,

(3.36) Dnue Lb,, Vi<p(l+I()/2), Ve <2(2-p)/p.

As &’ approaches 2(2 — p)/p, p(1 + 1(g')/2) goes to p(1 +2/(n — 2)) which is bigger
than 2, provided n > 3 and 2 — 4/n < p; then (3.36) implies

(3.37) Dyu e L2,

and Theorem 1 follows.
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Case (iii). We assume that

(3.38) e>2(2-p)/p.

Now t(e) = p(1 + ¢/2) > 2, so that (3.28) implies (3.37) and the statement of
Theorem 1 follows.

The preceding discussion indicates that (3.28) implies the result in Theorem 1,
whenever € > 2(2 — p)/p. However, for 0 < € < 2(2 — p)/p, we get only (3.33). This
necessitates an iterative process where the new ¢ is given by I(¢) as in (3.32). We
now describe more precisely this process of bootstrapping . In (3.26), set

N 4(3p — 2)
(320 0O e - aE -
(3.39) Em+1 =1I(em) if m>0 and 0<epm <2(2-p)/p.

We recall that the proof is achieved whenever, for some m, ,, > 2(2 — p)/p. We
now prove that m — ey, is strictly increasing. Set a = 4(3p — 2), b = 2(n + 2)p,
c=n2(2—-p)+ (n—2)(3p—2) and d = 2p; then

(3.40) 0<em<2(2-p)/p = c—dem>0
and
a+ bem,
3.41 = .
( ) €m+1 c— dEm

Direct computations show that €9 > 0; moreover, if £g < 2(2 — p)/p, then

(b + dEo)Eo

> 0.
c—deg

(3.42) €1 — €0 =

We are going to prove that

(343) 0<g<22-p)/p, Vi=0,....m = ¢cj<¢cjp1, Vji=0,...,m.
Let us set

(3.44(5)) €j <Ej+1;

we prove (3.44(j)) recursively on j: if 7 = 0 then (3.44(j)) reduces to (3.42); let us
assume that (3.44(j)) holds true and 0 < j < j 4+ 1 < m, then

Ciig— Eiig = (ad+bC)(€j+1—Ej)
I T (e —deji) (e — dej)
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Since ¢; and €41 are between 0 and 2(2 — p)/p, by (3.40) we have (c — dej41)(c —
dej) > 0, so, using the recursive assumption (3.44(j)) we get (j41 —¢j) > 0 and
(3.44(j+1)) holds true. (3.43) is completely proved.

Let us summarize as follows; if n > 3 and max{1,2 — 4/n} < p < 2 we have
shown that either (a) for some m, ey, > 2(2 — p)/p and Theorem 1 follows, or (b)
for every m, 0 < e, < 2(2 — p)/p, also implying that ey, is increasing. We now
confine ourselves to the latter case. Set

L= lim ey,

m—0co
Recall

(3.45) 0<em<22-p)/p, ¥Ym=0,1,...
From (3.32)

4(3p—2)+2(n+2)ep
n2(2—p)+(n—2)3p—2)—2ep

I(n,p,e) =

Moreover, for 1 < p < 2

(3.46) g—;(n,p,s)>0, %(n,p,5)>0 for 0<e<2(2-p)/p
and
(3.47) e — I(n,p,e) is continuous in (0,2(2 — p)/p].

By (3.39) we can see that ey, depends on n,p; it is easy to prove that
p — eo(n,p) is increasing in [1,2).
By (3.46) and (3.47) we get
p — em(n,p) increasing = p— epy1(n,p) increasing,
so that
(3.48) p — em(n,p) is increasing in [1,2) Vm > 0.

Let us point out that L depends on n,p too:

(3.49) L(n,p) = n}gnm em(n,p).
Because of (3.45) and (3.46) we have
(3.50) 0 < L(n,p) <2(2-p)/p;

since I is continuous with respect to ¢, passing to the limit in (3.39) we get
(3.51) L(n,p) = I(n,p, L(n,p)).

Now (3.48) implies

(3.52) p — L(n,p) is increasing in [1,2).

We now treat the cases n =2, n =3, n = 4 and n > 5 separately.

607
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Case A. Taken > 5.
From (1.10) and (3.52), we have

(3.53) L(n,2—4/n) < L(n, p).

Set p = 2 —4/n; then we have 2(2 — p)/p = 4/(n — 2); because of (1.10), (3.50) and
(3.53) we get

(3.54) 0<L(n,2—4/n)<4/(n-2).
Moreover
(3.55) L(n,2—4/n)=1(n,2—4/n,L(n,2—4/n)).

