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Quasilinear degenerate elliptic variational inequalities
with discontinuous coefficients

SALVATORE BONAFEDE

Abstract. We obtain an existence theorem for the problem (0.1) where the coefficients
aij(x, s) satisfy a degenerate ellipticity condition and hypotheses weaker than the conti-
nuity with respect to the variable s.
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0. Introduction.

In this paper we consider the variational inequalities (the obstacle problem)

(0.1) c K /i ( )ﬂmd > (fu—u), Yoe K
. U A ijaij (T, u dr; o, x> (f,v—u), Vv

where Q is a bounded open subset of R™, f € H~1(v™1,Q), and the coefficients
a;j(x, s) satisfy the ellipticity condition

Zijaij($75)§i§j > v(x) 2253 ae (r,5) €A xR, VEeR™
1 1

with v(x), v~!(z) having integrability hypotheses Murty-Stampacchia’s kind (see
e.g. [9]). Existence results for variational inequality (0.1) have been established in [7]
and in [8] but all the results require that the coefficients a;;(z, s) be Carathéodory’s
functions. The aim of this paper is to prove an existence theorem for the (0.1) (see
n. 3) working on the coeflicients hypotheses weaker than the continuity with respect
to the variable s; as a particular case we obtain existence results for the quasilinear
elliptic degenerate equations of the type:

o) 0 :
(0 2) —Z?LZ]WZ(CL”(I,U)am—u]) :f in
u€ Hi (v, Q).
We can find similar results, in non-degenerate case, in [10] and in [2], while we
get an existence result, concerning the problem (0.2), in [5] where the coefficients
a;j(x,s) are Carathéodory’s functions and f has a polynomial growth.
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1. Function spaces.

Let R™ be the Euclidean m-space with generic point z = (z1,z2,...,2Zm), Q
a bounded open subset of R"”. The notation mis; will indicate in the sequel the
Lebesgue measure m-dimensional.

Hypothesis 1.1. Let v(x) be a positive function defined on §); there exist two real
numbers o €]0,1[ and g > % such that:

v(z) e LY (Q), ;éa-elﬂ(ﬁy

H'(v,Q) denotes the space of the functions u € L?(Q), which derivatives (in

distributional sense on ) %‘ (i = 1,2,...,m) are functions such that \/5%‘

belongs to L2(Q).
H'(1,Q) is a Hilbert space with respect to the norm:

ol = ([ (0 +iiu<x>1§—; ) o) "

H}(v,Q) is the closure of C§°(Q2) in H(v, Q).

If v(x) is a positive measurable function in © and p is a real number greater than
or equal to 1, L () denotes the space of the measurable functions w(z) in Q such
that:

@l = ([ Aot d) Yo

H=1(v~1,Q) denotes, finally, the dual space of H} (v, ).
2. Hypotheses, problems and results.

Hypothesis 2.1. The coefficients a;;(x,s) (i = 1,2,...,m) are functions defined
and measurable in ) x R and one has:

%g%ﬂeLWMXR)&J_L”wm)

Hypothesis 2.2. For almost every (z,s) in Q x R, it results:

m m

> ijaii(@, )& > v(x) Y & VEER™

1 1
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Hypothesis 2.3. For every € > 0 there exists a compact subset K. C ) with
mis;(Q \ K¢) < e, such that for every r > 0 the functions of the family
{aij (-, 8)}s|<rsi,j=1,...,m are equicontinuous on K.

Let K be a closed, convex and non empty subset of Hi (v, Q)(}), f € H1(v~1,Q).
Holding the hypotheses(1.1), (2.1), we will consider the following:

Problem 2.1. Find a function u(z) € K such that

9 2
/QZZ]CLU x,u) 8% 8w2(u_v)dz< (fyu—wv) (%)

for any v(x) € K.
In Section 3 we will show the following;:

Theorem 2.1. If the hypotheses (1.1), (2.1), (2.2), (2.3), hold, the problem (2.1)
admits solutions.
3. Proof of Theorem 2.1.

We can assume a;j(z,s) € B(Q)@.L1(3) (i,j = 1,...,m), in fact it is possible to
get a real function b;;(x, s) € Z(Q) ® £ and a set E;; € B(Q) with mis;(E;;) =0
such that a;;(z,s) = b;j(z, s) for every (z,s) € (Q\ E;;) x R(%).

Then, there results a well defined operator

A:Hi(v,Q) — H (v~ 1,Q) such that

u,v) = - 17\ T, U\T 8U(I)8’U(I) X 5
(Au,v) /Q;wm ) T ()

The operator A is bounded, coercive and pseudomonotone.
To achieve the pseudomonotonicity it is enough to show that:

(i) the operator A is sequentially weakly continuous, i.e. for every w € Hg (v, Q)

lim (Aup, w) = (Au,w) if u, —u in H(v,Q);

n—~0o0

(ii) the functional u — (Au,u) is sequentially weakly lower semicontinuous, i.e.

lim inf (Auy,, up) > (Au,u) if w, — u in Hg(v,Q).

n—~o0

(1) We will take in H} (v, Q) the following equivalent norm:

T Ou 9 1/2
[lull1,0 = ( v(z) Zl‘ | d:c) , see [9, Corollary 3.5].
Q T Oz

(%) We denote by (-, ) the duality pairing between Hg (v, Q) and H-*(v~1,Q).
(®) B(Q) denotes the Borel g-algebra, .#1 denotes the Lebesgue o-algebra on R.
(*) See [6, Theorem 6.1].

(5) We observe that the functions a;;(z,u(z)) are Lebesgue-measurable in €.
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Fixi,j=1,...,m, set B : HOI(I/, Q) — L%/V(Q) such that

Ou
Bu = a;(, u)% .
J

The operator B is sequentially weakly continuous between H¢ (v, ©2) and L% v (Q),
ie.
Bup — Bu in L%/V(Q) when u, —u in Hi(v,Q).

Indeed, if T" is a linear and continuous functional on L? /V(Q), there exists v €
L2(9) such that

T(w) = /va dr for every w € L%/V(Q) (6)?

therefore it remains to show that if u, — u in H}(v,Q), for every v € L2(Q) one
has:

. R S
(3.1) lim [ v(x)a;; (:v,un)ﬁ dx = /gzv(x)alj(:v,u(:v))axj dx.

n—~o0 9]

% being a bounded function in © x R and C5°(£2) dense in L2(Q)(7), we
may restrict ourselves to the case v € C§°(12).

In fact, let v € L2(0) be, then there exists a sequence {¢;} C C§°(Q2) going to
v in L2(9).

Now, one has:

Ounp, ou
/Qaij(:v,un(x))a—v(x)dx—/Qaij(x,u(x))%jv(x)dx

Lj

<

Ounp Oun
’/Q a;j (7, un) oz, v(x)dx /Q a;j (T, un) oz, op(z) de| +

+

Ounp, ou
| [ oute ) Gone)do = [ oo 5oy d
U

+

0 ou
/Qaij(x,u)(??jv(x)dx—/Qaij(x,u)(??jgoh(x)dx

for every n and h.

() See [9, p. 7, Proposition 2.3].

(") In fact, if f € Lf/V(Q) and [, f(z)p(x)de =0 Ve € C§°(Q) then f(x) =0 a.e. in Q.
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Denoting by E a measurable subset of (1, it results:

/ Oup,
E

ai(a, un>T<ph<x>] dr =
[ ket | o <

S W}%j}mwm dr < Mlfunlloll VoG on(w) 2,15 <

<M R-|op(@)llape () ¥neN.

Moreover, we observe that:

ou ou

hlgn aij(z, un)a—x?@h( z) = aij(%“n)%;b
lim ¢p(z) = v(z) in L2().
h—oo

v(z) a.e. in

Consequently the first term of the second member of (3.2) goes to zero letting
h — 400, for any n € N.

In the same way one proves that the last term of the second member of (3.2)
goes to zero.