Solving the equation y = I(n,2 —4/n,y), we find y; =4/(n —2) <n—3 = ya, so
that L(n,2 —4/n) =4/(n — 2). Going back to (3.53),

(3.56) 4/(n—2) =L(n,2—4/n) < L(n,p) <22 —p)/p < 4/(n - 2),

where the last inequality holds as y — 2(2—1y)/y is strictly decreasing and 2—4/n <

p. The inequalities in (3.56) imply that (3.45) does not hold and the Theorem follows
when n > 5 (also see the discussion following (3.38)).

Case B. Let n =4.
Solving the equation in (3.51),

(3.57) pL? — (14— 11p)L + (6p — 4) =0,

it turns out that

(3.58) o 1;p)i‘/z, A = (14 — 11p)% — 4p(6p — 4).
p

We have

(3.59) A <0 ifandonlyif 98/97 <p<2.

We claim that, for p € (98/97,2), e, > 2(2 — p)/p for some m. We argue by
contradiction. If not, then e, < 2(2 — p)/p for every m, then L = limy,— 00 €m €
(0,2(2 = p)/p]. Clearly, L solves (3.57), but by (3.58) L cannot be real. Hence

Theorem 1 follows.

Case C. Now consider n = 3.
Again by (3.51),

(3.60) pL? —8(1 — p)L + (6p — 4) = 0;
it turns out that
41 —-p) £ VA
(3.61) L= % . Ay =16 —28p + 10p2.
We have
(3.62) Ay <0 if and only if 4/5 <p < 2,

so that, if 1 < p < 2, then, as in the case n = 4, for some m > 0 we must have
em = 2(2 —p)/p-
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Case D. Lastly, we treat n=2.
Computing £(0) from (3.26)

(3.63) e(0) = (3p—2)/(2 - p).
We have

B+V1IT<p<2 = £(0)>22-p)/p,
1<p<-3+VIT = 0<e(0)<22-p)/p

In the case —3 + /17 < p < 2 the proof is finished. Let us consider the case
1 < p < —3++/17. The inequality (3.27) allows us to start from (3.28) (see Step 2)
with any e satisfying 0 < € < €(0). Since (2 —p)/p < £(0) < 2(2 — p)/p, we may
select € such that (2 — p)/p < e < 2(2 — p)/p. Clearly, (3.29) holds and we have
7(g) > 2 = n. By (3.19), a(e) can be chosen to be in (0, p(g)) and we get as in (3.33),

(3.33) Dnue Lt Vi<2p/(2—a(e)).

Since
lim 2 __ W
ae)—pe) 2—ale)  2—p(e)
we can select a(e) so that 2 < 2p/(2 — a(e)), then (3.33) implies that Dyu € L2 _
and the proof is finished in the case 1 < p < -3+ \/ﬁ, too.
The theorem is completely proved. O

4. Proof of Corollary 1.

As in the proof of Theorem 1, we start from the Euler equation and we arrive
at (3.7): for some positive constant C1g = C19(n, N, p,m, M) we have

n—1

C

(3.7) / > |Ts,hDiU|2dI+/ 75,1V (Dnu)? do < %/ |7 pul? da.
B, = B, (R—0)* /By

In Theorem 1 we have proved higher integrability of D,u so that
(4.1) Diu,...,Dy_1u, Dyu € L2,
and we can apply Lemma 2.1 with ¢t = 2 for s = n too, compare with (3.8),
(4.2) / |Ts’hu|2d:c§ |h|2/ |Dsul|? da Vs=1,...,n—1,n, Vh:|h <R.
5 Bar
R

We put together (3.7) and (4.2): for some positive constant C1; independent of h
we have

n—1
(4.3) /Z |7 nDiul® da:+/|Ts,hV(Dnu)|2 dz < Cy1)h/?
B, =1 B,
Vs=1,...,n—1,n, Vh:|h| <R.
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We apply Lemma 2.2 in order to get

(4.4) 3IDsDju e L}, 3IDs(V(Dpu)) € L2,
Vs=1,....,n—1,n, Vi=1,...,n—1.

In order to prove existence of Dy, Dpu, we use (3.6), Holder’s inequality, Lemma 2.4
and (4.3); thus, for some constants C12 and Ci3, independent of h, we have

(4.5) / |75 nDnulP dx

e

2— 4
<Ciz [ (141D + Dwatr+ he) ) iV (Dl o
4
/2 (2-p)/2
< C1p / (1 + IDau@)? + | Duute + hes) ) da
B,
p/2

[ 1o (Danta))? s
B

e

<CulhfP VYs=1,....,n, Yh:|h <R

Inequality (4.5) with s = n allows us to apply Lemma 2.2:

(4.6) 3Dy Dyu € LY ().
This ends the proof. O
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