More, changing a;;(z,s) into —a;;(z,s), it is enough to prove that for every
v € C§°(2), the functional

I(u,Q):/Qv(x)aij(:v,u)g— dx

Lj

is sequentially weakly lower semicontinuous on H&(V, Q).
Fix v(z) € C§°(Q) and set for every m € N:

fm(fE, S, Z) = max[(tp(a:)aij (ZE, S)Z])v (_m)];

by Theorem 4.15 of [1] one has that

m(u, Q) = /Qfm(x,u,Du) dz ()

is sequentially weakly lower semicontinuous on Wh1(€2)(19). Now, taking into ac-
count Lemma 4.3 of [4] and the fact that un, — u in H{(v,Q) we achieve that

& M = max; j—1,...,m SUPQ xR aiin;S); since un, — wu in Hé(z/, ), by Banach-Steinhaus’s

principle, the number R = sup,, ||un|1,0 is finite.
(°) Du = (ﬂ a“)

Oxq Y Oz )
(%) Wi:1(Q) is the space of functions u € L*(Q) such that (1n distributional sense) belongs

to LY(Q) (i=1,...,m).
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Duy, — Du in LY(Q;R™); moreover u, — u in L1(Q). Consequently u, — u in
whHl(Q)(11) and, then
(3.3) lim inf Iy (up, Q) > I, (u, Q) Vm e N.

n—oo

It results:

I (un, ) = / fm (2, up, Duy) dz < / v(:v)aij(x,un)% dx <
Q Lj

m,n J

smm,sm/ o), ) [ G2 e <

Q\ m,n

< I(un,Q / NoeR FP“"]d
AN\QUmn,n

< I{un, ) +efmisy (2 Q)| 7 @IV, - funlio.

where

ou
Qmn = {:v eN: v(x)aij(x,un)a—x? > — }

Being Q\ Q. S Q) = {x eQ:ev(z ‘au"| > m} one has:

) 505e) 1/2
L (s @) < T(utn, ) + ¢ mis (Y, )| 7 (@)1 1 - Il 0 <
(3.4) _
S I(unu Q) + CU

m2(+o)

where ¢ is a constant dependent on (mis, (2, ”V(‘T)Hifa 1.0 By M, maxq |¢]).

By (3.3) and (3.4) we obtain:

I(u, Q) < Iy (u, Q) < liminf I, (up, Q) <
n—oo

< liminf I(up, Q) + c(, Vm e N,
n—oo

m2(1+0o)
and for m going to infinity:

I(u, Q) < liminf I(uy, Q) if w, = u in Hi(v,Q).

n—~o0

Hence to achieve (i), fix w € H{ (v, ), it will be enough to take in (3.1) v = %‘i

(i=1,...,m).
Now, we observe that if un, — u in H} (v, Q), up, — uin WH1(Q); by Theorem 4.7
of [1] we obtain (ii).

(1) See p. 3 of [1] for the weak convergence definition in W1-1(Q).
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Finally, if uy, — u in HO1 (v, Q) and lim sup(Aup, up — u) <0, it follows:

n—oo
linrgicgf(Aun, Up — W) = linrr_l)ioréf{<Aun, up) — (Aup,w)} =
= liminf(Aup, up) — (Au, w) > (Au,u) — (Au,w) =
n—oo
= (Au,u —w) for any w € HE (v, Q).

Hence the operator A is pseudomonotone. Next, by hypotheses (2.1) and (2.2),
for every u,w € Hol (v,Q), it results

2 2
(Au,u —w) > |lullf o — Mm=|lufl1,0/wll1,0-

The existence of a solution is a consequence of well known theorems (see e.g.
Theorem 4.17 of [11] with the Proposition 3.1 of [3]). O

Remark.

Taking K = H& (v, ), we obtain an existence theorem for the problem
~ 3T i (ae e ) = f in @ (feH Q)
u € Hi(v,Q)

1

moreover, if v(z) € L*(Q), @ € LI(Q) (9 > m), for the solutions of the prob-

(4.1)

lem (4.1) the maximum principle shown in [9, Theorem 7.2] holds.
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